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3. xlnl=Fu_y(n/4) — (5= Du_j(n/4—1). Forn <0, x[n] =0,for0 < n < 3, x[n] = § and for

nz=z4.xnl=5-5+1=1

Problem 2.3

xiln] = 1 and x3[n] = cos(2wn) = 1, for all n. This shows that two signals can be different but their
sampled versions be the same.

Problem 2.4

Let x;[n] and x2[n] be two periodic signals with periods N, and N, respectively, and let N = LCM(N,. Na),
and define x[n] = x|[n] + x2[n]. Then obviously x;[n + N] = x[n] and xa[n + N] = x2[n], and hence
x[n] = x[n+ N, ie., x[n] is periodic with period N.




For continuous-time signals x,(¢) and x,(r) with periods Ty and 7> respectively, in general we cannot
finda T suchthat T = k; T} = k275 for integers &, and k;. This is obvious for instance if T) = l and Tz = .
The necessary and sufficient condition for the sum to be periodic is that % be a rational number.

Problem 2.5
Using the result of problem 2.4 we have:

1. The frequencies are 2000 and 5500, their ratio (and therefore the ratio of the periods) is rational, hence
the sum is periodic.

2. The frequencies are 2000 and % Their ratio is not rational, hence the sum is not periodic.
3. The sum of two periodic discrete-time signal is periodic.

4. The fist signal is periodic but cos[11000#] is not periodic, since there is no N such that cos[ 1 1000(r +
N = cos(11000#) for all 7. Therefore the sum cannot be periodic.

Problem 2.6
1)
et t=10 - =0
=4 =" t <D = x(-)= & r<0 =-x1)
0 t=0 0 =0

Thus, x,(r) is an odd signal

2) xa(r) = cos (12077 + ) is neither even nor odd. We have cos (120 + Z) = cos (%) cos(120mr) —
sin H] sin(120sm ). Therefore x1,. (1) = cos {%} cos(1207 ) and x2.(t) = —sin {%} sin(120mr). (Note: This
part can also be considered as a special case of part 7 of this problem)

3)
X3t} = H—Ill = yy(—1) = gl — =l — x3(1)

Hence, the signal x;(r) is even.
4)
- ] -E 0
mm={“"# =:mhn=|"-t# = —x (1)
0 r=0 0 r=0
Thus, the signal x4(f) is odd.
5)

t =0 0 r=0
xs(r) = == ys(—1) =
0 t=0 - t=0

The signal xs(t) is neither even nor odd. The even part of the signal is

t=0 ¢]

7

'xj.q.":.r} =

nm+m&n=l

|
ml__‘ [ETES

2 t =0




The odd part is

x5(t) — xs5(—1 120 i
ot S O ok
2 ‘3 t =0 2
6)
xg(t) = sint 4+ cost = xp(—1) = —sint 4 cos ¢

Clearly xs(—t) # xs(#) for every ¢ since otherwise 2sint = 0 ¥¢. Similarly xg(—1t) # —xq(t) for every ¢
since otherwise 2cost = 0 ¥i. Thus x4(t) is neither even or odd. The even and the odd parts of xg(1) are
given by

_1'&”{[} — M = 051
Xeo(t) = M = sint

T)
x7(1) = x1(1) — x2(2) = x79(=1) = x| (=1} — x2(=1) = x, (1} + x2(r)

Clearly x7(—t) # x7{t) since otherwise x2(t) = 0 ¥¢. Similarly x7(—t) # —x(t) since otherwise x,(t) =
0 ¥r. The even and the odd parts of x5 (r) are given by

x7(t) + x7(—1)

x7.(1) = e R xi(t)

x7,(t) = i“j_ilf_?{:L}:._h{;}

Problem 2.7

For the first two questions we will need the integral I = [ & cos” xdx.

