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Abstract. In this paper, we develop finite-time horizon causal filters for general processes taking
values in Polish spaces using the nonanticipative rate distortion function (NRDF). Subsequently, we
apply the NRDF to design optimal filters for time-varying vector-valued Gauss—Markov processes,
subject to a mean-squared error (MSE) distortion. Unlike the classical Kalman filter design, the de-
veloped filters based on the NRDF are characterized parametrically by a dynamic reverse-waterfilling
optimization problem obtained via Karush—-Kuhn—Tucker conditions. We develop algorithms that
provide, in general, tight upper bounds to the optimal solution to the dynamic reverse-waterfilling
optimization problem subject to a total and per-letter MSE distortion constraint. Under certain
conditions, these algorithms produce the optimal solutions. Further, we establish a universal lower
bound on the total and per-letter MSE of any estimator of a Gaussian random process. Our theo-
retical framework is demonstrated via simple examples.
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1. Introduction. Motivated by real-time control applications of communication
system design, Gorbunov and Pinsker in [1] introduced the so-called nonanticipatory
e-entropy of general processes (see [1, Introduction I]). The nonanticipatory e-entropy
is equivalent to Shannon’s classical rate distortion function (RDF) [2, 3] with an
additional causality constraint imposed on the optimal reproduction distribution or
estimator. Along the same lines, for a two-sample Gaussian process, Bucy in [4]
derived a causal estimator using the distortion rate function' subject to a causality
constraint. Galdos and Gustafson in [6] applied the classical RDF to design reduced
order estimators. Tatikonda, in his Ph.D. thesis [7], applied the nonanticipatory e-
entropy, called therein the sequential RDF, and related it to the optimal performance
theoretically attainable by causal codes, as defined by Neuhoff and Gilbert in [8]. In
addition, Tatikonda in [7] applied the sequential RDF of a scalar-valued Gaussian
process described by a discrete recursion, subject to a mean-squared error (MSE)
distortion at each time instant, computed by Gorbunov and Pinsker [9, Examples 1,
2] to illustrate by construction how to communicate a scalar-valued Gaussian process,
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optimally over a memoryless additive Gaussian noise channel. In [10], the authors
showed that a necessary condition to stabilize a controlled process described by a
linear discrete recursion driven by a control process and an independent Gaussian
process, over a limited-rate communication channel, is “the capacity of the channel,
noiseless or noisy, is larger than the sum of logarithms of the absolute values of the
unstable eigenvalues of the open-loop control system.” Similar conditions are derived
by many authors via alternative methods in [11, 12, 13].

In [14], Charalambous, Stavrou, and Ahmed revisited the relation between infor-
mation theory and filtering theory, using the so-called nonanticipative RDF (NRDF),
showed its equivalence to the nonanticipatory e-entropy RDF (see [14, Lemma I1.6]),
and derived sufficient conditions for the existence of an optimal reproduction distri-
bution of the NRDF. Moreover, in [14], the authors derived the form of the optimal
reproduction distribution, under the assumption that the solution to the NRDF is
time-invariant. Then, they used this expression to derive a suboptimal causal filter
for time-invariant multidimensional partially observed Gaussian processes described
by discrete-time recursions, subject to an MSE distortion. The optimal reproduction
distribution which minimizes the directed information from one process to another
process, subject to a general fidelity criterion of reproduction, is given in [15] and
further explained in [16].

In recent years, the NRDF has been applied in many communication-related
problems. Derpich and @stergaard in [17] applied the nonanticipatory e-entropy of
the scalar Gaussian process subject to an MSE distortion at each time instant to
derive several bounds on the optimal performance theoretically attainable by causal
and zero-delay codes. The importance of NRDF to the joint design of an {encoder,
channel, decoder} operating optimally in real time is investigated in [18]. The sim-
plicity of such joint {encoder, channel, decoder} design, operating optimally in
real time, is demonstrated by Kourtellaris, Charalambous, and Boutros in [19], first
by communicating a binary symmetric Markov process over a binary input-output
channel with unit memory on past channel outputs (with symmetry) subject to a
transmission cost constraint, and then by reconstructing it subject to an average
Hamming distortion.

In [20], Tanaka et al. computed numerically the expression given in [21] of the
finite-time and stationary NRDF of a multidimensional fully observed Gauss—Markov
process subject to a per-letter and asymptotic MSE distortion, using semidefinite
programming. Further, in [20] connections to the minimum data-rate achievable by
zero-delay source coding problems are discussed.

1.1. Problem statement. In this paper we investigate the following estimation
problem: given an arbitrary random process, we wish to design an optimal commu-
nication system such that at its output, the estimated process satisfies an end-to-end
fidelity criterion or the average distortion is below a given level.

This problem is equivalent to the design of an optimal {encoder, channel,
decoder} that communicates an arbitrary random process to the output of the de-
coder, with the specified average distortion level. Formally, the problem can be cast
as follows.

PROBLEM 1 (information-based estimation). Given

(a) a random process {X; : t = 0,...,n} taking values in complete separable
metric spaces {X; : t = 0,...,n}, with conditional distribution {PXtIXS—l :
t= O,...,Tl}, :176_1 £ (x07xl7"'axt—1);
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(b) a distortion function of reproducing x; by y: € Yy C Xy, t =0,1,...,n, defined
by a real-valued measurable function do (-, ")

n

(1.1) don(x,y™) 2> pe (T, T'y™) € [0, 00,
t=0

or at each time t, defined by

(1.2) dy (xf), yt) 2 p (T%&Tﬁ/") , t=0,...,n,

where Tzl C (20, 71,...,2¢), T'Y™ C (v~ 1, 90,Y1,---,Yt), is either fized or

nonincreasing with time?> for t = 0,1,...,n, and y~' € Y~ is the initial

state,
we wish to determine an optimal probabilistic {encoder, channel, decoder} to com-
municate {X; : t =0,...,n} to the output of the decoder or estimator, with end-to-end
average distortion that satisfies

1
(1.3) E{do. (X7, Y")} <D VD e€|0,00),
n+1 ’

or at each time t, the average distortion satisfies
(1.4) E {Pt (TtX{},TtY")} <D; VD;€[0,0), t=0,...,n.

Regarding application examples, our focus is on Gaussian sources with memory,
subject to the total and per-letter MSE distortions (1.3) and (1.4). Apart from the
numerical computation of [20], the reverse-waterfilling solution for Problem 1 remains
to this date unsolved in the literature.®> For the analogous classical RDF a similar
problem has also remained open for several years (see the discussion in [24]).

The above definition of information-based estimation problem ensures the fidelity
criterion (1.3) or (1.4) is met, hence it is fundamentally different from standard es-
timation techniques, such as MSE, maximum a posteriori, and maximum likelihood.
In general, it is known from Shannon’s information theory [2] that to achieve such a
fidelity criterion, for any D € [Dyin, 0] C [0, 00], we need to design an encoder, a
channel whose output is the actual observation process or sensor measurements, and
a decoder or estimator that takes as an input the channel outputs and produces the
estimated process Y of X™. In Shannon’s noiseless source coding theorem [2] the
channel is noiseless. However, for the noisy coding theorem the channel is noisy, and
the problem is equivalent to the construction of the {encoder, channel, decoder},
as shown in Figure 1 (for a thorough discussion on the duality of sources and channels
see, e.g., [25]).

Our main objective is to address Problem 1 using information-theoretic measures.
By the converse coding theory of causal codes [16], the natural information-theoretic
measure to address Problem 1 is the NRDF (see Definition 1.1). Moreover, by data
processing inequality, the capacity of the channel in Figure 1 is larger than or equal to
the NRDF, and equality holds if the encoder and decoder operate optimally (see, e.g.,
[18, Theorem 38.3]). Hence, we leverage upon the previous observations to emphasize
the connection of the NRDF to Problem 1.

In the next subsection, we describe the fundamental differences between infor-
mation-based estimation via NRDF and Bayesian estimation theory.

2For example pe(TtaB, Tty™) = p(xt,yt), t =0,...,n, where p(-,-) is a distance metric.

3We note that it was recently demonstrated via a counterexample in [22] that the reverse-
waterfilling algorithms derived in [21, 23] serve as upper bounds to the optimal solution in the
asymptotic regime. Hence, these are also suboptimal in the nonasymptotic regime.
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Sensor map Filter

Encoder Channel Decoder

Xo, X1,... Ro, Ry, ... Zo, L1, - - Yo, Y1,...
System - —

Pthxrtl—l PRthtil,X(t)',Ztil PZtlztfl’Rt PYt|Yt717Zt

Optimal
Reproduction
Distribution

*
Y |Yt-1, X}

F1G. 1. Block diagram of Problem 1 with probabilistic {encoder, channel, decoder}.

Xo, X1, ... Zos Z1,s ..

Xo, X1, ...
System Sensor >

Filter

Pthxé—l PZt‘Z"’l,X(‘) Pthzt—l

Fic. 2. Bayesian filtering problem.

1.2. Relation between Bayesian estimation and estimation using NRDF'.
In Bayesian filtering [26, 27], one is given a model that generates the unobserved
process X' = {X; : t = 0,...,n}, via its conditional distribution {th‘Xé—l
t = 0,...,n}, or via discrete-time recursive dynamics, and a model that gener-
ates observed data Z" £ {Z~' 7y, Zy,..., Z,}, based on its conditional distribution
{PZt\thl.,Xg :t =0,...,n}, that is obtained from sensors. At each time ¢, an es-

timate of the unobserved process X;, denoted by )/(\'t, is constructed causally, from
the observed data Z*~! for ¢t = 0,...,n. Thus, in Bayesian filtering theory, both
models which generate the unobserved and observed processes, X} and Z", respec-
tively, are given a priori, while at each time ¢, the estimator is )?t = g(Zt71) for
some nonanticipative measurable function g;(-) of the past information Z!=!, often
computed recursively, like the Kalman filter. Figure 2 illustrates the block diagram
of the Bayesian filtering problem.

On the other hand, in information-based estimation of Problem 1, one is given the
distribution {PXt‘X(tjfl :t=0,...,n} of the process X and a fidelity criterion, and
the objective is to determine the optimal nonanticipative reproduction conditional

distribution {P;tIY"—l ¢+ t =0,...,n} that corresponds to the NRDF, denoted
0

hereinafter by R, (D), and to realize this distribution by an {encoder, channel,
decoder} so that the end-to-end MSE distortions (1.3) or (1.4) are met. Thus, in
Problem 1, the observation model is constructed by the cascade of the {encoder,
channel} and the filter is the decoder, which satisfies the end-to-end average distor-
tion (1.3) or (1.4).

1.3. Contributions. The main contributions of this paper are the following:
(R1) A dynamic recursive expression for the optimal nonanticipative reproduction

conditional distribution, {P;,tlyt,l +t 1t =0,...,n}, which achieves the infimum of
A0

the finite-time horizon, NRDF,* and some of its properties.

