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The Capacity of Gaussian MISO Channels Under
Total and Per-Antenna Power Constraints

Sergey Loyka

Abstract—The capacity of a fixed Gaussian MIMO channel and
the optimal transmission strategy under the total power (TP)
constraint and full channel state information are well-known.
This problem remains open in the general case under individual
per-antenna (PA) power constraints, while some special cases
have been solved. These include a full-rank solution for the
MIMO channel and a general solution for the MISO channel.
In this paper, the Gaussian MISO channel is considered and
its capacity as well as optimal transmission strategies are deter-
mined in a closed form under the joint total and per-antenna
power constraints in the general case. In particular, the optimal
strategy is hybrid and includes two parts: first is equal-gain
transmission and second is maximum-ratio transmission, which
are responsible for the PA and TP constraints respectively. The
optimal beamforming vector is given in a closed-form and an
accurate yet simple approximation to the capacity is proposed.

1. INTRODUCTION

The capacity of a fixed multiple-input multiple-output
(MIMO) Gaussian channel under the total power (TP) con-
straint and full channel state information (CSI) at both ends
is well-known as well as the optimal transmission strategy to
achieve it [1]-[3]: the optimal strategy is Gaussian signaling
over the channel eigenmodes with power allocation given
by the water-filling (WF) algorithm. In the special case of
multiple-input single-output (MISO) channel, this reduces to
the rank-1 signalling, i.e. beamforming, where the beamform-
ing vector is proportional to the channel vector (i.e. stronger
channels get more power), which mimics the maximum ratio
combining (MRC) in diversity reception systems [2], which
we term here “maximum ratio transmission” (MRT). Recently,
this problem was considered under individual per-antenna (PA)
power constraints [4]-[6], which is motivated by the distributed
design of active antenna arrays where each antenna has its own
RF amplifier with limited power (as opposed to a common
amplifier and a passive beamforming network in the case of
TP constraint), so that powers of different antennas cannot be
traded off with each other. The optimal transmission strategy
for a fixed channel was established in [6], which corresponds
to beamforming (i.e. rank-1 transmission) with uniform ampli-
tude distribution across antennas and where the beamforming
vector compensates for channel phase differences so that all
transmitted signals are coherently combined at the receiver.
This mimics the well-known equal gain combining (EGC)
in a diversity-reception system. Hence, we term this strategy
“equal gain transmission” (EGT) here. A fixed multiple-
input multiple-output (MIMO) Gaussian channel under PA
constraints was considered in [7] and [11], where a numerical
algorithm to evaluate an optimal Tx covariance was developed
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based on a partial analytical solution [7] and a closed-form
full-rank solution was obtained [11], while the general solution
remains illusive. This is in stark contrast to the capacity under
the TP constraint, for which the general solution is well-known
for this channel. The capacity of the ergodic-fading MISO
channel under the long-term average PA constraint and full
CSI at both ends was established in [10].

Single-user PA-constrained results were extended to multi-
user scenarios in [5] and [9], where a precoder was developed
that achieves a 2-user MISO Gaussian broadcast channel
(BC) capacity [5] and an iterative numerical algorithm was
developed to obtain optimal covariance matrices to maximize
the sum-capacity of Gaussian MIMO multiple-access (MAC)
channel [9], for which no closed-form solution is known.

One may further consider a hybrid design of a Tx antenna
array where each antenna has its own power amplifier and yet
some power can be traded-off between antennas (correspond-
ing to a common beamforming network) under the limited
total power (e.g. due to the limitation of a power supply
unit). This implies individual (PA) as well as total (TP) power
constraints. Ergodic-fading MIMO channels were considered
in [8] under long-term TP and short-term PA constraints and
a sub-optimal signalling transmission strategy was proposed.
An optimal strategy to achieve the ergodic capacity under
the above constraints remains unknown. A fixed (non-fading)
MISO channel was considered in [12] under full CSI at
both ends and joint TP and PA constrains. It was shown
that beamforming is still an optimal strategy. A closed-form
solution was established in the case of 2 Tx antennas only and
the general case remains an open problem.

