The modulating signal is m(r) = cos(2m 100¢) whereas the carrier signal is ¢(1) = 20 cos(2m 1000z).

2) Since —1 = cos(2x 100t} = 1, we immediately have that the modulation index is ¢ = %

3) The power of the carrier component 18 Popier = % = 200, whereas the power in the sidebands is

z
Padevands = 322 = 50, Hence,

Pygebunas _ 501

HE e TN

Problem 3.15

1) The modulated signal is written as

u(t) = 100(2cos(2m10°1) + cos(273 x 10°1)) cos(2m f.1)
200 cos(2 10°1) cos(2m f.t) + 100 cos(2m3 x 10°1) cos(2m f.1)
= 100 [cos(2m(f, + 10°)1) + cos(2 (£, — 101)1)]

+50 [cos(2m (f, +3 x 109)1) + cos(2(f, — 3 x 107)1)]

Il

Taking the Fourier transform of the previous expression, we obtain

UGf) = SO[8(f — (fe + 10" +8(f + f. + 10V
+ 8(f = (fe = 10°) +8(f + f. — 10M]
4+ 25[8(f = (fi +3 x 10%) +8(f + fi +3 x 107
+ 8(f = (fo =3 x 10D +8(f + f. —3 x 10)]

The spectrum of the signal is depicted in the next figure

~1003 - 1001 —099  —097 97 9oy 01 1003 KHz

2) The average power in the frequencies f. + 1000 and f. — 1000 is

1007
.P_;;.+|Lm == Pj}—]ﬂﬂ[ll - T = SII}U

The average power in the frequencies f,. + 3000 and f, — 3000 is

-

Py 000 = Pr—3000 = g - 1250

Problem 3.16
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ilbert transform of cos( 2 1000¢) is sin(27 1000¢), whereas the Hilbert transform ofsin{ 2 10007 )
(27 10001). Thus

m(1) = sin(2x 1000r) — 2 cos(2m 1000r)

r ession for the LSSB AM signal is
w(t) = A.m(t)cos2m fur) + A.m(r) sin(2m fo)
uting A, = 100, m(r) = cos(27 1000¢)+2 sin(27 1000¢) and m(t) = sin(27 10001)—2 cos(2m 10001)
'Ir .0'“51 we obtain
wi(r) = 100 [cos(2x 1000¢) + 2 sin(2x 1000r)] cos(2m f.1)
100 [sin{2x 1000r) — 2 cos(2m 1000:)] sin{ 2w f.r)
100 [cos( 2 1000t ) cos(2m fot) + sin( 27 1000¢) sin(27 f.}]
200 [cos (2 fot ) sin(2w 10008) — sin(2m fo.1) cos(2x 1000 )]
100 cos(2m( f. — 1000)) — 200 sin(2x (f. — 1000)1)
ing the Fourier transform of the previous expression we obtain
U(f) = 506 — f-+1000)+8(f + f. — 1000})
+ 1005 {(8(f — f.+ 1000y — &(f + f. — 1000))
= (504 100/)86(f — f. + 1000) 4 (50 — 100380 + f. — 1000)

ce. the magnitude spectrum is given by

[l = V50241008 (8(f — f.+ 1000) + 8(f + f. — 1000))
10125 (8(f — f. 4 1000} + &(f + f. — 1000))

blem 3.17
input to the upper LPF is
ua(f) = cOS(2Tfint) COSRTSi1)
2 (€0s@x (i — fut) + o5 (fi + fu)0)]
ereas the input to the lower LPF is
w(t) = cosufur)sin@ufir)
= %{Siﬂ‘:zﬂ{.ﬂ = fult) +sin@a(fy + fin)t)]

we select f; such that | fy — f,| = W and f; + f, = W, then the two lowpass filters will cut-off the
quency components outside the interval [—W, W1, so that the output of the upper and lower LPF is

yult) = cosa(fy — fult)
) = sin@a(fi — fult)
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Since A, = max[|m(¢)]] we conclude that the modulation index is