4In what follows, when we refer to finite-time horizon NRDF we just say NRDF.
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(R2) Applications of (R1) to a time-varying multidimensional fully observed
Gauss—Markov process X™ with MSE distortion, to derive

(1) a parametric expression of R, (D) obtained via KKT conditions that is char-
acterized by a time-space reverse-waterfilling;

(2) iterative algorithms that provide, in general, upper bounds to the time-space
reverse-waterfilling solution for both distortion constraints (1.3) and (1.4),
which perform optimally under certain conditions;

(3) a universal lower bound on the MSE of any causal estimator of the Gauss—
Markov process, expressed in terms of the NRDF.

Contribution (R1) generalizes previous work found in [14], in the sense that it holds
for any source process conditional distribution {PXt‘Xéfl :t=0,...,n}, irrespective
of whether this is time-varying or Markov, and for any fidelity criterion, such as (1.3).
The optimal time-varying reproduction distribution {P%\Yt—l,xé :t=0,...,n} of
the NRDF is characterized recursively, backward in time, starting at time ¢ = n till
time ¢ = 0.

Contribution (R2) demonstrates that for time-varying multidimensional fully ob-
served Gauss—Markov processes with MSE distortion, the parametric expression of
the NRDF, R{)‘fn(D), is characterized via dynamic programming, by a time-space
reverse-waterfilling optimization problem. To solve the time-space reverse-waterfilling
problem subject to the distortion constraints (1.3) or (1.4), we propose two iterative
algorithms which serve, in general, as upper bounds to the optimal value of RS:”‘,L(D).
In some cases, these algorithms perform optimally. The efficiency of these algorithms
is exemplified to one numerical simulation where we compare with the optimal nu-
merical solution obtained via semidefinite programming [20]. The Markovian prop-
erty of the optimal reproduction distribution implies that the optimal distribution is
{PY,1v, ., x, 1t =0,...,n}. This distribution is realized by an {encoder, channel,
decoder}, such that the estimation error decays exponentially, under certain con-
ditions. The new recursive estimator is finite-dimensional and ensures the fidelity
constraint is met. The time-space reverse-waterfilling implies that given a distortion
level, the optimal state estimation is chosen based on an optimal threshold policy, in
time and space (dimensions). This is the main fundamental difference compared to
the well-known Kalman filter equations. An application of the waterfilling is in sensor
selection problems, where the objective is to select, among a set of sensors, only a
subset of them to ensure a prespecified estimation error is met.

The universal lower bound on the MSE of any estimator generalizes the well-
known bound of a Gaussian random variable (RV) given in [28].

The rest of the paper is structured as follows. In section 2, we introduce the
notation used throughout the paper. In section 3, we formulate the NRDF for general
processes. In section 4, we describe the form of the optimal nonstationary (time-
varying) reproduction distribution of the NRDF. In section 5, we characterize the
NRDF for time-varying multidimensional Gauss—Markov processes with MSE distor-
tion, we present examples in the context of realizable filtering theory, and we derive
a universal lower bound to the MSE of any estimator in terms of the NRDF. Finally,
we draw conclusions and discuss future directions in section 6.

2. Notation. R £ (—o00,00), Z = {...,—1,0,1,...}, N £ {1,2,...}, Ny &
{0,1,...}, N# £ {0,1,...,n}. For any matrix A € RP*™  we denote its transpose by
AT. We denote the trace of a square matrix A € RP*? by trace(A) and by diag{A},
the matrix having A, ¢ = 1,...,p, on its diagonal and zero elsewhere. The set of
symmetric positive semidefinite matrices A € RP*P is denoted by SﬁXp and its subset
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of positive definite matrices by S}”. The statement A > A’ (resp., A = A’) means
that A — A’ is symmetric positive semidefinite (resp., definite). {(X,,, B(X,)) : n € Z}
denotes a measurable space, where X, is a complete separable metric space or Polish
space, and B(X,,) is the Borel o-algebra of subsets of &,,. Points in the product space
X% & X,ezX, are denoted by x> = (...,7_1,70,T1,...) € X%, and their restric-
tions to finite coordinates for any (m,n) € Ny x Ny by 2% £ (2, ...,...,%,) €
X" n > m. B(X?%) £ @4czB(X;) denotes the o-algebra on X7 generated by cylinder
sets {x = (...,2_1,20,21,...) € XL 1 x; € A;, j € Z},Aj € B(X;),j € Z. Thus,
B(X)) denote the o-algebras of cylinder sets in A}, with bases over A; € B(&Xj), j €
{m,m+1,...,n}, (m,n) € ZxZ. Given an RV X : (Q, F) — (X, B(X)), we denote
by® Px(dr) = P(dz) the distribution induced by X on (X,B(X)). M(X) denotes
the set probability distributions on X. Given another RV Y : (Q, F) — (¥, B(}))
we denote by Py x(dy|X = x) = P(dy|z) the conditional distribution of RV Y for a
fixed X = z. Such conditional distributions are equivalently described by stochastic
kernels or transition functions [29] K(+|-) on B(Y) x X, mapping X into M()) (space
of distributions), i.e., z € X — K(-|z) € M(Y), and such that for every A € B(Y),
the function K(AJ-) is B(X)-measurable. We denote the set of such stochastic kernels

by Q(V|X).

3. NRDF on general alphabets. In this section, we introduce the definition
of NRDF from the definition of relative entropy, using general processes which take
values in Polish spaces (complete separable metric spaces), that include finite, count-
able, and continuous alphabet spaces. Throughout, we assume there is a complete
probability space (2, F,{F: : t € Nj},P) with complete filtration {F; : ¢ € Nj} on
which all processes are defined.

Source distribution. The process X £ (X, X1,...,X,,) is described by the
collection of conditional probability distributions Py e Claf ),z e xp it e
N§. For each ¢t € Njj, we let PXt‘Xé—l('|') = Pi(-]') € Qu(X|X;™h), and for ¢t = 0, we
set Py ix-1 = Py(drg). We define the probability distribution Pxn(-) = Fo.n(-) on
&g by

(3.1)
PO,n(AO,n) é / Po(dCC()) .. / Pn (d$n|l‘g_1) s At S B(Xt), Aom = X?:OAt'
Ao A

Thus, for each n € Ng, Py (1) € M(A}).

Reproduction distribution. The reproduction process Y™ £ (Y1 Yy, Y1, ...,
Y,) of X & (Xo,X1,...,X,) is described by the collection of conditional distri-
butions P}/}/‘Yt—l,X(fj('|yt71,x6),(ytil,xf)) e Yl x xt, t € N7, where Y1 is the
initial state with fixed distribution Py -1 = pu(dy~!). For each t € Ny, we let
PYtlyt—17Xé('|',') = Qt(|,) € Qt()}t\ytA X Xé), and for t = 0, PY0|Y717X0 =
Qo(dyoly™!,z0). We define the family of conditional probability distributions on Vg
parametrized by (y=1,2f) € Y71 x XAJ as follows:

ao,n (BO,7L|y_17x6L) é/B QO (dy0|y_17370) ce
0
(32) / Qn (dyn|yn_17 373) 9 Bt S B(yt)) BO,n = X?:OBt

5The subscript notation is often omitted when it is clear from the arguments of the distribution.
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We note that the family of probability distributions 607,L(-|y_1, x) parametrized by
(y=hap) € Y7 x XY satisfies the following consistency condition (CC):

CC. For any F € B(Y}), then, (Fly=t, xp) is a B(Y 1) ® B(X)-measurable
function of (y~1,zf) € Y~ x A

Moreover, from [30], for any family of conditional distributions

0,n

PYD"\Yfl,Xg(‘|Z/717$3) =P(|y~ ' ap)
on Y} parametrized by (y~1,2§) € Y71 x XJ that satisfies CC there exists a sequence
of stochastic kernels Q¢ (-, -) € Q¢ (V| V'™! x &), t € N§, such that P(Bg,, |y~ !, z3)
is defined by the right-hand side of (3.2). We define the set of probability distributions
on V¢ conditioned on (Y1, X¥") = (y~ 1, zf) € Y~ x X that satisfies CC by
(3.3) MECYH) 2P (Jy~ ", xf) € M(V§) : such that CC holds} .

Thus, for each n € Ny, 60}n(-\y_1,x’8) e MY, (y~Lap) € Y1 x AP, Given
aPyn() € M(AY), a 50,n(~|y’1,x8) € MCC(Yp), and a fixed distribution p(dy~1),
we define the following distributions:

e The joint distribution on X3 x Y given Y1 = y~1 that is defined by

P (Ag, % Bowly™) 2 (Pon®@o.n) (Xio(ArxBy)|y )

(3.4) = /AO Po(dao) . Qo (dyoly ™", o) ...

/ Pn(da:n|xg_1)/ Qu (dynly™ . 25) .
A By,

e The marginal distribution on YJ given Y ~! = y~! that is defined by

H?n (Bo,n|yil) £ /B /n (Pon ® ao,n) (dxg,dymy*l)
0,n 0
= /B Hoa (dyo|y*1) Hna (dyn|y”*1) .
0,n

5}
e The product probability distribution ﬁo,n('wfl) s B(X) @ B(YY) — [0,1]
conditioned on Y ! =y~ ! is defined by

3
T (Aon x Boaly™) 2 (Pon < TIE,) (xio(Ax By ™")

—/AO Po(dﬂﬂo)/BO Hoa (dyoly™) /A P (dxn|xg_1)/3n Hna(dy"‘ynil)'

n

Using the distributions above, we define the relative entropy between the joint

distribution Pé(dxg, dytly~!) and the product distribution ﬁovn(d:cg, dyply=1), av-
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eraged over the initial distribution pu(dy~!), as follows:

3 Pon()® Gonlly~28)
D <P0,n & aO,nHHO,n) = / IOg 0,3 2 (',L"(’)La yg)
x5 Xy Pon() @TE, (fy)

(3.5) X Py p (d22) ® Qo (dyl |y~ 2) @ p (dy™) € [0, 0]
® o[ Gonllap)
- og 8—(y0)
gy &, (y)

X Py (do) © Qo (dyit]y™ 2t) © pl(dy™)

(b) & Qul-|y'=", ab) )
= log | —=—"(w)
2 g ( T

< Qi (dyly' ™", h) © Py (darfa'~1) @ P9 (da' ", dy' ")

(3.6) = il (X5 vy
=0
(3.7) =lon (PO,nv 50,77,) )

where (a), (b) are due to the chain rule of relative entropy (see [30]), and I(X{; V3|V~ 1)
is the conditional mutual information between X* and Y;, conditioned on Y*~!. In
(3.7) the notation o, (-, -) indicates the functional dependence on {P ., 607"} (the
dependence on p(dy~!) is omitted).

Using the previous formulation, the following functional properties hold:

(P1) By [30, Theorem 5] the set of distributions 50’n(-|y_1,m6’) € MEC(Y) is
convex.

