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I. INTRODUCTION

Multi-antenna systems have recently emerged as a highly efficient strategy for wireless communications
in rich multipath channels[1-4]. However, it is aso well recognized that the wireless propagation channel
has a profound impact on MIMO system performance [3-8]. In ideal conditions (uncorrelated high rank
channel) the MIMO capacity scales roughly linearly as the number of Tx/Rx antennas. The effect of
channel correlation is to decrease the capacity and, at some point, this is the dominant effect. This effect
is highly dependent on the scenario considered. Many practically-important scenarios have been studied
and some design guidelines have been proposed as well.

Here we analyze the effect of propagation channel from a completely different perspective [9-14].
Electromagnetic waves are used as the primary carrier of information. The basic electromagnetism laws,
which control the electromagnetic field behaviour, are expressed as Maxwell equations [15,16]. Hence,
we ask a question: What is, if any, the impact of Maxwell equations on the notion of information in
general and on channel capacity in particular? In other words, do the laws of electromagnetism impose
any limitations on the achievable channel capacity? Below, we concentrate on this last question and try to
answer it. We are not targeting in particular scenarios, rather, we are going to look at fundamental limits
that hold in any scenario. Analyzing MIMO channel capacity allows one, in our opinion, to come very
close to answering this question.

Our approach is a three-fold one [13]. First, we employ the channel correlation argument and

introduce the concept of an ideal scattering to demonstrate that the minimum antenna spacing is limited
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to about half awave length for any channel (i.e., locating antennas closer to each other will not resultin a
capacity increase because of correlation).

Secondly, we use the plane wave spectrum expansion of a generic electromagnetic wave and the
Nyquist sampling theorem in the spatial domain to show that the laws of electromagnetism in its general

form (Maxwell equations) limit the antenna spacing to half a wavelength, d,;, =!I /2 , for linear antenna

arrays, but only asymptotically, when the number of antennas n® ¥ . For a finite number of antennas,
thislimit is dightly lessthan | /2 because a dight oversampling is required to reduce the truncation error
when using the sampling series. In any case, the existence of the minimum spacing limits the number of
antennas and the MIMO capacity for a given aperture size. It should be emphasized that this limitation is
scenario-independent. It follows directly from Maxwell equations and isvalid in any situation.

Thirdly, we consider the MIMO capacity of waveguide and cavity channels and demonstrate that
there are final number of degrees of freedom in that environment too, which is dictated directly by
Maxwell equations, that can be exploited for MIMO communications. Electromagnetics and information
theory can be nicely united in this case to produce insight that is not available by using either of these
disciplines separately. In particular, it turns out that the traditional single-mode transmission, which is so

popular in electromagnetics community, is optimal only at small signal-to-noise (SNR) ratio.

I[l. MIMO CHANNEL CAPACITY

We employ the celebrated Foschini-Telatar formula for the MIMO channel capacity [1,2], which is valid
for afixed linear n" n matrix channel with additive white Gaussian noise and when the transmitted signal
vector is composed of statistically independent equal power components each with a gaussian distribution

and the receiver knows the channel,

C:Iogzdetg'?+r—G G+ 0 [bitssHZ], (1)
n 7]

Here n isthe numbers of transmit/receive antennas, r is the average signal-to-noiseratio, | isn” nidentity

matrix, G is the normalized channel matrix (the entries are complex channel gains from each Tx to each
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Rx antenna), tr[GG*]=n, which is considered to be frequency independent over the signal bandwidth,
and “™ denotes transpose conjugate. For simplicity, we consider a nxn channel, but the results also hold
true, sometimes with minor modifications, for a ngxny channel, where ng and ny are the number of Tx and
Rx antennas respectively, ng t n; .

In an ideal case of orthogonal full-rank channel (1) reducesto
C=nlog, (1+r /n), 2)

i.e. the capacity is maximum and scales roughly linearly with the number of antennas.