I ] I .l l r =
I = = Jcos“xde™ =—ecos"x +— | " sin2x dx
a a a
= I ix o | gl X
= =e"cos"x4+ — [ sin2x de
a a*
I §LY 2 1 X 2 Ih;
= —"cos x+—e"sin2x — — { " cos2x dx
a a- a-
1 X 2 1 ax .t 2 x 2
= —&Ycos x4+ —=e"sin2x — = [ e (2cos°x — 1) dx
a o a?
| I 1 . 2 . 4
= —e"eos'x+ —=esin2x - = | e dx— =1
a s s as

Thus,

1 , 37
Fi= m [{acml,-:+sm2x]+g]e”




2 R0+ ) =30 (At—n+1) =320 A—@m—1)=3 1 . At —n)=x) Hence
x2(1) is periodic with period 1.

3. This is the sum of two periodic signals with periods 27 and 1. Since the ratio of the two periods is not
rational the sum is not periodic (by the result of problem 2.4)

4. sin[n] is not periodic. There is no integer N such that sin[n + N = sin[n] for all n.

S xs(t+T) =Yoo ye—nT+Ty=332 _ye—@—1DT)=3Y " . yit—nT)=xs)
Therefore xs(1) is periodic with period T

Problem 2.9

i T
1 7 ., I [T L1
P, = lim —[ A le ”""”’| dr = llm —f A’dr = lim —A’T = A?
T—oo T =L T—oc T _-![ T—oo T

sx(1) = Ae/ 2T+ g 3 power-type signal and its power content is A,

L& E o4z - Al
T i 1 f2A .1 [T A
P. = lim -:; _‘l_Azcns'{zﬁfutﬂ-ﬂ}di‘:Tanlch ?dr+ lim ?j: —l-cus{4nﬁ;r+2t?}d:

T—o =L T—oo T
- a3 -2

T — oo, the there will be no contribution by the second integral. Thus the signal is a power-type signal
nd its power content is 4-.

3)

Al fe L (& (7
=||mF ul{!']dl'—llm ?./; ffr_!.l ?E=§-

T—no - T—m0
T

Thus the unit step signal is a power-type signal and its power content is 1,/2

b S e
E. = Ilim f x*(N)dt = lim f K t7i3dr= lim 2K-13
- T= Jy T—o0

T—no

? 0
= lim V2KT! =
T—noo
Thus the signal is not an energy-type signal.

i

T
e I. T 2 o I T L I |
= ] = Hdt = 1 —_ K=t~ 3dt
P TmeTf;iLx ) Tl—rmmTfn _
T/2

1 ol
lim =2K-t?
-rl-ﬂcT

o L 2 AT Tenmd
_J%szf {TJZ}*—TIer;Jv’EK T-1=0

0
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Since P, is not bounded away from zero it follows by definition that the signal is not of the power-type (recall
that power-type signals should satisfy 0 = P, < oco).

Problem 2.10

t+1, —-1=tr=10 1 =10
Af)=3 —t+1, 0=r=1 u_iy=14 1/2 t=0
0, 0.W. 0 t=0

Thus, the signal x{t) = A(t)u_ (1) is given by

0 =0 0 t = =1
1/2 1=0 i+1 -1 =1t =0
x() = = x{—1) =
41 O=t<I /2 =0
0 t =1 0 =0

The even and the odd part of x(r) are given by

xlt) = W=%M:}
[ 0 = =1
sl paepe
x,(ty = w:. 6 e
:’—2'"—' D<tr=1
0 1=

Problem 2.11
1) Suppose that

x() =x}(t) + x20) =x2(0) + x50

with x! (1), x2(r) even signals and x) (1), x}(r) odd signals. Then, x(—1) = x!(1) — x! (1) so that

1 . 1)
B = ———
XM+ XN+ 2D+ x2(=1)
= 2
22() + x20) = x2 (1) 5
= 2 =x.1)

Thus x!(r) = x2(1) and x) (1) = x(t) — x} () = x(1) — x2(1) = x}(1)

12




Thus, if n = 2{ (even)
00 >3]

f G018 (=t)dt =f G ()8 (1)dt
- 4

and the function 8“'(r) is even. If n = 2/ + 1 (odd), then (—1)" = —1 and

o [+
f G118 (=)t = _f G (018" (1)elt
=0 -0

from which we conclude that 5 (1) is odd.

