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Abstract—We show that the nonfeedback capacity of multiple-
input multiple-output (MIMO) additive Gaussian noise (AGN)
channels, when the noise is nonstationary and unstable, is char-
acterized by an asymptotic optimization problem-the per unit
time limit of the characterization of a finite block or transmission
without feedback information (FTwFI) capacity, that involves two
generalized matrix difference Riccati equations (DREs) of filtering
theory, and a matrix difference Lyapunov equation of stability
theory, of Gaussian systems. Further, we identify conditions
and prove, that the characterization of nonfeedback capacity
is the uniform asymptotic per unit time limit, over all initial
distributions. The asymptotic characterization of capacity involves
two generalized matrix algebraic Riccati equations (AREs) and a
matrix algebraic Lyapunov equation. We also present an example
to illustrate that our characterization of capacity produces a
known closed-form expression of the water-filling solution of
capacity (for power levels above a minimum power).

I. INTRODUCTION, PROBLEM, AND MAIN RESULTS

The nonfeedback capacity of time-invariant Gaussian channels,
with stable impulse response, when the noise is stationary or
asymptotically stationary, is often characterized in frequency-
domain, by the so-called water-filling solution. It can be found
in several books [1]-[4] and research papers, such as Tsy-
bakov [5]. The analysis of channel capacity for asymptotically
equivalent matrices for multiple-input multiple-output (MIMO)
Gaussian channels, is found in [6]-[8], while for Gaussian
channels with intersymbol interference in [9]. A characteri-
zation of nonfeedback capacity for single-input single-output
(SISO) AGN channels with nonstationary noise is given in
Cover and Pombra [10], while bounds on nonfeedback capacity
and comparisons to feedback capacity, are given in [10]-[13].
The Channel Model. In this paper, we analyze the nonfeedback
capacity of MIMO AGN channels, driven by general unstable,
nonstationary, nonergodic noise,

1 n
Y, =HX,+V, t=1,....n, ;E{ZHX[H]%%}SK (L1)
=1

where K € [0,00), X,:Q%XQR"X, Y, : Q%YéR"y, and V; :
Q—-V 2 R, are the channel input, channel output and noise

random variables (RVs), respectively, (n.,n,) are finite positive
integers, H, € R™*"x is nonrandom and the distribution of the

sequence V"' ={V,...,V,}, i.e., Pyn = P{Vi <vi,...,Vu <wu},
is jointly Gaussian, and Py, is the distribution of the RV V;.

Operational Nonfeedback Code. The code consists of (a)

a set of uniformly distributed messages M : Q — .# (n) 2

{1,...,M™}, known to the encoder and decoder, (b) a set of

encoder strategies mapping messages M = m and past channel
inputs into current inputs, defined by’

é,(x) £ {gi B ALED G X, x1 = g1(m), xp = go(m,x1),
_ l (v

oo = gulm ) | B Y | [} < K‘} 12)
=1

where g;(-) are measurable maps and, (c) a decoder d,(-) :
Y" — .#", with average probability of decoding error

1
M)

U

Y, PE{d,(Y") #m|M=m}. (13)

me.# ")

The messages M : Q — .#") are independent of V", i.e.,
Pvn‘M = Py». We emphasize that, in general Pg’;),,r depends
on the distribution Py~ and g, and this is different for different
choices of the distribution of Py, of the initial RV Vi. The
code rate is r, = LlogM™. A rate R is called an achiev-
able rate, if there exists an encoder and decoder sequence
satisfying lim,__,c PEQO, =0 and liminfnﬂwilogM () > R.
The operational nonfeedback capacity is defined by C°P(k) £
sup{R ’R is achievable},VPy,, i.e., it is required to be indepen-
dent of the choice of the initial RV distribution Py,.

