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Abstract— Feedback capacity is extended beyond classical
communication channels, to stochastic dynamical systems,
which may correspond to unstable control systems or unstable
communication channels, subject to average cost constraints
of total power κ ∈ [0,∞). It is shown that optimal con-
ditional distributions or randomized strategies, have a dual
role, to simultaneously control the output process and to
encode information. The dual role is due to the interaction of
control and information transmission; it states that encoders in
communication channels operate as encoders-controllers, while
controllers in control systems operate as controllers-encoders.

The concepts are illustrated through the analysis of Gaus-
sian control systems with randomized strategies, which are
equivalent to Additive Gaussian Noise channels, Stable or
Unstable, with arbitrary memory on past outputs, with an
average constraint of quadratic form. It is shown that such
unstable dynamical systems have Control-Coding Capacity which
is operational, precisely as in Shannon’s operational definition.
However, the control-coding capacity is zero, unless the power
κ allocated to the system, exceeds a threshold κmin, where
κmin is the minimum cost of ensuring asymptotic stability
and ergodicity. The excess power κ − κmin is turned into an
achievable rate of information transmission over the dynamical
system.

I. INTRODUCTION

This paper shows that Shannon’s operational definition of

capacity, extends to unstable dynamical systems with feed-

back, such as control systems, or communication channels.

Further, it shows that such an extension is only possible due

to an interaction between control and information transmis-

sion. The implications are striking.

In communication channels with feedback the encoder op-

erates as an encoder-controller; the encoder part is re-

sponsible to encode information, while the controller part

is responsible to control channel outputs, to achieve the

control-coding communication rate. However, such a rate

cannot be achieved, unless the overall power allocated to

the communication system, denoted by κ ∈ [0,∞), is above

a certain threshold, i.e., κ ∈ (κmin,∞), where κmin is

the minimum cost required by the controller to control

the communication system into asymptotic ergodicity. The

excess cost κ − κmin > 0 is the cost of communicating

information at strictly positive rates.

In feedback control systems the controller operates as an

controller-encoder; the controller part is responsible to con-

trols the outputs of the control system, while the encoder
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part is responsible to encode information, to achieve the

control-coding capacity of the control system, which acts as a

communication. However, control systems do not have com-

munication capabilities, unless randomized control strategies

are used (i.e., conditional distributions), and the overall

power is above the minimum cost of control κmin.

The first objective of the paper is to relate the information

definition of control-coding capacity of unstable dynamical

systems to its corresponding operational definition, for gen-

eral dynamical systems, which need not be stable, without

any distinction whether these are control systems or com-

munication channels (see Figure 1). For this reason, the

terminology control-coding capacity of dynamical systems is

used, instead of coding-capacity, although as far as the defi-

nition of operational meaning of achievable rate is concerned

(see Definition 2.2), there is no fundamental difference.

The second objective of the paper is to illustrate the above

concepts to dynamical systems, which are either

i) Additive Gaussian Noise (AGN) channels with memory, in

which directed information is maximized over channel input

distributions, subject to average cost constraints of quadratic

form, and total power κ ∈ [0,∞), or

ii) Gaussian Feedback Control systems, in which random-

ized control strategies aim at minimizing the average of

a quadratic cost, subject to an information theoretic rate

constraint of total rate C.

Basically, a duality is established between i) and ii), from

which all consequences of interaction of control and infor-

mation transmission are obtained.

LQG-M. The channel or control system, with memory of

order M , called Linear-Quadratic-Gaussian order M (LQG-

M), is defined by

Yi =
M∑
j=1

Ci,i−jYi−j +DiAi + Vi, Y
−1
−M = y−1

−M , (1)

PVi|V i−1,Ai,Y −1 = PVi
(dvi), Vi ∼ N(0,KVi

), (2)

PM
[0,n](κ)

�
=

{
Pi(dai|ai−1, yi−1), i = 0, . . . , n :

1

n+ 1

n∑
i=0

Eμ

{
〈Ai, R(i)Ai〉+〈Y i−1

i−M , QM (i)Y i−1
i−M 〉

}
≤κ

}
,

R(i) ∈ Sq×q
++ , QM (i) ∈ SMp×Mp

+ , i=0, . . . , n.

Here Y n = Y n
−∞ ≡ (Y −1, Y n

0 )
�
= {Yi : i = −∞, . . . , n} is

the controlled or channel output process, An �
= {Ai : i =

0, . . . , n} is the control or channel input process, Y −1 ∼
PY −1 ≡ μ(dy−1) is known to the encoder and decoder,
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Fig. 1. Shannon’s communication block diagram and its analogy to Dynamical control systems.