2bA,,
o=

a

Problem 3.20

1) When USSB is employed the bandwidth of the modulated signal is the same with the bandwidth of the
message signal. Hence,

Wyussg = W = 10* Hz

2) When DSB is used, then the bandwidth of the transmitted signal is twice the bandwidth of the message
signal. Thus,

Wpsg = 2W =2 = 10" Hz

3) If conventional AM is employed, then
Wanm = 2W =2 x 10" Hz

4) Using Carson’s rule, the effective bandwidth of the FM modulated signal is

k ¢ max||m(1)]

B¢-={2ﬁ+]]l‘f’=2( o

+I)W=2(k;+W}=]4IIIOUHz

Problem 3.21

1) The lowpass equivalent transfer function of the system is

f+s =

|-

H()=2u_(f+ fIH(f+ f)=2 [

L f=Ww
Taking the inverse Fourier transform, we obtain
W
)y = FLIH:(I)]=IF H(fre* ' df
¥ | y "
= lf {—~f+—)ef2“f’df+2f e f
_x W 2 4
: 5 1
= _2_(_1_fe1'2ﬂfr+ ! ei’;‘n!;)| WELTE - + pi2nfi W
WA\ j2mr 4mie? _w o j2mt % j2mt w

1.7 T
= ——plBWey sy Wi
jmt TitW { )

= = [slnc{Wr] - e*’z"“r’]
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Solution to Chapter 4 Problems

Problem 4.1
1) Since F[sinc(400r)] = =TI(54), the bandwidth of the message signal is W = 200 and the resulting
modulation index i
kr m ¢ kelD
e oL T

W W
Hence, the modulated signal is

'
i) = Acus{zﬁf{.f+2}rk_rf m(t)dt)

—

= 100cos(2m f.t ++2:r'lzﬂﬂf sinc(4007)d )
=00

2) The maximum frequency deviation of the modulated signal is

Afmas = By W = 6 x 200 = 1200

3) Since the modulated signal is essentially a sinusoidal signal with amplitude A = 100, we have

14.2
P =2 =5000
2

4) Using Carson’s rule, the effective bandwidth of the modulated signal can be approximated by

B. = 2(8; + DW = 2(6 + 1)200 = 2800 Hz

Problem 4.2

1) The maximum phase deviation of the PM signal is
Apmar = kp max[|m(1)]] =k,

The phase of the FM modulated signal is

I I
@) = Ejrkl;f H![I]dt=2ﬂkj'f mit)dr
il

ks [y tdT = mh;t? 0<t=<l
| mhy+ 2mkg f] dvo= kg + 2mkp (e = 1) 1<r<2
| mky 2wk —2mky [idr = 3mk; —2mk (1 —2) 2=t <3
| ks 3 =2
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dmum value of ¢ (1) is achieved for r = 2 and is equal to 3xk;. Thus, the desired relation between
Er is

kp = 3J'Ik_|r
nstantaneous frequency for the PM modulated signal is

1 d | d
- -— i — = f. —k —
file) = Jo + 5o $8) = fo + ookpmie)
em(1) given in Fig. P-4.2, the maximum value of %m(r} is achieved for ¢ in [0, 1] and it is equal 1o
(fitt)) = f. + :
max( f; = f.d —
2n

signal fi(t) = f. + kym(r). Thus, the maximum instantaneous frequency is

max(fi(1)) = f.+ky = fo +1

lem 4.3
gle modulated signal we have x(r) = A, cos(2a f.t + ¢(1)), therefore The lowpass equivalent of
is x,(t) = A.e/®" with Envelope A, and phase 7(r) and in phase an quadrature components

-;3: @(1)) and A, sin(¢ (1)), respectively. Hence we have the following

A envelope

2k, [T m(r)dr phase

A, cos (Zsrrkf Jl"i,_.v m(r}ldr) in-phase comp.

Ae envelope

k,m(1) phase EM
| Accos (k,m(r)) in-phase comp.