Two main fundamental differences from [1]-[9], [11]-[13], are
1) the consideration of nonstationary and unstable noise, which
rules out the characterization of capacity using a frequency-
domain approach, and

ii) the requirement that C°? (k) does not depend on the distri-
bution of the initial RV Vy, i.e., Py,, which induces Py, (which
is challenging to show due the generality of the noise in 1)).
To deal with i), we invoke a time-domain approach. Our
starting point is an information theoretic characterization of
the n—finite transmission, or block length without feedback
(n-FTwFI) capacity, denoted by C,(x,Py, ), which is analogous
to the one derived by Cover and Pombra [10], generalized to
the MIMO AGN channel (I.1). To deal with ii), we derive
an equivalent sequential characterization of C,(x,Py,), and
we identify conditions such that lim, . 1C,(k,Py,) = C(x),
i.e., for all initial distributions of Py, and hence Py,. Our
approach is motivated by the feedback capacity characterization
of MIMO AGN channels with memory presented in [14],
and the analysis of single-input single-output (SISO) of [15]-
[19]. However, it will become obvious that the treatment of

'Notation ‘E indicates that the corresponding distribution P depends on
the encoding strategy g.
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nonfeedback capacity in time-domain (for unstable noise) is
much more difficult compare to that of feedback capacity.

II. ASYMPTOTIC CHARACTERIZATION OF CAPACITY

. A A . .
Notation. Z, = {1,2,...}, R = (—oo,00), R™ is the finite-
dimensional Euclidean space, and R"*" is the set of n by m
matrices. I, € R"*" denotes the identity matrix, 7r(A) denotes

the trace of A€ R"™" necZ;. C = {a+jb:(a,b) e R xR}

is the space of complex numbers, and D, 2 {c eC:lc < l}.
spec(A) C C is the spectrum of a matrix A € R?*Y g € Z,
(the set of all its eigenvalues). A matrix A € R?*? is called
exponentially stable if all its eigenvalues are within the open
unit disc, that is, spec(A) C D,. X € G(ux,Kx),Kx = 0 de-
notes a Gaussian distributed RV X, with HX = E{X} and
Kx = cov(X,X) 2 B{ (X — E{X})(X E{X}) } = 0. Given
another Gauss1an RV Y : Q — R, which is jointly Gaus-
sian distributed with X, i.e., with joint distribution Py y, the

conditional covariance of X given Y is Kyjy = cov(X,X |Y )=
T

E{(X —E{X|Y}) (X —E{X|V})"|r}.

Throughout this paper, we consider the noise of Definition II.1.

Definition II.1. A time-varying partially observable state
space (PO-SS) realization of the Gaussian noise V", is

Sp1 =AS +BW, t=1,....n—1 (I1.4)
Vi=CS,+NW, t=1,....n, (IL5)
S1 € G(us, ,Ks,), Ks, =0, (IL.6)
W, € G(0,Kw,), Ky =0, t=1...n, (IL.7)
S Q=R W,:Q—=R™ V,:Q—R™, (IL.8)
R ENKyNT =0, 1=1,....n (IL.9)

where Wit = 1...,n is an independent Gaussian process,
independent of Si. ny,ng,n, are arbitrary positive integers.
Note, Pyn depends on Py, and hence on the choice of Pg,.

Converse Coding Theorem. Suppose there exists a sequence of
achievable nonfeedback codes with error probability PE’}ZW —
0, as n —> oo, then R < lim,,__y00 %C,,(K,Py1 ), where C,(x,Py,)
is the sequential characterization of the n-FTwFI capacity
formula [14, Section I, III] (note that (I.11) follows from [10]),

n

Ca(K,Py,) = sup Y 1, v hy v anio)
TE{ 0 11X By J<rct=]
= sup H(Y")—H(V") €[0,00] (II.11)

YE{ X 1% Ry <x

where (II.11) follows from the channel definition (I.1) (if the
probability density functions exist) and the supremum is over

Py x:-1,6 =1,...,n induced by jointly Gaussian inputs X",
-1
X =Y AX+Z0 =AX"1+ 270, X, = (IL.12)
j=1
7} € G(0,Kz0), Kzo = 0,t=1,...,n, indep. Gaus., (IL.13)
7¢ independent of (V=1 x'~1 y'=1 zoi=1) vr, (I1.14)
A, € R0t i nonrandom. (I1.15)