1. THELAWS OF ELECTROMAGNETISM

It follows from (1) that the MIMO channel capacity crucially depends the propagation channel G. Since
electromagnetic waves are used as the carrier of information, the laws of electromagnetism must have an
impact on the MIMO capacity. They ultimately determine the behaviour of G in different scenarios.
Hence, we outline the laws of electromagnetism from a MIMO system perspective. In their most general
form, they are expressed as Maxwell equations with charge and current densities as the field sources
[15,16]. Appropriate boundary conditions must be applied in order to solve them. We are interested in
application of Maxwell equations to find the channel matrix G in (1). Since the Rx antennas are
physically separated from the Tx ones, we assume that the physical support of our channdl is a source-
free space, which includes scatterers, where EM waves do propagate. In this case, Maxwell equations

simplifies to the system of two decoupled wave equations [15]:

2
NZE-iZ"JH—E:o NZH‘—zW:O 3
C C

where E and H are electric and magnetic field vectors, and c is the speed of light. There are 6
independent field components (or “polarizational degrees of freedom”) associated with (3) (three for
electric and three for magnetic fields), which can be used for communication in rich-scattering

environment. Only two of them survive in free space at the far-field region (“poor scattering”). Hence, in
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a generic scattering case the number of polarizational degrees of freedom varies between 2 and 6, and

each of them can be used for communication. Using the Fourier transform in time domain,
f(r,w) =gy (r,t)e Mt (4)
(3) can be expressed as[15]
RI%f (r,w) +(w/c)*f (r,w) =0 (5)
where f denotes any of the components of E and H, r is a position vector and w is the frequency. For a

given frequency w (i.e., narrowband assumption), (5) is a second-order partial differential equationinr.
It determines f (for given boundary conditions, i.e. a Tx antenna configuration and scattering

environment) and, ultimately, the channel matrix and the channel capacity. Note that (5) is general as it
does not require any significantly-restrictive assumptions. The source-free region assumption seems to be
quite natural (i.e., Tx and Rx antennas are separated) and the narrowband assumption is ssimplifying but
not restrictive since (5) can be solved for any frequency and, further, the capacity of afrequency-selective
channel can be evaluated using well-known techniques.

Unfortunately, the link between (5) and the channel matrix G is not explicit at al. A convenient
way to study this link is to use the spatial domain Fourier transform, i.e. the plane-wave spectrum
expansion,

f(k,w) = ¢§ (r,w)e’*dr

1
(2p)*

where k isthe wave vector. Using (6), (5) can be reduced to [15]

f(r,t)= ©

af (k. wye! ™ dkdw

(I[* - wre)? )k wy =0 ™
Hence, |k| =w/c and the electromagnetic field is represented in terms of its plane-wave spectrum

f (k,w), which in turn is determined through given boundary conditions, i.e. scattering environment and
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Tx antenna configuration. In the next sections, we discuss limitations imposed by (5)-(7) on the MIMO

channel capacity.

IV. SPATIAL CAPACITY AND CORRELATION

The channd capacity is defined as the maximum mutual information [17],

C= r&%({ L (x.y)} (8)

where x,y are Tx and Rx vectors, and the maximum is taken over all possible transmitted vectors subject
to the total power constraint, B, = <xx+> £ B . Under some conditions (quasi-static frequency-flat channel

with additive white Gaussian noise (AWGN), with perfect channel state information (CSl) at the
receiver), this results in (1). In order to study the impact of the electromagnetics laws on the channel
capacity and following the approach of [1,2], we definite the spatial capacity S as the maximum mutual

information between the Tx vector on one side and the pair of the Rx vector y and the channel G

(assuming perfect CSl at the Rx end) on the other, the maximum being taken over both the Tx vector and

EM field distributions,

5= max {1 (x{y.6®} ).

2 9
const.. <x+x>£ P, N%E- C—lz'lJT[—E:O, E=Ey" {r.t}1 B

where, to be specific, we assume that the electric field E is used to transmit data (H field can be used in
the same way), and the last constraint is due to the boundary condition B associated with the scattering
environment. The first constraint is the classical power constraint and the second one is due to the wave
equation. The channel matrix G isafunction of E since the electric field is used to send data. The spatial
capacity Sis difficult to find in general since the constraints include a partial differential equation with
arbitrary boundary conditions.

One may consider a reduced version of this problem by defining a spatial MIMO capacity as a

maximum of the conventional MIMO channel capacity (per unit bandwidth, i.e. in bits/s’Hz) over
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possible propagation channels (including Tx & Rx antenna locations and scatterers' distribution), subject

to some possible constraints. In this case, we replace (9) by

S:mc?x{C(G)}, const.: GT M (Maxwell) (10)

where the constraint M (Maxwell ) is due to the Maxwell (wave) equations and the capacity is maximized

by changing G (within some limits), for example, by appropriate positioning of antennas. Unfortunately,
the explicit form of the constraint M is not known. Additional constraints (due to a limited aperture, for
example) may be also included. The aperture constrain was discussed in [25] by introducing the concept
of intrinsic capacity, which is somewhat similar to our concept of spatial capacity. Note that the second
definition (10) will give a spatial capacity, which is, in genera, less than that in the first definition (9).

