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Improved Decoding of Reed—Solomon
and Algebraic-Geometry Codes

Venkatesan Guruswami and Madhu Sudan

Abstract—Given an error-correcting code over strings of length " in some formal variable: (by giving its & + 1 coefficients).
n and an arbitrary input string also of length n, the list decoding The mappingC maps this code to its evaluation atdistinct
problem is that of finding all codewords within a specified values ofz chosen fromf” (hence it needg = |F| > n). The

Hamming distance from the input string. We present an improved . . .
list decoding algorithm for decoding Reed—Solomon codes. The distance property follows immediately from the fact that two

list decoding problem for Reed—Solomon codes reduces to thedegreek polynomials can agree in at mostplaces.
following “curve-fitting” problem over a field F: Given n points The decoding problem for ajiV, K, D], code is the prob-
{(zi - yi)}=r, @i,y € F, and a degree parameterk and error  |em of finding a codeword irE?N that is within a distance

parameter ¢, find all univariate polynomials p of degree at mostk of ¢ from a “received” wordR € %V. In particular, it is
such thaty; = p(x;) for all but at most e values ofi € {1,---,n}. def '

We give an algorithm that solves this problem fore < n — /&n, interesting to study the error rate = ¢/N that can be
which improves over the previous best result [27], foreverychoice corrected as a function of the information ra{e‘léf K/N.
of k and n. Of particular interest is the case ofk/n > % where For a family of Reed—Solomon codes of constant message

the result yields the first asymptotic improvement in four decades )
[21]. The algorithm generalizes to solve the list decoding problem rate and constant error rate, the two brute-force approaches to

for other algebraic codes, specifically alternant codes (a class ofthe decoding problem (compare with all codewords, or look
codes including BCH codes) and algebraic-geometry codes. Inat all words in the vicinity of the received word) take time

both cases, we obtain a list decoding algorithm that corrects up exponential inN. It is, therefore, a nontrivial task to solve

to n — /n(n —d') errors, where n is the block length andd'  the decoding problem in polynomial time iN. Surprisingly,

is the designed distance of the code. The improvement for the : :
case of algebraic-geometry codes extends the methods of [24] ancxa classical algorithm due to Peterson [21] manages to solve

improves upon their bound for every choice ofn and d’. We also  tiS problem in polynomial time, as long as < A=
present some other consequences of our algorithm including a (i.e. achieves = (1 — x)/2). Faster algorithms, with running
solution to a weightedcurve-fitting problem, which may be of use time O(NQ) or better, are also well known: in particular, the
in soft-decision decoding algorithms for Reed—Solomon codes.  ¢|gssical algorithms of Berlekamp and Massey (see [2] and
Index Terms—Algebraic-geometry codes, decoding algorithms, [19] for a description) achieve such running time bounds. It
error-correcting codes, list decoding, polynomial time algorithms, is also easily seen that if > Y=X+L then there may exist
Reed-Solomon codes. several different codewords within distaneeof a received
word, and so the decoding algorithm cannot possibly always
I. INTRODUCTION recover the “correct” message if it outputs only one solution.
: This motivates the list decoding problem, first defined in [7]
N erro_r-correctmg cod& of block length V, rate K, (see also [8]) and sometimes also termed the bounded-distance
and distanceD) over a g-ary I?Iphabetz (N, K, D], decoding problem, that asks, given a received wird =%,
code, for short) is a mapping frof™ (the message space) 96 reconstruct a list of all codewords within a distarcizom

i differ i leastD | . v 1 We f l?‘r?e received word. List decoding offers a potential for recovery
range ofC differ in at leastl) locations out ofN.= We ToCUS ¢, errors beyond the traditional “error-correction” bound

on linear codes so that the set of codewords form a line _r‘e, the quantityD/2) of a code. Loosely, we refer to a

N . .
subspace of:™. Reed—So!omon _codes are a clas_5|ca|, aIgt decoding algorithm reconstructing all codewords within
commonly used, construction of linear error-correcting cod tancec of a received word as anc*error-correcting”
that yield [V =n, K = k+1,D =n — k]? cod_e; fqr any algorithm. Again, for a family of N =n, K =k+1, D=n—k|,
k<n<qg The alph_a_lbeE for such acode is afinite fieldl.  poey solomon codes, we can study ¢/n as a function of
The message specifies a polynomial of degree at iaster -~ _ (k +1)/n = k/n. Till recently, no significant benefits

Manuscript received April 1, 1998; revised April 5, 1999. The material ijvere achieved us_lng the list decodlng approach to reCO_Ver from
this paper was presented at the 39th IEEE Symposium on Foundations26fOrs. The only improvements known over the algorithm of
COTT]DUtertEC'e“CGv Pf?‘t'ﬁ /;:to,LCﬁ, N?Ve”}befg—llv %99% , e M [21] were decoding algorithms due to Sidelnikov [25] and

e authors are wi e Laboratory for Computer Science, the Mass- - _k ] - .
achusetts Institute of Technology, Cambridge, MA 02139 USA (e-maﬁ.5umer [6] which correct5= + O(log n) errors, "e_".aCh'eve
venkat@theory.lcs.mit.edu; madhu@theory.lcs.mit.edu). e = (1 - £k)/2+ o(1). Recently, Sudan [27], building upon

gog;_m#mﬁ?tedlgy Ft{'i"M's?gE)hl’sA;ZZg%tge ggété)zr f(())f Coding Theory.  previous work of Aret al. [1], presented a polynomial time list

1“ isher flem fdentiier = e ( .) - decoding algorithm for Reed—Solomon codes correcting more

Usually, an error-correcting code is defined as a set of codewords, butgﬁr 1) /2 ided: Th d LT
ease of exposition we describe it in terms of the underlying mapping, whi an(n—k)/2 errors, provided: < n/3. ne exact description
also specifies the encoding method, rather than just the set of codewordsof the number of errors,, corrected by this algorithm is rather
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Fig. 1. Error-correcting capacity plotted against the rate of the code for known algorithms.