The present paper provides a closed-form solution to this
open problem, which is based on Karush-Kuhn-Tucker (KKT)
optimality conditions for the respective optimization problem.
In particular, we show that the optimal strategy is hybrid
and consists of 2 parts: Ist part, which includes antennas
with stronger channel gains and for which PA constraints
are active, performs EGT (when PA constraints are the same
for all antennas) while 2nd part, which includes antennas
with weaker channel gains and for which PA constraints are
inactive, performs MRT. This mimics the classical equal gain
and maximum ratio combining (EGC and MRC) strategies of
diversity reception. Amplitude distribution across antennas as
well as the number of active PA constraints are explicitly deter-
mined. Sufficient and necessary conditions for the optimality
of the MRT and the EGT are given. In particular, the MRT
is optimal when channel gain variation among antennas is not
too large and the EGT is optimal for sufficiently large total
power constraint.

Based on the fact that the capacity under the joint (PA+TP)
constraints is upper bounder by the capacities under the
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individual (either PA or TP) constraints, a compact yet accurate
approximation to the capacity is proposed.

Notations: bold lower-case letters denote column vectors,
h = [h1,ha,.., )T, where T is transposition, while bold
capital denote matrices; R is Hermitian conjugation of R;
r;; denotes i-th diagonal entry of R; |z ] is integer part while
(z)4+ = max][0,z] is positive part of x; Vg is the derivative
with respect to R; R > 0 means that R is positive semi-
definite; |h|, = (3, |h:i[P)'/? is l,-norm of vector h and
|h| = |h|2 is I3 norm.

II. CHANNEL MODEL AND CAPACITY

Discrete-time model of a fixed Gaussian MISO channel can
be put into the following form:

y=hTz+¢ (1)

where y, x,& and h are the received and transmitted signals,
noise and channel respectively; h is i-th channel gain (be-
tween i-th Tx antenna and the Rx). Without loss of generality,
we order the channel gains, unless indicated otherwise, as
follows: |hi| > |ha| > ..|hwm| > 0, and m is the number
of transmit antennas. The noise is assumed to be Gaussian
with zero mean and unit variance, so that power is also the
SNR. Complex-valued channel model is assumed throughout
the paper, with full channel state information available both at
the transmitter and the receiver. Gaussian signaling is known
to be optimal in this setting [1]-[3] so that finding the channel
capacity C amounts to finding an optimal transmit covariance
matrix R:

C = max In(1 4+ h' Rh) (2)

RESR

where Sg is the constraint set. In the case of the TP constraint,
it takes the form

Sk ={R:R>0trR < Py}, 3)

where Pr is the maximum total Tx power, and the MRT is
optimal [2] so that the optimal covariance R" is

R* = Prhh*/|h|3 4)
and the capacity is
Curr = In(1+ Pp|h|3) (5)
Under the PA constraints,
Sp={R:R>0,r; <P}, (6)

where 7;; is i-th diagonal entry of R (the Tx power of i-
th antenna), P is the maximum PA power, and the EGT is
optimal [6] so that the optimal covariance R" is

R* = Puu™, @)

where the entries of the beamforming vector w are u; = /%%,
¢; is the phase of h;, and the capacity is

Cpor = In(1 + P|h|?) (8)

In the next section, we consider the MISO capacity under
the joint PA and TP constraints.

III. THE CAPACITY UNDER THE JOINT CONSTRAINTS

Following the same line of argument as for the total power
constraint [1]-[3], the channel capacity C under the joint PA
and TP constraints is as in (2) where Sg is as follows:

SR={R:R>0,trR< Pp,r; < P} &)

and Pr, P are the maximum total and per-antenna powers.
This is equivalent to maximizing the Rx SNR:

m}gthrRh st. Re Sg (10)

The following Theorem gives a closed-form solution to this
open problem.