Problem 2.15

(= 9]

x() =3 = f x(1)8"(r — 1) dt

=00

The signal (1) is even if n is even and odd if n is odd. Consider first the case that n = 2. Then,

L

= %x{!} |

=}

oo i)
()M —ndr = (—I}y%x{r}

—0d

xcr}*afmm=f

If n is odd then,

o 241
x(0)*8¥ @) = f IR = 1) dt = (DD k(o)

-
i dri+

=i
n

= —x(t
T ()
In both cases

x(t)y = 8" () = %I{I}
The convolution of x(r) with w_, (1) is

L &
x(r) % p_qi1) =f x{(thu_(t — 1)dt

=51

But u_(t — t) =0for t = ¢ sothat

i

x(t)*u |{r]=f xirldr

e )

Problem 2.16

1) Nonlinear, since the response to x(r) = 0 is not y(r) = 0 (this is a necessary condition for linearity of a
system, see also problem 2.21).
2) Nonlinear, if we multiply the input by constant —1, the output does not change. In a linear system the
output should be scaled by —1.

19




3) Linear, the output to any input zero, therefore for the input cex, (1) 4+ Bx2(f) the output is zero which can
be considered as ¢y (1) + Byvait) = @ x 04 B » 0 = 0. This is a linear combination of the corresponding
outputs to x(¢) and x2(r).

4) Nonlinear, the output to x(t) = 0 is not zero,

5) Nonlinear. The system is not homogeneous for if @ < O and x(¢) = O then y(1) = Tlax(r)] = 0 whereas
2 =allx{f)] =a.

) Nonlinear. The system is not homogeneous for if x{#) & 0 then

ax(1) ()
y(t) = Tlax(1)] = lellx®] i ()|

whereas

xir)
|x(1)]

i =aeT[x(t)] =«
7y Nonlinear. The system is not homogeneous for if @ < 0 then yit) = Tlwx(#)] = |x||x(r)] whereas

z{t) = aT|x(t)] = a|x(t)|. The system is not additive either since |x(¢) + x200)] & o ()] 4 [x2(0)].

8) Linear. For if x(t) = ax,(t) + pxa(t) then

Tlex (1) + Bxa)] = (ex (1) + Bxa(t))e™
= ax(De’ + fxa(tde” = aT[x(1)] + BT|x2(1)]

@) Linear. For if x(1) = ax(r) + fx2(1) then

Tlax (1) + pxa(1)] (oexy (1) + Baait)ulr)

ax (u(r) + Bxa(t)u(t) = aTlx (t)] + BT [x2(1)]

10 Linear.

W) = (ax(t) 4+ BxaA))8(t) = (ax,(0) + Bx2(0))é(1)
= ax;(0)3(1) + Bx2(0)8(1) = axi(r)6(t) + Pxa(1)6(t)

11) Lingar.

= 4]
Y = (axi()+ Bx(0) Y 8t —nT)

=i
o

= Y (@n(@T) + Bxa(nT)s( —nT)

R=—0D0

s v] (= 4]
= Y ax(@T)s(t —nT)+ Y Bxa(nT)s(t —nT)

N=—0 H=—00

= axi() Y 8¢t —nT)+pxs(t) Y 8(t—nT)

== H==—=00
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inear. For if x(r) = ax;(t) + fx2(t) then

[ L@xi@) +pxa) 10
Tloaex (1) + fx:01)] = 1 (ax(t)+pFx(r)) <0
0 t =

. al}—;r.r]{i‘}+ﬁ%xz{ﬂ t=0
= 3 e x (1) + Bralr) t <0
0 =0
= aTl[x(1)] + BT [x:(1)

3 Linear. We can write the output of this feedback system as

Do

YO =x(@W) +yt—1) =) x(t—n)

n=il
Then for x(t) = ax (1) + Bxalt)

yir) = Zlﬂ-ﬁ{f = n) + Byt — nj)

n=i

= aZx,{.' —n}+ﬁsz{I —i))
=l

w={

= aylr)+ Bywalr)

4) Linear. Assuming that only a finite number of jumps occur in the interval (—oc, 1] and that the magnitude
of these jumps is finite so that the algebraic sum is well defined, we obtain