complicated and can be found in [28] or Fig. 1. One loweaeduce our problem to a bivariate polynomial factorization
bound on the number of errors correctednis- v/2kn, thus problem overF (actually, only a root-finding problem for
achievinge = ¢,, > 1 — v/2x. A more efficient list decoding univariate polynomials over the rational function figlidx)).
algorithm, running in timeO(n? log” n), correcting the same This task can be solved deterministically over finite fields in
number of errors has been given by Roth and Ruckenstéime polynomial in the size of the field or probabilistically
[23]. For x — 0, this algorithm corrects an error rate— 1, in time polynomial in the logarithm of the size of the field
thus allowing for nearly twice as many errors as the classicatd can also be solved deterministically over the rationals and
approach. For codes of rate greater thHai3, however, this reals [14], [17], [18]. Thus our algorithm ends up solving the
algorithm does not improve over the algorithm of [21]. Thisurve-fitting problem over fairly general fields.
case is of interest since applications in practice tend to usdt is interesting to contrast our algorithm with results which
codes of high rates. show bounds on the number of codewords that may exist with
In this paper we present a new polynomial-time algorithra distance ofe from a received word. One such result, due
for list decoding of Reed—Solomon codes (in fact, Generalizéal Goldreichet al. [13], shows that the number of solutions
Reed-Solomon codes, to be defined in Section II) that corretdsthe list decoding problem for a code with block length
up to (exactly) [n —+/nk — 1] errors (and thus achievesand minimum distance, is bounded by a polynomial in
e =1 —+/k). Thus our algorithm has a better error-correctioas long ase < n — y/n(n — d). (A similar result has also
rate than previous algorithms for every choicexo€ (0,1); been shown by Radhakrishnan [22].) Our algorithm proves
and in particular, forx > 1/3 our result yields thefirst this best known combinatorial bound “constructively” in that
asymptotic improvemer the error rate:, since the original it produces a list of all such codewords in polynomial time.
algorithm of [21]. (See Fig. 1 for a graphical depiction oMore recently, Justesen [16] has obtained upper bounds on the
the relative error handled by our algorithm in comparison tmaximum number of errors = e. 4 ,, for which the output of
previous ones.) a list decoding algorithm can be guaranteed to have at most
We solve the decoding problem by solving the followingolutions, for constant. The results of Justesen show that in
(more general) curve-fitting problem: Given pairs of ele- the limit of largec, e. 4,./n converges td — /1 —d/n as
ments {(x1,y1), -, (xn,yn)} Wherez;,y; € F, a degree we fix d/n and letn — oo. These bounds are of interest in
parameterk and an error parametet, find all univariate that they hint at a potential limitation to further improvements
polynomialsp such thafp(z;) = y; for at leasth — ¢ values of to the list decoding approach.
¢ € {1,---,n}. Our algorithm solves this curve-fitting problem Finally, we point out that the main focus of this paper is on
for ¢ < n — v/nk. Our algorithm is based on the algorithmgetting polynomial time algorithms maximizing the number of
of [27] in that it uses properties of algebraic curves in therrors that may be corrected, and not optimizing the runtime
plane. The main modification is in the fact that we use th&f any of our algorithms.
properties of “singularities” of these curves. As in the case Extensions to Algebraic-Geometry Code&lgebraic-geo=
of [27], our algorithm uses the notion of plane curves tmetry codes are a class of algebraic codes that include the
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Reed-Solomon codes as a special case. These codes amndfa vectors of nonzeroelementsv,---,v, € F, the
significant interest because they yield explicit construction @eneralized Reed—-Solomon code GRS, 4.5, is the function
codes that beat the Gilbert—Varshamov bound over smalhpping the messagéd** to code spacd™, given by
alphabet sizes [29] (i.e., achieve higher value ®ffor

infinitely many choices ofr and k£ than that given by the . b . i
probabilistic method). Decoding algorithms for algebraic- GRSpn,k,a,5(11); :Uj'zm”l(o‘j)

geometry codes are typically based on decoding algorithms =0

for Reed-Solomon codes. In particular, Shokrollahi ang ,» < pk+1 and1 <j<n.

Wasserman [24] generalize the algorithm of Sudan [27]

for the case of algebraic-geometry codes. Specifically, theyProblem 1 (Generalized Reed—Solomon Decoding):
provide algorithms for factoring polynomials over some INPUT: Field F, n, k, @,¥ € F™ specifying the code

algebraic function fields; and then show how to decode GRSp s x,a,5- A vectorijc I'™ and error param-
using this factoring algorithm. Using a similar approach, eter e.

we extend our decoding algorithm to the case of algebraic-OuTPUT: Al messages 7 €  FK1 such that
geometry codes and obtain a list decoding algorithm A(GRSp 1 a,5(m), 7)) < e

correcting an [n,k,d], algebraic-geometry code for up
to e < n — y/n(n—d) errors, improving the previously
known bound ofn — /2n(n —d) — g + 1 errors (hereg

is the genus of the algebraic curve underlying the code).
This algorithm uses a root-finding algorithm for univariate
polynomials over algebraic function fields as a subroutine and
some additional algorithmic assumptions about the underlyingThe following proposition is easy to establish.

;’;;]Iggg(r:?ilccmstlr\bjctures: The assumptions are described preC'se'%roposition 2 The generalized Reed-Solomon decoding

Other Extensions:One aspect of interest with decodingproblem reduces to the polynomial reconstruction problem.

: ) L . Proof: It is easily verified that the instance
algorithms is how they tackle a combination of erasures (i. L .
. . . F.on,k,a&, 4,4, e) of the GRS decoding problem reduces to
some letters are explicitly lost in the transmission) and errot .
Our algorithm generalizes naturally to this case. Another

Problem 2 (Polynomial Reconstruction):

INPUT:  Integersk,t, and n points {(x;,v;) ", where
xi, Y € F.

OuTtpuT: All univariate polynomialsp of degree at most
such thaty; = p(z;) for at least values ofi € [n].

e instancek, n — e, n, {(o, v /v:) },) of the polynomial

interesting extension of our algorithm is the solution to %econstructlon problem. =

weightedversion of the curve-fitting problefmGiven a set of o )

n pairs {(z;,;)} and associated nonnegative integer weighfs Informal Description of the Algorithm

wi, -+ -, Wy, find all polynomialsp such that Our algorithm is based on the algorithm of [27], and so we
review that algorithm first. The algorithm has two phases: In
the first phase, it finds a polynomié&l in two variables which
“fits” the points (z;, y;), where fitting impliesQ(z;,y;) = 0

for all ¢ € [n]. Then, in the second phase, it finds sthall
This generalization may be of interest in “soft-decision” dedegree rootsof @, i.e., finds all polynomialy of degree at

coding of Reed—Solomon codes. most . such thatQ(z, p(xz)) = 0 or equivalentlyy — p(x) is
afactor of Q(«,y); and these polynomialg form candidates

for the output. The main assertions are that 1) if we aligw

to have a sufficiently large degree then the first phase will be
We fix some notation first. In what follow#" is a field successful in finding such a bivariate polynomial, and 2y if

and we will assume arithmetic over to be of unit cost. andp have low degree in comparison to the number of points

[] will denote the sef{1,--.,n}. For a vectorr € F™ and wherey; — p(x;) = Q(x;,v;) = 0, theny — p(z) will be a

¢ € [n], the notation#; will denote theith coordinate ofZ. factor of (.