(P2) By [30, Theorem 6], I (P n,-) is a convex functional of 607n(-|y_1, xy) €
MEC(VE).

We define the NRDF using the above definition of relative entropy as follows.

DEFINITION 3.1 (NRDF).

(1) Given the distortion function (1.1) of reproducing x; by y;,t = 0,1,...,n,
define the set of reproduction distributions that satisfy the fidelity criterion by

(D) 2 {Ga (o a8) € MEOR) s B {do, (X3 V") < DY D0,

where E?{} indicates that the joint distribution is induced by {Pp,(dz"),
607n(dy3\y71, ™), u(dy=1)} defined by (3.4). The NRDF is defined by

(3-8) o (D) £

0,n

s inf o, (Po,m 50’n) . D>0.
60,71(dy8‘y_17wg')eao,n(D)

(2) Given the distortion function (1.2), define (similarly to (1)) the fidelity crite-
rion by

3o(Do. Dy, Dy)
& {Qon (fy " 28) € MOOWg) - B {d (X4, Y")} < Dy v € NG,
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where Dy € [0,00) ¥Vt € Nj. The NRDF with average distortion at each time is defined
by

lI>

(39) R (DOaDla 5Dn)

inf Io,n (PO,m 60,71)

60,n(dy(7) Lxl) Gar)n (Do,D1,...,Dy)

for D, € [Dn, D] C [0, 00] fort = 0,...,n, similarly as above.

Next, we state some properties of the NRDF in Definition 3.1.

(P3) By (P1) the set ao,n(D) is a convex subset of MEC(F).

(P4) By (P2) and (P3) the NRDF defined by (3.8) is a convex optimization
problem.

It should be mentioned that sufficient conditions for existence of an optimal re-
production distribution 60 L (dyily=1, 2B) that achieves the infimum of the NRDF
defined by (3.8) are identified in [14, Theorems II1.3, TI1.4] by means of weak*-
convergence and compactness of probability measures in appropriate function spaces.
Similar conditions are also identified in [30, Lemma 12, Theorem 14] using weak-
convergence and compactness of probability measures via Prohorov’s theorems.

For completeness, in the next remark we discuss the precise relation between
the NRDF and nonanticipatory e-entropy [1] and their fundamental differences with
respect to Shannon’s definition of classical RDF [3].

Remark 1 (RDF and nonanticipatory e-entropy). Consider a distribution Py ,,(-) €
M(X$) and a reproduction distribution P(dygly~', zf) £ QfS(dyply™', ) €
M), (y=Lay) € Y= x X% which does not satisfy the CC. Then, the condi-
tional distribution on Y§ given Y~ = y~! and the joint distribution on AXZ x Vg are
introduced as follows:

(3.10) e (dygly) / Que, (dyly~t, o) @ P, (dall),

(3.11) P (dxo,dyo |y ) = Pyp (dzf) ® ngn (dyg|y*1,$6l) .

Define the set of conditional distributions that satisfy the fidelity criterion by

1 nc
0t (D) 2 {85, (@ 1) € MOB) : B o (X3 ¥} <D}, D20,
The classical RDF [3] is defined by
(3.12) Ron(D) 2 inf I (X3 YY),

Qo n(dyo Iy b m(J)EQ (D)

where I(X7; Y'Y 1) is the conditional mutual information defined by

0 Cly~", 25)
( 0340 | ) Xy Han (ly=1) 0
(3.13) X Py (dzf) @ Q5S, (dyf |y~ 28) ® u (dy ™)
(314) = ]Ig:cn(PO.,n7 QO,n)'

By Bayes’ rule we have the decomposition QgS, (dyg |y ™", z) = @70 QP (dy|y' ™, ).
Therefore, in general, the solution to the classical RDF cannot be used to construct
causal estimators, because for each ¢, the reproduction distribution Q3¢ (dy;|y* !, z§)
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depends on futures symbols (411, ..., 2,). In view of this technicality, Gorbunov and
Pinsker in [1] introduced the nonanticipatory e-entropy, defined as follows:

(3.15)  Rj (D)= .o nf o I (X3 Y|y,
Q4%, (D):Q5% (dyfly ™" ,2)=QE  (dyjly ™" zh), teNG

The extra conditional independence condition Q8¢ (dybly~", zf) = QST (dybly™", xf),
t € Ny, that is imposed in the definition of classical RDF (3.12) implies CC. This
follows from the following equivalent statements of conditional independence shown

in [31, Lemma 6.2]:
MCL. Qi (dygly" ) = Qo (duly™ ) = ©oQi(durly' ", zh) n € No;
MC2. Qp(dy|yt~t, ab, 1) = Qu(dy|y' !, zb) for each t € N ™' Vn € Ny;
MC3. Py(dziyi|zh, y') = Pi(daiiq|zh) for each t € NI~ Vn € Ny;
MC4. Q8 (dybly=t, xh, 2 y) = Qo(dybly~*, ab) for each t € Nj~' Vn € Ny.
Since MC1-MC4 are equivalent statements, then it can be shown that the NRDF

defined by (3.8) is equivalent to the nonanticipatory e-entropy defined by (3.15), that
is, Rg?%, (D) = R, (D).

4. Optimal nonstationary reproduction distribution. In this section, we
describe the form of the optimal nonstationary (time-varying) reproduction distribu-
tion that achieves the infimum in (3.8) (assuming it exists).

First, we introduce the finite-time horizon nonanticipative distortion rate func-
tion, hereinafter denoted by Dy ,,(R"*), defined as
(4.1)

Don(R™) = inf E?{do,n(xg,yn)} R™ € [0, 00).
Gon(dyly="l): 7i710,0(Pon, Go,n) <R™

Next, we state certain important properties of Rg%, (D) that follow directly from
properties (P3), (P4) (following mutatis mutandis the derivation in [32, Theorem 7.1,
p. 45]), and we do the same for Dg ,(R"®).

(P5) Ry, (D) and Dy, (R") are nonincreasing functions of D € [0,00) and R™ €
[0, 00), respectively, and the function R, (D) is convex in D € [0, c0).

(P6) Ry, (D) is continuous on D € (0,00), and if R, (0) < oo, then it is contin-
uous on D € [0, 00).

Note that (P6) follows from the fact that a bounded and convex function is
continuous; hence by the nonincreasing property in (P5), Rg%, (D) is bounded outside
the neighborhood of D = 0 and continuous on (0,00). Moreover, if R, (0) < oo,
then Ry, (D) is bounded and hence continuous on [0, o0).

Assume an optimal reproduction distribution ag’n(dy{} ly~1,22) that achieves the
infimum of the NRDF defined by (3.8) exists. If, in addition, there exists an interior
point in the set ZO’H(D), then the NRDF is a convex optimization problem that can
be reformulated using the Lagrange duality theorem [33, Theorem 1, pp. 224-225], as
an unconstrained problem as follows:

0% (D) = sup inf
s<0 Go,n(-ly=1,2p)EMEC(VP)

{Ton (Pos Gon) - s(E§ {don (X5, Y™} = D(n+ 1))}

In what follows, we state a theorem that generalizes the result of [14, section IV],
which was developed under the assumption that the optimal reproduction distribu-
tions QF (dy:lyt~t, x) = Q*(dy:|y' ™', xf) Vt € Ni are identical, or that the joint

(4.2)
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process {(X¢,Y:) : Vt € Nj} is stationary. The next theorem computes the elements
Q; (dys |yt~ zt) = Q*(dys|y' =1, xL) Vt € NI recursively moving backward in time.
This result is applied in the subsequent analysis to compute the NRDF, Ry, (D), of
time-varying multidimensional Gauss—Markov processes.

THEOREM 4.1 (optimal nonstationary reproduction distributions). Suppose there
exists aanﬂy*l,w(}) € Qon(D), which solves (3.8) for D € [Duin, Dimax], iden-

tity (4.2) holds, and Iy ,,(Pon, 60,,1) 1s Gateaur differentiable in every direction of
{Q:(-lyt =t xf) : t € NG} for a fived Py (1) € M(XJ) and pu(dy=') € M(Y~1). Then
the following hold:

(1) The optimal nonstationary reproduction distributions denoted by

{QiCly'™" ap) € M) : t € N}

are given by the following recursive equations backward in time.
Fort=n,

espn(Tnl‘g,T"y")Hna* (dyn |yn_1>

(4.3) Qr (dyaly™ ", 25) = RS X '
fyn espn (Trag, T y™ ) ] (dynly™—1)

Fort=n—-1,n-2,...,0,

1) Q) — T O '
| ; of) =

Iy 5 (T Ty =00 (a0 LD (=)

t

where s < 0 is the Lagrange multiplier, and H?*(-|yt_1) € M) and gt (xh, y") are
defined by

gn,n(xgayn) Oa

gin (ah,y') 2 — / Pros (deesa |5)

X1
spear (TP el TH Iy g (ztTL ) 3* ¢
x log e P+t 0 trimtfor o 1§} (dytJrl‘y) .
Vit

(2) The NRDF is given by

(4.5)
b2 (D) = sD(n + 1)

[ s ) @ Gl o)
t—0 J XgxYt=t Vi
® P, (dxt|:c6_1) ® (Po,t—l ® 62"“_1) (dzf™", dy8_1|y*1) ®p(dy™").
(3) If R5,(D) >0, then s <0, and
(4.6)

1
n+1

n

Z/X G (T'xg, T'y"™) (Po,t ® 52‘“) (dah, dysly™") @ p(dy™") = D.
t=0 J AExY*
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Proof. We outline the derivation. The minimization over {Q;(:|y* ™!, xf) : t € Np}
in (4.2) is a nested optimization problem. Hence, we apply dynamic programming,
backward in time. Then, we carry out the infimum starting at the last stage over
Qn(-ly"~ 1 ay) € M(Y,) and sequentially move backward in time to determine
Qi(ly" 1, an), Qx 1 (ly" 2,207 Y), ..., Q5 (-ly~ 1, 20), by performing the Gateaux dif-
ferential at each direction of @, (-|y" ™, 28), Qu_1(-ly" 2,25 ™1), ..., Qo(-ly*,x0). O

By utilizing Theorem 4.1, then, for a given distribution Py ,,(-) € M(X{'), we can
identify the dependence of the optimal nonstationary reproduction distribution on
past and present symbols of the information process {X; : ¢ € Nij}, called the infor-
mation structures (IS) of the optimal nonstationary reproduction distribution of (3.8).

IS of the optimal nonstationary reproduction distribution:

(IS1) The dependence of QF(dy,|y" ', zf) on 2" € X is determined by the
dependence of p, (T"xf, T"y™) on zj € AJ as follows:

(IS1.1) If py (T, Tiy™) = p(wy,y') Vt € NI, then, at t =n, QF (dy,|y" 1, zh) =
Q: (dyn|y™ =Y, x,), while for t = n—1,n—2,...,0, the dependence of Q; (dy;|y'~1, zf)
on z§ € X! is determined from the dependence of g ,(zf,y") on zf € X¢.