N N
y(0) =Tlax()] =Y al (i) =a Y () =aT[x()]

n=I n=I

where N is the number of jumps in (—oc, 1] and J,(1,) is the value of the jump at time instant r,,, that is
JJ {rir} = I.i.ﬂ:l}{.r{f" +€} = I{IN e E:”
£ =

For x(r) = x,(r) + x2(r) we can assume that x, (¢}, x2(t) and x (1) have the same number of jumps and at the
same positions. This is true since we can always add new jumps of magnitude zero to the already existing
ones. Then for each t,, Jo(¢,) = Jy, (8,) + J1u(8,) and

N N N
_}'(” — Z Jx("u} — Z ‘II; Un] + Z J.l.'z”!r}
=1 n=1

n=I

s0 that the system is additive.

Problem 2.17
Only if (=)

21




for some x;(r), x2(r). To see this let x2(1) = ¢ (a constant signal). Then

(x1(t) + ¢)* . x7(0) + 2ex, (1) + &2
xy(1) x(1)

Tty +x2(0]) =

and

Tln (O] + Tlra()] = 518
x|{f}

Thus T [x,(t) + x2(¢)] # Tlx;(#)] + T[x2(1)] unless ¢ = 0. Hence the system is nonlinear since the additive
property has to hold for every x, (1) and x2(r).
As another example of a system that is homogeneous but non linear is the system described by

x(t)+x(t—=1) x{f)x(r—1)=10
0 otherwise

Tlx(1)] =

Clearly Tlax(r)] = aT[x(r)] but TLxi (1) + x2(0)] # Tlx;(0)] + Tlx2(0)]

Problem 2.21

Any zero input signal can be written as 0 - x(r) with x(¢) an arbitrary signal. Then, the response of the linear
system is v(r) = L]0 - x(¢t)] and since the system is homogeneous (linear system) we obtain

yie)=L0-x(n)]=0-Llx(z)] =0

Thus the response of the linear system is identically zero.

Problem 2.22
For the system to be linear we must have

Tlax (1) + px2(0)] = aT[x(1)] + BT [x2(1)]
for every «, # and x(¢)’s.

Tlex (1) + Bra(t)] = (exi(n) + fra(r)) cos(2m fit)
ax (1) cos(2o for) + Baa(t) cos(2m fut)
T [x ()] + BT [xa2(1)]

I

Thus the system is linear. In order for the system to be time-invariant the response to x(t — ) should be
vit — 1p) where y(r) is the response of the system to x(r). Clearly y(r — 1p) = x(1r — 1p) cos(27 fiy(t — 1))
and the response of the system to x(¢t — #y) is ¥'(t) = x(t — tg) cos(2m fyr). Since cos(2m fi(t — 1)) is not .
equal to cos(2x fyr) for all ¢, 1; we conclude that ¥'(1) # y(r — #) and thus the system is time-variant.

Problem 2.23

1) False. Forif T)[x(¢)] = x*(t) and T2[x(1)] = x'3(¢) then the cascade of the two systems is the identity
system T'[x(t)] = x(t) which is known to be linear. However, both T,[-] and 73[-] are nonlinear.
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ix(t) 1#0
0 =0

lx(t) t#0
t=0

T|EI{IH=[

Lix()] = {

)[Ti[x(r)]] = x(1) and the system which is the cascade of T;[-] followed by Tx[-] is time-invariant ,
I-I T1[-] and 75| -] are time variant.

e. Consider the system

=0

x(t)
y(t) =Tx(r)] =
1 =0
"mtput of the system y(t) depends only on the input x(t) for r = ¢ This means that the system is

However the response to a causal signal, x(t) = 0 for ¢ = (), is nonzero for negative values of ¢ and
i not causal.