The consideration of unstable noise V" implies Y is unstable,
therefore for the asymptotic analysis, we need to use the two
innovations processes of V" and Y, as in [15]-[18], giving rise

the characterization of C,(x,Py,) € [0,00],
Cu(x,Py,) = sup
(Ar gy =T SE{ T X5 By } <
n
Y (Hu)-n(d))}. IL16)
t=1
LEY,—E{ny 1), LE2vi—E{v|[v') aum

where I, I, are the innovations processes of Y”,V". Clearly, the
analysis of the convergence properties of hm,,_,m ~Cu(x,Py,),
is directly related to the convergence properties of (It,I,,X,) t=
L2, ..n sE{ T 1X:|[n . as n— oo,

State Space Realization of Channel Input. By (I1.12) the input
process X" is causal, and not finite-memory. Hence, it can be
generated by the infinite-dimensional state space realization,

B =FBE+GZ, t=1,....n—1, (IL18)
X, =T,5+DZ, t=1,....n, (IL.19)
E, € G(uz, Kz,), Kz, = 0, (11.20)
7, €G(0,Kz), Kz =0, t=1....n, (IL.21)
Z" indep. seq., (E1,Z",W") mutually indep. (I1.22)
5QR% Z, QR X, QR (I1.23)

where ng is the dimension of E; which is nondecreasing
with 7, and n, is an arbitrary finite positive integer, and
(F,Gy,T,D;,Kz,,Kz,) are nonrandom matrices V¢. In this
paper, we restrict our analysis to asymptotically time-invariant
matrices, lim, (A, By, Gy, Ny, Ky, ) = (A, B,C,N,Kw ), Kw >
0, limy,—e(Fy, Gy, 1Ty, Dn,Kz,) = (F,G,I',D,Kz),Kz = O.
For such restriction, follows directly that a necessary
condition for convergence of the average power,
limy oo SE{ X7 |IX| |20 } € [0,00), is the stability of
F, ie., the eigenvalues of F lie inside the unit disc in
the space of complex numbers. The stability of F further
implies that (&,,X,),n =1,2,... is asymptotically stationary.
Consequently, whether the asymptotic dimension of the
state space realization is asymptotically finite, ng < oo, is
determmed from the Hankel matrix, of the covariance matrix

Rx(t E{X t+5)X"(s)},t =1,2,... as follows. Define the
ﬁmte Hankel matrix, for (k,m) € Z+ XLy, 2y ={1,2,...}:

Rx(1)  Rx(2) Rx(m)

Rx(2)  Rx(3) Rx(m+1)
Hy (k,m) = : : :

Re(k) Ry(k+1) ... Rx(k+m—1)

Define the rank of the infinite Hankel matrix by, rank(Hy) 2
SUPy meez, xz, Tank(Hx (k,m)) € Z4 U {+oo}. The state space
realization is asymptotically finite-dimensional if and only if
rank(Hy) < oo. For our analysis we assume rank(Hy) < oo,
and hence there exists a finite integer, ng < rank(Hy).

Main Problems and Assumptions. Now, we state our main
problems and accompanied assumptions.
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Problem #1. Identify conditions, such that asymptotic limit
exists and does not depend on Py, (and hence on Py,),

1
C(x,Py,) 2 lim =G, (i, Py; ) = C(i) € [0,), ¥Py; . (11.24)
n oo

Assumptions I1.1. Considered for the asymptotic analysis are

Case 1: Time-invariant,
(An,Bn,Cyy,Nn, Kw, ) = (A,B,C,N,Kw ), Kw >0, Vn (IL25)
(FnmeFn;DanZn) = (F7G?F7D7KZ))KZEO7 v”l (1126)
Case 2: Asymptotically time-invariant,

lim (A,,B,,Cy,Ny,Kw,) = (A,B,C,N,Kw), Kw > 0, (IL.27)
n—-soo

lim (F,,G,,1,Dn,Kz,) = (F,G,I',D,Kz), Kz =0 (IL.28)
n—-soo

where the limits are element wise. We also assume rank(Hyx ) <

oo, hence ng < rank(Hy), and the realizations are finite-
dimensional and of minimal dimensions.