Theorem 1. The MISO channel capacity in (2) under the per-
antenna and total power constraints in (9) is achieved by the

beamforming with the following input covariance matrix
R" = P*uu™ (11)

where P* = min(Pr,mP) and w is a unitary (beamforming)

vector of the form:
u; = a;el? (12)

where ¢; is the phase of h; and a; represents amplitude
distribution across antennas:

= 1..
B 1)
calhil, i=k+1.m
and
1_ %
o= L = VI—k/m (14)

N

m* = P*/P, h’.; = [hpy1...hw )" is a truncated channel
matrix, and k is the number of active per-antenna power
constraints, 0 < k < |m™|, determined as the least solution
of the following inequality

Rz

|h77l |2
|| < o = — = (15)
m* —k
if Pr < mP and k = m otherwise. The capacity is
C=In(1+~%) (16)

where v* = ht R*h is the maximum Rx SNR under the TP
and PA constraints,

7' =P (cilhils + ol Ry 3)° (17)
where the 2nd term is absent if k = m.
Proof. see Appendix. O

Note from (12) that beamforming vector always compen-
sates for channel phases so that the transmitted signals are
combined coherently at the receiver, while the amplitude distri-
bution across Tx antennas depends on the number of active PA
constraints: amplitudes are always the same for those antennas
for which PA constraints are active (which represent stronger
channels) and they are proportional to channel gain when
for inactive PA constraints (weaker channels). In accordance
with this, (17) has two terms: 1st term cl|h’1c |1 represents the
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gain due to the equal gain transmission (EGT, |u;| = ¢1) for
active PA constraints while 2nd one cs|h} |3 - due to the
maximum ratio transmission (MRT, |u;| = cz|h;|) for inactive
PA constraints, which mimic the equal gain combining (EGC)
and maximum ratio combining (MRC) in the case of diversity
reception systems.

Eq. (15) facilitates an algorithmic solution to find the
number k of active PA constraints and hence the threshold h;j,:
the inequality is verified for k in increasing order, starting from
k = 0, and the algorithm stops when 1st solution is found.

The following Corollary establishes conditions for the op-
timality of the MRT, which corresponds to k = 0.

Corollary 1. All PA constraints are inactive and thus max-
imum ratio transmission is the optimal strategy if and only

if
|h1| < |hl2y/ P/Pr

Proof. Follows directly from Theorem 1 by using k£ = 0. The
necessary part is due to the necessity of the KKT conditions
for optimality. O

(18)

Note that this limits channel gain variance among antennas.
In particular, it always holds if all channel gains are the same.
It also implies that at least 1 PA constraint is active if

|h1| > |h|2\/P/Pr

In a similar way, one obtains a condition for the optimality
of the EGT.

19)

Corollary 2. All PA constraints are active and thus the equal
gain transmission is the optimal strategy if and only if

Pr>mP (20)

When the TP constraint is not active, i.e. Pr > mP and
hence k = m, Theorem 1 reduces to the respective result in
[6] under the identical PA constraints.

Examples: To illustrate the optimal solution, we consider
the following example: h = [3,1,0.5,0.1]7. Note that this
example also applies to complex-valued channel gains since
the beamforming vector is always adjusted to compensate for
the channel phases (see (12)) and hence they do not affect
the capacity or the amplitude distribution. Fig. 1 shows the
capacity under the total and joint power constraints as the
function of the total power Pr when P = 1. As the total
power increases, more and more PA constraints become active,
starting with antennas corresponding to strongest channels.
Note that the MRT is optimal (k¥ = 0) if the total power is not
too large: Pr < P|h|?/|h1|? ~ 1.1, while the EGT is optimal
if Pp > mP = 4. Fig. 2 shows the amplitude distribution for
the scenario in Fig. 1 under the joint PA+TP constraints. While
weak channels get less power at the beginning (when the MRT
is optimal), it gradually increases as the strongest channels
reach their individual power constrains until eventually all
channels have the same power (when the EGT is optimal).
Note that while the amplitudes a; and a4 of the strongest and
weakest channels are monotonically decreasing/increasing, the
amplitudes ao, a3 of intermediate channels are not monotonic

EGT

Fig. 1. The capacity of MISO channel under the PA, TP and joint PA+TP
constraints and the number of active PA constraints k vs. total power Pr;
P=1,h=13,1,0.50.1]T.
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Fig. 2. The amplitude distribution under the joint power constraints for the
scenario in Fig. 1.

in Pp, increasing first until they reach the stronger level and
then decreasing.