X7 '-.- 2.24

ime invariant: The response to x(r — fp) is 2x(r — fp) + 3 which is y(r — 1p).

varying the response to x(r — tg) is (t + 2)x (¢ — 1p) but y(r — 1) = (¢t — tp + 2)x(r — 1), obviously
are not equal.

varying: The response to x{f — tg) 15 1 + x{t — 1p) whereas y(r — 1o} = x(r — o) + 1 — tp.

varying system. The response v(r — tg) is equal to x(—(t — t3)) = x(—t +13). However the response
e system to x(f — ty) is z(t) = x(—t — tg) which is not equal to y(r — tg)

5) Time varying system. Clearly
Y1) = x(u_ (1) = vt — 1) = x(r — ghu_ i (t — 1y)
owever, the response of the system to x(t — #y) is z(r) = x (¢ — tphe_;(#) which is not equal to v(r — t3)
) '... varying system. Clearly
y(t) = x(0)d(r) = y(t — to) = x(t — 10)(t — 1) = x(0)3(t — 1)
wever, the response of the system to x(r — #y) is z(1) = x (1 — 19)8(1) = x(—1y)8(r) which is different with

Time-varying system. It is true that y(r — 1) is the response to x(t — 1) for r; = mT. However, for the
m to be time-invariant this relation should hold for every 1 which is not the case.

me-invariant system. Clearly

' 1=t
yit) =f x(t)dt = y(t — 1y} =f xi{t)dr

e = 4]

The response of the system to x(r — 1) is

z(1) =f x(t —p)dr = f _“x(ujdv = y(t — tg)

a0 —o0
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where we have used the change of variable v =t — ;.

9) Time-invariant system. Writing y(r) as 3 .~ x(r — n) we get

o0

ye—t)= Y x(t—ty—n)=Tlx(t — 1))

==

10) Time-invariant system. The response of the system is simply y(t) = sgn(x(t)). Thus y(t — 1) =
seni{x(t — tg)) is the response of the system to x (1 — ).

Problem 2.25

The differentiator is a LTI system (see examples 2.19 and 2.1.21 in book). It is true that the output of a
system which is the cascade of two LTI systems does not depend on the order of the systems. This can be
easily seen by the commutative property of the convolution

hy(t) * halt) = ha(t) « hy(t)

Let /(1) be the impulse response of a differentiator, and let y(r) be the output of the system Az (¢) with input
x(t). Then,
() = ha(t)xx'(1) = halt) = (h(r) = x(2))
ha(t) e By (1) x () = Iy () ® ha(r) = x(1)
= hi(t)*y(t) = y'(1)

Problem 2.26

The integrator is is a LTI system (why?). Itis true that the output of a system which is the cascade of two LTI
systems does not depend on the order of the systems. This can be easily seen by the commutative property
of the convolution

h(r) = halt) = ha(t) = hydr)

Let k(1) be the impulse response of an integrator, and let y(r) be the output of the system h2(r) with input
x(t). Then,

i
z{f) = hzm*f x()ddt = ha(t) = (hy(t) = x(1))

o

= ha(ty = bty wex(t) = ho(t)*ha(r) «x(1)

i

= h|(.'}ty{r)=f virhdr

—

Problem 2.27

The output of a LTI system is the convolution of the input with the impulse response of the system. Thus,

I

8(t) = f h[T]E_“U_ﬂH_ﬂI —r)dt = f h(t}e‘_“{‘_”dt

oo —
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grentiating both sides with respect to ¢ we obtain

df

o0 —d

¥ 1]
8ty = (—a)e™ f hit)e" dr -|-£:'_‘"i [f h{t}e“dr:|
= (—a)d(t) + e hi(t)e™ = (—a)s(t) + hit)

h(r) = ad(r) +8'(1)

e response of the system to the input x(r) is

yi) = f x(t) [ad(t — 1) +8'(t — 1)]dr

(s &

u:f x(t)d(r — r)dr +f ()8t — 1)dr

s u] =g

= wx(r)+ ;—tr{r}

roblem 2.28
it the system to be causal the output at the time instant ty should depend only on x(r) for ¢ < #.
+T I | n+T

1
yifg) = 5T xit)dr = 5T :xl['r}a'r + 3T x(t)dt
= =T =T ap In

k observe that the second integral on the right side of the equation depends on values of x(t) for T greater
an fp. Thus the system is non causal.