Y −1
−M ∼ N(0,KY −1

−M
) is the Gaussian initial condition of

(1),
{
Vi ∼ N(0,KVi

) : i = 0, 1, . . . , n
}

is IID Gaussian,

〈·, ·〉 denotes inner product of elements of linear spaces, S
q×q
+

denotes the set of symmetric positive semi-definite q × q
matrices and S

q×q
++ the subset of positive definite matrices,

κ ∈ [0,∞) is the total power, and Eμ means the joint

distribution depends on μ(·).
First, we illustrate the claims, for the scalar example from

[1] (see also [2] for more discussion), which corresponds to

LQG-1, i.e., given by

Yi =CYi−1 +DAi + Vi, Y−1 = y, i = 0, . . . , n, (3)

1

n+1
Eμ

{ n−1∑
i=0

(R|Ai|2+Q|Yi−1|2)

+R|An|2+M |Yn−1|2
}
≤κ, Y−1 ∼ N(0,KY−1

) (4)

where C can be stable or unstable, i.e., |C| < 1 or |C| ≥
1. By [1], the Shannon capacity is achieved by a Gaussian

distribution of the form PAi|Yi−1
, capacity is independent of

y−1, and the joint process (Ai, Bi, Vi) : i = 0, . . . , n is also

Gaussian, with decomposition

Ai
�
= Ui + Zi, i = 0, 1, . . . , (5)

Ui = ΓYi−1, Zi ∼ N(0,KZ) IID, Zi independent of V i.

Here Ui is the control part, responsible to stabilize the LQG-

1 model, i.e., (1), to ensure closed loop poles within the unit

circle |C + DΓ| < 1, for an appropriate feedback gain Γ,

and Zi is the random part, responsible to encode information.

The capacity is characterized by

C(κ)
�
= lim

n−→∞
1

n+1
max

Ai=Ui+Zi

(4) holds

n∑
i=0

I(Ai;Yi|Yi−1) (6)

= sup
KZ≥0

{1

2
log

|D2KZ+KV |
|KV | :RKZ+P

(
D2KZ+KV

)
=κ

}
,

P = C2P +Q− (
CPD

)2(
D2P +R

)−1
, (7)

|C +DΓ∗| < 1, Γ∗
�
= −

(
D2P +R

)−1

DPC (8)

where (a) the optimal control part is Ui = U∗i = Γ∗Y ∗i−1,

i = 0, . . ., and (b) the optimal random part Zi = Z∗i ∼
N(0,K∗

Z) : i = 0, . . . is the solution of the generalized

water-filling problem (6). Note that (7) is the well-known

Riccati equation (with solutions, P ≥ 0, P < 0) of LQG

stochastic optimal control problem [3], and only stabilizing

solutions are chosen, i.e., P ≥ 0, such that |C +DΓ∗| < 1.

Consider the following special cases.

No Cost on Output. Suppose D = R = 1, Q = 0.

(i) Then the cost constraint is independent of past channel

output process, and the Riccati equation solutions are

P =

{
0 if |C| < 1
C2 − 1 if |C| ≥ 1.

(9)

The optimal strategy which achieves the capacity is given by(
Γ∗,K∗

Z

)

=

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
(0, κ), κ∈[0,∞) if |C|<1(
−C2−1

C
,
κ+KV (1−C2)

C2

)
, κ∈[κmin,∞) if |C|≥1(

−C2−1
C

, 0
)
, κ∈[0, κmin] if |C|≥1

where κmin
�
= (C2 − 1)KV is the part of the average power

corresponding to {U∗i : i = 0, . . . , }, only. The above

solution illustrates that if Q = 0 and the channel is stable,

i.e., |C| < 1, then feedback does not increase capacity, and

the capacity is that of a memoryless channel corresponding

to Yi = DAi + Vi, i = 0, . . . , n, 1
n+1E{

∑n
i=0 |Ai|2} ≤ κ.

However, if the channel is unstable |C| > 1 then the

minimum cost to control the channel into a stable regime

is κmin, and any κ ∈ [0, κmin] results in zero rate. For

C = 1 there is a fundamental problem; the Riccati quadratic

equation has solutions P1 = P2 = 0. This means κmin = 0
but the LQG-1 model is unstable, and capacity is zero. This

is due to the fact that Q = 0, implies the behavior of the

output is not reflected in the constraint, and Ui, i = 0, . . .,
does not know it.

