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« Theorem. Let G be a context-free grammar in Chomsky
normal form. Let L be the subset of words generated by G
which have derivations such that each production of the form:

Nonterminal — Nonterminal Nonterminal
IS used at most once. L is a finite set of words.

Proof. Ateach step in a derivation, a nonterminal is replaced by either 2
nonterminals or one terminal. Thus, if there are p productions of the form:

Nonterminal — Nonterminal Nonterminal
a word in L contains at most p+1 letters.
The set of words that contain at most p+1 letters is finite
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Example:

S>AB/a A—->XY/a Y—>SX X—-oalb B—-ob

s S>AB=aB = ab
s S=>AB = XYB = bhYB = bhSXB = baXB = bhaaB = baab

1) (2 (3)
s S= AB = XYB = XSXB = bSXB = haXB = baaB = baab
1) (2 (3)
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a branch: a path between the root and a leaf of a
derivation tree

S>AZ Z—->BB B-oZA
A—->a B-ob

S:A@: aZ:>aBB:>abB:>ab@A...

the same nonterminal twice on the same branch (The
2"d is a tree descendant of the 1%t The nonterminal

is self-embedded.) /

S->-AA A—->BC C—>BB A

A—>a B-ob

S:>AA:>@A:>bCA:>bA... @
two different branches \

Remark: drivation trees are binary b (B B
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Theorem. Let G be a context-free grammar in Chomsky
normal form that has p productions of the form:

Nonterminal — Nonterminal Nonterminal.

Let w be a word such that length(w)>2P. Then in every
derivation tree for w there exists some nonterminal Z that
appears twice on the same branch.
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Example

1strang  2Y nodes S

2" rang 2! nodes / \Y
3drang 22 nodes

4" rang 23 nodes / \ / \
p=3 / \ / \ / \ / \

p+1 rows
2P leaves, maximum
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Proof. A tree that has more than 2P leaves has
more than p+1 rows. (A tree that has p+1 rows

has at most 2P leaves.)

\

1 terminal

\

>
P

nonterminals

1 terminal
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\ S > XY B—ob
X > BY X—>a
, Y > XY Y >a

\X/\ s p=4
|

Y = the branch that ends in a has 6
/ \ nonterminals (5 applications of
X

Y productions containing only

/ \ \!: /\ , nonterminals)

B Y b = at least one production is used
, , more than once
b a
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S _s AX/BY/a/b/AA/BB /S\
A X

X 3SA = A X eeeseeees 2" row
Y - SB , / \ y
A a/s\ ,,A ...... 3" row
B> b A X @ eeenes 4™ row
|/ \
a S A ceeens 5t row
l ;!1 ...... 6" row
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The pumping lemma (for context-free languages)

Let G be a context-free grammar in Chomsky normal form
that has p productions of the form:

Nonterminal — Nonterminal Nonterminal.

Let w be a word such that length(w)>2P. Then w can be
decomposed into 5 factors: w = uvxyz such that

. XISnotA
. atleastoneof vandy isnot A
. foralln>1, uv"xy"z is in the language generated by G.
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« Proof. From the previous theorem, there exists a non
terminal P that occurs at least twice on the same
branch.

W = UVXYZ P
X#A \

eitherv=A,ory=A

Dr. Nejib Zaguia ~ CSI3104-W11 12



Note: u, z, and at least one of v and y could be A.
Uu=A v=A X=bha y=a z=A
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P
UVVXYyz 7 \}. \y

In general: uv"xy"z X UVVVXYYYZ
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Alternatively:
S=>*UPz P=x*VvPy P=x*X
S =* UPZ =* UVPyz =* uvxyz

W = UVXYZ 0
X # A P
eitherv=A,ory=A \
U/ Q P R )<
N\
\' \ y Yy
Y
X
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START

Dr. Nejib Zaguia ~ CSI3104-W11 16