A(Z, %) is the Hamming distance between stringisand ¥/, Our algorithm has a similar plan. We will fin@ of low

ie, {i | & # ¥} degree that “fits” the points. But now we will expect more

from the “fit.” It will not suffice that Q(x;,y;) is zero—we

will require that every poin{z;, ;) is a “singularity” of 3.

Informally, a singularity is a point where the curve given by

Q(z,y) = 0 intersects itself. We will make this notion formal

2The evolution of the solution to the “curve-fitting” problem is somewhagS we go along. In our first phase the additional constraints

interesting. The initial solutions of Peterson [21] did not explicitly solve theyi|| force us to raise the allowed degree @f However, we
curve-fitting problem at all. The solution provided by Welch and Berlekamﬁ . h in th d oh In this oh ’ look
[32], [3] do work in this setting, even though the expositions there do n aimn (muc more) In the second phase. In this phase we 100

mention the curve-fitting problem (see, in particular, the description in [12]for roots of @ and now we know thap passes through many
Their problem statement, hOWeVer, disallows repeated ValU%.@Udan’S Slngularltles OfQ rather than Just p0|nts (ﬁ |n Such a case
[27] allows for repeated;’s but does not allow for repeated pairs(af;, y; ). ; . L. .

Our solution generalizes this one more step by allowing a weighting ¥e need onl)half as many smgularltles as reQU|ar points, and
(x4, i) this is where our advantage comes from.

Il. GENERALIZED REED-SOLOMON DECODING

Definition 1 (Generalized Reed—Solomon Codd3)r pa-
rametersn, k and a field " of cardinality ¢, a vectora of
distinctelementsyy, iz, - - -, v, € F' (hence we need < q),
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Pushing the idea further, we can for@eto intersect itself at Step 1: Find a polynomialQ(z,y) such that
each pointx;, y;) as many times as we want: in the algorithm )
described below, this will be a parameterThere is no limit (1, k)—wt—deg(Q) <1

on what we can chooseto be: only our running time increases i.e., find values for its coefficients
with ». We will chooser sufficiently large to handle as many
errors as feasible. (In the weighted version of the curve-fitting {1io Yongo 200 +hsa <t

problem, we force the polynomi&} to pass through different
points a different number; times, where-; is proportional to
the weight of the point.)

Finally, we come to the question of how to define “singu-
larities.” Traditionally, one uses the partial derivativegpfo
define the notion of a singularity. This definition is, however,
not good for us since the partial derivatives over fields with Vie[n], Vj,j2>0, stj+i<r
small characteristic are not well-behaved. So we avoid this

such that the following conditions hold:

1) At least oneg;, ;, is nonzero.

2) For everyi € [n], if Q¥ is the shift of Q
to (z;,%), then all coefficients of9( of total
degree less than are 0. More specifically

direction and define a singularity as follows: We first shift our @) der Ve PR
coordinate system so that the poiat;, ;) is the origin. In A DY <Ji> <j§>q]'{7jé$£1 Nyl = 0.
the shifted world, we insist that all the monomials@fwith J{=201 5522

a nonzero coefficient be of sufficiently high degree. This wig
turn out to be the correct notion. (The algorithm of [27] can be
viewed as a special case, where the coefficient of the constant
term of the shifted polynomial is set to zero.)

We first define the shifting method precisely: For a polyno-
mial Q(z,y) and«, 3 € F we will say that the shifted poly-
nomial @, g(x,y) is the polynomial given byQ, s(z,y) =
Q(z + o,y + B). Observe that the following explicit relation )
between the coefficient§q;;} of @ and the coefficients C- Correctness of the Algorithm
{(qa,8)ij} Of Qq g holds: We now prove the correctness of our algorithm. In Lemmas

4 and 5,@ can be any polynomial returned in Step 1 of the

Y il T algorithm.

s =X X () (4 a5 ¢ S
isigsg \ J Lemma 4: If (z;,y;) is an input point ang is any poly-

nomial such that; = p(x;), then(x — z;)" divides g(z) def

In particular, observe that the coefficients are obtained by(Hzx,p(x)).

tep 2: Find all polynomialsp € F,[X] of degree at most
such thatp is a root of @ (i.e., y — p(x) is a factor
of Q(z,v)). For each such polynomial check if
p(z;) = y; for at leastt values ofi € [r], and if so,
include p in output list.

End Poly-Reconstruct

linear transformation of the original coefficients. Proof: Let p’(x) be the polynomial given by'(z) =
p(z +2z,;)—y;. Notice thatp’(0) = 0. Hencep'(z) = zp”(x),
B. Algorithm for some polynomiap”(z). Now, consider
Definition 3 (Weighted Degree)For nonnegative weights J'(z) def Q(i)(a:,p/(a:)).

wy, wa, the (wi , wo)-weighted degree of the monomigtly’ is
defined to beiw; + jws». For a bivariate polynomial)(x,y), We first argue thay'(z — ;) = g(z). To see this, observe that
and nonnegative weights,, w», the (wq,ws)-weighted de- i
gree of @, denoted(wl,wQ)—wt—degf(Q), is)the maximum 9(w) = Q(g:,p(a:)) = QW@ — 2, p(x) - 43)
over all monomials with nonzero coefficients i of the = QV(w — ;P (& — ) = ¢ (v — w2).
(wy, wo)-weighted degree of the monomial.

We now describe our algorithm for the polynomial reco
struction problem.

Now, by construction2® has no coefficients of total degree
Ness than-. Thus by substituting = xp” (x) for y, we are left
with a polynomialg’ such that:" dividesg’(z). Shifting back
Algorithm Poly-Reconstruct we have(z — z;)" dividesg'(x — z;) = g(x). O

Inputs: 7, k, ¢, {(@i,9:) iy, Wherea,, y; € F. Lemma 5: If p(x) is a polynomial of degree at moktsuch

Step 0: Compute parameters such that thaty; = p(z;) for at leastt values ofi € [n] andrt > I,
1 (1 +2) theny — p.(x) div.ides Q. _

rt >1 and n< 9 ) < ST Proof: Consider the polynomiaj(z) = Q(z, p(z)). By

the definition of weighted degree, and the fact that(the:)-

In particular, set weighted degree of? is at mosti, we have thaty is a

polynomial of degree at moét By Lemma 4, for every such

dof kn + \/k2n2 + 4(t2 — kn) that y; = p(x;), we know that(x — z;)" divides g(x). Thus

r=1+ 2(t2 — kn) if S is the set ofi such thaty; = p(x;), then] [, o(x — ;)"

divides g(x). (Notice in particular thats; # z; for any pair

1<t -1 t # j € S, since then we would haver,;, y;) = (z;,p(x;)) =

Authorized licensed use limited to: University of Ottawa. Downloaded on March 30, 2009 at 12:22 from IEEE Xplore. Restrictions apply.



