University of Ottawa ELG 3121 —Probability and Random Signals

Random Variables X, X5, ..., X,, are independent iff:

Ix Xo, X, (T1, T2, s ) =[x, (01) fx,(02) - fx, (20) (1)

FX1,X2 ..... Xn(ﬂﬂl,l’z, ,l’n) = Fx, ($1)FX2($2)---FXn($n> (2)

Example 1.

For X and Y to be independent: Pxvy(z,y) = Px(z)Py(y)

7”3 ”
X and Y are not ”independent X and Y are ”independent”

X X X
1
Y 0 Py Y 0 Py

0 0.1 0.2 0 0.12 0.18

0.3 0.3
1 1

0.3 0.4 0.28 0.42
0.7 0.7

X 0.4 0.6 rx 0.4 0.6

0.1 Condtional CDF, PDF and PMF

Conditional pdf of Y given X = z is

fxvy(z,y) (3)

fY|X(y‘x) - fX(x)

Conditional pmf of Y given X = z is

Pxy(7,y) ()

Pyx(ylz) = Px(2)
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Pxy Py x
X ) X
1
Y 0 Y 0
0 1/3 2/3 0 0.12 0.18
1 1
3/7 4/7 0.28 0.42
Recall: P(A|B) = %. From the previouse example
Conditional CDF of Y given X=x is
Fyx = / fyx(alr)da  (5)
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0
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fxy (5,y) scale by o = f%(s) — frix(yl5)
Y

[

sY
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Example 2.
Yy
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for some C.
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C needs to be such that: ffooo ffooo Ixy(z,y)dzdy =1 = C = 1—}2 = 2.

0, (r,y)¢A
fXY("”’y):{z (:z:,z)eA

’

fx(x) = /OO fxy (@, y)dzdy

1
= / fXY(xa y)dzdy
0

:/Qdy
0

= 2z for xz€l0,1]
fx(x)=0 for x¢]0,1]

o Ixy (2, y)

B ﬂ:% , x€|0,1]
- { 0 , x¢][0,1]

fY(y) = /°° fXY(l“,y)dl"
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Example 3.

Pick a number X in [0, 1] equally likely. Then, pick a number Y in [0, X] equally
likely. Find fxvy(z,v), fx(x), fyx(y|z), and fy(y).

|
0 L re
L reo]
px =45 0 g

If z €0,1]

fXY(l“, y) = fx(x)pr(

If g [0,1] fxy(z,y)=0

fx(y) = ) Ixy(z,y)dx
_ { J, zdz . yel0,1]
0 , v ¢ [07 1]
_ { ~In(y) , ye[0,1]
0, vy §é [Oa 1]
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0.2 Conditional Expectation

[e. 9]

EYIX =] := / yfyx(ylz)dy =

— 00

It follows that E[Y] = [*°_ E[Y[X = z] fx(z)dx

€Y} = / N yfy(y)dy

oo

= /Zy/z fxy(z,y)dzdy

B /Zy/z fx (@) fyx (y|z)dady

- [ [ /- yfyx(ylx)dy] da

_ / EIYIX = 2] fx(x)dz)

In Example 2 £[Y[|X = 2] = ¢, £[Y] = fol fx(z)dx = fol 2 2xdr = 3

In Example 3 £[Y|X = 2] = §

£ly] =

oy

(x)dx

oIR8
— .
U

8

Il
*M’_‘o\Hc\

If X and Y are independent, £[Y|X = z| does not depend on z, i.e. a constant
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