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Control-Coding Capacity of Decision Models Driven by Correlated
Noise and Gaussian Application Examples

Charalambos D. Charalambous, Christos K. Kourtellaris and Sergey Loyka

Abstract— We characterize the n—finite time feedback in-
formation (FTFI) control-coding capacity of decision models
(DMs) driven by correlated noise. Under information stability
the per unit limit, called control-coding (CC) capacity of the
DM is operational, and analogous to Shannon’s coding capacity
of noisy communication channels, with the encoder replaced by
a controller-encoder.

We also analyze application examples of recursive linear DMs
driven by correlated Gaussian noise, subject to an average cost
constraint of quadratic form, called linear-quadratic Gaussian
DMs (LQG-DMs). In one of the main theorems we show
that the optimal randomized control strategies that achieve
the n—FTFI CC capacity of the LQG-DMs, consist of mul-
tiple parts, that include control, estimation, and information
transmission/signalling strategies, and that these strategies are
determined using decentralized optimization techniques.

I. INTRODUCTION

Our main goal in this paper is to further develop Shannon’s
operational definition of coding capacity, in different scien-
tific communities, which are motivated by feedback control
system applications [1]. Hence, our underlying assumptions
differ from those often imposed in the information the-
ory literature of feedback capacity of noisy communication
channels. Specifically, in control theory and its applications,
the dominant mathematical models are unstable dynamical
systems, and the role of feedback control inputs is to control
output signals, and to achieve optimal performance.

Our main objectives are:

(1) to determine the characterization of n—finite time
feedback information (FTFI) control-coding (CC) capacity
of general nonlinear recursive decision models (DMs), driven
by correlated noise, subject to average cost constraints.

Under the technical conditions of information stability
then the per unit limit of the n—FTFI CC capacity, called
CC capacity of the DM, is operational. This means, for any
message set with rate in bits/second below the CC capacity,
then randomized control strategies can be transformed into
controllers-encoders that simultaneously control outputs, and
signal messages to the decoder that reconstructs them with
arbitrary small asymptotic error probability.

(2) to briefly analysize recursive linear DMs with past de-
pendence on both inputs and output, and driven by correlated
Gaussian noise, subject to an average cost of quadratic form,
called LQG-DMs.
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Previous work on the characterization of CC capacity of
DMs with past dependence only on outputs is found in [2],
while the analysis of linear DMs, stable or unstable, driven
by independent Gaussian noise, is found in [3]. Specifically,
in [2] (see Theorem 4.1, Theorem 5.2) it is shown that the
optimal randomized strategy that achieves the CC capacity
of the DM consists of a control part that controls the
outputs, and an innovations part that is responsible to encode
messages. We note that [1]-[3] demonstrate that Shannon’s
coding capacity extends naturally to unstable DMs, such
as, stochastic control systems and unstable communication
channels with memory. In [3], it is also shown that for
unstable DMs, the operational definition of achievable rate is
a variant of Shannon’s coding rate, with the encoder replaced
by a controller-encoder, called control-coding (CC) rate.
Further, [4] demonstrates that optimal randomized strategies
can be transformed into controller-encoders that simultane-
ously control outputs, encode Gaussian messages, and signal
the messages to the decoder that reconstructs them with
asymptotic arbitrary small error.

A. Mathematical Problem and Main Results

The optimization problems of CC capacity of the DMs
considered in this paper are generalizations of stochastic
optimal control problems with partial information, contrary
to the DMs in [2], [3], which are generalizations of stochastic
optimal control problems with complete information.

Definition 1.1: (Nonlinear decision model)

The DM is denoted by DM{M, L, T}, and defined by

Bi = hi(B{Z}, Al 1, Vi), i=0,...,m, (1)

S2(B7Y, A7ty = (b7},.a”}) is the initial state, (2)
1 < ) 1 7

H1E{§%(V;_T,Ai_L,Bi_M>} <kel,x), 3

P‘/ilvifl_’Ai_’Bifl (dvi|vi71, Cli, biil)

=Py, i1 (dvilvi=7), i=0,...,n. 4)

The realizations of the RVs are A; = a; € A;,B;, = b; €
B,,V; = v, € Vi,¥i € {...,-1,0,1,...,n}, where the
spaces are finite-dimensional. We use the notation z;" 2
S Zm} € LT
om 2 {-..,21,20,21,- -, 2m}. We assume the following.
(@) by : BIZh X AL X Vi — By, 0 Viip x Al x
B;_,; — A; are measurable functions, i =0,...,n.
(a.ii) The inverse of the map v; € V;
h(bijwl ,ai_p ,v;) exists and it is measurable.