GURUSWAMI AND SUDAN: IMPROVED DECODING OF REED-SOLOMON AND ALGEBRAIC-GEOMETRY CODES 1761

(x;,p(x;)) = (x;,y;).) By the hypothesi$S| > ¢, and hence Solomon code. This bound is already known even for general
we have a polynomial of degree at leasdividing ¢ which is  (even nonlinear codes) [13], [22]. Our result can be viewed
a polynomial of degree at most< r¢. This can happen only as a constructive proof of this bound for the specific case of
if ¢ = 0. Thus we find thap(z) is a root ofQ(z,y) (where Generalized Reed-Solomon codes.

the latter is viewed as a polynomial inwith coefficients from
the ring of polynomials inz). By the division algorithm, this
implies thaty — p(z) divides Q(z, y).

Proposition 9: The number of codewords that lie within an
Hamming ball of radiuse < n — vkn in an [n,k + 1,d],
Generalized Reed-Solomon code%v'kn3) (which is in

All that needs to be shown now is that a polynonfialas turn O(n?)).
sought for in Step 1 does exist. The lemma below shows this Proof: By Lemma 5, the numbe#{ of such codewords
conditionally. is at most the degredeg,(Q)) of the bivariate polynomial

) ol 142 . Q in y. Since the(l, k)-weighted degree of? is at most

Lemma 6:1f n("F") < (;; ) then a polynor_maIQ as | deg,(Q) < U/’EJ- ():hoosingt — |Vkn| + 1 (which

sought in Step 1 does exist (and can be found in poWnom'&eresponds to the largest permissible value of the ragius

time by solving a linear system). .
. . . .we have, by the choice df that
Proof: Notice that the computational task in Step 1 |\sN Ve, By ! l

that of solving a homogeneous linear system. A nontrivial _ Iy knt\ 3
) . : ) M=0|+]=0| — ) =0Wkn?
solution exists as long as the rank of the system is strictly k k

smaller than the number of unknowns. The rank of the systerg desired 0
may be bounded from above by the number of constrainias, '
which iSn(”;’l). The number of unknowns equals the number Corollary 10: For a family of constant (relative) rate

of monomials of (1, k)-weighted degree at mogtand this Generalized Reed—Solomon codes, the number of codewords

number equals in a Hamming ball of (relative) radius= 1— (1+ ~)+/«, for
H 2
4] i—hj, 4] any constanty > 0, is O(1/v%).
1= I+1—Fkj
z_: z_: z_:( + 72) D. Runtime of the Algorithm
j2=0 j1=0 j2=0

I Ll I We now verify that the algorithm above can be implemented
=({+1) < {EJ + 1) ) {EJ QEJ + 1) to run efficiently (in polynomiak time) and also provide rough

I I (but explicit) upper bounds on the number of operations it
> <{—J + 1) <l +1- —) performs.
I 142 Proposition 11: The algorithm above can be implemented
2 L2 to run using
and the result follows. O k30616 46
) ) O<Inax{ﬁ,—3}>
Lemma 7:If n,k,t satisfy t> > kn, th?n f)or the choice (t2 —kn)®" k
. H : r+1 (142 .
of r,1 made in our algorithmp("}") < =5~ andrt > I field operations over”, provided|F| < 213

both h0|d'_ . def : . . Proof (Sketch): The homogeneous system of equations
Proof. Sincel = r¢—11in our algorithmyt > Lcertainly a4 in Step 1 of the algorithm clearly has at mogt2 /)
holds. Using/ = »t — 1, we now need to satisfy the constrainf, \ - o\vns (sinceleg, (Q) < |1/k| anddeg, (Q) < I). Hence
n<7‘+1> < (rt = D)(rt +1) using standard methods, Step 1 can be implemented using
2 2k O((I?/k)?) = O(I%/k3) field operations. We claim that this
which simplifies tor?t?> — 1 > kn(r2 4+ r) or, equivalently, is the dominant portion of the runtime and that Step 2 can be
2.2 ) implemented to run within this time using standard bivariate
r(# = kn) = knr — 1> 0. polynomial factorization techniques. We sketch some details
Hence it suffices to pick to be an integer greater than thesn the implementation of Step 2 below.
larger root of the above quadratic, and, therefore, picking  To implement Step 2, we first compute tlkéscriminant
kn + /K202 £ 42 — kn) T(a:) = discy(Q(a:,y)) of Q(a:,y). \{vith respect toy (treating
r=1 2(#2 — ) it as a polynomial iny with coefficients inF[X]). Therefore,
T € F[X], and alsodeg (T') < 2d,d, whered,, d, are the
suffices, and this is exactly the choice made in the algorith@bgrees OQ inz andy’ respective|y_ This bound on the degree
U of T follows easily from the definition of the discriminant
(see, for instance, [5]), and it is also easy to prove that the
discriminantZ” can be computed i0(d,.d;;) field operations.
Next we find ana € F such thatT(«) # 0. This can
[ be done deterministically by trying out an arbitrary set of

Theorem 8: Algorithm Poly-Reconstrucon inputsn, k, ¢
and the points{(z;,%;) : 1 < ¢ < n} correctly solves the
polynomial reconstruction problem provided> v/kn.

Proof: Follows from Lemmas 5-7.

Wi | inf b d th b 3In this analysis, as well as the rest of the paper, we use the big-Oh notation
€ can 3_59 n er an upper pun on e number ghide constants. We stress that these are universal constants and not functions
codewords within radius < n —+v/kn in a Generalized Reed-of the field size| F|.
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(2d,d, + 1) field elements because of the bound we know on Definition 14 (Alternant Codes ([19], Sec. 12.2)fFor posi-
the degree off’. Now, by the definition of the discriminant, tive integersm, kg, n, prime powerg, the field F = GF(¢™),

for such anc, Q(«, y) is square-free as an element®fY]. a vector& of distinct elementsyy, -+, «, € GF(¢™), and