Problem #2. Determine conditions for the limit and the supre-
mum to be interchanged, so that

C”(x,Py) = £ sup lim f{ i (

limy e SE{ T X Ry
—H(i,))} = C°(k,Py,) = C(k) € [0,0), VPy,. (IL29)

Main Results. For Cases 1 and 2, we identify conditions on
1) channel matrices (H,A,B,C,N,Ky) and 2) channel input
matrices (F,G,Kz,I',D),Kz = 0, such that the limit in (I1.24)
exists, is independent of Py, (hence of Py,), and capacity is

A 1 det (CHCT + DKWDT)
Clx) =sup 5 In{- (CECT +NKywNT) } (1L.30)
where the supremum is over (F,G,T",D,K7) and
Kz >0, tr(PIT + DK,D") < «, (I1.31)
I1>= 0, £ > 0 satisfy matrix Algebraic Riccati Eqns, (I1.32)
P >0 satisfies a matrix Lyapunov Equation (I1.33)

and where {-}* 2 max{1,-}, and (C,D,Ky;) are specific ma-
trices given in Theorem II.1. Further, since the convergence in
(I1.30) and (I1.29) are uniform VPy,, then asymptotic equiparti-
tion (AEP) and information stability hold, which imply C(x) is
the nonfeedback capacity, even for unstable channels, similar
to feedback capacity in [20], [21].

A. Sequential Characterizations of n—FTwFI Capacity

Next, we determine the characterization of C,,(x, Py, ) of (I.16),
and its dependence on two DREs and a Lyapunov equation.

Theorem I1.1. Sequential characterization of C,(x,Py,).
Consider the MIMO channel (1.1), the noise of Definition II.1
and input (I1.12)-(II.15), and assume n¢ is finite. Define

e=(= ), wE(z w)

~\T
HZZCOV((’B“G)I Yt 1 = {( )(@,—@;) },
@téE{®th_1} t—2 @ é“@)lynléK@lv

O T ]

(i) The joint Gaussian process (X", Y" V") is represented by

1 =A0O,+BW,, t=1,....n—1, (IL34)
Y :Cl‘®t+Dth; = 1,...,” (11.35)
F 0 A( G 0
A = (0 A,>’ Bt_(o Bt)’ (IL.36)
A A
C[ == ( H[F[ C[ ) 5 D[ == ( H[Dt N[ ) (11.37)

where A;,B;,C,,D, are appropriate matrices.

.. =~ ~ . A ~ ~
(ii) The error E; = ®; — ®,, and covariance I1; = E{EIE,T}
satisfy the recursion and generalized matrix DRE,

Erp1 = FE(IL)E, + (B, — F(IL)D,)W,, t = 1,...,n, (IL38)
FtCL(Hz) =A, - F/(I1,)C,, (I1.39)
F,(1,) = (AJILC/ +B,Ky D) (D, Ky D/ + CII,C/ )71

M, = ATLAT +B,Ky B — (A,ILC}r + B,KWrDtT)

—1 T
. (DIKW; DtT + CIHZCIT) (A[H[C[T + BIKWtDIT) 3

I, =0, I}, =Kg, =0, t=1,....n. (11.40)
(iii) The innovations process I, of Y" fort =1,...,n, is

LEY,—E{h|[r' '} =C(0,-6,)+D,W, (4]

I € G(0,K;,), K, =CILC/ +DKyD/. (11.42)

(iv) The matrix P, = COV(E,,E,) satisfies Lyapunov recursion,

Py =FPF' +GKzG], P=0, Pp=Kz,. (1143)
(v) The average power constraint is
1 - 2 ¢ T T
HE{ Y Xl } = - Y tr(CRTY + DKz Df).  (11.44)
t=1 t=1

(vii) The entropy of Y" is HY")=Y"_|H(L), is given by

HY™) len (27e)" det (CTLCT + DKy, DY) (1145)

and the entropy of V" is H(V") =
1

Y H(IL), is given by

n
H(V") = 521 n ((2me)™ det (CZ,CT +NiKw,NT))  (1L46)
I, € G(0,K; ) an orth. innov. proc. indep. of vi-l (1147)
Kj éCOV(IAzJA) CzZzC +N,KW,N = Ky, yr-1. (I1.48)

where ¥, satisfies (MCL(X,) is similar to FCE(T1,)) the DRE
Y41 =ASA] +BKy, Bl — (A,Z,Cf +BtKW,NT)