(IS1.2) If Py(dw¢|zl ') = Py(dzy|zi=] ), where L is a nonnegative finite integer,
and p(T'zf, T'y™) = p(zt_p,yt), where N is a nonnegative finite integer V¢ € N,
then, Qf (dy:| y'~", xh) = Q)" (dyily'~", 2} _ ) ¥t € Nj, where J = max{N, L}.

If L =N =1, ie, p(Tta3, Ty"™) = pi*(24,y:), ¥t € Ni, and the source is
Markov, then Q7 (dy|y*™', 25) = Q}* (dy.|y' =1, x;) Vt € N2, and NRDF is character-
ized by the following optimization problem:

(4.7) RE,(D) £ _int E?' {Zlog <Yt1Xt)(Yt)>}

5,0 (D) =0 e (yt-1)
(4.8) = inf I (XY |y,
Bonw);

where the transition probability distribution of Y; given Y*~1 = y*~! is given by
a1 t—1 1 t—1 g t—1 n
(4.9) I1, (dyt‘y ) = Q; (dyt’y ,a:t) QP (dmt’y ) vt € Ny,
X

and the fidelity criterion is defined by
(4.10)

5,n(D)é{Qi(dyt{ytl,xt),teNg: B {Zﬂt Xt,Yt}<D}.

(IS2) If gin(zb,y') = Gen(zb,y'™1),Vt € NJ, then, the optimal reproduction
distribution (4.4) reduces to

e I (dy g )

(4.11) QF (dye|y'™",2p) = pp—— &
Jy, e T8 TYOIIE (dyy|yt=1)

vt € Ng.
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(ISS) If gt,n(xt07yt) = gt,TL(xéayt71)7 Pt(Ttxgthyn) = pr(Ihyt) Vt S Nga and
X@ is Markov, i.e., Py(dxy|xf ™) = Py(dx¢|zs—1) V¢ € NJ, then (4.11) reduces to
(4.12)

sp;(@eyt) 61’* —1
Q; (dyt|yt_1,l‘(t)) = Qtl’* (dyt’yt_l,xt) e YOILE (dyely™™)

fyt espr(xuwH?“ (dyely*=1)

Vt € Ng,

which is Markov in X§'. Again, we cannot determine from the above characterization,
whether at each ¢, the optimal reproduction distribution QM *(dy:|y*~, ;) depends
on limited memory on past reproductions y*~!.

Remark 2. Note that the discussion of this section holds, even if the average

distortion (1.3) is replaced by (1.4), by simply replacing S%H(E,?{dom(X(?, Y™} —

D) in (4.2) with Y} st(E;Q){pt(TtX{)L,TtY”)} — Dy), where s; are the Lagrange
multipliers for ¢t € N.

Remark 3. If the o-algebra generated by the initial state Y ! is the trivial
o{Y 1} = {Q,0}, then in Definition 3.1, the payoff is replaced by

n n

(4.13) ZI (X5 V| YY) = I(Xo; Yo) + ZI (X6 Va|Yo, Y1, ..., Yema)

t=0 t=1
Hence, all previous material and subsequent material can be specialized accordingly.

In the next section, we use Theorem 4.1 and the above observations to derive
o (D) for the multidimensional Gauss-Markov processes X .

5. NRDF of time-varying multidimensional Gauss—Markov processes.
In this section, we apply Theorem 4.1 to the following time-varying multidimensional
Gauss—Markov process, described in state-space form.

DEFINITION 5.1 (time-varying multidimensional Gauss—-Markov process). The
source is a time-varying RP-valued Gauss—Markov process defined by the recursion

(5.1) Xey1 = A Xy + Wi, Xo =m0, VEENITY

where Ay € RP*P Yt € NI™! is a nonrandom matriz. We assume

(G1) Xy € RP is Gaussian N(0; Kx,);

(G2) {W; : t € N} } is an RP-valued independent and identically distributed (I1ID)
Gaussian N'(0; Kw,), Kw, € SU*P sequence, independent of (Xo,Y ™1).

(G3) The distortion function is the sum of squared errors, defined by do n(xg,y™)
= o pe(Tha, Thy™) = 3o llwe — well3-

Next, we derive the following results:

(1) the analytical expression of the optimal nonstationary reproduction distribu-
tion that achieves the infimum of the NRDF and the characterization of the NRDF
subject to an MSE distortion;

(2) a universal lower bound on the total or per-letter MSE of any causal estimator
of Gaussian processes;

(3) a realization of the optimal nonstationary reproduction distribution in the
sense of Figure 3 that allows us to obtain the optimal filter.

The characterization of the NRDF is parametric and involves reverse-waterfilling
recursively in time and space. Such a complete characterization is never reported
in the literature, for either of the two average distortions (1.3) and (1.4). Further,
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two algorithms are developed to provide tight upper bounds to the optimal reverse-
waterfilling solution. These are generalizations of the standard reverse-waterfilling
algorithm of the classical RDF of scalar autoregressive Gaussian processes with MSE
(given in [3]) and of the NRDF for scalar-valued Gauss—Markov processes with MSE
(given in [34]).

5.1. The optimal nonstationary reproduction distribution. Note that by
Theorem 4.1 and the Markovian property of (5.1), the optimal nonstationary repro-
duction distribution given by (4.3)—(4.4) is Markov with respect to XJ. Moreover,
from (IS1.2), the characterization of the NRDF is optimized over the reproduction
distributions Q} (dy:|y*~!, ), t € Ng. The joint distribution of {XJ, Y} for a fixed
Yl =y Lis PQ (daf, yply~t) = Pldzoly™) @7 (Pu(dailzi—1) @ QF (dyely* =1, 2y)).
Thus, for a fixed Y~' = y~', the characterization R?,(D) given by (4.7) can be
expressed in terms of relative entropy as in (3.5) and, additionally, the MSE distor-

tion nT—l _1 {Z o I X —Y;||3} is determined from the covariance matrix {X{, Y{'}.
On the other hand7 for a fixed Y1 = y~1, once the covariance matrix of {X7, Y}
is specified, and since X[ is Gaussian, by applying [32, Theorem 1.8.6] the payoff
S o I(Xu YalYg ™y~ in (4.7) is minimized if the {X7, Y7} is jointly Gaussian.
Hence, for a fixed Y~! = y~!, the infimum in (4.7) over Qj, (D) is achieved if
{X{§, Y} is jointly Gaussian. Such jointly Gaussian distributions are induced if the
reproduction distributions are restricted to conditionally Gaussian distributions, de-
noted by Qi (-lyt~!, z;) = QF(-|y*~', z;), with conditional means that are linear in
(m4,y'71), and conditional covariances that are independent of (z;,y*~!) for V¢t € NJ.

Further, on an appropriate probability space (Q,F,{F; : t € Nj},P), we can
construct a jointly Gaussian distribution P (dxz,y™), induced by the process X§ of
Definition 5.1 and the process Y{* defined by the recursion

(5.2) Vi =HX;+g. (Y)+Ve, Y=y teNg,
(53) gt (Yt 1) :Mtyt 17 QtG (|yt 1,1715) NN(tht+Mtyt71;K‘/}C)7

where (Hy, M;) are nonrandom matrices, and V¢ ~ N(0; Kve), Kye € S5°P vt € Ny
is an independent sequence of Gaussian vectors that is independent of {W; : ¢t € Njj}
and Xo.
It should be noted that the following hold:
(i) the marginal PY(dz}) = @ P;(dvs|w,_1) is the distribution induced by the
Gauss—Markov process X' of Definition 5.1;
(ii) conditional independence holds, P (dx;|zht, y* =) = Py(dxt|xs—1), t € Ny
(iil) PY(dy|y'~t, ') = QS (dy;|y*~*, x;), t € NB, is a conditionally Gaussian distri-
bution.
Thus, {(H;, My, Kve) : t € Nj} is the parametrization of {Qf (-|y*~!, z;) : t € Ny }.
An alternative approach to show that {Q% (dy;|y*~!,z¢) : t € NI} achieves the
infimum in (4.7) over 5 (D), for fixed Y~! = y~! is to verify that the jointly
Gaussian distribution of (X(;L,YO”) for fixed Y1 = y~1, induced by (5.1) and (5.2),
satisfies the implicit equations (4.3) and (4.4) of Theorem 4.1. Note that by the
Markov property of X and the distortion function, (IS1.2) implies that the repro-
duction distribution is of the form Q}(-|y*~1,z;) Vt € N. Hence, it is sufficient to
verify that (4.3) and (4.4) are satisfied for the jointly Gaussian process (X§,Y)
defined by (5.1) and (5.2).
Stage n. Since the exponential term ,on(T” noTy") = |2, — yal|2 is quadratic

in (zn,yn), and H?G(dxn|y” fX Cdan|y" ' z,) @ P G(d:cn|y”*1), where
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Pac(dmn |y"~1) is conditionally Gaussian, with nonrandom covariance (by the Kalman
filter equations), then, the right-hand side of (4.3) is of exponential quadratic form in
(2,,y" 1), and hence the implicit equation (4.3) is satisfied.

Stages t € {n — 1,n —2,...,1,0}. By (4.4), evaluated at ¢t = n — 1, then
gn_lyn(xn_l,y”ﬂ) will include terms of quadratic form in z,_; and y™~!. Sim-
ilarly to stage n, the right-hand side of (4.4) is of exponential quadratic form in
(rn_1,y"2). Hence, the implicit equation (4.4) is satisfied at time ¢t = n — 1. By
induction, we deduce that (4.4) is satisfied for the jointly Gaussian process (X§,Y")
defined by (5.1) and (5.2).

By (5.1) and (5.2), for a fixed Y ! = y~!, the Gaussian NRDF is characterized
by the following optimization problem:

(5.4) Rp2(D)2 inf Efi {ilog (CWW(Y;)>}

3¢..(0) = e (yt1)
(5.5) = _inf I(Xt§Y2|Yotfl»y_1)a
Béin(D);
where

~ . 1 a n
gm(D) é {QtG (dyt|yt 17xt)a te NO . mEyQ_l {;”Xt n”g} S D} .

Further, we can express Rj%, (D) in terms of the Kalman filter prediction and

correction error as follows. For a fixed Y ™! = y~!, define the conditional expectations

-~ G
X1 2 Eg—l {Xilo {Y*"'}}, Seps
G -~ ~
=E", ¢ — Xgpe—1) (X = Xypp—1) jo Yy 0
2 B2, {(X, - Ry (X = K)o {11}
~ G
tht £ Efﬂ {Xt|0 {Yt}} ) Et|t
é E?fl {(Xt - tht)(Xt - )?t‘t)T‘O' {Yt}} Vf, S N6L7
where o{Z} denotes the o-algebra (observable events) generated by an RV Z. Since
the joint process (X{,YJ") is jointly Gaussian generated by (5.1) and (5.2), it fol-

lows from the Kalman filter equations (see [26] with minor modifications) that the
conditional covariances satisfy the recursions

(56) Et|t71 = At—lxtfl\tflAtT—l + KWtil, 20|,1 is given, te N?,
-1
(5.7) Sije = Sgje—1 — S HY (tht\t—lHtT + KV;) H 1.

