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The Decentralized Structures of Capacity Achieving Distributions of
Channels with Memory and Feedback

Charalambos D. Charalambous, Christos K. Kourtellaris, Ioannis Tzortzis and Sergey Loyka

Abstract— We consider extremum problems of feedback
capacity for models with memory, subject to average cost
constraints. We show the optimal input process that maximizes
directed information consists of two parts, one responsible to
control the output process, and one responsible to transmit
new information that interact. Unlike [1], the decentralized
structure of the optimal input process is demonstrated for
Gaussian models with memory on past inputs and outputs. A
semi-separation principle is shown that states, the optimal input
process is generated from multiple strategies of a decentralized
optimization problem, of control and information transmission.
Further, it is shown that the derivation of directed information
stability is semi-separable, in the sense that it separates into a
statement about the ergodic properties of the stochastic optimal
control problem with partial information, and a statement
related to an information transmission problem.

I. INTRODUCTION

Recently, it is shown that Shannon’s coding capacity ex-
tends to unstable dynamic systems, irrespectively of whether
these are communication channels or control systems [2]
(see also [1], [3] for extensive analysis). Shannon’s coding
capacity is called control-coding capacity to emphasize the
interaction of control and information transmission parts of
the optimal input process, that achieves capacity.

MIMO G-RM. This paper utilizes some of the results
found in the above references, to investigate Multiple-Input
Multiple-Output (MIMO) Gaussian Recursive Models (G-

RMs), with input process A" 2 {Ap, Ay,..., Ay} and
output process Y 2 {Yo,Y1,...,Y,}, described by

Y, =C Y 4 Dy A+ Dy A + VG, (1)
SEW LA = a)=s,

Py, vi-1,4:,5 = Py, Vi ~ N(0, Ky,), Ky, = 0, 2
(Y A)~N(O,Ky-14 ,), Ky-14, >0, 3)
- i lE{ ;@‘h R;A;)Y + (Y4, Qi,iflyvz?l)} <k, 4
(Dii,Dii—1) € RP*? x RP*4 )
R, € ST, Qo1 €SEP, i=0,...,n. 6)

Here S is the initial data, V; ~ N(0,Ky,),i = 0,1,...,n
denotes zero mean Gaussian process, (-,-) denotes inner
product of elements of linear spaces, Sixq denotes the set
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of symmetric positive semi-definite g x ¢ matrices, ST\7 its
subset of positive definite matrices, and x is the power. The
initial state .S = s is known to the encoder and the decoder.
Main Results. For the extremum problem of maximizing
directed information from A™ to B™ given the initial state
S = s, denoted by I(A™ — B™|s), over conditional
distributions P 4, 4:-1 pi-1, 5,7 = 0,...,n, that satisfy the
average cost constraint, it is shown that a semi-separation
principle holds with the following consequences.

(a) Part of the optimal input process A™ is characterized
by the solution of a stochastic optimal control problem with
partial information,

(b) the rest is characterized by the solution of an infor-
mation transmission problem that interacts with that of the
stochastic control part, and

(c) their computation is directly related to the notion
of Person-by-Person (PbP) optimality, and team or global
optimality in problems of optimal control and games, where
two or more strategies do not share the same information,
and aim at optimizing a single pay-off.

(d) The derivation of directed information stability is semi-
separable, into a statement related to the ergodic properties
of the stochastic optimal control problem, and a statement
related to an information transmission problem, that interact
in a specific order.

The semi-separation principle and its consequences (a)-(d)
are attributed to the property that a Gaussian input process
{A; = A? : i = 0,...,n} with corresponding Gaussian
ouput process {Y; = Y7 : i =0,...,n}, maximizes directed
information 7(A™ — Y™|s) (subject to the average cost
constraint), and that such an optimal process is given by
the following orthogonal decomposition.