{2k, 2k+1, - - XL Zy', and convention

—
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DM{M, L, T} includes nonlinear autoregressive models that
can be expressed in state space form [5], and may correspond
to unstable control systems or communication channels.
Next, we introduce the application example we discuss in
the paper.

Definition 1.2: (Linear-Quadratic Gaussian DM)

The Linear-Quadratic Gaussian DM, denoted by LQG-
DM{M =1,L =1,T = 1}, is defined by

By =Cii-1Bi1+D;;Ai+ D 1A 1+ Vi, 5
‘/;‘ :Fi,1%,1 +WZ‘, {Wz :i:O,...,n} ind. seq., (6)
W; ~ N(0, Ky,) independent Gaussian, indep. of S, (7)

—A

S=(B_1,4i1,V_1) = (b_1,a_1,v_1), 8
A

Fi(ai, bi—1) = {(as, R; ja;) + (bi—1, Qii—1bi—1), )

Cii—1 € RP*P (D;;,D; 1) € RP*9 x RPXY, (10)

Ri; €S9, Qi1 €SP, i=0,...,n (11)

where (-,-) denotes inner product, S§F (resp. SE’P) the
set of p X p symmetric positive semidefinite (resp. positive
definite) matrices, and N (1, X) means Gaussian distribution
with mean p and covariance .

Main Results. Now, we describe the main results.

(a) Theorem 2.5 gives the converse CC theorem, i.e., that
any achievable CC rate is bounded above by an extremum
problem of an information measure, maximized over all
randomized strategies P 4,|4:-1 gi-1 yi-1,0 = 0,...,n that
satisfy the average power constraints, and conditions for the
direct CC theorem.

(b) Theorem 2.6 gives the information structures of the
maximizing distributions of the extremum problem in (a).

(c) Section III shows that, for the LQG-DM{M = 1,L =
1,T = 1}, the optimal input process A™ of the n—FTFI
capacity is generated by multiple linear strategies, given by

Aj=e;(Bi ' Ail1, Vi1, Z3,3), i=0,....n (12)
=U;+ A}, A1 + A, Vi + Z; (13)
=U+Niio1Sio1+ Z;, (14)

Ui = Ei(Béil,g) = P}’ileifl + F?ﬂ;,lgi—lﬁ—l, (15)

P~ A i—

Si—1i-1 = EE{Sifl By 1}, (16)

i) Z; indep. of {?, Bg—l,Ag—l,Vg—l}, i=0,....n, (17)

ii) Z4 indep. of V§, i=0,...,n, (18)

) {Zi ~N(0,Kz):i=0,... n} independent, (19)
A oA

N1 = [ A’Ll,i—l Azz,i—l ]a S; = [ V. } (20)

where S;,7 = 0,...,n is the state process, that is available

to controller-encoder, but not the decoder.
The characterization of n—FTFI CC capacity is given by

Con(r) = {HBI5) - HOF -} @D

sup
e;(+):1=0,...,n:

Kz, =0,i=0,...,n, E;{iii(Ai,Bi_l)} <k (22)

=0

where H(X/3) is the entropy of RV X. We note that
e = (€i(),Aj;_1, A7 1, Kz,), with {Aj;_;,A?; 1} de-
terministic matrices, is the strategy of the input process,
that controls the output process B;, and unless this ensures
information stability or asymptotic stationarity and ergodicity
of the output process, then the CC capacity does not exist,
as shown in [2], [3], for D; ;1 = 0,F;_1 =0,i=0,...,n.

Special Case. If C; ;1 = 0,D;;,-1 = 0,Q;;—1 = 0,
and the noise is described by a unit memory autoregressive
AR(1) model, i.e., T' =1, then (13) degenerates to

Ai=n2 oy (Vi =B (Vi B ) + 2. @)

i.e., it consists of estimation and innovation parts.