In general, the capacity under the joint PA+TP constraints
can be upper-bounded by the EGT and MRT capacities under
the PA and TP constraints respectively:

C < min(Cyvrr, Crcr) (21

where Cyrr, Cpgr are as in (5), (8), and the upper bound
is tight everywhere except in the transition region, so one can
approximate the capacity C' as

C ~min(Cyrr, CeaT) (22)

It is straightforward to show that (21) and (22) hold with strict
equality under (18) or (20) for any h, or if |hy|/|h.,| = 1 for
any Ppr and P. The approximation is sufficiently accurate if
the variance in the channel gains is not large, i.e. if |h1|/|hm]
is not too large, as the following example demonstrates in Fig.
3.

IV. DIFFERENT PA CONSTRAINTS

In a similar way, one may wish to consider a more general
case where individual antennas have different power con-
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Fig. 3. The capacity of MISO channel under the PA, TP and joint PA+TP
constraints and the number of active PA constraints k vs. total power Pr;
P =1, h=[4,3,2.5,2]T. Note that the approximation in (22) is accurate
over the whole range of Pr.

straints, so that the constraint set is

SRZ{RZRZO,t’/‘RSPT,TZ‘iSPL'} (23)

The channel capacity under these constraints is given in the
following.

Theorem 2. The MISO channel capacity in (2) under the per-
antenna and total power constraints in (23) is achieved by the
beamforming with the input covariance matrix as in (11) and

(12) where
@ = Cli, 1=1..k (24)
! 62|hi|7 2:k+1m
01‘11/£ 02:7Vl_k/m* (25)
' P hia ]2
and P* = min(PT,Z;ll P), m* = P*/P, Py =

% Zle P; is the average power of the active PA constraints,
k is the number of active PA constraints, determined as the
least solution of the following inequality

oy |2
P o k
VB = Jor—ston

if Pr < 221 P, and k = m otherwise, where channel
gains {h;} are ordered in such a way that {|h;|//P;} are in
decreasing order. The capacity is as in (16) and the optimal
SNR is

(26)

@7

. 2
v = P* (Z crilhil + 62|h2n+1§>
i=1

Proof. Follows along the same lines as that of Theorem 1. [

Note that 1st term in (27) does not represent EGT anymore;
rather, the amplitudes are adjusted to match the PA constraints.
The conditions for optimality of the MRT can be similarly
obtained. When the TP constraint is inactive, i.e. when Pr >
Z?ll P;, Theorem 2 reduces to the respective result in [6], as

it should be. The condition for the optimality of the MRT is
as follows.

Corollary 3. All PA constraints are inactive and thus the MRT
is optimal if and only if

|ha| < |hl2v/Pr/Pr

and at least 1 PA constraint is active otherwise. All PA
constraints are active and hence the EGT is optimal if and
only if Pr > %" P,

(28)

V. APPENDIX

The problem in (2) under the constraints in (9) is convex
(since the objective is affine and the constraints are affine and
positive semi-definite). Since Slater’s condition holds, KKT
conditions are sufficient for optimality [13]. The Lagrangian
for this problem is:

L=-h"Rh+\(trR—Pr)+ > X(rii— P)—trMR

where A\, \; > 0 are Lagrange multipliers responsible for
the total and per-antenna power constraints, and M > 0 is
(matrix) Lagrange multiplier responsible for the positive semi-
definite constraint R > 0. The KKT conditions are

Vel =—-hht +XI-M+A=0 (29)
AMtrR—Pr) =0, \i(rs—P)=0, RM =0  (30)
trR < Ppr, ri; < P, 3D

M>0,\>0 (32

where Vi is the derivative with respect to R and A =
diag{\1...\;,} is a diagonal matrix collecting A;; (29) is
the stationarity condition, (30) are complementary slackness
conditions; (31) and (32) are primal and dual feasibility
conditions.