'roblem 2.29
Consider the system

x(1) x(1) #0

yir) =Tlx(r)] = {
1 x(1)=0

is system is causal since the output at the time instant t depends only on values of x(r) for T = ¢ (actually
t depends only on the value of x(t) for T = ¢, a stronger condition.) However, the response of the system
o the impulse signal 8(r) is one for 1 < 0 so that the impulse response of the system is nonzero for r < (.

Problem 2.30

1. Noncausal: Since for ¢ = 0 we do not have sinci(t) = 0.

2. This is a rectangular signal of width 6 centered at 1y = 3, for negative r’s it is zero, therefore the system
is causal.

3. The system is causal since for negative r's h(r) = 0.
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esponse of the system to the signal oex,(r) + Bxa(r) is

f

] i
yi(t) = f (ax(t) + Bxalt)dr = crf xi(tidr + ,ﬂf x(t)dr
=T T -7

=

s the system is linear. The response to x(r — ) is

() = f x(t —dr = f x(v)dv = y(r — 1g)
=T t

—Ri= 1

here we have used the change of variables v = t — #5. Thus the system is time invariant. The impulse
ponse is obtained by applying an impulse at the input.

! ! =T
h{f}:f dlr)dr =f S{r}dr—f dridr =u_ (1) —u_jit =T)
-7 —00 -

o Lo

oo i
elu_j(Mxe u_y(t) = f e_’u_|{t]e_“_”u_|{f—rldr=fe_’dr

oo i}

te =10
- 0 r <0

o
e U (D xu_ (1) = f u_j(v)e " u_y(t — t)dr
._:,.L. :
= [ e -Tdr = 7"
[\ 0
B l=—e" =0
0 I <0

a0 1 I+
x(2) = TI{r) = Adr) =f M{VA(t — 8)dE = f : Alr — 8)dd =f ' Alv)du

—na 1




3
rs—i = x(1)=0
31 +3 1. J* 1. 3 9
—5{1_—5 =i X{I]=£] [1"+”£f1|={5t? +U]_] =EI +EI+E
I 1 0 r+1
—= -::rcci = x{!)=f*[v+ljdu—|—f (—v+ ldv
= = 0
o 1 ;o +4 .3
—{EU +l"}[r_.‘lr+l’—51.- +U]n = —f +E
1 3 ' i - : . 3 .8
E-c:.r{-é- == x{r):[_é[—u-i—l]dv:[——ju +v]r_£=§.* —Er—|—§
3
—<f = x(t)=0
2
Thus,
0 t < -3
P+ 5r+3 —d<r=-1
x(t)=q —1*+3 —3<t=1
$rP-3t+3 g<1s3
0 %c:r
4)
I
x(t) = Alt)sgn(t) wu_ (1) = f Alr)sgn{thdr
t=—1 = x(t)=10
r Vs ’ 2
~1 <t =0 => x{:):[w{—v—]}dvz{—iu‘-u].I=—§r‘—r—%
d<st=]l = x{:}-——l—i—f‘[—v+1]dv——l+{ Ii.r3+1u)r— ]IE+: I
= 2 S 2 PO 2
1<t = xit) =0
3)

Alr)sgn(r — t)dr =f Alr)dr —f Alr)dr = x1(t) — xa2(1)
. I

Leod

x(t) = A(t) *»sgn(t) = f

—o0 -0




0it)=0, xit)=landx(®)=-1

g 1 T |
X1irl=f [v+l}du=(§u2+v} ==1‘+t+=
=4 4

=2 >
g : 1 S
Ig(f}:f (U+I]d1,l+f {—u+l]dv={—v2+u} + —
; i 2 L 2

15 |

() =x,(t) —xa(t) =" + 2t
i

P g 1 | 1, |
I]{f}—ifﬂ{—v*l-'])dv—i'i‘{—iv +U}U——EI +!'+E

] 1 L 1 1
Xzif}=[{-v+]]ffu={—§u -|-1_r]r_§,r _;.|_E
x(0) = x1(f) — x2(t) = —1* + 2t

=1, x(t)=0and x(r) =1

(D =Alu_ () =TI = f A(DII(r — t)dt
(1]
Note that T1(r — 7) = 1 for |r — t| < 1/2 and zero otherwise. Thus