Thus, the above conditional covariances are independent of the process Y™ and the
function g;(y'~') = Myy'~1, t € N2. That is,

G ~ ~
Yo = E§_1 {(Xt - Xt|t—1)(Xt - tht—l)T} )

(1>

G -~ ~
Etlt EQ71 {(Xt - tht)(Xt - Xt‘t)} Vt G Ng

Y

Note that for a fixed Y ! = y~!, from a property of conditional mutual information,
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the payoff in Rg%, (D) satisfies the identity
n

t—1 , —1 - Q¢ P?(,G\yt("yt)
(5.8) ZI (X Ya|Yy oyt = ZEyq log ﬁ(Xt)
t=0 t=0 th|yt—1("y )

1 o |Ett—1|}
5.9 = - logmax < 1, ,
(59) 32108 ! S0

where (5.9) is calculated from I(X; Y; |V~ 4= 1) = H(X|Y{ Yy ) —H(X Y,y Y,
in which H(-|-) denote conditional entropies, and using the fact that ¥;,_;, X, are
independent of Y{, g;(y'™1), t € N&. The MSE is given by

G n
B’ {z X0 — ms}
t=0

- EQQi {Z |(1 = Hi)X; — g (Yt_l)Hz} + Ztrace(Kv;)

(5.10)

t=0 t=0
ZEfi {ZH(I—Ht)Xt—QZ‘ (YH)Hz} + 3 trace(Kyy)
=0 ge=g; t=0

if g, (Ytil) =9 (Ytil) = (I - Ht))?t\t—l vt € Ny,

where the inequality holds due to mean-square estimation theory. Since by (5.9) the
payoff in R§3, (D) does not depend on gq(-), t € Ny, then (Y1) = gf(Y'™!), t €
Ng, is optimal.

In view of the above discussion, we have the following preliminary characterization
of the Gaussian NRDF.

LEMMA 5.2 (preliminary characterization of Rf%,(D)).  Consider the Gauss-
Markov process with MSE distortion given in Definition 5.1. Then, a preliminary
na

characterization of Rg%,(D), for a fived Y ! =y, is described by the optimization
problem:

bn(D) = if > T(XsYi[YThyT)
3, T (yi=0
. 1 |Zt\t71|
(5.11) = Ht}}}fc 2ZIOgmaX{L [Seel S

3, D) “ =0
where the average distortion constraint set is given by

HhKVfC
0,n

(D) & {(HhKVtc), teNg:

1 el n ~
— B {Z I = Hy)(X, - Xm_l)%} < D}.
t=0

Yije—1, Xy satisfy recursions (5.6), (5.7), and the realization of the reproduction
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distribution is given by
(5.12) Y, = H, (Xt - )?m_l) Xy +VE Y =y t=0,.. .,
Qf ('|yt_17$t) ~N(Hy(zy = Zyp—1) + Ty Kve).

Moreover, the filter is given by the following recursions:
(5.13a) Prediction: )A(t‘t_l = At—l)?t—l\t—lv )A(O‘_l = given, t=1,...,n,
(5.13b) Correction: Xy = X1 + Sop_1 HY (H Sy HY + Kve) ™ Ky,
(5.13¢) Innovations: K; 2, — )?t|t717 t € Ny.

Proof. The statements of the lemma follow directly from the discussion prior to

the lemma and the Kalman filter equations [26] with minor modifications. d

Remark 4. It should be noted that the above characterization implies that
0:n(D) is an optimization problem over the choices of {(H;, Ky,) : t € Ny} which
control {3, : t € Nij}. That is, the optimization is over all choices of joint realizations
of the process (X", Y™) such that (i)—(iii) hold.
na

Next, we derive the main theorem to characterize Rg%,(D) parametrically, via
a dynamic reverse-waterfilling optimization, and to determine the structure of the
optimal matrices {(H;, Kve) : t € Ni}, and hence of the specific realization of the
process (X", Y™) such that (i)—(iii) hold.

THEOREM 5.3 (R, (D) of multidimensional Gauss-Markov process with MSE
distortion). Consider the Gauss—Markov process with MSE distortion given in Defi-
nition 5.1. Then, the following hold:

(1) The infimum over the reproduction distributions of the characterization of the
Gaussian NRDF (5.4) occurs in the set of Markov distributions in Y™™, that is,

(5.14) QtG (dyt|yt71,$t) = Qtjfw(dytmtflaxt)v t € Ng,
and the characterization of the NRDF for a fixed Y_1 = y_1 is given by

A M S QiM('D/;f—let)
0 = in Q E = (V;
(515) O,n(D) aM f Ey,l { lOg ( HtQM(.D/t_l) (Y>> }

O,n(D) t=0
(5.16) = _ inf {I(Xo;YO|Y_1 =y-1) + ZI(Xt;Yth_ﬁ},
3i,(D) =1
where
n 1 M n
(I)\fn(D) = {in(dyﬂyt—l,xt)v teNg: mEﬁl {; [ X — Yt||§} < D} .

Moreover, the distribution QF (dye|y' =, z¢) = QM (dye|ys—1,7:), t € NZ, is realized
by

(5.17) Yi = Hi Xo+ (I — H) Ay 1Yo +VE, Yoo =y, teNg,
(5.18) H 21— AN, Kye 2 AH] =0,
(5.19) A=A 1A 1AL+ Kw,_,, Ao = given,
1 - M
(5.20) 1 Ztrace (A) < D, trace (A;) = Ej{l {IX: = Y;|5} = D.
t=0
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Furthermore, the above realization satisfies
(5.21) Xt\t—l =AY, )?t\t =Y.

(2) The characterization of the Gaussian NRDF in (1) is equivalent to the fol-
lowing optimization problem:

1 A
(5.22a) 0a (D) = inf - log {ltl}
’ AtGSiXP, teNg: >0 trace(A;)<D 2 =0 |At‘
subject to
(5.22b) 0=<Ay <Ay t€NZ,
(5.22¢) A=A 1A 1A L+ Kw, |, Ao = given, t € NT.

For the rest of the statements it is assumed that Kw, € SY\F, t € Nj.
The Lagrangian functional for the above optimization problem is

£({Ata At ;L:O7 9, {Ft17 Ft2}?:0)

1
= <2 log [Ag| — trace (FOZAO)>
n—1 1 1
(5.23) 2 {2 log|BA¢ + 1| — 5 log | A + trace ([F? - F' A)
=0
— trace (Fy (AAA] + Kw,)) + 9trace(At)}

n

- %log |An| + Otrace(A,) + trace ([F; — Fr] A,), t €Ny,

A

where By = AgKt;/iAh 0 € [0,00) is a Lagrange multiplier of the MSE constraint,
and th e 8", j = 1,2, are the matriz Lagrange multipliers for 0 = Ay < Ay, t €
Ni. The necessary and sufficient conditions for A} € SY*P, t € Ny, to achieve the
manimum are given by the following equations:

aﬁ({Ata At}?:(ﬁ 0) {Ft17 FtQ}?ZO)

(5.24) oA, N =0, teNg.
Fort=n,

(5.25) AbL = 2(91 —Fly Fﬁ)

If AY >0, then

(5.26) ATl =200I+F)) = A= % (01+F2)".

Fort=n—-1,...,0,
1 1,
S+ B,A}) B, — FAT VR FP 401 - ATF? A =0

If A} >0, then

(5.27) (I+B,A))™ By — Ay +2(01 + F?) — 2ATF2, A, =0,

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/04/19 to 137.122.64.200. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

OPTIMAL ESTIMATION VIA NRDF 3749

or equivalently

I * % I * * — n—
(5.28) (—2> A + A (—2) —~AIBA; Y =0, teNpT
(5.29) T, 2201+ F7 — AT FP | Ay) .

The complementary slackness conditions are

(5.30a) (Z trace(A}) — D(n + 1)) =0,0>0,

(5.30b) Z trace(Ay) < D(n+1),

(5.30c) AF = 0,AF — A} < O,trace (F/A}) =0,F? (A; —A})=0,F' = 0,F? = 0,

where t € Ny and A} is given by (5.22c) for A}.
Proof. See Appendix A. 0

Remark 5. Note that (5.28) is of the form of a Riccati equation, with a terminal
condition given by (5.26). Thus, it is possible to apply properties of Riccati equations
to analyze the solutions of such an equation. ]

In the next remark, we apply Theorem 5.3 to independent, time-varying vector-
valued Gaussian sources, with correlated spatial components.

Remark 6 (application of Theorem 5.3). Consider a source described by an inde-
pendent, vector-valued zero mean Gaussian process X;, i.e., N(0; Kx,), Kx, € S’ixp,
t € N, with correlated spatial components. This is a degenerate version of (5.1) if we
set A; = 0. By (5.17), the optimal realization that corresponds to this source process
degenerates to Y; = H; X; + V¢, t € N{, where H; is given by (5.18), with A; = Kx,.
The optimization problem in (5.22) degenerates to

na (1y) _ : 1N [Kx,|
(5.31a) om(D) = inf 520 { A, }

A,eSPXP, teNg: ST trace(A,)<D

subject to
(5.31b) 0=A; =% Kx,, t e N{.
By the KKT conditions of Theorem 5.3, then

(5.32) APV =201+ FY) — A=< (0I+F?) ",

DO | =

where F}! = 0 because if A} is singular, then it gives infinite value of mutual infor-
mation. By (5.32), we deduce that A} and F? have spectral representations with
the same unitary matrix, hence A} F? = F, QA;" , t € Ny, ie., they commute. Let
F?2UA F2 UT where A 2 is a diagonal matrix with entries the eigenvalues of matrix
F?. Then, A} can be written as A7 = UAa:U”. Note that unitary matrix U is a de-
sign parameter. Complementary slackness condition (5.30¢c), i.e., F? (A} — Kx,) =0,
can be written as

(5.33) UNp2U” (UAp; UM — Kx,) =04 ApeAn; = ApeUT K, U.
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As it can be seen in (5.33), since U is a design parameter, one can choose unitary
matrix U such that U Kx,U is diagonal (ie., if Kx, = VAg, V7T, then U = V7).
As a result, A}, Kx, and F? have spectral representations with the same unitary
matrix and commute. Next, we analyze the feasible set of solutions that correspond
to the optimization problem (5.31) if K, € Siip.

(i) 0 < Kx, = A; (0 < Kx, < A, included). In this case, the rate is zero.