A, sin (k,m(r)) quadrature comp. A, sin (lvrk 7 jim mit)d r] guadrature comp.

ince an angle modulated signal is essentially a sinusoidal signal with constant amplitude, we have

A? 100°
= "L =k P=— =
2 2

P 5000

g same result is obtained if we use the expansion

w(t) =Y A, (B)cosQm(fe+ nfu)t)
H=—00

ong with the identity

3B +2) 1B =1

n=I
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where ¢y = 0 for ! = 0 and ¢y = 7 for negative values of /.

Problem 4.8

1) The instantaneous frequency is given by

1 d 1
Jilty = fc + Emiﬁ'{ﬂ = fr+ Elﬂﬂm{r]

A plot of f;(t) is given in the next figure

fi(®)
..... f(-l-%
...ft__-';ﬂ'ﬂ

]

2) The peak frequency deviation is given by

100 250
ﬂfm = -’Cj‘ max||mit)|] = ES = —

Problem 4.9

1) The modulation index is

g = krmaxlim®Il _ Afm 20 x10°
a T P T
The modulated signal (1) has the form

w() = ) Acdu(B)cosu(fe +nfudt + du)

R=—00
o

— E 100J,(2) cos(2a (10° + n10%)t + ¢,)

=t

The power of the unmodulated carrier signal is P = % = 5000. The power in the frequency componenl
= f.+k10"is

100%J7(2)

Prokpy = Tk

The next table shows the values of J,(2), the frequency f. + kf,. the amplitude 100.7;:(2) and the po
Py i, tor various values of k.
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Index k || Ji(2) | Frequency Hz | Amplitude 100J,(2) | Power Py iy u
0 2239 | 108 22.39 250.63
1 " 5767 | 10% + 10¢ 57.67 1663.1
2 3528 | 10° + 2 x 104 35.28 622.46
3 1289 | 10° +3 % 107 12.89 83.13
4 0340 | 10° +4 x 10* 3.40 5.7785

s observed from the table the signal components that have a power level greater than 500 (= 10%
wer of the unmodulated signal) are those with frequencies 10° + 10* and 10* + 2 x 10%. Since
J? (B) it is conceivable that the signal components with frequency 10* — 10* and 10% — 2 x 10°
E-Z.‘- condition of minimum power level. Hence, there are four signal components that have a
at least 10% of the power of the unmodulated signal. The components with frequencies 10° + 10%,
5';_.: ve an amplitude equal to 57.67, whereas the signal components with frequencies 10% 4+ 2 x 10%,
x 10" have an amplitude equal to 35.28.

Carson’s rule, the approximate bandwidth of the FM signal is

B.=28+4+ 1) fua=22+D10"=6 x 10 Hz

By = kpmax[lm(f)|]]=15x2=3
_ kpmax]|m()l _ 3000 = 2 G
ﬁ.f - _lrm - 1000 -

pg Carson’s rule we obtain

Bem = 2(B,+ 1) f, =8 x 1000 = 8000
B]:M = 2[ﬁ;+]}fm=]4x]ﬂﬂﬂ=l4ﬂm

PM modulated signal can be written as

u(t) = Y AJ,(B,)cos2r(10° + n10°)r)

H=—"00

= 0.4861, J5(3) = 0.3091 and J4(3) = 0.1320.
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In the case of the FM modulated signal
u(t) = Acos(2mf.t + fysin(2000m71))

[ 5]
= Y AL (6)cos(2n(10° +n10%)t +¢b,)

HN=—=00

The next figure shows the amplitude of the spectrum for positive frequencies and for these components whose
frequencies lie in the interval [10° — 7 x 10%, 10° — 7 x 10°]. The values of J,(6) forn =0, ... , 7 are given
in the following table. '
n 0 1 2 3 4 5 6 7

J,(6) || .1506 | -.2767 | -.2429 | .1148 | .3578 | 3621 | .2458 | .1296

4) If the amplitude of m(t) is decreased by a factor of two, then m(r) = cos(2m 10°1) and