= x(t)=0

rd I i+3 1 3

— .x(I}zf CAlT)dT = (—=v* + 1) =—1!2+—.r+ =
i 2 0 Z 2 8

1
f Alr)dr ={—lu2+u}
=4 2

1
I—3

Problem 2.35
The output of a LTI system with impulse response h(r) is
o0 [ 5]
yir) =f x(t — rihit)dT = f x(rhhi(r — t)dt
Using the first formula for the convolution and observing that h{r) = 0. T = 0 we obtain
] fe. <] oo
yit) = f xl—tihir)dr +[ x(t — oih(t)dr =f x(t — o)hir)dr
o i} o
Using the second formula for the convolution and writing

I (s ¥]
¥(1) = f x{tihit — t)dr —|—f x(TYhi(r — T)dr
i

=1
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ity holds if x(r) = —ay() a.e. for some complex a.

lem 2.38

2

oo N
f x(1) - quﬁ.-ml dr
s i=l1

o0

5 N N
f (x(r} - Z m-;f'.-[r}) (x“(r} - Za}‘fﬁ}(r}) dr
%]

i=1 j=1

o N oo N o
f Ix () |*dt — Zm f @ (t)x"(r)dr — Eajf ¢ ()x(t)dt
o i=l Ea j=1 e

NN o
£33 e [ awsa
—0a

i=1 =1

5 W N o N o
f x@Pdr + Yl =Y f G (X" ()t = Y e f @ ()X ()i
—=ea iy 5 —oa =1 oo

ompleting the square in terms of o; we obtain
o0 N fa ] 2 N oo 2
e? :f lx ()| 2dr — Z f @l (Dx(t)de| + Z o -—f qp;‘(i}x{r}dfi
Zl j=1 ¥ i=l s

The first two terms are independent of o's and the last term is always positive. Therefore the minimum is
achieved for

[ ]
o = f () )edr
— i3
which causes the last term to vanish.

2) With this choice of «;'s

o0 N o0 2
f lx(0)|2dt — E f gfl:‘{t}x{!‘]d!‘
- ] —_—

o0

N

f P =Y logl?
—og

Problem 2.39
1) Using Eunler’s relation we have
x(t) = cos(2mt) + cos(dmt)

| . : 5
=§{€a2nr+£—;hr+£14m Aw ;dm}
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Therefore forn = £1, X2, x5, = % and for all other values of n, x,, = 0.
2) Using Euler’s relation we have

x3(t) = cos(2met) — cos(dmt 4+ 7/3)

i2 —Jj2mt i {4 3 - (4 3
{EJ.m 4 e it _ e_.l{hr+rr,.-' Vi g At/ J]

bod | = b3 | =

eiﬁm‘ + le—jlm 4+ le—jzn;:’ie;qm i 4 _'l_ej'lﬂ'.-r]-e—j-tm

2 z2
from this we conclude that x> 4, = % and xz =x3_, = %e_ﬂ"‘”. and for all other values of n, x>, = 0.
3) We have x3(1) = 2cos(2mt) — sin(4mt) = 2cos(2m1) + cos(dms + w/2). Using Eunler's relation as in
parts | and 2 we see that x3 4, = 1 and x3 3 = x5 _; = j, and for all other values of n, x3, =0.
4) The signal x4(1) is periodic with period T = 2. Thus

-

1 ! g 1 7!
Xaw = j’f ﬁ{f}ﬂ'_ﬂnftﬂ = -f J"'L(”H_'mmdf
-1 2 i

0 |
. = {1+ De ™dr + lf (—t + De /™ dt
2 -1 2 0

| J —jmat l — ;e !
= —| —re +—ﬂﬁ.’ 4

; 1
ik J e—jrrm
1 2mn
Bl e Mo T e
S [P L TR S— dmnr + g
2 \mn min? o 27n
1 1

win? 2ain?

2\mn m-n

0

{e;'ma + e—ﬁrrn} : ;72_;13“ — cos(mnl)

When n = 00 then

3| =

1 |
Xap = 3 f : Mitydr =

Thus

:
2

= 1
nty=-+2 Z m{l — cos(mn)) cos(mnt)

=l

5) xs(#) = 1. It follows then that x50 = 1 and x5, =0, ¥n #0.