We have termed the maximain (9) and (10) “spatia capacity” or “capacity of agiven space’. Since
we have to vary the channel during this maximization the name “channel capacity” seems to be
inappropriate ssimply because the channd is not fixed. On the other hand, we vary channel within some
limits, i.e. within given space. Thus, the term “capacity of a given space”, or “spatia capacity”, seemsto
be appropriate.

The question arises: what is this maximum and what are the main factors that have an impact on it?
Using the ray tracing (geometrical optics) arguments and the recent result on the MIMO capacity, we
further demonstrate that there exists an optimal distribution of scatterers and of Tx/Rx antennas that
provides the maximum possible capacity in a given region of space. Hence, the MIMO capacity per unit
spatial volume can be defined in a fashion similar to the traditional definition of the channel capacity per
unit bandwidth. This allows the temporal and spatial domains to enter into the analysis on equal footing
and, hence, demonstrates explicitly the space-time symmetry of the capacity problem in the spirit of
special relativity in physics.

In order to proceed further, we need some additional assumptions. Considering a specific scenario
would not allow us to find a fundamental limit simply because the channel capacity would depend on too

many specific parameters. For example, in outdoor environments the Tx and Rx ends of the system are
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usually located far away from each other. Hence, any MIMO capacity analysis (and optimization) must be
carried out under the constrain that the Tx and Rx antennas cannot be located close to each other.
However, there exists no fundamenta limitation on the minimum distance between the Tx and Rx ends.
Thus, this maximum capacity would not be a fundamental limit. In a similar way, a particular antenna
design may limit the minimum distance between the antenna elements but it is just a design constrain
rather than a fundamental limit. Similarly, the antenna design has an effect on the signal correlation (due
to the coupling effect, for example), but this effect is very design-specific and, hence, is not of
fundamental nature. In other words, the link between the wave equations (3) or (7) and the channel matrix
G is far from explicit since too many facts depend on Tx and Rx antenna designs and on many other
details.

We will rather consider a reduced version of this problem. In particular, we investigate the case
when the Tx and Rx antenna elements are constrained to be located within given Tx and Rx antenna
apertures. We are looking for such location of antenna elements (within the given apertures) and such
distribution of scatterers that the MIMO capacity (“spatia capacity”) is maximum. While this maximum
may not be achievable in practice, it gives a good indication as to what the potential limits of MIMO
technology are.

In order to avoid the effect of design-specific details, we adopt the following assumptions. Firstly,
we consider alimited antenna aperture size (1-D, 2-D or 3-D) for both the Tx and Rx antennas. All the Tx
(Rx) antenna elements must be located within the Tx (RX) aperture. Asit is well-known, arich scattering
environment is required to order to achieve high MIMO capacity. Thus, secondly, the rich (“idea”)
scattering assumption is adopted in its most abstract form. Specifically, it is assumed that there isinfinite
number of randomly and uniformly-located ideal scatterers (the scattering coefficient equals to unity),
which form a uniform scattering medium in the entire space (including the space region considered) and
which do not absorb EM field. Thisisthe concept of “ideal scattering” (which cannot be better than that).
Thirdly, antenna array elements are considered to be ideal field sensors with no size and no coupling

between the elements in the Rx (Tx) antenna array. Our goal is to find the maximum MIMO channel
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capacity in such a scenario (which posses no design-specific details) and the limits imposed by the
electromagnetism laws. It should be emphasized that the effect of electromagnetism laws is aready
implicitly included in some of the assumptions above. In order to simplify analysis further, we use the ray
(geometrical) optics approximation (which justifies the ideal scattering assumption above).