—1 T
.(NIKW,NtT—i—CtZ,CtT ) (Atz,cf —I—BfKW,N,T> ,

%, =0, t=1,...,n, % =K, =0. (I1.49)
(v) An equivalent characterization of C,(Kk,Py,) is
1 & det K[ +
Co(K,P - { : } 11.50
(i Py) = oup 2 Z det(K;) .50)
LE{ T Xy = 7 0=
where the supremum is over (F;,G;,Ty,Ds,Kz,),t =1,...,n.
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Proof. Since ne is finite, there always exists a realization
(I1.18)-(I1.23). We compute (II.16) using the two innovations
processes of Y", V", given in (I1.17). Upon substituting (II.18)-
(I1.23) into the channel (I.1) we obtain representation (i). Then
by applying the general equations of Kalman filtering [22], and
evaluating the entropies we obtain statements (ii)-(v).

B. Convergence of Generalized DRE and Lyapunov Equations

To address the limit lim,__,, %Cn(lc,PV1 ), under Cases 1, 2 we
need to investigate the convergence properties of generalized
matrix DREs (I1.40), (I.49) and Lyapunov matrix difference
equation (I1.43), using the properties in [21, Theorem A.1]
and [15, Theorem II1.2]. We present sufficient conditions for
convergence in Corollary II.1, Theorem II.2, Theorem II.3.

Corollary II.1. Consider Case 1 or Case 2
Let¥,,t =1,2,... denote the solution of the matrix DRE (11.49).
Let Y =XT >0 be a solution of the corresponding ARE

x=AzA” + BKyB" — (AXCT + BKwN)
. (NKWNT + CZCT) - (AZCT + BKWNT) T sy
Define the matrices
A* £ A—BKwNT (NKwNT)"'C, G£B,
B = Ky — KyN" (NKwN") - (kwnT) "
and suppose (see [22]-[24] for definitions)
{A,C} is detectable, and {A*,GB*’%} is stabilizable. (I11.53)

(I1.52)

Any solution Xt = 1,2,...,n to the generalized matrix DRE
(11.49) with arbitrary initial condition X1 = 0, is such that
lim, X, =X, where ¥ > 0 is the unique solution of matrix
ARE (11.51) such that M*(Z) € D,

Proof. For Case 1, the convergence of X,,n=1,2,..., follows
from the detectability and stabilizability conditions [22]—-[24].
For Case 2, the statements of convergence of X,,n=1,2,...
hold, due to continuity property of solutions of generalized
difference Riccati equations, with respect to its coefficients.

Theorem I1.2. Consider Case 1 or Case 2.
Let I1;,t = 1,..., denote the solution of the DRE (I11.40).
Let TI=TI" = 0 be a solution of the corresponding ARE

1= ATIA” + BKyB” — (AIICT + BKyD' )

. (DKWDT + CHCT) - (AHCT + BKWDT) " s
Define the matrices [22]-[24]
A" 2 A—BKyD' (DK;D')'C, GEB,
B* = Ky — KyD' (DKyyD") - (kwD") " wss)

Suppose [22]-[24]
{A,C} is detectable and {A*,GB**%} is stabilizable. (11.56)

Any solution T1;,t = 1,2,...,n to the generalized matrix DRE
(11.40) with arbitrary initial condition 11} > 0, is such that
lim, o IT, =TI, where I1 >~ 0 is the unique solution of the
generalized matrix ARE (11.54), such that spec (FCL(H)) eD,.

Proof. Similar to Corollary II.1.

Theorem II.3 identifies conditions for the average power (I1.44)
to converge, using P, = cov(E,,Et), which satisfies (I1.43).