(i) 0 < Ay < Kx,. Since F?, A}, and Kx, commute, then pg, , — pari =
WEx,—Azi > 0, where ppy, —ax ;i is the ith-eigenvalue of Kx, — A}. As a result,
ppz =0 and from (5.32) we deduce that Ay = =1

(iii) 0 < Ay =% Kx, (0 < Kx, < Ay excluded). Since F?, A}, and Ky, commute,
KKy, ; — HAzi = Hix,—Azi > 0. Hence, if gy —ari =0 (which also implies
that pp2; > 0), pry, , = payq. Otherwise, if uwy —ar; > 0 (ie., pp2; = 0),
then KK, : > KA i-

(iv) 0 < Ay £ Kx, and 0 < Kx, 2 A;. In these cases, one can show that there exist
A; with a lower rate that lies within the other cases.

Using the previous analysis on the complementary slackness conditions, and
(5.32), we observe that pax; = mini{ﬁ,ulgxm} for each ¢t and Vi. Hence, the so-
lution of the optimization problem of (5.31) is precisely the solution of the classical
reverse-waterfilling algorithm, i.e.,

n

(5.34) 0%.(D) =Y R“(A]) = % > Z log (l%(’) ’

t=0 =0 i=1 KAt
where
1 |Kx,|
5.35 na(A¥) = -] t
(5.35) rean) = gos ().
(5.36) pasi =12 D20 = Hxoh ot cach ¢ and all 4,
KEKx, i if 20 > HEKx, i,

and 6 is chosen such that the distortion constraint is satisfied.

In the following example, we consider the optimization problem of (5.31a) in
Remark 6 to derive a closed form solution for R{9 when n = 1. To do so, we first

apply the KKT conditions at the last time-step of the optimization problem (5.31a)
and then we move sequentially backward in time.

Ezample 1 (closed form solution of a memoryless R?-valued time-varying Gaus-
sian process). We consider a memoryless R2-valued time-varying Gaussian correlated

process {X; : t =0, 1} with covariance matrix Kx, € Siiz, t =0,1, given by

2 2
(5.37) Ky, = [UQX 0)2‘}

Full-rank solution. We consider the case for which A} < Kx,, t = 0,1. From
the complementary slackness conditions, this means that pa, ; — BKx, i < 0% and
ppz; =0, fori=1,2,¢=0,1. Upon solving (5.32) we obtain

1
(5.35) si=u |y o
26

SWhere pe,; denotes the ith-eigenvalue of ® matrix.
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where U; € R?*? is the unitary matrix that diagonalizes Aj. This means that
trace(Aj) = %, and using the distortion condition we obtain that 6 = 1/D. Then,
the objective function, given in (5.31a), becomes

1
na 1 2'U'KXt’i
(5.39) Ry4(D) = §§ 5 log( 5 )

t=0 i=1

with D € (0,2min{pry, ,}), i =1,2,t=0,1.
Rank-deficient solution. In this example, we will consider one of the many possible
cases (other cases can be solved likewise):
at t =1 pay1 — pKrx,,1 < 0, which in turn means pp2 ; = 0 and pa; 2 —
PKx,,2 = 0 which means that p1p2 5 > 0;
at t = 0: pag,1 — PKx,,1 = 0, which in turn means ppz2 ; > 0 and paz 2 —
PKx,,2 = 0 which means that g2 5, > 0.
at ¢ = 1: for this case, we obtain from (5.32) that

L
W

5.40 *=U
(5.40) =0T

T
U17

where U; € R?*? is the unitary matrix that diagonalizes A} and
the eigenvalues of A7 are given in a decreasing order, i.e., uax1 >
pax 2, and then, using the objective function of (5.31a) evaluated
at t = 1, we obtain

(5.41)

1 1 c) 1
R?a(AT) (i) 5 IOg </’LKT171> 4 5 IOg /’LKi(172 (:) 5 log (MKqu) ’
2(04’:“'1712,2)

20

20

=0

where (b) follows from (5.40) and (c) from the fact that pa: o =
PKx, 2. Therefore, at t =1, trace(A]) = %+ HKx, 2
at t = 0: for this case, we obtain from (5.32) that

1
S 0
2(0+p
(5.42) ar=ut | % +’OF3'1) . Ul

2(9"'_”‘1-73,2)

where U} € R?*? is the unitary matrix that diagonalizes A§. Since
Bag,i = Mg is @ = 1,2, R§*(A§) = 0 and trace(Aj) = pxy, 1 +
MKXU 2.

Overall solution: invoking the distortion constraint, we get

(5.43) 2D — (K, 1+ HEx, 2 T [y, 2),

%:

and the objective function, given in (5.31a), becomes

1 MKX 1
544 Rna D — 710 1 9
( ) 0’1( ) 2 © <2D - (,LLKXO,l t 1K, .2 Jr’qul’Q))

. 1 2 .
with 2D € (:U“KXOJ +NKXD72 +/LKX172’ Zt:o Zi:l :qut,i})v 1=1,2,
t=20,1.

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/04/19 to 137.122.64.200. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

3752 STAVROU, CHARALAMBOUS, CHARALAMBOUS, AND LOYKA

Next, we approximate the characterization of the NRDF in (5.22) in terms of a
dynamic time-space reverse-waterfilling.

PROPOSITION 5.4 (upper bound to (5.22)). An upper bound of the solution to
the characterization (5.22) is given by

(5.45) A; £ min {AI, At} ,

where min{Af, A} £ S, diag(min{p,: ;. pa, i })S; T Sp € RPXP is a nonsingular ma-
iy

triz, lie,; is the ith eigenvalue of matriz e, AI € Siip,t € Nj is the unique solution

of

(5.46a) (-‘;) Al + Al (—é) — AIB,A] + 2%1 —0Vte NI,
1
A4 [E—
(5.46b) A =551,

Ay is given by (5.22¢) using Ay_1, with 6 € (0,00) chosen to satisfy

1 n
(5.47) ] ; trace(Ay) =

This upper bound gives the optimal solution for the case which Ay < Ay Vt € Nj.
Proof. See Appendix B. 1]

Based on the solution provided in Proposition 5.4, we propose Algorithm 1 for
solving the problem numerically to a good approximation.

Next, we consider the case in which there is an MSE distortion constraint at each
time. We refer to it as pointwise MSE distortion. It can be shown that the problem
can be treated as a special case of Lemma 5.2 and Theorem 5.3 (where the constraint
is for the total MSE distortion).

COROLLARY 5.5 (Rg%, (D) of multidimensional Gauss-Markov process with
pointwise MSE dlstortlon) Consider the Gauss—Markov process in Definition 5.1,
with the total distortion constraint n+1EQ{Zt o |1 Xt —Y3|13} < D replaced by a point-
wise MSE distortion constraint defined by

E? {|X: - Y3} <D:, D;€[0,00), teN.

Then, the following hold:

(1) All statements of Lemma 5.2 hold with the characterization of the Gaussian
NRDF denoted by Rg%, (Do, ..., Dy) and the corresponding optimization problem to
be

S?‘n(DOv-”an) = Kk inf ZI(Xt;}/t|Yt71)
3B, Vi (Do, D) 1=0

_ : BN Al
(5.49) = inf 5 Z og max{ A, |}

. Kye
aO,n ¢ (DOW-an)
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Algorithm 1 Dynamic reverse-waterfilling algorithm of Proposition 5.4.

Initialize: number of time-steps n; distortion level D (D < Dg'i¥); error tolerance
€; nominal minimum value ™ ~ 0; initial variance Ay = Y x, of the initial state
Xo, values of A; and Ky, of (5.1).
Set § = 1/2D; flag = 0.
while flag = 0 do
Compute A; V t as follows:
fort=0:ndo
Compute A] according to (5.46a), (5.46b).
Compute A; according to (5.45).
if t <n then
Compute Ay41 according to (5.22c).
end if
end for
if |45 Y trace(A;) — D| < € then
flag «+ 1
else
Readjust 0 as follows:

min 1 S
(5.48) f + max {9 00— (D ey Ztrace(Aﬁ) } ,

t=0

where v € (0, 1] is a proportionality gain; its choice affects the rate of conver-
gence.
end if
end while
Output: A, A4, for D Vt € Nj.

where

(5.50) YRV (Do, .., D)

0,n
2 {(Ht,va), teND:
B2 (1 = H) (X, — Ry )3} = trace() < D, t € NG},
and Ay, Ay, satisfy recursions (5.6), (5.7), (5.12)—(5.13b).

eorem 5. olds wit replaced by 0,---,Dp), defined by
2) Th 5.3(1) hold ‘hagan laced b é‘f[nD D,,), defined b
(5.51)

OY(Do,..., D) 2 { @ (dyrlyes, ), tE NG+ B {IX, — Vi3} <Dy, t € NG}

(3) Theorem 5.3(2) holds with Rg%, (D) replaced by

1
(5.52)  Rp5,(Do, ..., Dy) = inf = Z log max {1, |t|}
’ AtESiXP, trace(A¢) <Dy, t=0,...,n 2

for some D, € [0,00), t € Nj.
For the rest of the statements it is assumed that Kw, € ST\F, t € Nj.
Then the analogue of Theorem 5.3(2) holds, as follows.
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The Lagrangian functional for (5.52) is

(5.53)
LLL({At7At}?:Ov {et};ﬂ Ov{FtlvFZ}? 0)

( log |Ao] —trace F0 AO > ZGtDt
1
+ Z { log |Kw,| + = log |B:Ay + I| — ilog |A] + trace([F? — F'] Ay)

— trace (Fy (AiAA] + Kw,)) + 0, trace(At)}

1
-3 log |A,| + 0, trace(A,,) + trace ([FE — Fl] An) ., B & AtTKlfyiAt7

n

where 0, € [0,00), t € N, are the Lagrange multipliers for the MSE constraint, and
F} € 8P j = 1,2, are the matriz Lagrange multipliers for 0 < Ay < Ay, t €
Ni. The necessary and sufficient conditions for A} € ST*P, t € Ni, to achieve the
manimum are given by the following equations.

Fort=n,

At =2(0,1 - F} +F2).

If Ay >~ 0, then
(5.54) ATt =2(0,14F7).

Fort e Ng_l,

1 1.

S+ B,AY) B, — SA7 ' F 4 F2 40,0 - ATF2 A =0
If Ay >0, then
(5.55) (I+BA}) "By — Ay~ +2(0 + F?) — 2A]F2 Ay = 0.

Equations (5.54) and (5.55) are precisely as the ones in (5.26) and (5.27) with 0
replaced by 0,, t € N{. In addition, the complementary slackness conditions are
(5.56a) 0, (trace(Ay) — Dy) = 0, trace(Ay) < Dy, 0, >0, t €N,

(5.56b) AF = 0,AF — A} <0,F! = 0,F? = 0,trace(F} A7) = 0, F2 (AF —A}) =0

Proof. This follows directly from Lemma 5.2 and Theorem 5.3. ]

Similar to Proposition 5.4, in what follows we approximate the characterization
of the NRDF obtained in (5.52) in terms of a dynamic time-space reverse-waterfilling.