Combining both inequalities in (31), one obtains:

tr R < min(Pr,mP) = P* (33)

and from (29)

hh™"+ M =X+A>0 (34)

where the last inequality is due to the diagonal part of the
equality:

\hi|2+mii:/\+)\i>0 35)

since m;; > 0 and |h;| > 0. Therefore, hht + M is full-
rank, 7(hh™ + M) = m. Since 7(hh™) = 1 and M > 0,
it follows that (M) > m — 1. Since (M) = m implies
M > 0 and hence R = 0 - clearly not an optimal solution,
one concludes that »(M) = m — 1 and hence r(R) = 1
(this follows from complementary slackness M R = 0), i.e.
beamforming is optimal:

R* = P*uu™ (36)

where |u| = 1. It remains to find the beamforming vector w.
To this end, combining the last equation with M R = 0, one
obtains:

0=Mu=—hTuh+ (A+Au (37)
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from which it follows that
ui = K uhy /(A + ;) (38)
and hence

Gui = P + @ = @5

where ¢,;, ¢ are the phases of u; and h*u; since the common
phase ¢ does not affect R or the SNR, one can set ¢ = 0
without loss of generality to obtain

(39)

(40)

where a = |h ™ ul.

If A\; > 0 (active i-th per-antenna constraint), then r;; =
P*|u;|? = P from (30) and (11) so that |u;| = ¢; = 1/v/m*.
Since A; > 0, using (40),

c1 = il = alhi /(A + \i) < alhi| /A (41)

so that

‘h,| > )\cl/a = hsn (42)

where hyj, is a threshold channel gain, i.e. PA constraints are
active for all sufficiently strong channels.

When \; = 0 (inactive i-th PA constraint) for at least one 1,
it follows from (35) that A > 0, i.e. the TP constraint is active:
tr R = Pp, which implies Pr < mP. One obtains from (40)

in this case
U; = Cth, Coy = (Z/)\ (43)

which, when combined with the PA constraint 7;; = Pr|u;|? <
P, requires

|hil < hen (44)
where ¢ can be found from the TP constraint |u|? = 1:
lul? = ket + 3|hiy [P =1 (45)

and k£ < m is the number of active PA constraints, i.e. when
(42) holds, which implies

V1—k/m*

Ccy = — (46)
|hk+1|2
so that £ < m* and hy, can be expressed as
A h
hth:ﬁ:ﬂ:ﬂ (A7)
a C2 m* —k

If £ = m, i.e. all PA constraints are active, then one can take
htp, = 0 for consistency with (42). This implies Pr > mP so
that m* = m (note that (47) is not defined in this case).

To find the number & of active PA constraints when Pr <
mP, so that m* = Pp/P < m and hence k < m* < m,
observe that (42) and (43) imply

|h|[vm* —k > |[hil 2 (48)
while (44) implies
|h1[Vm* —k < Ryl ]2 (49)

both due to the ordering |hyi| > |ha| > .. > |hm], so that k
has to satisfy both inequalities simultaneously. The following

Proposition shows that a unique & satisfying both of them does
exist.

Proposition 1. There exists a unique solution of (48) and
(49), which is also the least solution of (49).

Proof. We need the following technical Lemmas.
Lemma 1. There exists at least one solution k of (49).

Proof. If m* = m, then kK = m clearly solves it, where we
take h,,+1 = 0 for consistency (recall that all channels with O
gain do not affect the capacity). If m* < m, then k = |m*]
solves it. ]

Lemma 2. If k < |m*| satisfies (49), then all k' such that
k <k < |m*| also satisfy it, i.e. a solution is not unique in
general. Likewise, all k' < k solve (48) if k solves it.

Now note, from Lemma 1, that a least solution k' of (49)
exists, so that the following holds

|41 [P (m* = k) < b1 ? + o + [
| |2(m* — k1) > |hge|® 4 oo A4 [hn |2

(50)
(51

where the last inequality is due to the fact that k" is the least
solution; this inequality implies

i [P(m* = k) > by P+ o+ [ (52)
i.e. (48) holds for k = k'. O

Using (29) in combination with (39)-(47), it can be further
shown that M > 0, i.e. the dual feasibility holds. This
completes the proof.
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