Theorem I1.3. Convergence of average power

Consider the average power of Thm Il.1, for Cases 1 or 2.
Let P,,t =1...,n be a solution of Lyapunov recursion (I11.43).
Let P >~ 0 be a solution of

P=FPFT + GK,G". (I1.57)

Suppose F is an exponentially stable matrix. Any solution
Pt =1,2,...,n to the Lyapunov recursion DRE (11.43), with
arbitrary initial condition P, = 0, is such that lim,__,.. P, = P,
where P = 0 is the unique solution of (11.57). Moreover,

n—soop

1 n 1 n
lim fE{ Y (1% 2 } = lim ~) tr(FBFT +DKZDT)
=1 t=1

—tr (FPFT + DKZDT) VP, 0. (I1.58)

Proof. The conditions for Case 1 are known [22]-[24], and
imply (II.58). For Case 2, we use the continuity of solutions
of Lyapunov equations, with respect to their coefficients.

C. Asymptotic Characterizations of Nonfeedback Capacity
First, we address Problem #2 and then Problem #1.

Theorem I1.4. Characterization of C*(x,Py,) for Case 1
Consider the time-invariant noise and channel input strategies
of Case 1, i.e., (I1.25) and (11.26) hold.

Define the per unit time limit and supremum by*

1 & det (CIT,CT + DK#DT) § +

Cm(KaPyl)é sup hmizn{ e( t T+ w T)}
(@w(K)n—man:l det(CZ,C + NKwN )

(I1.59)

P(k) 2 {(F7G7F,D,KZ) c 9)“”

n
lim Y tr(CRIT +DK,D") < x}, (11.60)

n—oon =1

A {(F, G,T.D,Kz),Kz > 0, such that the following hold,

(i) the detectability and stabilizability of (11.53), (I1.61)
(ii) the detectability and stabilizability of (11.56), (I1.62)
(iii) F is exponentially stable}. (I1.63)
Then, C*(x,Py,) is given by

Cw(K,Pyl) = CM(K'), VPY1

1 det (CTICT +DKDT) y +
(k)2 sup fln{ et T+ W T)} (IL64)
()2 ' det (CECT +NKwNT)

P=(x) 2 {(F,G,F,D,KZ) € P~

tr(TPTT +DK;DT) < k)

and £ > 0 and 11 = O are the unique and stabilizable solu-
tions, i.e., spec(MCE(X)) € D, and spec(FCL(I1)) € D, of the
generalized matrix AREs (I1.51) and (11.54) respectively, P > 0
is the unique solution of the matrix Lyapunov equation (11.57),

2By [25], if at any time ¢, the information max{0,H(Y,|[Y""!) —
H(V;|VI=1)} € [0,00] is oo, then at this time no transmission is allowed.
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provided there exists K € [0,00), such that 2*(x) is non-empty.
Moreover, the optimal (F,G,I',D,Kz) € £*(x), is such that,
(i) if the noise is stable, then the input and the output processes
(Xi,Y;),t = 1,... are asymptotic stationary and

(ii) if the noise is unstable, then the input and the innovations
processes (X;,I,),t = 1,... are asymptotic stationary.

Proof. This follows from the definition of the set &?*, which
imply Corollary II.1, Theorem II.2 and Theorem I1.3 hold. The
complete steps are given in [26] (due to space limitation).

Next, we show that Theorem II.4 remains valid for Case 2.

Corollary IL.2. Characterization of C*(x,Py,) for Case 2
Consider the asymptotically time-invariant noise and channel
input strategies of Case 2, i.e., (I1.27) and (11.28) hold.
Define the per unit time limit and supremum by

1
C""’*(K,Pyl)é sup lim —{
()N

n det (C,I1,C/ +D;Ky Df)

;1 { det (G;£,.CT 4+ NiKw, NI } } (IL65)
P(x) 2 {{(FmGn,Fn,D Kn)h=1.2,.} € %]

n@w;Ztr AT + DKy, DY) < K'} (IL.66)

A
25 = {{(F1,Go, T Du K I = 1,2, }|

lim (Fy, G, T, DuKz,) = (F,G,T.D,Kz) € 97“’}. (IL67)
n oo

Then, C=" (k,Py,) = C*(k,Py,) = C*(k) = (I1.64), YPy(11.68)

and the statements of Theorem I1.4.(i), (ii), remain valid.