(ii) Let CStable(κ) denote the capacity if the channel is

stable, i.e., |C| < 1 and CUnstable(κ) denote the feedback

capacity if the channel is unstable, i.e., |C| > 1. Then, there

is a rate loss due to the instability given by

CStable(κ)−CUnstable(κ)=

{
1
2 log

(
1+ κ

KV

)
, κ ≤ κmin

log |C|, κ ≥ κmin.

Cost on Output. Suppose D = R = 1, Q > 0. Then it

can be verified by solving Riccati equation (7) that always
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κmin > 0, that is, there is cost of control which penalizes

any deviations, in Mean-Square sense |Yi−rref |2, i = 0, . . . ,
from reference signal rref = 0 (this can be generalized

to rref �= 0 by generalizing (4)). Inclusion in the cost

constraint, of such terms, is necessary in control application,

because the output process is required to track specific

signals. In communication applications, the need to control

channel outputs becomes necessary, if the receiver is required

to operate at certain operating point rref , because the re-

ceiver circuit can be driven into non-linear regimes away

from rref or is sensitivity to excess power. Moreover, Q �= 0
is sufficient to ensure unstable modes are reflected into the

cost, to avoid solutions of Riccati equation P1 = P2 = 0,

such as, when C = 1 discussed in (i).

The rest of the paper establishes the interaction of control

and information transmission for general dynamical systems.

Cover and Pombra [4] characterized the feedback capacity

of scalar-valued, Additive Gaussian Noise (AGN), with non-

stationary, nonergodic noise. Several variants of the Cover

and Pombra [4] AGN channel, such as, stationary ergodic

noise, are investigated in [5]–[7]. However, the computation

of capacity and capacity achieving distributiom for Cover’s

and Pombra’s initial formulation [4], for finite n is not done.

Section II establishes analogies between stochastic optimal

control systems and capacity of communication channels, for

arbitrary models. Section III deals with LQG-M models.

II. THE CONTROL-CODING CAPACITY OF GENERAL

STOCHASTIC DYNAMICAL SYSTEMS

The analogy of stochastic control systems and commu-

nication channels, as shown in Figure 1 is, 1) An �
{A0, . . . , An} is the control or channel input process, and

An = an ∈ ×n
i=0A

n
i their actions. 2) Y n ≡ (Y −1, Y n

0 ) �
{. . . , Y−1, Y0, . . . , Yn} is the controlled or channel output

process, taking values in ×n
i=−∞Yi. 3) {PYi|Y i−1,Ai :

i = 0, . . . , n} is the control system or channel distribu-

tion. 4) P[0,n]
�
= {PAi|Ai−1,Y i−1 ≡ Pi(dai|ai−1, yi−1) :

i = 0, . . . , n} is the set of randomized control strategies

or channel input distributions (Y −1 is known to the en-

coder/decoder), and the admissible strategies are

P[0,n](κ) �
{
Pi(dai|ai−1, yi−1), i = 0, . . . , n :

1

n+ 1
EP

μ

(
�0,n(A

n, Y n)
)
≤ κ

}
(10)

where �0,n : An × Y
n �−→ (−∞,∞] is a measurable cost

function, κ ∈ [0,∞) is the total cost or power, and notation

EP
μ indicates the dependence of the joint distribution on

P[0,n] and initial distribution PY −1
�
= μ(dy−1).

5) {Xi : i = 0, . . . , n} is the tracking signal or information

process, taking values in ×n
i=0Xi.

Information Control-Coding Capacity. Define directed in-

formation from
{
A0, A1, . . . , An

}
to {Y0, Y1, . . . , Yn

}
con-

ditioned on Y −1 by [8]–[11]

I(An → Y n)

�
= EP

μ

{ n∑
i=0

log
(dPYi|Y i−1,Ai(·|Y i−1, Ai)

dPYi|Y i−1(·|Y i−1, A−1)
(Yi)

)}
. (11)

A candidate for Control-Coding Capacity is the Information
Control-Coding Capacity defined by

JA∞→Y∞(κ) � lim inf
n−→∞

1

n+ 1
JAn→Y n(P ∗, κ),

JAn→Y n(P ∗, κ) � sup
P[0,n](κ)

I(An → Y n).