Knowing that the capacity increases with the number of antennas, we try to use as many antennas
as possible. Is there any limit to it? Since antennas have no size (by the assumption above), the given
apertures can accommodate the infinite number of antennas. However, if antennas are located close to
each other the channel correlation increases and, consequently, the capacity decreases. A certain
minimum distance between antennas must be respected in order to avoid capacity decrease, even in ideal
rich scattering. Fig. 2 demonstrates this effect for uniformly-spaced linear array antennas for the

scattering scenario depicted in Fig. 1. if d <d,,, . the effect of correlation is significant and the capacity
is less than the maximum one [8]. While d,,, depends on scattering environment, i.e. the angular spread

D of incoming multipath,

dmin » maxiiiosu,
| 2D}

even in rich scattering (i.e. D=360°) d_._»1 /2, which is consistent with the Jakes model [22]. While

min
the model above is a two-dimensional (2D) one, it can be extended to 3D applying it to both orthogonal
planes and, due to the symmetry of the problem (no preferred direction), similar result should hold in 3D

as well. Rigorous analysis shows that the correlation between adjacent elements in that case is

sin(2pd/1)/(2pd /1) (with thefirst zero a d, =1 /2) and the same minimum spacing requirement holds

true, d;, »1 /2.
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Fig.1. Incoming multipath signals arrive to a uniform linear antenna array of isotropic elements
within £D/2 of the broadside direction.
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Fig. 2. The aver age capacity versus antenna spacing for the uniform linear array and the single-

cluster multipath channel of Fig. 1 with angular spread D at the Rx end (the Tx end is assumed to

beuncorrelated); n=10, SNR=30 dB. When D=360°, d_. »| /2.

min
We summarize the effect of d

min &S follows. When we increase the number of antenna elements

over afixed aperture, the capacity at first increases. But at some point, due to aperture limitation, we have
to decrease the distance between adjacent elements to accommodate new ones within the fixed aperture.

When the element spacing decreases, the capacity increase slows down and finaly, when the element
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spacing is less than the minimum distance, d,;, » | /2, the capacity saturates. Hence, there is an optimal
number of antennas, for which the full capacity is achieved with the minimum number of antenna
elements (i.e., the minimum complexity). Fig. 3 demonstrates this capacity saturation effect for a fixed-
aperture antenna array using the model in [8]. Note the dual nature of capacity saturation: the capacity
saturates with increasing the element spacing over d.;. for given number of elements n (1% type
saturation - Fig. 2) and also with increasing n over number N, for given aperture length L (2™ type
saturation — Fig. 3).

A similar capacity saturation argument has already been presented earlier in [9]. However, no
appropriate model has been developed and also the optimal number of antennas has not been eval uated.
Using the model in [8] or the equivalent 3D model results in d,, »! /2 for D=360° (uniform
scattering), and the optimal number N,y of antennas for a given aperture size L is straightforward to
evaluate (1-D aperture, i.e. linear antenna array):

Ngpt » 2L/1 +1 (11)

For an angular spread smaller than 360°, the optimal number of antennas decreases correspondingly,

Nop » %min{ D1 +1
It should be emphasized that the 2™ type capacity saturation has been observed under the assumption of
fixed average SNR at the receiver, which is equivalent to tr{GG"} =n;, where n; isthe number of Tx

antennas, which isfixed. Since increasing n results in more power collected by the Rx antenna elements,
which is equivalent to increasing the average SNR, it was speculated that the 2™ type saturation may not
exist if the SNR increase is taken into account [26]. As we show later, thisis not so (since the total power

collected by the Rx array islimited for fixed L).
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Fig. 3. The average capacity versus the number of elements n of a uniform linear array and a
single-cluster multipath channel with the angular spread D at the Rx end. The Tx end is assumed

to be uncorrelated, the number of Tx antenna elements is n; =10; the aperture length

L=5I, SNR=30dB.

While our analysis above was based on 1-D antenna arrays, the similar saturation effects can be
observed for 2-D and 3-D arrays as well. Additionally, the capacity saturation effect has been also noted
for circular arrays [24]. Hence, this effect is not a consequence of a specific array geometry but rather a
generic property of any array: capacity saturates as long as adjacent element spacing is about | /2,
regardless of the geometry’. Finally, we note that the results above are consistent with the diversity
combining analysis, where the minimum spacing is about half a wavelength (for D=360°) as well [22],

and with the earlier speculation in [1].

! We should note that mutual coupling between antenna elements is not taken into account in the present study.
Based on the results in [30,31], if this effect is accounted for, the capacity may actually decrease for n > NOpt since

d <1 /2 inthat region.
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V. SPATIAL SAMPLING AND MIMO CAPACITY

In the previous section, we argued that the channel correlation limits the minimum antenna spacing to half
a wavelength (even in the case of “ideal” scattering). In this section, we demonstrate that the same limit
can be obtained directly from the wave equations (3) or (5), without reference to the channel corréation.