We then compute the shifted polynomial a vector? of nonzero elements,,---,v, € GF(¢™), the
alternant codeA, ,, i, 5,4 comprises of all the codewords of

def i —. i =0

Q' (z.9) L Qz + a,y) the Generalized Reed-Solomon code defined by 6RS .5

that lie in GFq)".
Since the Generalized Reed-Solomon code has distance
rT?exactlyn — ko + 1, it follows that the respective alternant

in [11] that can compute all roots € £[z] _Of a bivariate code, being a subcode of the Generalized Reed—Solomon code,
polynomial R(x, y) such thatR(0,y) € F[Y] is square-free, ¢ gistance at least — ko + 1. We term this thedesigned

in O(k*degy,(R)) time. This gives us a list of all polynomials yqiance g — 7, — ky + 1 of the alternant code. The actual
p'(x) such thaty — p'(z) divides Q'(z,y); by computing 40 ang distance of the code are harder to determine. The rate
p(x) = p'(z — «) for each sucly’ gives us the desired list ;o5 somewhere between— m(n — ko) and ko and thus the
of rootsp(z) of Q(z, y). It is clear that oncey is c20r2an_Jted, distanced lies between? andmd’. Playing with the vector
all the above steps can be performed in at n@@gt"d, ) field 5 night alter the rate and the distance (which is presumably
operations. _ why it is used as a parameter).
Summing up, Step 2 can be performed using The decoding algorithm of the previous section can be used
. . to decode alternant codes as well. Given a received word
O(dpd? + dody + K2d%) = O<Z_O +12) — O<l_o> (7’1,---,7%)_ € GF(g)*, we use as input to the polynomial
Y Y k* k3 reconstruction problem the paif$x;,v;) " ,, wherex; =,
andy; = r;/v; are elements of G&™). The list of polynomi-

so that)’(0,y) is square-free. Now we use the algorith

field operations. als output includes all possible codewords from the alternant
The entire algorithm can thus be implemented to run itode. Thus the decoding algorithm for the earlier section
O(1¢/k3) field operations and since is really a decoding algorithm for alternant codes as well;
with the caveat that its performance can only be compared
| O<1mx{ knt t}) with the designed distance, rather than the actual distance.
¢ 2 _ fp)’ The following theorem summarizes the scope of the decoding
algorithm.
the claimed bound on the runtime follows. O Theorem 15:Let A be an[n, k+ 1, d], alternant code with

Theorem 12: The polynomial reconstruction problem carflesigned distance’ (and thus satisfyingz < & < d). Then
be solved in timeO(n!%), providedt > vkn, for any field there exists a polynomial time list decoding algorithm $ér
F of cardinality at mos®™. Furthermore, ift2 = (1 + §)kn, decoding up toe < n — \/n(n — d') errors.
then the problem can be solved in timgn36-°). (We note that decoding algorithms for alternant codes given
Proof: Follows from Proposition 11 and Theorem 81 in classical texts seem to corregt/2 errors. For the more
restricted BCH codes, there are algorithms that decode beyond

Corollary 13: Given ~ a  family ~ of  Generalized 5 the designed distance (cf. [9] and also [4, Ch. 9]).
Reed-Solomon codes of constant message ratean

error-rate ofe = 1 — y/k can be list-decoded in tim@(n'°). B. Errors and Erasures Decoding

When ¢ < 1 — /s, then the decoding time reduces to The algorithm of Section Il is also capable of dealing with
O(n*(1 — € — V/r)™1%) = O(n®). other notions of corruption of information. A much weaker
notion of corruption (than an “error”) in data transmission
is that of an “erasure”. Here a transmitted symbol is either
IIl. SOME CONSEQUENCES simply “lost” or received in obviously corrupted shape. We
First of all, since the classical Reed—Solomon codes awew note that the decoding algorithm of Section Il handles
simply a special case of Generalized Reed—Solomon codiss case of errors and erasure naturally. Supposgmbols
Corollary 13 above holds for Reed—Solomon codes as well. Were transmitted angd’ < »n were received and symbols got
now describe some other easy consequences and extenséwased. (We stress that the problem definition specifies that
of the algorithm of Section Il. The first three results aréhe receiver knows which symbols are erased.) The problem
just applications of the curve-fitting algorithm. The fourthjust reduces to a polynomial reconstruction problemsdn
result revisits the curve-fitting algorithm to get a solution to points. An application of Theorem 12 yields thagerrors can
weighted curve-fitting problem. be corrected provided < n’ — v/n’k. Thus we get

Theorem 16: The list-decoding problem fofn, &k + 1,d|,
A. Alternant Codes Reed-Solomon codes allowing fererrors ands erasures can

We first describe a family of codes called alternant cod®§ solved in polynomial time, provided
that includes a wide family of codes such as Bose—Chaudhuri—
Hocquenghem (BCH) codes, Goppa codes, etc. e+s<n—+/(n—s)k.
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The classical results of this nature show that one can solie k)—wt—deg(Q)). Optimizing over the weighted degree of
the decoding problem i2e + s < n — k. To compare the @ yields the following theorem.
two results we restate both result. The classical result can b

Sheorem 18:The weighted polynomial reconstruction
rephrased as

problem can be solved in time polynomial in the sum of
n—s+k w;'s provided

n—(s+e)> 5

while our result requires that

n—(s+e)>+(n—sk.

By the AM—GM inequality it is clear that the second result Rémark: The fact that the algorithm runs in time pseudo-
holds whenever the first does. polynomial inw;’s should not be a serious problem. Given

any vector of real weights, one can truncate and scalevttse
without too much loss in the value offor which the problem

. L ) o ~can be solved.
Consider the situation when, instead of receiving a single

word y = 41, %2, -+, yn, fOr eachi € [n] we receive a list of

[ possibilitiesy;1, 42, - - - , ¥ such that one of them is correct
(but we do not know which one). Once again, as in normal list We now describe the extension of our algorithm to the case
decoding, we wish to find out all possible codewords whiobf algebraic-geometry codes. Our extension follows along the
could have been possibly transmitted, except that now tliees of the algorithm of Shokrollahi and Wasserman [24].

guarantee given to us is not in terms of the number of errdur extension shows that the algebra of the previous section
possible, but in terms of the maximum number of uncertagxtends to the case of algebraic function fields, yielding an
possibilities at each position of the received word. Let us capproach to the list decoding problem for algebraic-geometry
this problemdecoding from uncertain receptianépplying codes. In particular, it reduces the decoding problem to some
Theorem 12 (in particular by applying the theorem on poillitasis computations in an algebraic function field and to a
sets where the;'s are not distinct) we get the following result.factorization (actually root-finding) problem over the algebraic

function field. However, neither of these tasks is known

Theorem 17:List decoding from uncertain receptions Mo be solvable efficiently given only the generator matrix

an [n,k + 1,d = n — k], Reed-Solomon code can b(.eof the linear code. It is conceivable, however, that given