B. Related Literature in Information Theory

Our main results (a)-(c), extend the most general frame-
work found in information theory literature, specifically
the Cover and Pombra [6] characterization of the n—FTFI
capacity of the scalar-valued, additive Gaussian noise (AGN)
channel, defined by

B =A; + Vi,

1 2 n
ME{;VM }Sfﬁ Vo' ~ N(0,Kvn)

i=0,...,n, 24)

(25)

where the distribution of the Gaussian noise is PVOn, i.e., not
of finite memory. The computation of the n—FTFI capacity,
remained to this date an open problem. Special cases of
the scalar AGN channel (24), (25), when the noise is finite
memory and stable, are analyzed in [7], [8], using frequency
domain methods.

II. CHARACTERIZATION OF n—FTFI CC CAPACITY

The main results of this section are, the converse CC The-
orem 2.5, that identifies an upper bound on any achievable
CC rate, and Theorem 2.6 that establishes a tighter bound, by
determining the information structures of input distributions.

We start with the basic notation. A sequence measurable
spaces is denoted by {(X;,B(X;)) : ¢ € Z} while their
product measurable space is denoted by (X%, B(X%)). The
probability distribution of a RV X : (Q, F) — (X, B(X))
is denoted' by P{X(w) € -} = P(-) = Px(:). The
conditional distribution of RV Y given X = z is denoted
by Py x (dy|X = z) = Py x (dy|z).

A. Control-Coding Capacity
By Definition 1.1, (a.ii), then

P{B; € db|B" ' =b""1 A" =a'}

= Qi(db|b§:}w, a§7L7v§:%), i=1,...,n

(26)
) A, _
and for i = 0, Qo(db|aog,s), 5= (ailL, bi}vf,vf%).

Next, we introduce the operational definition of CC ca-
pacity of the DM that explains the term “control-coding”.

IThe subscript on X is often omitted.
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Definition 2.1: (CC Capacity of DM{M, L,T})

For DM{M, L,T}, the operational definition for reli-
able communication or information signalling, and con-
trol performance, with noiseless feedback is a sequence
of controller-encoder and decoder strategies, denoted by
{(n,M™ ¢,,5,k) : n = 0,1,...} that consists of the
following items.

(@) A set of uniformly distributed messages X () with
alphabet space M (™) 2 {1,..., M}, known to both the
controller-encoder and decoder.

(b) A set of controller-encoder strategies mapping messages,
the state 5, and noiseless feedback into inputs, defined by2

Eppny () = {gi c M™ S x AT X B s A

= -1 -1
:gn(UhS,aTol abg )7 wEMn

2 LaBzL M) <’<ﬂ}

apg = go(w E) , @

{Z%

i.e, satisfying a cost constraint. The information structure of
the controller-encoder is Z¢ = (W, S, Ai Y BE 1Y, A =
9:(Z7).

(c) A decoder measurable mapping do (3, ) : Bf —— M ™)
with average probability of decoding error

n+1 @7)

error

n 1
p( ) (s) A w
weEM(n)

5= g} = Pg{do,n(ﬁ, Br) # W} < en, €n €10,1]. (28)

The CC rate is defined by r,, £ = log M ™).

A rate R is called an achievable rate, if there ex-
ists a controller-encoder and decoder sequence satisfy-
ing lim,_ o€, = 0 and liminf, %_HlogM(") >
R. The operational definition of the CC capacity of the
DM{M, L, T} is C(x) £ sup{R : R is achievable}.

In general, C'(x) = C(k,3) depends on initial state S = 3.

B. Converse and Direct CC Theorems for DM{M, L, T}

We shall identify an upper bound on C(k), via the
converse CC Theorem 2.6, using two lemmas.

Lemma 2.2: (Mutual information)

Consider the DM{M,L,T}. Given a strategy g(-) €

3 Pg{do,n(g, BY) # w|W = w,

Then the following hold.