PROPOSITION 5.6 (upper bound on the characterization of (5.52)). The solution
to the characterization (5.52) is given by A, of (5.45), where A} € SVP t e N, is
the unique solution of

I I
(5.57a) <—2> Al + A] (-2) AlBAT + 7I =0VteNg !,
t
1
. Al = —1,
(5.57b) TN
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Ay is given by (5.22¢) using Ai—1, with 8 € (0,00) chosen to satisfy
(5.58) trace(A) = Dy for each t.

This upper bound gives the optimal solution for the case which A, < Ay, Vit € Nj.
Proof. The proof is similar to the one of Proposition 5.4, hence we omit it. O

Based on the solution provided in Proposition 5.6, we propose Algorithm 2 for
solving the problem numerically to a good approximation.

Algorithm 2 Dynamic reverse-waterfilling algorithm of Proposition 5.6.

Initialize: number of time-steps n; distortion levels D = (Dy,..., D) (D <
Dinax ¥t € NI); error tolerance €; nominal minimum value @ ~ 0 V¢t; initial
variance Ay = X x, of the initial state X, values of A; and Ky, of (5.1).
for ¢t = O:length(D) do
flag = 0.
while flag = 0 do
Compute A; Vt as follows:
if t <n then
Compute Al according to (5.57a) and A; according to (5.45).
Compute A;41 according to (5.22¢).
else
Compute Al according to (5.57b) and A,, according to (5.45).
end if
if |trace(A;) — D¢| < e then
flag + 1
else
Readjust 6; as follows:

(5.59) 0, + max {0}"™, 0, — v (D, — trace(A))},

where v; € (0,1] Vt is a proportionality gain; its choice affects the rate of
convergence at each t.
end if
end while
end for
Output: A, A, for each Dy, t € Nj.

The following remark is a direct consequence of Theorem 5.3 and illustrates the
connection between Rj?% (D) and Dy ,(R"®) given by (4.1).

n

Remark 7. From Theorem 5.3, the NRDF of the Gaussian process (5.1) with total
MSE distortion is given by

a L5~y ANOE S S
(5.60) 65(D) =5 > log {max (1, ’“)} =D Rli(paui),
3 =1

KA, =04

where (a) follows if we let

1 i .
(5.61) R} (pa,.i) £ 3 log {max (1, uAt) } ,teNg, i=1,...,p.
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By (5.61) we obtain

5.62 KA, i = UA ie_sz;g’ teNg,i=1,... , D-
t) ts 0

Utilizing (5.22a), we have

(5.63) = Z

Substituting (5.62) into (5.63) we obtain

n P
nay _ 2R
(5.64) Do n(R™) = n+1Z“A’ T ZZ#A,,@S -

t=0 i=1

n p P
ZZMAt,m pa, = ZMAt,i~
i=1

t:O =1

A similar result to Remark 7 holds when we consider the pointwise MSE distortion.
This is obvious, hence we omit it.

5.2. Universal lower bound on MSE. Next, we utilize the parametric ex-
pressions of the full rank solution of the Gaussian NRDF given in Theorem 5.3(2) to
derive a lower bound on the total and pointwise MSE given in terms of conditional
mutual information I(X™; Y|V ~1).

THEOREM 5.7 (universal lower bound on total MSE). Let {X;: ¢t € Ny} be the

multidimensional Gauss-Markov process given by (5.1) and let {Y; : t € NI} be any
estimator (not necessarily Gaussian) of {X; : t € Nj}. The total MSE is bounded
below by

(565) - Z E { HXt Y;” } > i i MAt’ie—QI(Xt,i;?z,i\377571,@')_
i=1

Proof. Let D = —=5 >0 (E{||X; — Y3||2}, where

p
E {||Xt - Yt||§} =" pa, with D € [0, 00).
=1

Since, in general, R}} < I(Xt,ﬁi;;t,iﬁ;t—l,i)a teNj, i=1,...,p, then by (5.64), we
obtain

n P
E{X Y, }:Dn ") = — se 2R
n+1z 1%, — Y23 0.n(R™) 1;122#%@ ‘
n p

(566) _QI(Xt,'i;?t,ili}t—l,i)7

i€
t:O =1
which is the desired result. This completes the proof. 0

In the next corollary, we specialize the result of Theorem 5.7 to pointwise MSE
distortion.

COROLLARY 5.8 (universal lower bound on pointwise MSE). Let {X;: t € Ny}
be the multidimensional Gauss—Markov process given by (5.1) and let {37} : te Ng}
be any estimator (not necessarily Gaussian) of {X; : t € Nj}. The pointwise MSE
is bounded below by

(5.67) E {||Xt - }NQH%} ZﬂAwe (X0 5524l Vi ) for each t € Nj.
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Proof. The proof is a special case of the derivation in Theorem 5.7. ]

It should be noted that if we set f/t = )?t‘t,l = A;_1Y;_1 in Theorem 5.7, then
we have the lower bound (5.65).

In the next remark, we relate degenerated versions of the lower bound given by
(5.65) to existing results in the literature.

Remark 8 (relations to existing results).

(a)

(See [32, Theorem 5.8.1], [35].) Let X = (X1,...,X,) be an RP-valued Gaus-
sian vector with distribution X ~ N(0;T'x) and let Y = (Y3,...,Y}) be its
reproduction vector. Then, for any D > 0,

1< i
5.68) R(D)% inf I(X;Y)=- lo {max (1, l) } ,
(5:68)  R(D) Q(dyle):E| XY |3<D (&) 2 ; & 3

where {\; : i =1,...,p} are the eigenvalues of I'x and £ > 0 is a constant
uniquely determined by Y7, min{\;,{} = D. Note that the solution of
classical RDF in (5.68) is based on the reverse-waterfilling method (see [32,
Lemma 5.8.2]). The above results are also obtained as a special case of
Remark 6 if we assume an IID sequence {X; : t € Nj}.

Assume X ~ N(0;0%). By [32, Theorem 1.8.7] the following holds:

1 o2
D) = min I(X:;Y) = = log { max 1,X>},DZO,
) Q(dylz): B|X-Y|3<D ( ) 2 g{ ( D

D(R) = i E!||X - Y2} = g% e 2E.
(B) QUdylo): 1(X;V)<R dl 2} = e

The realization scheme to achieve the classical RDF or the distortion rate
function is the following:

(5.69) Y:(1—£)X+VC, VCNN(O;D<1—€>>.

be Ox

Note that (5.69) is a degenerated version of (5.17) assuming the model of
(5.1) generates IID sequence {X; : ¢ € N} as in (a), and the connection
to Theorem 5.3 is established by setting Hy = 1 — %, )A(ﬂt,l = 0, and
Vi~ N(0; 1).

(Lower bound on MSE [32, 1.8.8], [28].) Given a Gaussian RV X ~ N(0;0%),
then for any real-valued RV }N/(not necessarily Gaussian) the MSE is bounded
below by

(5.70) E|[X — V|2 > 0%e 25V,

The RDF of the Gaussian RV X ~ N(0;0%) and the lower bound in (5.70)
are utilized in [28, 32] to derive optimal coding and decoding schemes for trans-
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Encoder AWGN Decoder
Channel
System X £ K; H 53 K &) Y:
(fully-observed) h t T %7
4
C
Vi
A 1Y

Filter

F1G. 3. Realization of the optimal nonstationary reproduction of Rf?, (D) given by (5.17) that

corresponds to the time-varying Gauss—Markov model of (5.1) subject to a total or pointwise MSE
distortion.

mitting a Gaussian message 6 ~ N(0;03) over an AWGN channel with feedback,
Y; = X, (0, Y1) + VE, t € N2, where {V;¢: t € NI} is an IID Gaussian process.
Although we do not pursue such problems in this paper, we note that Theorems 5.3
and 5.7 are necessary in order to derive optimal coding schemes for additive Gaussian
channels with memory (including additive Gaussian memoryless channels).

5.3. Realization of (5.17) via an {encoder, channel, decoder}. In this
section, we exemplify the relation between information-based estimation via NRDF
and the fact that the latter can also be seen as a realization of an {encoder, channel,
decoder} processing information optimally with zero-delay.

Realization with feedback. A realization of (5.17) by an {encoder, channel,
decoder} with feedback is shown in Figure 3.

Feedback encoder. This is an innovations encoder which introduces the estimation
error {K; : t € Nj}, Ky 2 X, — Xy;—1, where {X, : ¢t € Nj} is the Gaussian source
process and )?ﬂt_l = A¢_1Y;_1 is the a priori estimate of the filter; {H; : t € Njj} is
a scaling matrix to be determined and has the structure of (5.18).

Feedback channel. This is an additive Gaussian noise channel of the form

(5.71) Ky = Hi K, + VE, Ve~ N(0; AHY), t € NY,

where K; is the innovations process given by (5.13c).

Decoder. This is the a posteriori estimate of the filter )?tlt =Y, t € Nj. Specifi-
cally, the decoder introduces the innovations process {K; : t € Ni} and the a priori
estimate of the filter )?t‘t_l that both added a result into the a posteriori estimate

)?ﬂt which is Y; at each time instant ¢.
Realization without feedback. A realization of (5.17) by an {encoder, channel,
decoder} without feedback can be derived as well.

5.4. Examples. In this section, we numerically compute the Gaussian NRDF of
the time-varying Gauss—Markov process (5.1), using the reverse-waterfilling solution
of Algorithms 1 and 2 that corresponds to Propositions 5.4 and 5.6. For Algorithm 2
we also give an example where we assume A; < A; V¢t and compare with the numer-
ical solution obtained via SDP in [20, equation (19)]. Moreover, we give the closed
form expression of a memoryless two-dimensional time-varying Gaussian source that
corresponds to the optimization problem of Remark 6.
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- Distortion level

l:lReproduced Information level

Dimension, [p] Time, [n]

Fi1G. 4. Dynamic reverse-waterfilling subject to a total MSE distortion for n = 3 time units.

Ezample 2 (nonasymptotic regime subject to total MSE distortion). For this ex-
ample, we choose p = 4, i.e., a four-dimensional source Xy, and a time horizon n = 3
for which we pick random values as entries of matrices {(A4;, Kw,) : t=0,...,3} in
the range (0, 1), while Ky, is chosen to be diagonal. We also choose the initial value
of the covariance matrix of (5.22c¢) to pick up random values as entries Y x, (hence,
Ao = Xx,). We choose the distortion level D = 1. We run Algorithm 1 for error
tolerance € = 1079 and an initial # = 6 to start our iterations (a good starting point
is 0g = 55). Then, we proceed as follows:

(1) At t = 0, using (5.46a), we evaluate A(T]. Then, from (5.45) we evaluate Ap.

Next, from (5.22c¢), we evaluate Ay = AgAgAJ + Kw,.

(2) At t =1, using (5.46a), we evaluate AJ{ and subsequently, A; and A,.

(3) Similarly, the procedure is repeated until ¢t = n = 3. At n = 3 we evaluate
AT using (5.46b).