Let us start with the wave equation (5). The field spectrum f (k,w) can be computed in a general

case provided there is a sufficient knowledge of the propagation channel and of the Tx antennas (note that
we have not made so far any simplifying assumptions regarding the propagation channel). Knowing the
field, which is given by the inverse Fourier transform in (6), and Rx antenna properties, one may further
compute the signal at the antenna output and, hence, the channel matrix G. The result will, of course,
depend on the Rx antenna design details. In order to find a fundamental limit, imposed by the wave
equations (5) on the channel capacity (1), we have to avoid any design-specific details. Thus, as we did
earlier on, we assume that the Rx antennas are ideal field sensors (with no size, no coupling between them
etc.) and, consequently, the signal at the antenna output is proportional to the field (any of the 6 field

components may be used). Hence, the channel matrix entries g;; must satisfy the same wave equation as

the field itself. In general, different Tx antennas will produce different plane-wave spectra around the Rx

antennas and, hence, the wave equation is:
(|k|2— (W/C)z)gj(k,w):o (12)
where g; (k,w) is the plane-wave spectrum produced by j-th Tx antenna. To simplify things further, we

employ the narrowband assumption: w=const, and, hence, |k|:w/c is constant (the case of a

frequency-selective channel can be analyzed in a similar way — see below). The channel matrix entries for
given locations of the Rx antennas can be found using the inverse Fourier transform in the wave vector

domain;

1 Y - jkx _
gj(r,w):wcgj(k,w)e *dk, g =g;(r;,wW) (13)
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where r; is the position vector of i-th Rx antenna, and g;(r,w) is the channel “vector”, i.e. propagation
factor from j-th Tx antennato an Rx antenna located at position r. The integration in (13) is performed on
a hypersurface |k| =w/c. As we show below, this resultsin a very important consequence. Consider, for
simplicity, 2-D case (3-D case can be considered in a similar way). In this case, the integration in (13) is

performed along the line given by

k2 +k2 =(w/c) ® k, =t,/(w/c)®- K2 (14)

Assume that the Rx antennais a linear array of elements located on the OX axis, i.e. r, =0. In this case,

(13) reducesto

kmax

:W O 9; (ke we 5k,
-k

g =9;(%,w)

g; (x,w) (15)
where k., =w/c due to (14). At this point, we ignored the evanescent waves with |k| > K. because
they decay exponentially with distance and can be ignored at distances more than few | from the source
[15,16]. Note that computing g; corresponds to sampling g; (x,w) with sampling points being x; . Let us
now apply the Nyquist sampling theorem to (15). According to it, a band-limited signal, g; (k,,w) in our
case (it is band-limited in k-domain) , can be exactly recovered from its samples taken at a rate equal at
least to twice the maximum signal frequency (Nyquist rate). In our case, the Nyquist rateis 2k, and the
sampling interval is

DXy = 2P/ (2K ) =1 12 (16)
where | =2pc/w is the wavelength. There is no any loss of information associated with the sampling
since the original channel “vector” g; (r,w) (as well as the field itself) can be recovered exactly from its
samples at x =0,£Dx;,,£2DX,.-.. This means that by locating the field sensors at sampling points,

which are separated by Dx,;,, We are able to recover al the information transmitted by electromagnetic
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waves to the receiver. Hence, the channel capacity is not reduced. Thisimplies, in turn, that the minimum
spacing between antennas is half a wavelength:

Aiin = DXgin =1 /2 (17)
L ocating antennas more close to each other does not provide any additional information and, hence, does
not increase the channel capacity. It should be noted that the same half-wavelength limit was established
in Sec. IV using the channel correlation argument, i.e. locating antennas closer will increase correlation
and, hence, capacity will decrease. However, while the channel correlation argument may produce some
doubts as whether the limit is of fundamental nature or not (correlation depends on a scenario
considered), the spatial sampling argument demonstrates explicitly that the limit is of fundamental nature
because it follows directly from Maxwell equations (i.e., the wave equation), without any simplifying
assumptions as, for example, the geometrical optics approximation [18] (when evaluating correlation, we
have to use it to make the ray tracing valid). Note that the spatial sampling arguments holds also for a
broadband channel (the smallest wavelength, corresponding to the highest frequency, should be used in

this case to find Dx.;,) and for the case of 2-D and 3-D antenna apertures. However, in the latter two
cases the minimum distance (i.e., the sampling interval) is different [21]. If one uses a 2-D antenna
aperture (i.e. 2-D sampling), the sampling interval is

Dxin =1 //3, (18)
and in the case of 3-D aperture,

DXin,3 = | IN2. (19)
While the minimum distance in these two cases is different from the 2-D casg
DXin < DXin2 < DXpins(i-€., each additional dimension possesses less degrees of freedom than the
previous one), the numerical values are quite close to each other.