done_ n _pol},/nom|al time pT?‘",ded the_ num_ber of uncertwgome polynomial amount of additional information about the
possibilitiesI at each position € [n] is (strictly) less than linear code, one can solve both parts efficiently. In fact, for
n/k. the former task we show that this is indeed the case; for
] o the latter part we are not aware of any such results. For
D. Weighted Curve Fitting certain representations of some function fields, Shokrollahi
Another natural extension of the algorithm of Section Il iand Wasserman [24] give factorization algorithms that run in
to the case of weighted curve fitting. This case is somewhahe polynomial in the representation of the field. It is not,
motivated by a decoding problem called tleft-decision however, still clear if these representations are of size that is
decoding problem (see [31] for a formal description), avounded by some polynomial in the block length of the code.
one might use the reliability information on the individualThus the results of this section are best viewed as reductions
symbols in the received word more flexibly by encodingf the list-decoding problem to a factorization problem over
them appropriately as the weights below instead of declariatgebraic function fields.
erasures. At this point we do not have any explicit connectionMuch of the work of this section is in ferreting out the
between the two. Instead, we just state the weighted cunadoms satisfied by these constructions, so as to justify our
fitting problem and describe our solution to this problem. steps. We do so in Section IV-A. Then we present our algo-
rithm for list decoding modulo some algorithmic assumptions
about the underlying structures. Under these assumptions,

C. Decoding with Uncertain Receptions

IV. ALGEBRAIC-GEOMETRY CODES

Problem 3 (Weighted Polynomial Reconstruction):

INPUT: 7 points {(z1,41), -, (Zn,¥n)}, » NONNegative our algorithm yields an algorithm for list decoding which
integer weightsuy, - - -, w,,, and parametersand corrects up toe < n — y/n(n —d) errors in anin,k,d],
t code, improving over the result of [24], which corrects up

OutpuT: All polynomials p such thatd_
leastt.

iip(en)my; Wi 1S AL 10 e <n—/2n(n—d)—g+1 errors.

The algorithm of Section Il can be modified as follows: It Definitions
Step 1, we could find a polynomi&} which has a singularity  An algebraic-geometry code is built over a structure termed
of orderw;p at the point(z;, v;). Thus we would now have an algebraic function field. Definitions and basic properties of
E;;l(”w;*l) constraints. If a polynomiap passes through these codes can be found in [15] and [26]; for purposes of
the points (z;,y;) for ¢ € S, theny — p(z) will appear self-containment and ease of exposition, we now develop a
as a factor ofQ(x,y) provided >, s pw; is greater than slightly different notation to express our results.
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An algebraic function field is described by a six-tuple form a vector space oveF,, for anyz € X andi € Z.

A = (Fy, X, X, K, g,0rd), where Of particular interest will be functions which may have
— F, is a finite field withg elements, withF, denoting its positive order at only one pointy € A" and nowhere
algebraic closure. else. LetL;, denote the set

— &' is a set ofpoints(typically some subset of (variety in)

fql, but this will be irrelevant to us).
— X is a subset oft’, called therational points of X. Since
— K is a set of functions fron’ to 7, U {oc} (whereoco
is a special symbol representing an undefined value). It is Liz =i 0 (Nyet—(21%0,0)
usually customary to refer to judt as the function field
(and letting the other components df be implicit).
—ord: K x X — Z. ord(f,x) is called theorder of the

function f at pointz. obtained from the fameRiemann—Roch theorefor the

—gIs anonnegative integer F:alled tgenusgf A. _ actual realizations of4, and, in fact, the dimension is
The components ofl always satisfy the following properties: exactlyi — g+ 1 if i > 29 — 2.)

1) K is a field extension of 7,: K is endowed with op- The following lemma shows how to construct a code from an
erations+ and+ giving it a field structure. Furthermore, gigebraic function field, givem + 1 rational points.
for f,g € K, the functionsf + g and f % g satisfy

f@) +9(x) = (f + 9)(=)

{feKlord (f,z)<iAord(f,y)<0,YyeX —{z}}.

we have thatl is also a vector space ovg,. The rate
property is that for every € Z, x € X, L, ,, is a vector
space of dimension at least- g + 1. (This property is

Lemma 19: If there exists an algebraic function field

and A= (Fs, X, X, K, g,ord)

(fxg)(x) = f(x) * g(x) with n + 1 distinct rational pointsro;x1,---,z,, then the
linear space
providedf(x) andg(x) are defined. Finally, correspond-
ing to everya € F,, there exists a function € K s.t. C=A{(f(z1), -, f(@n)|f € Litg—1,20}
a(z) = o for every X € X. (In what follows we leta f

/ ! / > 4 > _ b .
denote the function = £.) form an[n, ¥/, d'], code for somé&’ > k andd’ > n—k—g+1

: P> 4

2) Rational points: For everyf € K andz € X, f(z) € Fqu?g](»),f.arllzg rbLyI_Dr(ljypZ?/tyPég;) Ev!vr(tayhza'v\évfhgti\:;a ;hi(x.;.)hfs
Fy U {oo}. _ : .__CC Fr. By Property 4, the mapv : Lyt,_1,, — F.' given

3) Order properties: (The order is a common generallza-by f ¢ F(@), f(2),- -, fl) i oneioone al(’lld hence
tion of the degree o_f a function as well as its zeros;: () = dim (-’[4k+g—£m )’_ BynProperty 5, this implie<
Informally, the quantity has dimension at Ieasﬁ: ;ielding k' > k. Finally, consider

Z ord (£, z) f1 # f2 € Lpgg—1.2, that agree ink + ¢ places. If f; and

/2 agree atr;, then(f; — f2)(x;) = 0 and thus by Property

3a),ord (f1 — f2,z;) < 0. Furthermore, we have that for every

is analogous to the degree of a functionofd (f,2) <0, z € X — {xo}, ord (f1 — fo,z) < 0. Finally, atzo we have

then the negative ofrd (f,z) is the number of zeroes ord (fi — fa,20) < k + g — 1. Thus summing over alt € X,

f has at the point. The following axioms may make we have

a lot of sense when this is kept in mind.)

zCXord (f,2)>0

For everyf,g € K — {0}, o, 3 € F,, = € X the order Zord (fi = fa,2) <0

function ord satisfies: zeX

a) f(z) = 0 © ord(f,z) < 0; f(r) = oo « andthusf; — fo = 0 using Property 4 above. This yields the
ord(f,z) > 0. distance property as required. O

b) ord (f *g,z) = ord (f,z) + ord (g, z). Codes constructed as above and achievifig k/n > 0 (in

c) ord (af + g, «) < max{ord (f,z),ord (g, z)}. the limit of largen) are known for constant alphabet size

4) Distance property: If

Z ord (f) <0
weX B. The Decoding Algorithm

by probabilistic constructions are known f@r> 49 [29].

then f = 0. (This property is just the generalization We now describe the extension of our algorithm to the case
of the well-known theorem showing that a degrée of algebraic-geometry codes. As usual, we will try to describe

polynomial may have at most zeroes.) the data pointg (z;,v:)} by some polynomial?. We follow

5) Rate property: Observe that, by Property 3 c) above, thé?4] and let@ be a polynomial in a formal variablg with
set of functions coefficients fromK (i.e., Qy] € K[y]). Now given a value

of y; € Fy, Qu:] will yield an element ofK. By definition
G;w={f|ord(f,z) <i} such an element o has a value af; € & and just as in
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[24] we will also requireQ(z;, ;) = Q[y;](x;) to evaluate to function ¢. = «a; ¢, + [3;¢, Satisfies
J J 377

zero. We, however, will require more and insist tiiat, v; ) ,

“behave” like a zero of multiplicity of Q; sincez; € A and ord (¢, %) < ord (¢, z;) < m.