Under appropriate conditions, the direct and converse coding

theorems [5], [11], [12], imply that C(κ)
�
= JA∞→Y∞(κ), is

the Control-Coding Capacity of the Dynamical System. The

operational meaning states that any control-coding rate R in

bits/second below C(κ), can be achieved1.

Cost of Control and Communication. Next, we show,

in general, JAn→Y n(P ∗, κ) = 0, unless the power κ is

above a critical value κmin, which is precisely the minimum

cost required to control {Yi : i = 0, . . . , n}. Let PD
[0,n]

denote the restriction of the randomized strategies P[0,n]

to the set of deterministic strategies defined by PD
[0,n] �{

a0 = g0(y
−1), . . . , an = gn(a

n−1, yn−1)
}

. By [13], for

any finite n, C0,n(κ)
�
= JAn→Y n(P ∗, κ) is a concave non-

decreasing in κ ∈ [0,∞), and the inverse function of C0,n(κ)
denoted by κ0,n(C) is a convex non-decreasing function of

C ∈ [0,∞). This implies the following duality relation.

Dual Extremum Problem.

κ0,n(C)

� inf
{Pi(dai|ai−1,yi−1)}ni=0:

1
n+1 I(A

n→Y n)≥C
EP

μ {�0,n(An, Y n)}

≥ JSC
0,n (P

∗)
�
= inf
P[0,n]

EP
μ

{
�0,n(A

n, Y n)
}
≡ κ0,n(0)

= inf
PD

[0,n]

Eg
μ

{
�0,n(A

n, Y n)
}
≡ JSC

0,n (g
∗) (12)

where (12) follows from the well-known property of classical

stochastic optimal control theory, that minimizing the pay-

off EP
μ

{
�0,n(A

n, Y n)
}

over randomized control strategies

P[0,n] does not incur a better performance than minimizing

it over deterministic strategies PD
[0,n]. Thus, at time n the

minimum cost of control is JSC
0,n (P

∗), and for information

rate C, the cost of communication is given by

κ(C)− κ(0)
�
= lim

n−→∞
1

n+ 1
κ0,n(C)− lim

n−→∞
1

n+ 1
κ0,n(0)

provided the limits exists and they are finite. We conclude

that for non-zero transmission rate, the critical value is

κmin = JSC
0,n (P

∗) ≡ κ0,n(0), and this is precisely the

minimum cost of control, using either randomized or de-

terministic strategies.

1In general, R ≡ Ry−1 may depend on the initial data y−1, unless
ergodicity is shown.
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Remark 2.1: There is a subtle issue regarding the control-

coding capacity; for unstable control systems or channels,

the rate C(κ) may be zero, unless κ ∈ (κmin,∞), is strictly

positive, i.e., κmin > 0 (see earlier example or [2]). This

means, stationary ergodicity of the joint process {(Ai, Yi) :
i = . . . ,−1, 0, 1, . . .} is not sufficient to ensure a non-trivial

value C(κ) > 0.

Definition 2.2: (Operational control-coding capacity of

control systems) Consider a control system distribution{
PYi|Y i−1,Ai : i = 0, . . . , n

}
. A controller-encoder-decoder

with power constraint consists of the following.

(a) A set of uniformly distributed messages X(n) with

alphabet space M(n) �= {1, . . . ,M (n)}, known to both the

encoder and decoder (the controller does not need to know

these). The initial data Y −1 are known to the encoder-

controller-decoder.

(b) A set of controller-encoder strategies ES[0,n] �
{
a0 =

e0(x
(n), y−1), . . . , an = en(x

(n), an−1, yn−1), x(n) ∈
M(n)

}
. The set of admissible controller-encoder strategies

subject to power constraint κ is defined by

ES[0,n](κ) �
{
ei(x

(n), ai−1, yi−1), i = 0, . . . , n :

1

n+ 1
Ee

μ

( n∑
i=0

�0,n(A
n, Y n)

)
≤ κ

}
⊂ ES[0,n], κ ∈ [0,∞).

(c) A decoder measurable mapping dn : Y
n �−→ M(n),

X̂(n) �= dn(Y
n) with average probability of decoding error

1

M (n)

∑
x(n)

Pe{dn(Y n) �=x(n)|X(n)=x(n), Y −1 = y−1}≤εn.

