Solution to Chapter 8 Problems

Problem 8.1

1) To show that the waveforms ¥, (t), n = 1, 2, 3 are orthogonal we have to prove that

f ]ff,ﬂlf}llf!,,[f}f.’f = ﬂr m ?E n

Clearly,
oo 4
2 = f ﬂ‘](f]'.ﬂfz‘{i'ldi'=f V() (e )dt
—00 1]
2 F
- [!f-"l(f}tﬁfz{-'}dr-}*f Wi ()2 (1)t
0 2
-2 1 1 ]
4.[3(” 4];&’! 4><_ 4><{4 2)
= 0
Similarly,
s 5] 4
Cl3 = f ﬂ’]{f}ﬂ’i{f}df:[ T,'-'-']U]‘ﬁ’i(lr}df
—00 0
I 2 3 4
i lfm_lfm_lf mlf d
4 Jy 4 4 4 f5 4 J5
= 0
and

(= %] 4
€13 = f Tﬁ’:“ﬁhlf}df:f Yoy (r)de
N 0

L= ]

= Iflf.r lfzdr+]f3n lf4!r
- 4y C af, “Ta) e

= 0
Thus, the signals ,(¢) are orthogonal.
2) We first determine the weighting coefficients
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bserved, x (1) is orthogonal to the signal waveforms ¢, (1), n = 1, 2, 3 and thus it can not represented
gar combination of these functions.

expansion coefficients {c, }, that minimize the mean square error, satisfy
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1, ¢2 can be found by inspection since sin % is even with respect to the x = 2 axis and i (r),
odd with respect to the same axis.

e residual mean square error E ., can be found from
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Problem 8.3

1) As an orthonormal set of basis functions we consider the set

1 0<t1<1 I 1<1<2
t}"ﬂ[f}=l ¢:{Il={

0 ow 0 ow
1 2=<r<=3 1 3<r<4
TP’JU}={ Yalr) = [
0 ow 0 ow
In matrix notation, the four waveforms can be represented as
silr) 2 =k =) = vnlr)
a0 | | -2 1 10 Yra(t)
SHO N N B S B S B A
s4(t) 1 =2 -2 2 Wral(r)

Note that the rank of the transformation matrix is 4 and therefore, the dimensionality of the wavef

2) The representation vectors are
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3) The distance between the first and the second vector is
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Similarly we find that
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he minimum distance between any pair of vectors is dyin = /5

) ';Il 8.4

of orthonormal functions we consider the waveforms

1 0=t=1 1 1=f=2 1 2=t<3
(1) = Ya(r) = l Y1) = l
0 ow 0 ow 0 ow
iector representation of the signals is

5 = |2 B
5 = [2 0.0
& = |0 -1-4]
s = [2 2 0]

fhe impulse response of the filter matched to s(r) is

ity =3(T —1) =353 —t)=st)

ks we have used the fact that 5(1) is even with respect to the r = % - % axis.

t output of the matched filter is

yit) = s{r}*s{r}=f s(t)s(r — t)dr
]

0 t =0
A%t B=r=1
A2—-1) 1=t<2
24t —-2) 2=<t<3
2A%4—1) 3=t <4
Al —-4) 4=t=5
Afb—1t) 5<1<6
0 6=t

shetch of y(r) is depicted in the next figure
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For binary phase modulation, the error probability is

28, AT
ﬁ=@[4?} =e|/+

With P, = 107* we find from tables that

AT 2 [[H]
N_ =474 = AT =44.9352 = 10
)]

If the data rate is 10 Kbps, then the bit interval is T = 10~ and therefore, the signal amplitude is

A= J44.9352 x 10-10 x 104 = 6.7034 x 10~*

Similarly we find that when the rate is 10° bps and 10° bps, the required amplitude of the signal is
2,12 % 107 and A = 6.703 x 1072 respectively.

