University of Ottawa ELG 3121 — Random Signals and Systems

Lecture of June 23rd, 2006 - 8:00am
Scribe: Patrick Woods and Yingying Sui

1 The Central Limit Theorem

Theorem [Central Limit Theorem] Let X1, X5, ... X, be iid RV's with mean p and
variance o2. Define RV Z,, by

_X1—|—X2—|—...—|—X,,,—n,u

I
V/no

li o2 . : .
Then n —'co P[Z, < z] = I %677d$ (i.e. Gaussian CDF with zero mean

and unit-variance).

Remarks

1. E[X +Y] = E[X] + E[Y]
2. VAR[X + Y] = E[(X +Y — pix4y)?]

= BX*+Y?+puxiy’® +2XY —2Xpxiy — 2Yx 4y
= EX?+Y?+ (ux +py)? +2XY — 2Xpux — 2Y iy
= E[(X —px)’+ (Y —py)? = 2(X — ux)(Y — py)]
— VAR[X]+ VAR[Y] - 2COV[X,Y].

When X +7Y are independent, X + Y are uncorrelated, i.e. COV[X,Y] =0
That is, if X + Y are independent, VAR[X + Y] = VAR[X] + VAR]Y].

3. ElaX] = aF[X]
VAR[aX] = o?VAR[X]

4. From 1), 2) & 3) we see that Z,, has mean zero and variance 1 (Distribution
actually looks like a Gaussian).

5. The C.L.T. suggests that the distribution of Z,, is “close” to Gaussian for
large n.
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2 Random Processes

Let S be a sample space of a random experiment on which a probability law P = []
is assigned. Suppose that associated with every £ in S, there is a function of time
Xe(t), where ¢ can be discrete time or continuous time. We may also write X¢(¢)
as X (t;€) or X(t,8).

This family of time functions indexed by S together with the probability law on §
is called a random process, or a stocastic process.

This family is called an “ensemble”. Every time function in the ensemble is called
a realization, a sample function or a sample path of the random process.
Example 1 § = {1,2,3}, P[{1}] = P[{2}] = 1 & P[{3}] =

The ensemble consists of the following functions,

2 X(t:1) a X(t:2) 2 X(t:3)
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This specifies R.P. X (t).
[Note: we often suppress the meaning of £ in the notation of a R.P.]

Two views of a R.P.

1. For any fixed £eS, X (¢;&) is a function of time.
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2. For any fixed time t,, X (t,) is a R.V., mapping & to X (¢t;&).

Example 2 In Example 1

1. Find P[X(1.5) > 0).

2. Pind the PDF of RV X(1.5).

3. Find the joint PDF of X(1.5) & X (2.5).
4. Are X(1.5) & X (2.5) independent?

Sol:

1. P[X(15)>0] = 1
2.

? if a =1,
=, fa=-1
P[X(1.5) =d] = . ’
5, if a=-0.5
0, otherwise.

. PDF of X(1.5)

A

-1 -050

3. (X(1.5),X(2.5)) can only take the following configurations,

(1,1) [with probability %]
(-1,1) [with probability 7]
(—0.5,0.5) [with probability 5]

The joint PDF of X(1.5) & X (2.5) is,

1 1 1
fx(1_5)vx(2_5)(a,b) = 15((1 — ].7b - ].) + 15(0, + ].,b — ].) + 5(5(0’4 + 05,[) - 05)
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4. They are not independent.
Example 3 R.P. X(t) is defined as,
X (t) = Acos2mt, te(—o0, +00)

where A is a RV uniformly distributed over [0, 1)

1. Find E[X(t)] as a function of t.
2. Find PDF of X(t).

VA A
SARCALS

Morning Lecture of June 23rd, 2006 4