6) The signal is periodic with period T = 1. Thus

1 Ty I
Xey = — g‘g_--’g"“”d: p— f pld 2l gy
W Tﬂ 5 g
! —j21
= —-l ET LIRSV girdti i)
—j2mn+ 1 o —ilmn+1
e—1 e — 1 )
e = (1+ j2mn)

| —j2nn T+ 4nn?
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[he signal cos(¢) is periodic with period 7| = 27 whereas cos(2.51) is periodic with period T3 = 0.8,
llows then that cos(r) + cos(2.5¢) is periodic with period T = 4m. The trigonometric Fourier series of
gven signal cos(r) 4+ cos(2.51) is

o0
ﬁ
cos(t) + cos(2.5t) = o COS(2m —1
(r) (2.5¢) Eﬂ’ ({ Tg.:l

n=l

=]
R
= Eams—t
n €0S(31)

ne=]

equating the coefficients of cos(51) of both sides we observe that a, = 0 for all n unless n = 2.5 in
fich case a; = as = 1. Hence x7: = x75 = % and x7 , = 0 for all other values of n.

L. signal xg(r) is periodic with period Ty = 1. Forn =0

|
1,
JCE{I“:f (—f'l']}d!':{-";f"t'”
0 &

] 2 |
For 1 #=0
I "
Xgp = f (=t + Ve /2" dr
i
) I : 1
J — 2wt 1 —j2mne J —j2wnt
- — — i
(zrn ¢ g ) U+2:mL i
R
2an
| oo
() = 2 + E — sin27nt

0) The signal xg(r) is periodic with period Ty = 2T. We can write xq(r) as

5] o0
Xo(t) = Y 8(t—n2T)— ) 8(t—T —n2T)
i L e T i i B=T)
BF Lo TaL
— i L“ _£—jnu}£,j2rrfr?
&= 2T

However, this is the Fourier series expansion of xo(r) and we identify xq , as

0 neven

I
TN odd

1 : 1
Xou = 51— ™) = (1= (=1)") =

2T
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10) The signal is periodic with period T. Thus,

1 {r ! —j2n i
Xn = F £ & (e "t
I &
= l(_[}if—ﬁ”";’" - e
T et =0 T?

11) The signal xg(r) is real even and periodic with period T = 2+&. Hence, xg, = ag ,/2 or

Xpae = 2fu f T cos{2m fyr) cos(2mrn2 fur)dt

T
7 o0 .
= fnf . cos(2m full 4+ 2n)t)dr + fuf cos(2m fo(l — 2nn)dt
| l l I
= —Lsin@rfo( +200|%F + —sin@nfot — 2000
Tl 2 SNl +2“J"7’L_;E S =3y S ol ﬂ””m

B {—n"[ 1,
T ox la+2m  (=2n)

12) The signal xy(7) = cos(2m fur) + | cos(2m for)| is even and periodic with period Ty = 1/ fi. It is equal to
2cos(2m fut) in the interval —#ﬂ, ﬁ] and zero in the interval [4_J|m‘ 4—jm] Thus

1
T ; :
oy = 2fp | cos{2m fot) cos(2mn fut ddt

T
|

W 0 :
= f.;;f . cos(2m full 4+ n)e)dre +fnf . cos(2m full — ndtdde
-~k S

i
|

0

I - : ™ 1
o = " T e
St sin(2m fo (1 + n}r)IJ.T“ L sin(27 fo(1 = m)t)|

= et o i
2 T 2

|
a{l +n) (1 —mn)

Thus xg_, is zero for odd values of n unless n = %1 in which case xg 4, = % When n is even (n = 20 then

- _(—I}“ 1 % 1
i TR [ TR e

Problem 2.40

It follows directly from the uniqueness of the decomposition of a real signal in an even and odd part
Nevertheless for a real periodic signal

i) = %ﬂ + ; [ﬂ,, CDH{EJT%I} + b, sin{EH%r}:I
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