Another interpretation of the minimum distance effect can be made through a concept of the

number of degrees of freedom. As the sampling argument shows, for any limited region of space (1-D, 2-

D or 3-D), there is a limited number of degrees of freedom possessed by the EM field itself. No any
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antenna design or their specific location can provide more. This is a fundamental limitation imposed by
the laws of electromagnetism (Maxwell equations) on the MIMO channel capacity.

An important remark, often overlooked, on using the sampling theorem to find the minimum
antenna spacing is worth mentioning. The sampling theorem guarantees that the origina band-limited
signal can be recovered from its samples provided that the infinite number of samples are used (band-
limited signal cannot be time limited!). Hence, the half wavelength limit, as derived using the sampling
theorem, holds true only asymptotically, when n® ¥ . For finite n, the sampling series does not represent
exactly anymore the continuous signal (field) due to the truncation error [19]. Thisis often overlooked in
the array processing area [28] when the minimum antenna (sensor) spacing is derived for n=¥ whilethe
number of antennas is actually finite. In the latter case, the optimal number of antennas may be larger
than that given by (11), i.e. the minimum spacing may be lessthan | /2 because a slight oversampling is
required to reduce the truncation error. The maximum truncation error of the sampling series for a given
limited space region (i.e., the antenna aperture in our case) decreases to zero as the number of termsin the
sampling series (i.e., the number of antennas in our case) increases and provided that there is a small
oversampling [19, 20]. Below we present some truncation error bounds and discuss them in the context of

spatial sampling for MIMO system.
A. Bounds on Truncation Error in Sampling Series

Consider reconstruction of aband-limited signal x(t) from its samples x(nD) :

x(t) = 5 x(nD)sinc( fgt- n), (20)

n=-¥

where sinc(t)=sin(pt)/(pt), D=1/f, and f 3 2f , are the sampling interval and frequency

respectively, f, . isthe maximum frequency in the spectrum of x(t),
fmax .
xt)= O Si(f)e/*df, (21)
- fmax

where S (f) isthe spectrum of x(t) . When the seriesin (20) istruncated to |n|£ N,
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Xy () = g x(nD)sinc( fst- n), (22)
n=- N
the truncation error is
et) = x(t) - xy ()= & x(nD)sinc(ft- n), (23)
‘n‘>N

Several bounds to |e(t)| are known [19, 20], depending on the nature of the signal and the interval of
interest. When the recovered signal Xy (t) is considered over a finite interval only (i.e. limited antenna

aperture), [t| £T = ND, |e(t)| can be bounded as [20]:

t
Mgﬂ‘gnp_t‘ D e, (24)
JE pl| DINTZ-t
where E isthe signal’s energy,
fmax 2
E= ¢ [S{(f) df, (25)

fmax
As (24) indicates, when D® 0 (i.e. increasing oversampling) for fixed T (i.e. more antennas for fixed

antenna aperture) or when T ® ¥ for fixed D, we obtain |e(t)|® 0. In practical terms, as the mean

_ 2 _
squared error (MSE) €? :T'l(jaT |e(t)| dt becomes smaller than the noise power, e” <s§, its impact on

the capacity is small and, hence, it can be neglected. A tighter bound can be obtained from (24) by using
the energy carried out by the truncated samples instead of the total energy E [20]. We aso note that (24)

does not necessarily require oversampling.

Another bound to |e(t)| , which does involve oversampling, is of the following form [19]:

et) Z
max{|x(t)} ~p*N(- a)’