E[O,n](”) = g[O,n] (H),
19(W; Byls) =

E9{21 (

7ZI9 i— LaV;i—_’Z}';BO|B(i)_13§)'
i=0
Proof: Follows from the chain rule of mutual informa-

tion, and the invertibility condition of Definition 1.1, (a.ii).

||
n—Finite Time Feedback Information CC Capacity. Next,
we derive the analog of Lemma 2.2, for directed information
I(Ay — BY3), for the larger class of randomized strategies

and (30)

B 8, @Y Vi)
PI(IB; 1, 5) (5));

€2y

P[O,n](’i)é{ (da7|az ! bz 18),i=0,...,n:
1

Ef(l (V
n+1 S ;71( —

Lemma 2.3: (Directed information)
Consider the DM{ M, L, T'} and randomized strategies from
Pion)(k). Given a P(-|-) € Pjgn(x), define the directed
information from Aj to Bj conditioned on S =3 by

IP (A7 — Bg|3)

r AL Bl <) | (D)

A p B\Bl 1A1,*(’|BéaA6»§)
SEf {Zk’ S PT i s(1ByS)

Further, define the randomized strategies

Bi)> }

77[0 (k) 2 {f,'(daﬁai_l vé_l, bf)_l,g),i =0,...,n

7 (Y nlv ) <)}

and directed information from (AJ, V'™ ') to By for S = 3:

ZI

Then the following equahty holds.

Al B (33)

n—i—l

17(A3, Vg ™! = By[s (Ai_p, Viops Bol By ,5).

&(0,n)(k), define the mutual information between messages Pio,n) (k) = Pjo,nj(k), and 34)
W € M™ to BY conditioned on S = 5 by IP(AY = BYf5) = Iﬁ(An ~ BY3) (35)
dPg ( |§ W) Bz 1 Az VZ 1
nj= & By W, S n P i—M>“H—L> Vg )
9(W;B}s) = Eg log (BY) [0,00]. =Ex lo - (B;) (36)
Vo (= e )} L (s )}
Further, define Z. 2 (W, S, A Vit Bi- i = = IP(ABLvVOn ' = Bg[s). 37
’ ! )70 0 0 00 Proof: The derivation is similar to Lemma 2.2. [ |
0,...,n, and the set of controller-encoder strategies

E[On("i)é{Ai:i(j?) i=0,...,n:

E2($ v ra <))

2The subscript/superscript on expectation operator Eg indicates that the
corresponding distribution P = Pg depends the encodmg strategy g, and
that S = 3 is fixed.

Al Bl (29)

n+1

In view of the above lemma, we define the n—FTFI CC
capacity that will play a role in the identification of C(k).
Definition 2.4: (n—FTFI CC Capacity)
The n—FTFI CC capacity for DM{M, L, T} is defined by

Capvr-1opy (%)
n

2 sup IP(AL_, VioL:Bi|Bi\)3).

Plo,n)(K) i=0

(38)
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Theorem 2.5: (Converse and direct CC theorem)
Consider the DM{M, L, T}.
(a) Converse CC Theorem. If there exists a sequence of

controller-encoder-decoder strategies {(n, M) e, 5, K) :
n=0,1,...} given in Definition 2.1, then’
1
R <liminf log M ™ (39)
n—oo N + 1

n

< liminf
n—>oo

bup I9(A;_ . Vi Bil By 5)

(K) ntl =0

< liminf
n—oo N +

1 Cag vy oy is(F) (40)

provided the following conditions hold.

(i) The supremum of » . OIP(Az 1, Vish Bi| By, 3)
over Po (k) in (40) for any finite n in achleved in the
set (i.e., the maximizing distribution exists).

(i1) The liminf,_, in (40) is finite.

(b) Direct CC Theorem. Under the assumptions of Theo-
rem 5.2 in [2] (with slight variation) then the CC capacity
is C(k) =liminf, nilCA" v 1—>B"\é( K).

Proof:  (a) Suppose R 1s achievable, and hence
lim,, v €, = 0, liminf,, n+1 log M > R. Then,
for each n, since W = w € M is uniformly distributed,
by invoking Fano’s inequality [9], the following hold.

log M™) = H(W|3) = HY(W|Bg,3)
+ IP(W; Bg[s), Vg(-,-) € Epn)(r)

<h(en) + £ log M, + I9(W; B2[5) 1)

where h(z) 2 —zlogz — (1 — 2z)log(1 — 2),z € [0,1].
By Lemma 2.2 and Lemma 2.3, and standard arguments we
obtain the claims. (b) This follows from Theorem 5.2 in [2].

|

C. Information Structures of n—FTFI CC Capacity

Now, we give the information structures of optimal distri-
butions for the n—FTFI CC capacity of Definition 2.4.