¥ € F4, we need to be careful in specifying the conditions t@jnce in this case; = /3;1(/){1, _ Oéjﬁ]l(/)l, we conclude that
achieve this. We, as in [24], also insist tiathas a small (but i, any case, foR < j < p, 11 = 1, andd);» generateb;. Now
positive) order atx, for any substitution of; with a function Ph, ¢5, -+, ¢, are linearly independent (sine& , g2, -, ¢,
in K of order at most % £ + g — 1 at the pointz,. Having are) andord (¢}, 2:) <m—1for2 < j <p, so the inductive
found such a, we then look forroots i € K of Q. hypothesis applied to the functions,, - - -,¢;, now yields
What remains to be done is to explicitly express the condj, - - -, 1, as required. 0

1 i . . 1 . <3<
tions i) (z;, y;) behavedike a zero of order of @ for 1 < ¢ < We are now ready to express condition i) 6, y;) being

n, and ii) ord (Q[f], zo) <! forany f € L, ,,, wherel is a :
parameter that will be set later (and which will play the Sarﬂienzoevaotr?;tocrgo(ler a)t f::tthUeS'fg?nghe above lemma and (1), we
€,y

role as thel in our decoding algorithm for Reed—Solomo

codes). To do so, we assume that we are explicitly given 5 l—g+li—gtl—jza '
functions ¢y, - - -, (7)1794_1 such thatord ((/)j,xo) <j+g-1 Q(xvy) = Z Z Z j1 g2 Yy 41,05 z/}js,l‘i (x)yjz'
and such thabrd (¢;,z9) < ord (¢;41,20). Let s < |1=2. 52=0 js=1 Q=1

The shifing toy, is achieved by definingd®(z,y) <

s gt Q(z,y + u;). The terms inQ®(z,y) that are divisible by

- e a2 1) Y* contributep toward the multiplicity of(x;,0) as a zero of

L] Z Z Giniz Pin¥ @) Q@, or, equivalently, the multiplicity ofz;, ;) as a zero of
Q. We have

By explicitly setting up@ as above, we impose the constraint s =g+l
i) above. To get constraint i) we need to “shift” our basis. Q) =>" > q](é)hz/;jgjmi (z)y’* 2)
This is done exactly as before with respectito however, Jam0 o=l
z; € X and hence a different method is required to handle Uilhere
The following lemmas show how this may be achieved. s gt la,

Lemma 20: For everyf, g€ K andz € X with ord (f,z) = q](»;)yh Lef Z Z <‘z2)y{2“ Qi1 g N gy s -
ord (g, z), there existug, o € F,\{0}, such that P A Ja

We will then look for coefficientsy;, ;, such that

Jj2=0  ji=1

Since ord (1), 2., i) < —(js — 1), we can achieve our
condition on(z;,y;) being a zero of multiplicity at least

by insisting thatq§;?j4 =0 for all j5 > 1, j, > 0 such that

ja + js — 1 < r. Having developed the necessary machinery,
we now proceed directly to the formal specification of our

ord (ao f + Fog, x) < max{ord (f,z), ord (g, x)}.

Proof: Let ord (f,z) = ord(g,z) = i and f~* be the
multiplicative inverse off in K. Thenord (f * f~%,z) =0
and hencerd (f~1,z) = —i and, finally,ord (g* f =1, 2) = 0.

Let (f* f~1)(z) = a and(g=* f~1)(z) = . By Property 3a), algorithm.
a,8 ¢ {0,00}, and sincex is a rational pointw,3 € F,. Implicit Parameters: n; xg,x1, -, v, € X3 k; g.
Thus we firlld that(ﬁfl* f7 —agx f7(x) = 0. Thus  Assumptions: We assume that we “know” functioniss;, €
ord (ff* ™" —agxf~",x) <0and soord (5 — ag,x) < K|j; € [l—g+1]} of distinctorders atz with
as required. [ ord (¢;,,%0) < j1+g—1, as well as functions

Lemma 21: Given functions,, - - - , ¢, of distinct orders at Wise € K | J3 € [l =g +1],i € [n]} such
zg € X satisfying¢; € L;4,-1., and a rational point; # that for anyi ¢ [n], the functions{y;, z }j,
zg, there exist functiong), - - -1, € K with ord(¢;, ;) < satisfyord (z/’},jyz,mnxi)_ < 1—j3. The notion of
1—7 and such that there exist,, , ;, € F, for 1 < ji,js < p knowledge” is explicit in the following two
such thatp;, = 32 _ au, j, s objects that we assume are available to our

J1 ja=1 T ,91,J3 VJs* .
Proof: We prove a stronger statement by induction on algorithm.

p: If ¢1,---, ¢, are linearly independent (oveF,) functions 1) The set

such thabrd (¢;,z;) < m for j € [p], then there are functions

zigigs €EFq i€ [n],j1,d3 €|l - 1
41, -+, 1, such thatord (¢, 2;) < m + 1 — j that generate {aw, 5. ¢l i€nl g,z €[l —g+1]}

the ¢,’s over F,. Note that this will imply our lemma as such that for eveny, j;