(d) The control-coding rate is R(n) � 1
n+1 logM

(n). A

control-coding rate R > 0 is said to be an achievable rate if

limn−→∞ εn = 0, and lim infn−→∞ 1
n+1 logM

(n) ≥ R. The

operational control-coding capacity of the control system is

defined by C(κ) � sup{R : R is achievable}.
In general, C(κ) depends on Y −1 = y−1. Keeping in mind

Remark 2.1, and, subject to technical assumptions, then stan-

dard coding theorems with some variations, i.e., [5], [10]–

[12], can be applied to show C(κ)
�
= JA∞→Y∞(P ∗, κ) is the

control-coding capacity. For the LQG-M model achievability

is shown in [2], using ergodic theory.

III. THE CONTROL-CODING CAPACITY OF LQG-M

Consider the LQG-M model, and assume Y −1
−M is Gaus-

sian. From [2], we know that any candidate of the optimal

randomized strategy which satisfies the cost constraint and

maximizes I(An → Y n), satisfies Pi(dai|ai−1, yi−1) =
πM,g(dai|yi−1

i−M ), i = 0, . . . , n, it is Gaussian, with corre-

sponding joint process which is also Gaussian, denoted by

{(Ai, Yi) ≡ (Ag
i , Y

g
i ) : i = 0, . . . , n}. Moreover,

Ag
i = gMi (Y g,i−1

i−M ) + Zi ≡ ΓM (i)Y g,i−1
i−M + Zi, (13)

i) Zi is independent of (Ag,i−1, Y g,i−1), i = 0, . . . , n,

ii) Zi is independent of V i, i = 0, . . . , n,

iii) {Zi ∼ N(0,KZi) : i = 0, 1, . . . , n} is an orthogonal

innovations or independent Gaussian process.

The information control-coding capacity is [2]

JAn→Y n(πM,g,∗, κ)
�
= sup
EM
[0,n]

(κ)

H(Y g,n)−H(V n) ≡ C0,n(κ), (14)

H(Y g,n)−H(V n) =
1

2

n∑
i=0

log
|DiKZi

DT
i +KVi

|
|KVi |

, (15)

EM[0,n](κ)
�
=

{(
ΓM (i),KZi

)
, i = 0, . . . , n : EgM

[ n∑
i=0

(
〈Ag

i , R(i)Ag
i 〉+ 〈Y g,i−1

i−M , QM (i)Y g,i−1
i−M 〉)] ≤ κ(n+ 1)

}
,

Y g
i =

(
CM (i)+DiΓM (i)

)
Y g,i−1
i−M +DiZi+Vi, Ag

i = (13).

Next, to aid the computation of the optimal strategy, we

introduce additional variables as follows [14], Sg
i−1(1)

�
=

Y g
i−2, i = 0, . . . , n,

Sg
i−1(2) = Y g

i−3, . . . , S
g
i−1(M − 1)

�
= Y g

i−M ,

Sg
i−1

�
= [Y g

i−1, S
g
i−1(1), S

g
i−1(2), . . . , S

g
i−1(M − 1)]T .

Theorem 3.1: Consider the LQG-M. Define

Ag
i

�
= Ug

i + Zi, Ug
i =gMi (Sg

i−1)≡ΓM (i)Sg
i−1, (16)

where {Ug
i : i = 0, . . . , n} is the deterministic part of the

randomized strategy (control part) and {Zi : i = 0, . . . , n}
is the random part. Then we have the following.

(a) For i = 0, . . . , n,

Y g
i = CM (i)Sg

i−1 +DiU
g
i +DiZi + Vi, (17)

Sg
i = CM (i)Sg

i−1 +DM (i)Ug
i +DM (i)Zi + IM (i)Vi, (18)

where {CM (i), QM (i), DM (i), IM (i) : i = 0, . . . , n} are

appropriate matrices, and

JAn→Y n(πM,g,∗, κ)

= sup{
(gM

i (·),KZi
),i=0,...,n

}
∈EM

[0,n]
(κ)

n∑
i=0

H(Y g
i |Sg

i−1)−H(V n),

n∑
i=0

H(Y g
i |Sg

i−1)−H(V n) = (15),

EM[0,n](κ)
�
=

{
gMi :Si−1

i−M �−→R
q, ui=gMi (si−1), KZi

∈Sq×q
+ ,

1

n+1
EgM

μ

{ n∑
i=0

[〈Ag
i , R(i)Ag

i 〉+〈Sg
i−1, QM (i)Sg

i−1〉]
}
≤κ

}
.