Al =g, (Y9 A Z9),i=0,....,n, S=s, (]
—US + Ny 1AL+ 29, USET Y9l (8)

=e; (Y9 )+ Ny 1AV + 77 9)
where
ei(y'™) 2 =1y~ s the control strategy, (10)
Z7 is independent of (Ag’i’l,Y'W"l)7
Z9% is independent of V¢, i=0,...,n, (11)

Z? ~ N(0,Kz):i=0,1,...,n is an independent
12)
for some deterministic matrices {(I'*"!,A;;—1) : i =
0,...,n} of appropriate dimensions.

Indeed, the following properties hold.

Gaussian process
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(P1) The optimal strategies (ej(-),Af; |, K3 ) : i =
0,...,n} are characterized by the solution of a decentral-
ized optimization problem, where e(-),s = 0,...,n is
the solution of a stochastic optimal control problem, for
a fixed (Aji—1,Kz,) : i = 0,...,n}, while the optimal
(Aj;_1,K%):i=0,...,n} is the solution of an informa-
tion transmission problem, with e;(-) = €}(:),i =0,...,n.

(P2) The following holds.
If Kz, =0,i=0,...,n then I(A%" — Y9"|s) = 0.

(P2) is expected and easily verified, because the initial state
S = s is known to the encoder.

(P1) is an application of problems of optimal control and
games, where two or more strategies do not share the same
information, and aim at optimizing a single pay-off [4].
Special Cases of MIMO G-RM. Before we illustrate
that the MIMO G-RM is fundamentally different from past
investigations by other authors, we should mention that the
MIMO G-RM is an infinite impulse response (IIR) model,
and includes the following degenerate cases.

(1) Finite Impulse Response Model. If C*~! = 0,i =
0,...,n then the MIMO G-RM reduces to a finite impulse
response (FIR) model.

(2) No Dependence on Past Channel Inputs. If D; ;_; =
0,2 = 0,...,n then the MIMO G-RM reduces to the IIR
model investigated in [1], [3].

A. Literature on Gaussian Channels with Memory & Feed-
back

For scalar-valued, Additive Gaussian Noise (AGN) chan-
nels with nonstationary and nonergodic noise, described by

Yi = A+ Vi, s E{ T, 4
Py, vi-1,i=0,...,n,V" ~ N(0, Ky~ ), then the feedback

capacity is characterized by Cover and Pombra [5], via

} S K, PVI‘Vi—l,Ai =

1
CCP é - 1
On () 2n (FE{II%}Z(n) 08 | Kyn
(13)
1
subject to tr (F”Kvn 7T+ Kzn) <k (14)
n+1

where Z™ is a Gaussian process N (0, Kz»), orthogonal
to V™, and I'" is lower diagonal time-varying matrix with
deterministic entries. Note that although, Z" is called an “in-
novations process” in [5], this is not an orthogonal process.
Note also that if Kz» = 0, since I'" is lower diagonal, then
C§'F (k) =0, as expected. The closed form solution to (13)
remains to this date an open problem.

The per unit time limit C°F () = lim, s #Cgﬁ(ﬁ),
for the special case of stationary ergodic noise with finite
memory, described by a power spectral density Sy (w) =
|H (e7%)|2, where the filter H(-) is rational with stable poles
and marginally stable zeros, is analyzed in [6] and in [7].
Theorem 7 and Corollary 7.1 in [7] state that capacity is
achieved, when the innovations part of the input processes

is zero (i.e., eqn(125) in [7] with e, = 0, =0,...,).

We should mention that Theorem 3.1 (of our paper) cannot
be obtained from [6]-[8], and that the methods applied in
[6], [7] are not applicable. Our results are based on a semi-
separation principle and its consequences (a)-(d).

II. FEEDBACK CAPACITY AND DECENTRALIZED
STRATEGIES

In this section we introduce a general channel or control
model (CM), and we recall the decentralized structure of the
input process, and its control and communication aspects.