- ¥ <t<¥, (26)

where a = f,, / f, is the oversampling ratio. Note that this bound limits the error for the entire range of

t. Clearly, as N ® ¥, the truncation error |e(t) ® O for any a <1. (We note that (24) and (26) aso
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justify the use of truncated series in the time-domain as any transmission spans a finite number of
symbols. The difference between time-domain and spatial domain cases is that in the former case the
number of samplesis much larger and, hence, the truncation error is much smaller. On the contrary, since
the number of antennas in many practical systems is small, the truncation error may be, generaly

speaking, significant). The smaller a (i.e. larger oversampling), the smaller N is required for the same
bound. While the convergence of |e(t)| to 0in (24) and (26) is dow in N, these bounds, in many cases,
overestimate the error, which converges to O much faster with N. Additionally, it should be noted that the
bound in (26) applies to the entire range, - ¥ <t <¥ while the function is recovered from the samplesin
-T<t<T and, hence, significant contribution to the error may come from the interval |t| >T, i.e
outside of the antenna aperture. This interval does not contribute anything to the capacity for aperture-

limited system and, hence, this part of the error isirrelevant. Needless to say, more accurate bounds can

be obtained if more details are known about the signal [35].
Fig. 4 illustrates the normalized MSE ?/ ¢ using the bounds in (24) and (26), where c=E and

c= max|x(t)|2 respectively, versus the number of samples. Clearly, for more than 10 samples the error is

already small.

B. Impact of Truncation Error on the Capacity

As the discussion above demonstrates, even for small oversampling the truncation error goes to zero as
the number of antennas (samples) increases. While the truncation error expressions above are useful on
their own (in particular, because they provide a confidence that indeed a truncated sampling series can be
good enough), they not only overestimate the error in many cases, but also do not indicate explicitly the
effect of the truncation on the capacity.

A way to overcome this difficulty is consider the true mean squared error and to compare it with
the noise power. When the sguared truncation error averaged over the antenna aperture is less than the

noise power, MSE <1/ S\R, it isnegligible as one is able to recover almost all the information conveyed
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by the EM field to the antenna aperture (but, possibly, not outside of the aperture) in given noise. For
example, using Fig. 4, SNR=20dB corresponds to MSE<0.01 and N >20 or N >35 using (24) or
(26) respectively. It should not be surprising that these bounds are different as different normalizations
are used in (24) and (26); also the nature of the bounds themselves is different, i.e. (26) implies
oversampling but (24) does not (it is clear from Fig. 4 that oversampling results in much smaller
truncation error when N is not too small). Note also that larger SNR requires larger number of samplesto

make the truncation error small (less than the noise). Using (26), the required number of samples, which

provides negligible truncation error for given SNR r , can be estimated as N >%.
pc(1- a

01

SNR =20dB

001t
1103 | | MR |
0 20 40 60 80 100
. . eq. 24 N
eg. 26
0.01

Fig. 4. Normalized mean sguaretruncation error bounds ver susthe number of samples;, a =0.8.

Since the truncation error is zero for infinite number of samples and the required spacing is

d.i, =| /2 inthis case, one may expect that the actual minimum antenna spacing is quite close to half a
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wavelength for a finite but large number of antennas. The channel correlation argument, which roughly
does not depend on n, also confirms this. Detailed analysis shows that the truncation error effect can be
eliminated by approximately 10% increase in the number of antennas for many practical cases. Fig. 5
illustrates the effect of oversampling by considering the MIMO capacity versus the number of antennas
for given (fixed) aperture length (linear antenna) L =51 for different realizations of an independent
identically-distributed (i.i.d.) Rayleigh fading channel. Clearly, there exists a maximum number of
antennas n,,, ; using more antennas does not result in higher capacity for any channel realization.
Remarkably, that this maximum is dlightly larger than that in (11), i.e. spatial sampling and correlation
arguments agree well. There is, however, one significant difference between these two arguments: while
the latter isvalid “on average” (i.e. for the mean capacity), the former is valid for each channel realization

and not only on average. Clearly, the sampling argument is more powerful in this respect.

60 T

Nax » 2L11 +2 ]

Capacity, bit/s'/Hz

I I
5 10 15 20

R
Fig. 5MIMO channel capacity versusthe number of Rx antennasfor L =5 , n, =10. Capacity

of 5 different realizations of a Rayleigh fading channel are shown. Capacity saturation for each of

them isclear.
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Keeping this in mind, one may say, based on the sampling theorem, that the optimal number of
antennas for a given aperture size is given approximately by (11). Due to the reciprocity of (1), the same
argument holds true for the transmit antennas as well. Hence, using (2) and (11) the maximum MIMO
capacity can be found for a given aperture size.