(b) The optimal deterministic part of the randomized strategy,

{gM,∗
i (·) : i = 0, . . . , n} is given by the following equations.

gM,∗
i (si−1) = Γ∗M (i)si−1=−

(
DT

M (i)PM (i+1)DM (i)

+R(i)
)−1

DT
M (i)PM (i+1)CM (i) si−1, i = 0, . . . , n, (19)

gM,∗
n (sn−1) = 0, (20)

PM (i) = CT
M (i)PM (i+ 1)CM (i) +QM (i)

−CT
M (i)PM (i+1)DM (i)

(
DT

M (i)PM (i+1)DM (i)+R(i)
)
−1(

CT
M (i)PM (i+ 1)DM (i)

)T

, P (n) = QM (n). (21)
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Moreover, {gM,∗
i (si−1) : i = 0, . . . , n} given by (21) is the

optimal solution of the following LQG control problem.

J0,n(g
M,∗) ≡ κ0,n(0)

�
= inf

gM,∗
i (·):i=0,...,n

EgM

μ

{
〈Ai, R(i)Ai〉+〈Y i−1

i−M , QM (i)Y i−1
i−M 〉

}
where κ0,n(0) is the cost of control, corresponding to KZi =
0, i = 0, . . . , n.

(c) The optimal random part of the strategy {K∗
Zi

: i =
0, . . . , n} is the solution of the recursive equations

rM (i) = rM (i+ 1) + sup
KZi

∈Sq×q
+

{1

2
log

|DiKZi
DT

i +KVi
|

|KVi |

−λ tr
(
PM (i+ 1)

[
DM (i)KZi

DT
M (i) + IM (i)KVi

ITM (i)
])

−λ tr
(
R(i)KZi

)}
, i = 0, . . . , n− 1, (22)

rM (n) = sup
KZn∈Sq×q

+

{1

2
log

|Dn,nKZn
DT

n,n+KVn
|

|KVn
|

−λ tr
(
R(n)KZn

)
+ λ(n+ 1)κ

}
(23)

where {PM (i) : i = 0, . . . , n} satisfies (21).

(d) The information control-coding capacity is given by

JAn→Y n(πM,g,∗, κ)

= −λ
∫
Y
−1
−M

〈s−1, P (0)s−1〉PS−1
(ds−1) + rM (0)

where λ ≡ λn(κ) is found from the cost constraint.

Proof: For the derivation see [2].

Theorem 3.1 is analogous to the n−block capacity of

Cover and Pombra [4], known to be diffucult to solve (see

[7], page 58). It illustrates that the predictable part of the

optimal randomized strategy given by (19), (20), controls the

controlled process, precisely as in LQG stochastic optimal

control theory [3], [14], while its non-predictable or random

part is an innovations process with covariance {K∗
Zi

: i =
0, . . . , n}. In [2], using Theorem 3.1, the per unit time limit

is analyzed and its operation is shown, via ergodic theory.

The example below demonstrates the water-filling proper-

ties of the random part of the optimal strategy.

Example 3.2: Consider the case M = p = q = 1. From

(22) and (23) we obtain

C0,n(κ)
�
=JAn→Y n(π1,g,∗, κ)=

1

2

n∑
i=0

log
|DiK

∗
Zi
DT

i +KVi
|

|KVi |

=
1

2

n−1∑
i=0

{
log

( D2
i

2λ
(
P (i+ 1)D2

i +Ri

)
KVi

))}+

+
1

2

{
log

( D2
i

2λRnKVn

)}+

=
n∑

i=0

Ci(κ
∗
i ) (24)

where
{
x
}+ �

= max
{
0, x

}
, λ = λn(κ) ≥ 0 is the Lagrange

multiplier chosen to satisfy constraint with equality given by

n−1∑
i=0

{{ 1

2λ
−
(
P (i+ 1)D2

i +Ri

)
KVi

D2
i

}+

+P (i+1)KVi

}
+

{ 1

2λ
− RnKVn

D2
n

}+

+E
(
Y−1

)2

P (0) = κ(n+ 1). (25)

Clearly, in general, for each i, Ci(κ
∗
i ) > 0 provided κ∗i ∈

(κmin,i,∞) and these critical values depend on whether

|Ci,i−1| ≥ 1 or |Ci,i−1| < 1, for i = 0, . . . , n.

IV. CONCLUSION

The control-coding capacity of dynamical systems is dis-

cussed, as a consequence of the universality of Shannon’s

capacity, which include unstable stochastic control systems

or communication channels. For the LQG-M model, the

interaction of control and information transmission is shown

explicitly. Generalizations to models with past dependence

on inputs {Ai : i = 0, . . . , n} are found in [15].
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