Consider a CM model with input process A™ 2 {4;:i=
0,1,...,n}, taking values in arbitrary alphabet spaces A" 2
1 =0,1,...,n}
taking values in arbitrary alphabet spaces, Y 2 X oY,
The initial data is S 2 (A~1, V")) =seS2 A1 x VL.
The channel or control model (CM) is a sequence of
conditional distributions

A
x™ ,A;, an output process Y = {V;

i—1

PYi|Y"*1,Ai,S EQz(dyzkl/ 7aivs)7 i=0,...,n. (15

The conditional distributions of the input process are
chosen from the set
A i1 i )
Plon] = {Pi(da,-|al Lyt s):i=0,... ,n}.

The above definition means, the encoder (or controller-
encoder to be precise) knows the initial data s = (y~1,a71),
and applies noiseless feedback. The conditional distributions
of the input process are subject to a cost constraint’

Po,n) (k) é{Pi(dai\aifl,yifl, $),i=0,...,n:
1
n+1
where (o ,,(-,-) : A" x Y® — (—00,00] is a measurable
function, € [0, cc] is the total power.

(16)

E" (zo,n(A",Y”)) < H} C Pon (7)

The pay-off is the directed information from A" 2

|<Fn +I)Kvn(F” +I)T+Kzn| {4p,...,Ap} to Y = {Yo,...,Y,}, conditioned on the

initial data S = s, and defined by [9], [10]

n
I(A"=Y"s) 2 3 1AL YY L s)
i=0
To connect directed information to the feedback capacity of
the CM we introduce the following assumption [10].

Assumption 2.1: (i) If the information process to be en-
coded is {X; : 4 =0,...,k}, then the following holds.

PS/;"Y‘LflyAi’S’Xk‘ = Pyi‘yz—l_’Ai’S7Vl€,Z' = 0, sy (18)

(ii) The initial data S = s is known to the encoder and
decoder.

The finite-time horizon (FTH) information capacity (un-
der Assumptions 2.1) is defined by

Tanosyns(P5R) 2 sup I(A™ = Y™s).

Plo,n] (k)

19

I'The notation EX indicates the dependence of the joint distribution on
elements of Pg ,,) and the initial state S = s.
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Throughout we assume existence of a maximizing distribu-
tion (such conditions are extracted from [11]).
The information capacity is defined by

JA’”‘*)Y”|5(P*7 ’i)

provided the limit exists and it is finite.

Coding Theorems. Recall [12], Appendix A (code definition
and achievable rate). By the converse coding theorem [13], a
tight upper bound on any achievable rate is C'(x). Moreover,
if the optimal joint process {(A;,Y;) : i« = 0,...,n} is
either asymptotically stationary and ergodic [14], [15], or
it induces information stability of the directed information
density (see [12], Appendix A), then any code rate below
C(k) is achievable. In general, the rate may depend on the
initial data S = s, i.e., C(k) = Cs(k).

Dualities of Capacity and Stochastic Optimal Control. Let
73[ n denote the restriction of randomized strategies Pl
to the set of deterministic strategies

PRy 2{a0 = 90(s). - an = gals.a” Ly )} @D

C(k) 2 lim

n—soomn + 1

(20)

By [11], for any finite n, it can be shown that Cp (k) 2
Jansyn|s(P*,K),k € (Kmin,00) C [0,00) is a concave
strictly increasing in k € (Kunin, 00), and the inverse function
of Co, (k) denoted by ko, (C) is a convex non-decreasing
in C € [0,00). This implies the following duality.

Dual Extremum Problem.