¢1, 02, -+, ¢p are linearly independent using Property 3c) and

the fact that thep;’s havedistinct pole orders at:o. Without Pin = Z% vds Vo,

loss of generality assume thai is a function with largest =

order atz;, by assumptiorord (¢, x;) < m. We lety; = ¢4. This assumption is a very reasonable one since Lem-
Now, for2 < j < p, set¢; = ¢; if ord (¢;,2;) < ord (¢1, ;). ma 21 essentially describes an algorithm to compute
If ord(¢;,x;) = ord(¢1,z;), using Lemma 20 to the pair this set given the ability to perform arithmetic in the
(91, ¢;) of functions, we gety;, 8; € F, — {0} such that the function field K.
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2) A polynomial-time algorithm to find roots (i&) of and that all coefficients of) have at most poles atz, and
polynomials inK[y] where the coefficients (elementsno poles elsewhere. The claimed result now follows once we
of K) are specified as a formal sum¢f 's. (The cases note that

for which such algorithms are known are described in gt +n(n—d')
The Algorithm:
Inputs: n, k? Y1,° " Yn € Fq- . .
Step 0: Computer parameters! such that C. Analysis of the Algorithm
(1—g)(l—g+1) ral We start by looking aQ[h] Repall tha_t for anyh € K,
rt>1 and Ser >nl 5 ) Q[h] € K. By the condition ii) which we imposed o, we
haveQ[h] € L; ., wheneverh € Lii g1 -
del
(Recall thatee = &k +g—1) In par'ucular Ser as | emma 23:Fori € [n], if b € K satisfiesh(z;) = y;, then
in the proof of Lemma 26 and < 7t — 1. ord (Q[h],z;) < —r.
Step 1: Find Q[y] € K[y] of the form Proof: We have, for any such
s l—gt+l—ajq _ & o
Qlhl(x) = Qz, h(x)) = Q" (z, M(z) — i)
j2=0 ji=1 = Q (.T, h(l’) — h(xz))
i.e., find values of the coefficientsy,, ;,} such that and using (2), this yields
the following conditions hold: s l-gtl @ '
1) At least oneg;, j, is nonzero. =D D 4 i () (A(x) = h(wi))t.
ja=0 jas=1
2) For everyi € [n], Vjs,ja, ja 2 1, js = 0 such Sinceq'”, = 0for js + js < r, ord (¢, o, 2:) < 1 — js,
that js +ja < 7 and if h(z) € K is defined byh®(z) < h(z) — h(z;),
s latloajs . thenord ((h(9)%, ;) < —4j4, we getord (Q[h], z;) < —r as
(2) def y o —ja . = . ) >~
T35 Z Z <ji>yi g " Dirge Xwi g g desired. O

= =1
_sz T T Lemma 24:1f h € Lyy,_1 ., is such thath(z;) = y; for
e at leastt values ofi € [n] andrt > [, theny — h divides
Step 2: Find all rootsh € Lxyg—1.4, Of the polynomial Qy] € Kly).

@ € Kly]. For each suchh, check if h(z;) = y; Proof: Using Lemma 23, we get
for at leastt values ofi € [n], and if so, includeh Z ord (Q[h], Lt <1
in output list. (This step can be performed by either i) < -1 )

completely factoring using algorithms presented i€l

in [24], or more efficiently by using the root-finding Since @[h] € Liz,, we have

algorithm of [11].) Z ord (Q[h], z)
The following proposition says that the above algorithm can wC ¥
be implemented efficiently modulo some (reasonable) assumplying Q[] = 0. Thush is a root ofQ[y] and hence; — h
tions. divides Q[y]. O

Proposition 22: Given the ability to perform field opera- Lemma 25:1f n("$') < E0-9t2) | then aQ[y] as
tions in the subsek; ., of the function fieldk when elements sought in Step 1 does exist (and can be found in polynomial
are expressed as a formal combination of ¢hes for 5, € time by solving a linear system).

[l — g+ 1], the above algorithm reduces the decoding problem Proof: The proof follows that of Lemma 6. The com-
of an [n, k, d], algebraic geometry code (with designed digputational task in Step 1 is once again that of solving a
tanced’ = n—k—g+1) in time (measured in operations ovefomogeneous linear system. A nontrivial solution exists as
K) at mostO(1¢/(n — d')? + nl?) to a root-finding problem long as the number of unknowns exceeds the number of
over the function fieldk of a univariate polynomial of degreeconstralnts The number of constraints in the linear system
at mostl/(n — d') with coefficients having pole order at mosts 7("3"), while the number of unknowns equals

I, wherel = O maxifzt'i'"(—"d,) ti : (- )l—g+2)
n(n—d’)’ _ A g g
Proof: First of all, note that the computation of all the z_: (I-g+1-ajp)= 20 ’ =
Qi jr.js'S CaN be done inO(nl?) operations overk. The J2=0
system of equations set up in Step 1 has at nmiost- Lemma 26: If n, k, t, g satisfyt? > (k+g—1)n, then for the
a)/a = (12/(71 — d')) unknowns, and hence can be solved},jice ofr,1 made in the algonthmw > n(7+1)
in O(1°/(n — d')*) operations (overr,). Also, it is clear that gnq .+ ~ l both hold.

the degree of? € K[Y] thus found is at most Proof: The proof parallels that of Lemma 7. The condi-

(l—g))a=0(1/(n—-d)) tion r¢ > [ certainly holds since we pick ™ r¢ — 1. Using
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[ = rt — 1, the other constraint becomes
-t — 2 _ 1 .
(rt —g) N n<7 + 1)
2
which simplifies to

2a
r2(t* — an) — (29t + an)r + (g> — 1) > 0.

If 2—an > 0, it suffices to pick to be an integer greater than (6]
the larger root of the above quadratic, and therefore picking(7

(2]
(3]
(4]
(5]

rel g
2gt + an + /(2gt + an)? — 4(g% — 1)(t2 — an)
+ 9]
2(t%2 — an)
suffices, and this is exactly the choice made in the algorithm.

O [oa

Our main theorem now follows from Lemmas 24—26 anb1l
the runtime bound proved in Proposition 22. [12]

Theorem 27:LetC be an[n, k, d], algebraic-geometry code
over an algebraic function field of genusg (with d’ [13]
n—k—g+1), Then there exists a polynomial time list decoding
algorithm for C that works for up to [14]

e<n—vnlk+g—1=n—vnn—d)

errors (provided the assumptions of the algorithm of Sec-
tion IV-B are satisfied). [15]

V. CONCLUDING REMARKS

We have given a polynomial time algorithm to decod([e1
up to 1 — /x errors for a rates Reed—Solomon code and[17]
generalized the algorithm for the broader class of algebraic-
geometry codes. Our algorithm is able to correct a number [@8]
errors exceeding half the minimum distance for any rate.

A natural question not addressed in our work is morgg
efficient implementation of the decoding algorithms. Exten-
sions of the works of [23] and [11] seem to be promisinézo]
directions in this regard. An important step, that of solving the
associated linear equations efficiently, has already been tak&h
by [20]. However, some important problems, such as efficient
factorization algorithms for polynomials over function fieldsj22]
remain unsolved. (23]

The list decoding problem remains an interesting question
and it is not clear what the true limit is on the numbef24]
of efficiently correctable errors. Deriving better upper or
lower bounds on the number of correctable errors remaing2g;
challenging and interesting pursuit.
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