Problem 8.17

The energy of the two signals 5, (r) and s2(¢) is
£ = AT
The dimensionality of the signal space is one, and by choosing the basis function as

pin=1{ T
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we find the vector representation of the signals as
512 = :I:-”lﬁ -+ n

with n a zero-mean Gaussian random variable of variance N—zu The probability of error for antipodal
is given by, where £, = A*T. Hence,

2E, 2AT
P(e) = Q (1“117[?) =2

Problem 8.18

Plots of s(¢) and h{t) are shown on left and right, respectively.
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gput of the matched filter is

y(t) = f s(t)h(t — T)dt

—0d

- 0. there is no overlap and the integral is zero. For 0 < t = T we have the following figure, where
product of the two signals in the overlapping region is s(r)h(t — T) = 7" X g~ (T—141) = gt=T-21
integral is the area of the shaded region.

is case we have

<t < 2T we have the following figure
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and
-
yi) = e'_rf e drt
—T
T
|
— e,r—:i' [__e—]r]
2 =T
iy lE_I+T e ]ee—"r'.l'
Therefore
zel(e—e’) O0<t1=T
yy =1 e — 137 T <y <2
0 otherwise
Problem 8.19

We have P,, = RE, = 2 x 10°&,, hence

ool ) o B

Using the Q-function table (page 220) we have Q(4.77) = 107°, therefore

2lnm- 2P¢ru P:m 2
= = Q.7 = —— =4.77°
JRNH Jl X ]UE'NH Q{ } =~ ]UE'NH

From this we have %= = 22.753 x 10°.

Problem 8.20

a) The received signal may be expressed as

o nir) if sp(r) was transmitted
r -
A4 n(ry if 5,(r) was transmitted

Assuming that s(¢) has unit energy, then the sampled outputs of the crosscorrelators are

r=3s,+n, m=0,1

where 53 = 0, 5y = A+/'T and the noise term n is a zero-mean Gaussian random variable with variz
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Problem 8.21

1) Since m2(1) = —m;(1) the dimensionality of the signal space is two.

2) As a basis of the signal space we consider the functions

e D=ip=l
Yt #DEIET ralt) ??’ 1"__2‘.7‘
1) = 2 = o P B
0 otherwise ST 2

0 otherwise

The vector representation of the signals is

m, = [VT, 0]
my = [0, vT]
my; = [0, —/T]
J) The signal constellation is depicted in the next figure
¢ (0.VT)
&
VT, 0)
®o0.-v7)

4) The three possible outputs of the matched filters, corresponding to the three possible transmitted i

are (r, ra) = (VT +ny, n3), (n, ~T +n2) and (n,, =N nz), where ny, n> are zero-mean ;._.-_

random variables with variance % If all the signals are equiprobable the optimum decision rule selec

signal that maximizes the metric
C(r-m;) =2r-m; — |m;|°
or since |m;|? is the same for all i,
C'r-m)=r-m
Thus the optimal decision region R, for my is the set of points (ry, r2), such that (r|, r2) - m > (.l
and (ry.r2)-my = (r;, r2)-my, Since (r), r2)-m; = ﬁrh,{r.,rg}-mg = /Trsand (ry. r2) -m; =
the previous conditions are written as

rp=ry and ry = =rz

Similarly we find that R; is the set of points (ry, r2) that satisfy r» = 0, r» = ry and Ry is the ;4._::'_.:
that r; = 0 and r; = —r;. The regions R, Bz and R; are shown in the next figure,
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and therefore, the Fourier transform of the signal matched o s(¢) is
H(f) = S"(fle T = g*(f)e 2/l

L
= P*{f} Z Cs H;‘Err_.fﬂ}g—ﬁn_.r’u'ﬂ-
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Thus, the matched filter H( f) can be considered as the cascade of a filier,with impulse response _-_ij'
matched to the pulse p(r) and a filter, with impulse response g(f), matched to the signal y(r) = ZL,
kT.). The output of the matched filter at ¢ = s T, is '

[=5] n oo
f Is(n]* = zxff Pt — kT.)dt
— k=1 —og
L
= T Zcrf

k=1

where we have used the fact that p(r) is a rectangular pulse of unit amplitude and duration T...

Problem 8.31

The bandwidth required for transmission of an M-ary PAM signal is
Ry

W=———Hz
Since,
Ry =8 x 10° samples " bits gl EE bits
SeC sample sec
we obtain
| 16 KHz M=4
W=4 10667 KHz M =28
8 KHz M=16
Problem §.32

The vector r = [ry, 2] at the output of the integrators is

15 2
r=lr.rl= [f riredt, f ri{t)di]
] 1
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