Ko (C) 2 inf B {eOn (A" Y”)} 22)
P I(An YR s)>
> ISP 2 int EP L4, (47, Y ™) }_ Kon(0) (23)
Pio,n]

= inf B2{lon(A" Y™} = I ("), (24)
[0,n]

Here (24) follows from classical stochastic optimal control

theory, which states that minimizing EF {60,7,,(A"7Y”)}

over Pjg,, does not incur a better performance than maxi-

mizing it over ’P[gn] [16]. The minimum cost of control is

J5S (P*), and for C' > 0, the cost of communication is

K(C) — #(0) 2 Tim oa(€)~ lim

n—soo N + n—oo N + 150’”(0)
provided the limits exists and they are finite. Hence, for
rate C' > 0, it is necessary that the total cost of the
communication system exceeds the critical value is £, (n+
1) = J§S(P*) = kon(0) = J5S (g*). This is precisely the
minimum cost of control, when no communication occurs,
ie., k(C) > Kmin, so power is allocated to the control
process. For examples of the threshold effect see [1], [3].

Suppose the randomized strategies Plo,n) are restricted

to deterministic strategies, 730 0,1’ then by recursive sub-

stitution,  g;(s,5° "', a’7") = g;(s,4°7"), we have
PP(dyilys)| = Qulduly™ (Go(s). .
[0,)

G:(s,97 1)} _g, 5). Hence,

Jan_syn (P

By (22), then ko, (C) = kon(0), and any
'P[(l.n]:lp[ﬁ,n]

optimal input process consists of a control process, which
controls the output process, and a process which is respon-
sible for information transmission.

III. GAUSSIAN RECURSIVE MODEL

Consider the G-RM (1)-(6), with S = (Y ~!, A_;) known
to encoder/decoder. By [17], the optimal distribution of the

input is of the form Py(dag|s), P;(daila;_1,y" "1, 8),i =
1,...,n. The directed information from A™ = {Ao,..., Ay}
toY" = {Yo,...,Y,} conditioned on S = s is

A" 5 y"s) =y { (Yi|yi-l,s) — H(VZ—)}. 26)

=0

Let {(A},Y?,Z7):i=0,...,n} denote a jointly Gaussian
process, given S = s. By the maximum entropy property
of Gaussian distributions it follows that the process given by
(7)-(12), and satisfies the average constraint is optimal. Now,
we prepare to compute directed information using (7)-(12).
We need the following definitions’.

s e ), A2 )
A ~ ~ T

Ky, yi-r = Es{ (Yz’q - Y‘|z>1> (Y’q - Yi\iq) ‘YW }

Pili:Es(Ag_gm)(A A\,) , i=0,...,n.

From [18], and using the independent properties of the noise
process, i.e., (2), (8)-(12) then

A\i\i = Ai,i—lA\ifl\i71+Uiq + Ajjim1 (Yig*?iuq) 27
Yijio1 = O 4 DU + R 1 Ay, (28)
Ky, yi-r =N 1P i 1A”  + DiiKz D] (29)
+ Ky,,i=0,...,n, Yo_1 = E,{YJ}, A4, = E, {4}
where

Ki,i—l = DiiANii—1+ D1, i1=0,...,n
Py = Az‘,i—lpifm 1AiTi 1+ Kz,
_<KZ,D3:1‘+A11 1Pz 1|i— lAzz 1)
T
(I)i|i71(KziDZi+Ai,i 1P 1A” 1) ;
A o -1
D)1 = [DiiKZ'D'T""KV-“‘Aii 1P 1/\“ 1} ;

Ajji—1 = (KZD + A1 Py 1/\” 1)q)i|i—1

The innovations process denoted by {VE :1=0,...,n}is
an orthogonal process, independent of {e;(-) : ¢ =0,...,n},
and satisfies the following identities.

= Y7 ~Yiio1 = Aiia (Ag_1_;{i—1\i—l)+Di,iZ{q+‘/i
=vf =1, 1) ~ N(0,Ky,yi-1), i =0,...,n (30)
e=0

2E; means conditional expectations are for fixed S = s.
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where {y? 1= 0,.. .,n} indicates that the innovations
process is independent of the strategy {e;(-) : i =0,...,n}.
Then we obtain

I(A9" — YO™s) Zl s 'Y 1 e

Next, we give the decentralized semi-separation principle.