Theorem 2.6: (Information structures of DM{M, L,T})
Consider the DM{M, L, T}. Then we have the following.
(a) The optimal distribution of problem C Ap Vo Bglg(m)
defined by (38) satisfies conditional 1ndependence

Pi(dai|a0_ ,

and the charactrization of the n—FTFI CC capacity is

vo by 1 8) = mi(dailalZp, vl b))

M,L,T JAN 7T
CA" Ve 1—>B"|5(K) _7MSBIT) Eg{
Plo)n) (®)
- i(1BiZan Al Visr)
1 B; 42
Z O ( PW('|BZ I,S) ( ))} ( )
fﬁi;ﬁj(m)& {m(daz\at Limh bimly =0, n:

(Z% Ai_, B} ))Sff}

3The superscript notation 19(+; -|-) indicates that the distributions depend
on encoding strategies from the set £ (k).

n+1 “43)

where 5 = (b"},,a"7,v"1) is the initial state.
Proof: Follows by applying the tools from [2]. [ ]
By Theorem 2.6, for each ¢ the controller-encoder ob-
serves the sequence {A‘"} Vil B~} } and the initial
state 5, while the decoder observes B’ —; and 5. Hence,
{AI=1,Vi~}} needs to be estimated at the decoder using
the 4 posteriori distribution P AiTL vitlpicl g

III. LQG-DM DRIVEN BY CORRELATED NOISE

Consider the LQG-DM{M = 1,L = 1,T = 1} defined
by (5)-(11). By Theorem 2.6, the optlmal input distribution
is m;(dag|a;_1,vi_1,b"7'),i = 0,...,n. Moreover, the char-
acterization of the n—FTFI CC capacity reduces to

sSup ZI i— 17‘/1 laB|Bl 177)

=1,1,1
Plo [0,n] (k) i=

~ sup H(Bz;|§> -

—1,1,1
P[O n] (K)

1,1,1 _
An V" 1—>Bﬂ‘9( )_

H(Vg'[v-1) (44)

with v = 7. The material of this section are generalizations
of those found in [3] for DMs with D; ;_1 = 0,i=0,...,n
and V;,7 =0,...,n an independent Gaussian process.

(a) Gaussian Maximizing Distribution and Orthogonal
Decomposition. By the maximum entropy principle of Gaus-
sian distributions, then the supremum in (44) is confined to
the orthogonal realization of a Gaussian process A", given
by (12)-(20), and the power constraint is,

ﬁ[ld,lr;]l(“) é{(é(')vAi i-1, Kz, = 0),2' =0,...,n

%(Z% Ay Bia)) k). @)
where {(B;,S;) :4=0,...,n} satisfy the recursions
Si=H;;-1Si-1+Gii-1U; + Milﬂ'_1Zi
+ M7 Wi, S_i=s_1, i=0,...,n, (46)

Bi=C;i-1Bi—1 + D ;Ui + N i—1Si—1 + Di i Zi + Wi,
47
Azlz 1 A?z 1 A I
[ 0 o , Giio1 = e

I A0
Mil,i—1:|:0:|M1211 [I]’

J— A J—
Niio1 =Dy iNii—1+ D .

1>

H; i1

>

(¢) Characterization of FTFI Capacity By (44) to compute
H(BR[3) = Y1 H(B;|B;™',3), we use

- }7 §i\i = Eg{sz
A e B 5 T ica
K, g 2B (Bi = Buir ) (B - Buica) B,

2‘71}7
Py = Ef{ (Si . §i|i) (sz- - §i‘i)T‘Bé}, i=0,....n

Eih‘fl 2 E%{Bi

Sii1 = EL{S;
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By (46), (47) the Kalman-filter recursions [5] are:

§i\i = Hi,i—lgifl\ifl +Gii—1U;

FAjavf, 841 =3 i=0,...,n, (48)
Ei\i—l =Ci3-1Bi—1 +D; ;U; + K SL 1)i—1> (49)
Z 2B - §i|i71 =Aii (Si—l - Si71|i71>

+ D;iZi + Wi, (50)