Proof. The solutions of the DREs and the Lyapunov
equation are, X,11 = Zyi1(Zu,An, B, CoyNu, K, )s T =
Hn+1(Hn;EmAnaBnaCnaDnaKW”)»

Pit1 = Pit1 (P, Fy, Gy, 1y, Dy Kz,)), n=1,2,... and these are
continuous with respect to their coefficients. Moreover, for all
elements of the set &%, by (I11.27), then

1 n
lim =Y tr(IRT," + DKz D,") = tr(TPI" + DK,D"),VPy, ,

e n 3

1 n

det (C,H,CT +DtK D ) }

tim oY In{
w211 t; det (CE,CT + Ny NT)
1 det(CIICT + DKDT)
=1 :
2 (et (CECT + NKwNT) ). ¥Pn

The statement follows from the proof of Thm IL.4, see [26].

Identity C(x,Py,) = C*(x,Py,) = C*(k),VPy, for Case 2, is
due to the uniform convergence of Theorem II.4, Corollary II.2.

Theorem IL5. Characterization of C°(x,Py,) for Case 2
Consider the asymptotically time-invariant noise and channel

input strategies of Case 2, i.e., (I1.27) and (I1.28) hold.
Define the per unit time limit and supremum by
sup

ant

25+ () 2N

det (C,I1,C{ +D;Ky D/ )
det (G,£,CT + NiKw,NT')

C’(x, Pyl) = lim

Ln{

Zi(k) =

}+} (I1.69)
{{(Fn,Gn,F,,,D Kz )n=12,..}¢ @;‘

DI} < K‘}.
C” (k)

and the statements of Theorem I1.4.(1), (ii), remain valid.

| D

1 n
=Y tr(TiPT] + DiKy, (11.70)
3

Then, C°(k,Py,) = C*(k,Py,) = = (IL64), ¥Py, (IL71)

Proof. The derivation uses the uniform limits in the proof of
Theorem I1.4 and Corollary II.2.

Example IL.1. Consider the scalar channel, (1.1), with n, =
ne=1,H,=1,and V,,n=1,... an autoregressive noise, AR(c),
with ¢ € (—eo,00), ie., Vy = V1 + Wy, Ky, = 1.

(a) Stable ¢ 6 (0,1). The power spectral density (PSD) is,

Sy (e/?) = W By [2, Example 5.5.1], for K > Kyin 2
m, the water-filling capacity is CV¥ (k) = %111 (K‘—|—
2. It can be verified that, for K > Kpin, the time-domain

capacity using C(x) of (IL30) is achieved by optimal in-
put, Eyi) = cEy+ 7y, Xy = (¢ — a):,, + Z,, with parameters,

_ A _ 2 _ A(I+A)-1+VA
4= Kig A=K- (zlJrc Ci —c)? + (1- c)z’ Kz = 2 ’
A= (1-A(1+¢c*)" —4(Ac)%, and a € (—1,1) holds. Then

by calculations follows, C(x) = (I.30) =
verifying [2, Example 5.5.1].

(b) Unstable |c| > 1. The above input X, is not optimal, because
the variance of &, and hence P,, as n —» o, grows unbounded.
We do not provide the optimal input X,, of C(K) given by (I1.30),
for|c| > 1. However, for |c| > 1 we can easily derive achievable
lower bounds on C(x) given by (I1.30), by considering sub-
optimal finite memory inputs, i.e., IID inputs X,, = Z,, or Markov
inputs X, = AXp—1+Zy, as in [18, Theorem 3.2, Section IV].

CWF(K) VK Z Kinin,

III. CONCLUSION

New asymptotic characterizations of nonfeedback capacity of
MIMO additive Gaussian noise (AGN) channels are presented,
when the noise is nonstationary and unstable. The asymptotic
characterizations of nonfeedback capacity, involve two gener-
alized matrix algebraic Riccati equations (AREs) of filtering
theory and a Lyapunov matrix equation of stability theory
of Gaussian systems. Identified, are conditions for uniform
convergence of the asymptotic limits, which imply that the
nonfeedback capacity is independent of the initial states.
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