Theorem 3.1: (Decentralized semi-separation of control &
information transmission) Consider the G-RM (1)-(6) with
S = (Y71,A_)) = s, fixed, and for simplicity assume
C*=1y=1 in (1) is replaced by unit memory C;;_1Y;_1.
Then the following hold.

(a) Equivalent Extremum Problem. The process given by (7)-
(12) is optimal, and the following hold.

V! =Cii Y, + N i 1AY |+ DU+ D, ;77
Vi i=0,....n, SE(Y_,A)=

Ee{ia?, v2)}

= E§{<Uf', RUY) + 2<Ai.,i—1A\i71\z‘717RiUig>

(32)

+<A1‘,,1‘,71A\1‘,71\i717 RiAi,ifla\ifl\/L?l) +tr (KziRi)
+tr(AZ¢71RiAi,i71Pi—1|i—1) + (Y74, Qiyﬂﬁ}. (33)

The FTH information capacity for fixed S = s is given by

Janyn|s(€%, K, 5) sup Zl Yly‘ d (34)
7’[0 n](h)
Pion (k) = {éi(') = (ei(-), Nisim1,Kz,),i=0,....n:
1 - e . g g,i—1
— Z;Es(yl(Ai,Y )) gn}. (35)

(b) Decentralized Separation of Controller and Encoder

Strategies. The optimal strategy denoted by {e*(-) =
(e;(-),Af;_1,KZ,) : i = 0,...,n} is the solution of the

dual optimization problem

ko,n(C, s) 2 inf
X 1 —n Ky jyi—1l
(ei(.),Al,Z_l,KZ.),z:O,...,n:§ Zi:ol g lf,(vi‘ >(n+1)C
{Z% (Afv2 )} (36)

Moreover, the following decentralized separation holds.

(i) The optimal strategy {e;(-) : ¢ = 0,...,n} is the
solution of the stochastic optimal control problem with
partial information given by

inf CE Y Al v} (37)
ei(-): Z'V

for a fixed {A; ,_1,Kz, :i=0,...,n}.

(ii) The optimal strategy {A}; |, K; :i=0,...,n} is the
solution of (36) for {e;(-) =ef(:):i=0,...,n}.

(c) Optimal Strategies. Any candidate of the control strategy
{ei(Y9=1):i=0,...,n} is of the form

(Y9 ) 2T Y 4 T2 A, (38)
— — . Yg
= Fiyi—lyf—h qu 2 { il } ,1=0,...,n.
Aitjio1
Define the augmented system
Y] =Fii1Y; 1+ BiioaUf + Gii_1rf, (39)
= o[ Chict N | 5 o Dig
Fz,zfl - |: 0 AZ‘A’Z'71 s Bz,zfl = I s
= A 1 .
Gii-1= [ Ai\z‘—1 } , 1=0,...,n
and average cost
{Z% (v )} =m{ Y F 0 7))
i=0
& 79 T M. T 579
e ([T ] | 2 [ ]
i=0 Ui Li;—1 Nii U;

+tr(Kz Ri) + tT(A;‘FZ 1RiAi,i—1Pi—1|i—1)) }7

0
]W“ 1= { QZ(; ! AT 1 RN i } ’
_ N 0 N =
Lii1= v Niji1 = Ri
A=l |: A’ZT7 IR :l o

Then the following hold.