- —T
Kp,pi-1 = Niia Py + Dz‘,iKZ,-DiT,i + Kw,
and P;|; solves the matrix Riccati difference equation (RDE)

Py = Hz‘,i—lpi—l\i—lHi:,Fiq + M} 1Kz, leyTl
+M’LZ IKW MzQle (lez 1KZD +Mzz 1KW
+sz 1P 1li— lAzz 1) i|i—1

T
.(]\41 1KzDT +M2 1KW +sz 1Pz 11— 1Am 1) ’

A
D51 =

_ Z1
{Di,iKZiD;!:i'i‘KWi + Aii1 Py 1A” 1} )

(

+sz 1P 11— lAzz 1) ili—1-

Ai|i—1é M111 1KZD +M’L'L 1KW

D
The innovations process, vy, of the controlled process B,

in (48) is an orthogonal Gaussian process, and independent
of the strategy e(-) (by (13), (48)), and

¢S BB =vi| =10, (52)
Ei:O
L0 _ _ -
v; N(OKO) KV?_KB”Bffl’ 2—0,...,71 (53)
PY(B; < b;|B") ~ N(Byji—1,Kp0),i=0,...,n. (54)
From the above and (44) we obtain, for : = 0,...,n,
) ) |K | i1
I(Al_ | Vi By|Bim!,5) = log —2P0__ (s5)

The average cost is given by

n -+ 1 ZEC{VZ AZ7B’L 1)}
+2(A i,iflsi—1|i—1aRi,iUi>
+ <Ai,i71§z‘—1|i—17 Ri,iAi,i71§1—1|i—1> +tr (KZiRi,i)

+tr (Azri_lRiAi ¢_1Pi_1|,-_1> +(Bi-1, Qi,i—lBi—1>}

1 e
—— ;Es{wi,Ri,iUi)

n+1ZEe{ (Ui Si1ji1, Bim1s i1, Kz,)

4971

Hence, the characterization of FTFI CC capacity is given by

Cyppis(K) = %ﬂslup { (56)
7’on](ﬁ)
2"21 Rii1Pi_1jie 1A” L+ DKz, : }
=0
P[loln]lm) SCOE (Ei(-,-),Ai,i,l,Kzi),i —0,...,n:
(57)

ef=
. ;Es(vimz,&l)) <n}.
For problem (56), we prove a decentralized separation prin-
ciple between the computation of the strategies {€;(-) : i =
,n}and {(A;;—1,Kz,) i =0,...,n}: it states that
problem (56) is equivalent to a decentralized optimization
problem, with multiple decision makers (DMs), each having
access to different information [10].
Theorem 3.1: (Decentralized separation principle)
Consider the LQG-DM{M = 1,L = 1,T = 1} of
Definition 1.2. Then the following hold.
(), is

(a) The Cost-Rate, i.e., dual of C,(r) = CY2*

Ap S By[s

Eg{ Z%(Ai, Bi—l)}
i=0

A .
= inf
(Ei(') Aii—1,Kz, >-0) i=0,...,n

Zl

(b) Decentrallzed Separation Principle. Let {e*()
(€7 (-),A;,—1,K%,) : i = 0,...,n} denote then optimal
strategy of Con(k) = Can_pyis(k), defined by (56).
Then the following decentralized separation principle holds.
(i) For a fixed {(A;;—1,Kz,) : i = 0,...,n}, determine
the optimal strategy {e; (-, A, Kz) : i = 0,...,n} from the
solution of the stochastic optimization problem

DLt By B} 69
=0

(ii) Determine the optimal strategy {(A7; , K} ) : i =

.,n} from (56), when {&;(-) =€} (-):i=0,...,n}.
(c) Optimal Decentralized Strategies. Define an augmented
state variable as follows.