By = kpmax[m(r)]] = 1.5
Pog e kj- max| |m(2)]] _ 3000 cn
= s T T e

The bandwidth is determined using Carson’s rule as

Bpy = 2(8, + 1) fi, =5 x 1000 = 5000
Bpm = 2(85 + 1) fu =8 x 1000 = 8000

The amplitude spectrum of the PM and FM modulated signals is plotted in the next figure for positive
frequencies. Only those frequency components lying in the previous derived bandwidth are plotted. N of
that Jo(1.5) = .5118, J,(1.5) = .5579 and J5(1.5) = .2321.
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iff frequency of m(t) is increased by a factor of two, then m(r) = 2cos(272 = 10°t) and

By = kymax[im{t)]l =15x2=3

B e k_;mﬂn“m{f)i]_?n[lﬂ(]xl_%
A fn T 2000

¢ bandwidth is determined using Carson’s rule as

Beyy = 2(8, + 1) fiy = 8 x 2000 = 16000
Bem = 208y +1)fn = 8 x 2000 = 16000

he amplitude spectrum of the PM and FM modulated signals is plotted in the next figure for positive
equencies. Only those frequency components lying in the previous derived bandwidth are plotted. Note
duuhimg the frequency has no effect on the number of harmonics in the bandwidth of the PM signal,
iereas it decreases the number of harmonics in the bandwidth of the FM signal from 14 1o 8.
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10° f Hz
l‘ 163 10 =]
Problem 4.11
1) The PM modulated signal is
u(t) = 100cos(2mf.1 + %CGS{EHI{)GD-*}]

>~ 1004, () cos2m(10° +n10%0)

A==00

The next table tabulates J,(f) for f = S andn =0,... . 4.

n 0 1 2 3 4
J.08) || 4720 | 5668 | .2497 | 0690 | 0140

The total power of the modulated signal is P, = % = 5000. To find the effective bandwidth of
signal we calculate the index & such that

5 100 2 (1) 2 099 x 5000 = 3 42 (%) 2 099
g AN LS Wk

n=—k -
By trial end error we find that the smallest index k is 2. Hence the effective bandwidth is
Bur = 4 x 10° = 4000

In the the next figure we sketch the magnitude spectrum for the positive frequencies.
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Solution to Chapter 7 Problems

m 7.1

. the maximum frequency in X (f) is is 40 KHz, the minimum sampling rate is f, = 2W = 80

ere f, = 2W + W5 = 2 x 40 + 10 = 90 KHz.

_f} = lX[f—d{l}Uﬂ}+%X{f+4m1, the maximum frequency in X ; ( f) is 40000+40000=80000
: 3 and the minimum sampling rate is f; = 2 x 80000 = 160000. From this the maximum sampling
erval is T, = 1/f, = 1/160000 = 6.25u sec.

n7.2

ing to occur we must sample at the Nyquist rate

[y = 2- 6000 samples/sec = 12000 samples/sec
d band of 2000

fi —2W = 2000 = f, = 14000

onstruction filter should not pick-up frequencies of the images of the spectrum X ( f). The nearest
trum is centered at f, and occupies the frequency band [f, — W, f, + W]. Thus the highest
iy of the reconstruction filter (= 10000) should satisfy

10000 = f, — W = f, = 16000
2 f, = 16000, K should be such that

K- fi=1= K = (16000)"

em 7.3

" Lo A I
x(t) = Asinc(10007t) = X(f) = lﬂ{lﬂn[mﬂﬂ}

bandwidth W of x(r) is 1000/2 = 500. Since we sample at f, = 2000 there is a gap between the
e spectra equal to

2000 — 500 — W = 1000
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17.12
area between the two squares is 4 x 4—2x 2 = 12. Hence, fyy(x, y) = ~1!§ The marginal probability
=:{:-:_3 by fx(x) = Jr_zz fxy(x, y)dy. If -2 < X < —1, then

2 o 1
— dy = — ¥ o
fulx) & Fxr(x, v)dy T L= 3
_ = 1, then
fxlxl=f —dy+f Sdy=v¢
3 |
hif 1 = X = 2, then
fl;x]_fzf (x, v)d —LE—]
X = i xylx, ¥ J’—IE.V__—E_

ext figure depicts the marginal distribution fy (x).