(1) For a fixed {A;;1,Kz i =0,...
strategy {UJ"" = e} (?g’lil) 11=0,...,
of the stochastic optimal control problem

EE{ i%(Uz 7?2371)}
i=0

,n} satisfy recursion (39). Moreover,

,n} the optimal
n} is the solution

inf

JAN
6* . 7A7K Iy 8)=
) 4 ) ei(-):i=0,...,n

JO,n(

where {Y] :i=0,...

the optimal strategy {U?* = e (Y"" 1) :4=0,...,n} is
given by the following equations.
;") =Tiinbiy, (40)
_ 7 7 - -1
Fi,iflz— (Ni,ifl+Bi,1‘712(7'+1)Bi,i71)
.(ZZH +§:i712(i+1)Fu_1), i=0,...,n—141)

——1 =T .
@) = =Npn 1Ly 1U, 1. where the symmetric
positive semidefinite matrix {3(i) : ¢ = 0,...,n} satisfies a

matrix difference Riccati equation, for ¢ =0,...,n — 1,

S()=F s ; S+ Fs i1 —(Fy 1 Z(i4+1) By i1+ Liio1)

—_ —T . — =T -
~(Ni,i—l + B, 120+ 1)Bi,i—1) (Bi,iﬂzi,i—lFi,iq

+fzi_1) +Mz’,i717 E(n):diag{Qn,n,h 0}
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and the optimal pay-off is given by
Jo’n(e*('), A7 KZ? Ky S) = Z {tr<KZjRj)
Jj=0
n—1

—T
+t7"(AjT,j—leAJAJ‘fleflljfl)} +> ”(KleYf—lGj,j—l
=0

2+ 1)@:;’—1) +B(Y _1)-1,3(0)Y y-1)

(2) The optimal strategies {(A}; ;, K7 ):i=0,...,n} are
the solutions of the optimization problem

KJO,TL(C, 8) é inf

K i
i— L1 Yi|Y?
(Aiim1. Kz, ) i=0,n:k S0 log — 4"

v, L >(n+1)C
Jon(e" (), Kz,k)}.

Proof: (a) This follows from (4) and (9). (33) is obtained
using the reconditioning property of expectation. (b) (36)
follows from the dual relation (22). (i), (ii) follow from
the observation that the constraint in (36) depends only on
{A,Kz} and not on {e;(-) : i = O,..A.,n}. (¢), (1. (38)
follows from (27), (30), because {Yj, A;; : i = 0,...,n}
is a sufficient statistics for the control process. The rest of
the equations follows directly from the solution of partially
observable stochastic optimal control problems [19]. |

Theorem 3.1, (1) and (2) are Person-by-Person Optimality
statements of {e;(-) : ¢ = 0,...,} and {A;;_1, Kz,
0,...,n}

Theorem 3.1, (c) states that the optimal input process
consists of 4 strategies, follows.

A! =T

1,0—

=

Y+ T Ao + A1 AT

L+ 2. (42)

Remark 3.2: By Theorem 3.1, if Ci,i*l = O,Qi’i,1 =
O,i = O,. ., Nn then e;‘(@i_l) = _Ai,i—lAifl\ifhi =
0,...,n, and hence

A9 = A (Affl - &-71“71) + 79, i=0,...,n. (43)
That is, //l\i,w,l,i =0,...,n is a sufficient statistic for the
strategy e;(Y9"71) i =0,...,n, as expected.

Next, we discuss item Section I, (d).

Theorem 3.3: (Decentralized coding theorem)

Consider the G-RM of Theorem 3.1.
(@ If D;;—1 = 0,% = 0,...,n, then [2], Theorem IV.1
holds that states, directed information stability holds and
separates into (i) a statement related to the ergodic prop-
erties of a stochastic optimal control problem with complete
information, and (ii) a statement related to an information
transmission problem.
(b) For the general G-RMs of Theorem 3.1 with D; ;1 #
0,2=0,...,n, then (a) holds as in [2], Theorem IV.1, with
some variations.

Proof: (b) This is done similar to [2], Theorem IV.1.

|

IV. CONCLUSIONS

The decentralized features of extremum problems of ca-
pacity of models with memory and feedback are illustrated.
For Gaussian recursive models with past dependence on
inputs and outputs it is illustrated that a semi-separation
principle holds, that makes calculations and the derivation
of directed information stability simpler.
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