Ho,n(C)

B B 1]
such that I

> (n+1)C. (58)

Jon (A Kz,@

_ Bi_
Bi_lé[A ! ]z:ln (60)
Si—1ji-1
{e.(,A,Kz):i=0,...,n} of (59) is of the form
éi(B(i)_lvA’KZ7 ) lez 1Bi- 1+Fzz 1Sz 1i—1> (61)
—Fzz 1Bl 1 1= 0 (62)

where the components of {B; : i = 0, ...,
(53), and the augmented system is

n} satisfy (48),

B;=F;;-1Bi-1+E;;1U; + G; 1V, (63)
= Al Ciica Aiia = A Dy
Fi; 1= f ’ , Eij1= ’ 64
At [ 0 H;; ] il [ Gii—1 ] (©4)
— A I
Giic1= . 65
et [ Ai|i71 ] (65)



The average cost is of quadratic form, given by

(2) The direct control-coding theorem can be derived, as
in [2], Theorem 4.1, using the ergodic theory of Markov

Ef{ i@(Ah BH)} = Ef{ i%(Ui7§i,17 Aiion, KZI.)} decision problems.
1=0

=0
Mz 1—1

4,0—1

n - T L B
A B, Lii Bi
- EE—I { z_: ( |: U; :| ZT Ni,ifl |: Ui :|

+ir (KZZRZJ) +tr (A,zrz_lRi,iAi,i—lp’fl\i71)> }, (66)

T Q’L 1/7 0

M;; 1= ; 67
1= [ 0 AT (RN ia S

— A 0 — A

L1 = [ AszqRi,i } , N1 = Ry (68)

Moreover, the following hold.

(i) For a fixed {(As;-1,Kz,):i=0,.. ln}, the optimal

strategy {UF = e} (By ' A, Kz,5) = ¢/ (Bi_1,A,Kz,5) :

i=0,...,n} is given by the following equations.
é;(bifla AKz3) =T, 1bi1 (69)

. 1,
L= *(Nz i-1+E; 1—1E(Z+1)E1 i—1 ) (L:i_l

+ B S+ 1) Fi ) i=0,...n—1, (70)
f;,KL,n—l - 7N7_L1n 1znn 1 (71)

where the symmetric positive semi-definite matrix {X(7) :
1 =0,...,n} satisfies the matrix difference Riccati equation

2(7’) ?2717,712(1—’—1)}?2 i—1— (in,IZ(i‘i‘l)Ei’i,l+fi’i,1)
__ T ) _ -1,
'(Ni,i—l + B 120+ 1)Ei,i—1> (F@i_lE(H—l)El i1

n—1,

(72)
(73)

_ T
+Li,i—1) +M7 ety =0,
Y(n) = diag{M 1,0}

and the optimal pay-off is given by

5@ (). A K z) = (o1, B(O)bo) + Y {tr(Kz, Ry)

+tr(A]; Ry N 1P

)
+ Ztr( B,|B;_ Gijqz(j + 1)63',;‘—1)- (74)

(ii) The optimal strategy {(A}, ;,K; ) :i=0,...,
determined from (56), for fixed &(-) = €*(-).
Proof: The derivation follows from the structure of the

strategies. [ ]

Remark 3.2: (Decentralized structure of optimal channel
input process)

(1) Theorem 3.1 states that a decentralized separation
principle holds, and (13) is decomposed into the strategies

Ay Fz z—lBl—l +Fz z—lS'—l\i—l
+ AL A AR Vi + Z.

n} is

i,—1 10— (75)

This separation principle is more general than the cor-

responding separation of estimation and control, of LQG
stochastic optimal control theory [11].

Conjecture 3.3: For time-invariant (TT) LQG-DMs, and
strategies in (75) restricted to TI, (I}, T2, AY, A% K),Vi,
and stable, in the sense that

lim P, =P,

n<——o0

lim Y(n)=X%

n<—r 00

(76)

exist and satisfy matrix Riccati algebraic equations, with
stabilizing solutions, then the CC capacity is the per unit
time limit of (56), evaluated at e(-) = &%, i.e.,

C(k) = lim

Cl,l,l 7(/{)

e a7

The conditions of the conjecture are sufficient to ensure the
analog of Theorem 4.1 in [2] holds.

IV. CONCLUSIONS

The results of the he paper extend Shannon’s operational
definition of coding capacity to control-coding capacity for
general unstable DMs, and provide answers to several open
problems in Shannon’s information theory, as applied to
communication systems.

The analysis of the n—FTFI control-coding capacity of the
LQG-DM given in Theorem 3.1, illustrates the decentralized
separation principle of optimal strategies. Further, optimal
strategies include control, estimation, and information trans-
mission/signalling strategies, that interact in a specific order.
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