(4) At the end, for the given value of 8, we check if |n+1 S trace(Ay) —D| <.
If it does, we stop the iterations and the last evaluated value of 6 is used to
find the solution of A;’s and subsequently A;’s that when diagonalized give
the desired waterlevels.

(5) If the approximation criterion \ - S o trace(Ay) — D| < € is not satisfied,
we update 0 using (5.48); in thls example we set v = 0.1. We repeat the
previous procedure (steps (1)—(4)) with the new value of 6 V.

The final value of the reverse-waterfilling solution is found after 362 iterations and it
is shown in Figure 4. Then, the solution of (5.22) obtained via Algorithm 1 gives

1 1g
1 712; ——48983 bits.

Ezample 3 (nonasymptotic regime subject to pointwise MSE distortion). For this
example, we choose p = 3, i.e., a three-dimensional source X;, and a time horizon
n = 3 for which we pick random values as entries of matrices {(A4;, Kw,) : t =0,...,3}
in the range (0,1) with Ky, being diagonal. We also choose the initial value of the

covariance matrix of (5.22¢) to pick up random values as the entry of ¥x, (hence,
Ao = Xx,). We choose distortion levels (Dg, D1, D2, D3) = (0.4,1.3,0.1,0.4). We run

Algorithm 2 for error tolerance e = 10~? and initial 6, = 6;,, t = 0,...,3, to start
our iterations (a good starting point is 6y = ﬁ t =0,...,3). Then, we proceed as
follows:

(1) At t = 0, using (5.57a), we evaluate AJ. Then, from (5.45) we compute Ag
and from (5.22¢) we evaluate Ay = AgAgAj + Kw,.
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I Distortion level
[_IReproduced Information level

2
3

Dimension, [p] Time, [n]

F1c. 5. Dynamic reverse-waterfilling subject to a pointwise MSE distortion in time-domain for
n = 3 time units.

(2) At t =1, using (5.57a), we evaluate AJ{, and subsequently, A; and As.
(3) Similarly, the procedure is repeated until ¢ = n = 3, where we compute A;
from (5.57b).
(4) At the end, for each ¢ and for the given value of 8;, we check if | trace(A;) —
D;| < e. If it does, we stop the iterations to find that particular 6;; the last
evaluated value of 6, is then used to find the solution of matrix A; via (5.57a)
and (5.57b) for each ¢, which in turn when diagonalized gives the desired
waterlevels.
(5) If the approximation criterion | trace(A;) — Dy| < € is not satisfied, we update
0; using (5.59); in this example we choose (7o, V1,72, v3) = (0.3,0.1,0.95,0.4).
We repeat the previous procedure (steps (1)—(4)) with the new value of 6; for
the specific t. This procedure is repeated Vt.
The final value of the reverse-waterfilling solution is found after (¢t = 0,t = 1,¢t =
2,t = 3) = (540, 543,2715,431) iterations and it is shown in Figure 5. Then, the
solution of (5.52) obtained via Algorithm 2 gives

L oo L1gm, A |
1105(Do, D1, D, Ds) = 52 ;bg A, = 3:5066 bits

Ezample 4 (comparison of Algorithm 2 to SDP solution when A; < A;). Consider
the time-invariant version of (5.1), i.e., 4, = A4, Tw, = Tw, Xo ~ N(0;Xx,), and
distortion levels (D, D1, D2, D3) = (1,0.2,2,0.5), and we choose

(A,zw)=([oi5 Oﬂ’[é (I)D

We run Algorithm 2 following the procedure described in Example 3, for n = 2,
error tolerance ¢ = 107°, and an initial § = ﬁ, t = 0,1,2,3. Then, we use the
same parameters (A, Yy ) in the SDP algorithm of [20, section IV, equation (19)]
that provides the optimal numerical solution for RB%(DO, Dy, Dy, D3). In Figure 6 we
illustrate a comparison between Algorithm 2 and the SDP for each R:(D;) at each
t =0,1,2,3. According to this, the computation via Algorithm 2 gives precisely the
same numerical result as the one obtained via SDP for each D;. Then, the solution
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g Rl(Dl) -0 Algorithm 2

= 4.0643 R.(D.) —&1 SDP N

] 3\73

8 3365 Al .

[%2]

£

£

9] R,(Dy)

Q 1.133| ]

2 R,(D,)

o 0272 )
D, D, Do B,

Distortion per time instant t, [Dt]
Fic. 6. Comparison of Algorithm 2 to the optimal solution obtained via SDP for Ay < At Vt.
of (5.52) obtained via Algorithm 2 gives

L e L1gm, A .
1 105(Do, D1, Dy, D3) = o+ ;log A = 22086 bits.

6. Conclusions and future directions. In this paper, we derived information-
based causal filters via nonanticipative rate distortion theory in the finite-time hori-
zon. Unlike classical Kalman filters, the new information-based causal filters are
characterized by a time-space reverse-waterfilling algorithm. We developed iterative
algorithms to compute the dynamic reverse-waterfilling optimization problem subject
to a total and per-letter MSE distortion constraint. These algorithms provide tight
upper bounds to the optimal solution, although in some cases these perform opti-
mally. Further, we established a universal lower bound on the total and pointwise
MSE of any estimator of a Gaussian random process. Our theoretical framework is
demonstrated via several numerical experiments.

Future directions and open problems include the following:

(1) Remove the condition that Kyy, is full rank.

(2) Analyze the per unit time limit lim,_ %HRS%(D)

(3) Compute closed-form expressions of R, (D) for specific examples.

(4) Characterize R, (D) for autoregressive Gaussian models with memory K,
such as

K
(6.1) Xo=> A X+ W,

Jj=1

and to Gaussian sources governed by partially observed processes.

(5) Develop schemes to compute optimally the resulting time-space reverse-water-
filling optimization problems of Theorem 5.3 and Corollary 5.5.

(6) Generalize the results to controlled systems.

Appendix A. Proof of Theorem 5.3. (1) The realization is given in [9,
Theorem 5] without determining the optimal structure of matrices (Hy, Kye). One
may recognize that the choice of (Hy, Ky, ) given in (5.18) ensures that the dynamics of
Ay are decoupled from the dynamics of Ay, since the Kalman filter gain in Lemma 5.2,
(5.13), satisfies Ay Hf (H Ay Hf + Ky )~! = I. This can be used to show an achievable
lower bound, when the reproduction distribution satisfies (5.14).

(2) Equation (5.22) follows directly from (1) by evaluating the NRDF. For the
rest, we apply the KKT conditions [36, Chapter 5.5.3] to the optimization problem

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 05/04/19 to 137.122.64.200. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

3762 STAVROU, CHARALAMBOUS, CHARALAMBOUS, AND LOYKA

(5.22). Define the augmented Lagrange functional as follows:

(A1)
ﬁ({AtaAt}?:Ov 93 {FtlaFt2}?:0)

I, A
) > log A,
t=0
+0 (Z trace(A¢) — D(n + 1) Ztrace (FlA) + Ztrace —Ay)),

t=0 t=0 t=0

where 6 € [0, 00) is a Lagrange multiplier for the distortion constraint y_,_ trace(A)
< D(n+1),and F} € SY*F, j = 1,2, are the Lagrange multiplier matrices responsible
for Ay € SP Ay = Ay, t € Nj. We write the first right-hand-side term of (A.1) as
follows:

3

1< Al 1
5D log i =5 > (log |Ay| — log |A,])
2= A 2 t=0
1 1 n 1 n
= 5 log |A0| + 5 Zlog ‘At_lAt_lA;r_l + KWt71| — 5 Zlog ‘At|
t=1 t=0
n—1
1 AN AT+ K
(A.2) = — 10g|A0|+Zlog| Lt Wt‘_10g|An|
2 N—— |At‘ N——

t=0

initial step final step

Also, we write the last right-hand-side term of (A.1) as follows:

(A.3)

Z trace (F (A; — Ay))
t=0

= trace (F§ (Ao — Ag)) + Ztrace (F? (Ar— A1 A AT — Kw,_,))

t=1

thrace F A ) ftrace FOAO Ztrace At 1801 A7 + Kw,_ 1))
t=0

n—1
= —trace (FjAg) + trace(F2A,,) + Z trace (F7A¢)
t=0

n—1
_ Z trace (F7 (A AAT + Kw,))
t=0

Hence, using (A.2) and (A.3), the augmented Lagrange functional can be reformulated
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as follows:

(Ad)  LHALAY,, 0, {FL Y
= <;log|Ao| trace(Foon)>

- 1log |An| + O trace(A,) + trace([Fs — Fr] A,) — 6(n+1)D

2
n—1
1 |A: A AT + Kw, | 2 1
+ ; {2 og o~ + trace([F7 — F'] A)
(A.5) — trace (F7q (A:AAT + Kw,)) + 0trace(At)}.

Recall by assumption Ky, € SP%3P, and define B, £ AfKV_ViAt. Then,

T
log W in (A.5) is expressed as follows:

| A, AAT + Ky, |
A
(A.6) =log |[Kw, | +log | Kyt Ay AAT + 1| —log |A,]

@ log | Kw, |+ log | AT Kyt AyAy + 1| — log | Ay

=log |Kw,| + log |B:A; + I| —log |A¢],

log = log |Kw, (K‘,_ViAtAtquLI)} —log |A¢]

where (a) is due to Sylvester’s determinant identity [37, Corollary 18.1.2]. Substituting
(A.6) into (A.5), the Lagrange functional is given by (5.23).

By the KKT conditions, A,* € St*?.t € Nj, achieves the minimum if (5.24)-
(5.30b) hold.

We remark that the terms in (5.30a) are the complementary slackness condi-
tions, the terms in (5.30c) are the primal feasibility conditions, and the terms in
(5.30b) are the dual feasibility conditions. Note that the affine (linear) constraints
Yoo trace(Ay) < D(n+1) and A, — A, < 0 satisfy Slater’s conditions (see, e.g., [36,
Chapter 5.5.3]) and since the problem is convex it turns out that the KKT conditions
are necessary and sufficient conditions for global optimality.

By (5.24), performing the derivative of the Lagrangian (5.23), we obtain (5.25)—
(5.27). Since the problem is convex the MSE (5.30b) is satisfied with equality, hence
6 > 0, because F}', F7? are positive semidefinite, and thus, if § = 0, then A;* is not
full rank, and |A;*| = 0, ¢ € Nf, which gives infinite rate. Thus, for any D > 0,
then A,* € SVP, which implies F} = 0, while F? € SY*P. This completes the
proof. 0

Appendix B. Proof of Proposition 5.4. In the solution of the Riccati
equation (5.28), we omit F? and F | and, hence, this corresponds to the optimal so-
lution when A; < A; and therefore, based on the complementary slackness conditions
F? =0Vt € Nj. However, for the cases for which A; < A; does not hold, this solution
is not necessarily the optimal one, and as a result, it serves as an upper bound. This
completes the proof. 0
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