1/6
20 - 1 2
!'u': we find that
% —2=y<—1
frn=11 —1=y<-l
I 1=y=2

he quantization levels ¥, Xo, X3 and &y are set t —%, —%. % and % respectively. The resulting distortion

=] 3 0 1.,
Dy = 2[ {x-!-ilz.fx(x}dx-i—ﬂf (-¥+§}'.fx[x:'d1
-2 -1
2 E 2 9 2 0 2 I
= Ef (x +3Jc+1}ﬂ'x+gf & +x + 2)dx
— E(l 3+3 +9 _I-|-2 Ix3+] +] )
T A \3 2 s 2 6173 2t Ta
1

12

0

otal distortion is
Do =Dy 4+ D __|_ 1 = 1
ol = X ¥ = B 6
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whereas the resulting number of bits per (X, ¥') pair

R=Ry+ Ry=log,4+log;4=4

3) Suppose that we divide the region over which p(x, y) # 0 into L equal subregions. The case of L
is depicted in the next figure.

For each subregion the quantization output vector (£, ¥) is the centroid of the corresponding rectangle. Sin
each subregion has the same shape (uniform quantization), a rectangle with width equal to one and lng
12/ L, the distortion of the vector quantizer is

1o
D = ff Hx'”_{i E}]-H—Aa‘y

= ff [(x——} + (¥ ——} :|dxdv
0

21_'_2‘1 1 12
Ef_.z Rl BT

If we set D = +, we obtain
12 |
— =—==L=+144 =12
! 12

Thus, we have to divide the area over which p(x, v) # 0, into 12 equal subregions in order to achieve the: 5;:
distortion. In this case the resulting number of bits per source output pair (X, ¥} is R = log, 12 = 3.58

Problem 7.13
1) The joint probability density function is fyy(x, y) = [-2;%— = %. The marginal distribution fx_'l

22
Fxlx) = JI"}, Fyylx, vidy. If =2 = x = (,then

K42 1. G x+2
fx{_rjzf_ fxrlx, }’]dv—g |-:2._,— 4

If0 =< x < 2,then

-x+2 ; ] g - 2
it = f L
=2 i Lot 4

The next figure depicts fy (x).
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e minimum transmission bandwidth is obtained from BW = vW = 12 x 200 = 2400 Hz.

. Any probability density function satisfies f:’c flx)dx = 1 here the area under the density function
has to be one. This is the area of the left triangle plus the area of the right rectangle in the plot of f(x).
" Therefore, we should have

oo
f f(x}dx=‘2£+2d=3ﬂ=]=}a=l
-0 2 3

L The equation for f(x) is

+1 —2=x<0
O0=x=2

i otherwise.

flx) =

(=R -

- Here the density function is given therefore the power can be obtained from E[ X 2(1)] = f:’n x2 f(x)dx.
We have

P —fnxz{x+lldx+f1ledx
K] = g g . e

= [ixq + lx:’]u + Ex:’]z
|Sysle |::'_ n 24 9 -1 9 0

3. Here x,, = 2, and N = 2" = 32, therefore v = 5, and

P
SQNR,,, = 4.8 + 6v + 10log,, II—"

10/9
4

= 4.8 4 30 4 10log,,

5
=348 —556=129.24 dB

4 Hg-:i.lw = 3 = 12000 = 60000 Hz.

M) =

LDE 1+|u =1 5. Each extra bit improves SQNR by 6 dB, since we need an extra 20 dB, we need at least 4 more bits (3
more bits can improve the performance by only 18 dB), therefore the new v will be 5+4=9 and the new
bandwidth will be By = 9 x 12000 = 108000 Hz . Compared to the previous required bandwidth of
60000 Hz, this is an increase of eighty per cent.
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