It should be noted that, in some practical cases, increasing n over Nog in (11) may result in higher
SNR due to antenna gain increase (i.e. more power collected by the Rx antenna elements) and,
consequently, in logarithmic increase in capacity’. However, if this increase does take place, it is very
slow (logarithmic) and it does not occur if the SNR is fixed, i.e. when one factors out the effect of the
antenna gain. From physical perspective, the total power collected by the antenna array cannot exceed the
power collected by the ideal continuous aperture of the same size, which equals to the total power
delivered by the electromagnetic wave. Consequently, the array antenna gain versus the number of
elements for a fixed aperture is limited by the gain of a continuous antenna (with the same aperture). As
an example, Fig. 6 shows the gain of a uniform linear array of isotropic elements versus the number of
elements, computed using the well-know model [26], and compares it to the gain of continuous linear
antenna (aperture) of the same size L =5| . Clearly, the array gain saturates at about the same point as the
capacity, n» 2L /I , which correspondsto d » | /2, and equals to that of the continuous aperture at that
point (thisis explained, of course, by the convergence of the array antenna pattern to that of the linear
aperture as the number of array elements increases within the fixed aperture). Hence, there is no increase
in SNR beyond that point and, consequently, no increase in capacity can be expected due to higher SNR.
As a side remark, we note that the similar gain saturation effect can be observed for an array of collinear
short dipoles and other elements.

In many practical cases, the minimum spacing can be substantialy larger than that in (17). For
example, when al the multipath components arrive within a narrow angle spread D<<1,

d..»l /(2D)>>1 /2 [8] (remarkably, the same limit follows from the spatial sampling argument).

min

2 A. Molisch, private communication.
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Hence, less antennas can be accommodated within given aperture,

Nopt » 2LD/1 +1,

and, conseguently, the MIM O capacity is smaller for a given aperture size.

12
SNR does not
increase here
in=2L/I =10
ld=1/2
2 4 6 8 10 12 14
— AIT
& N

""" Cont. aperture

Fig. 6. Linear uniform array gain versus the number of (isotropic) elements for L =5 .

Continuous aperture (1-D) gain is also indicated.

A noteisin order on practical value of the minimum spacing results above. Since these results were
derived under the assumption of ideal antennas (isotropic field sensors with no mutual coupling), it is
expected that practical implementation of real antenna arrays operating in real scattering environment
may result in some deviations from the results above. For example, it was observed in the literature that
mutual coupling (neglected in the present study) may have a significant effect on the capacity [28-31].
Since both positive (i.e. higher capacity) [28,29] and negative [30,31] effects of the mutual coupling have
been reported, one has to conclude that this effect depends significantly on the environment, antenna

design and aso on the assumptions, i.e. whether the SNR is assumed to be fixed or affected by the
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coupling, whether the matching network takes the coupling into account etc. [32]. This demonstrates once
more that numerous details tend to hide fundamental principles behind them. A side remark is that when
this effect is positive, smaller element spacing becomes feasible without significant capacity loss [29].
This clearly shows that practical implementation may somewhat deviate from our idealistic theoretical
analysis’. There exists, however, a final number of degrees of freedom possessed by the electromagnetic
field itself, which ultimately limits any practical system (with or without mutual coupling etc.). The way
these degrees of freedom are used in practice by realistic antennas may of course differ from what the
idedlistic theory above suggests.

We should note that applications of the sampling theorem to electromagnetic problems have along
history. Among others, these applications include spatial sampling techniques in optics [33], which is
electromagnetics at very high, i.e. optical, frequencies, and also in near-field measurements and numerical
analysis of electromagnetic fields [34]. A significant difference, however, with the present analysisis that
while the former deal mostly with free-space propagation, the latter considers a (rich) scattering
environment, where the advantages of MIMO systems are most pronounced (as free-space propagation
results in rank-deficient channel and, hence, low capacity, unless the Tx-Rx antenna spacing is very
small). Additionally, while the earlier applications have used the sampling theorem just as a convenient
analysis tool, when the sampling theorem is considered in the context of MIMO systems, a fundamental
link with information theory becomes clear.

With respect to the minimum antenna spacing, it is interesting to note that the MIMO capacity
analysis of waveguide channels, which is based on a rigorous electromagnetic approach and does not
involve the usage of the sampling theorem, indicates that the minimum antenna spacing is about | /2 as

well [12,14]. Thisisdiscussed in details in the next section.

® While mutual coupling can have a significant effect on antenna array pattern (especially in the sidelobe region)
even for d>1 /2, the MIMO capacity is not significantly affected by it in that case [28,30,31]. A possible
explanation for thisis that the channel matrix, which includes the effect of mutual coupling, is known to the receiver
and taken into account in the processing, and, hence, the mutual coupling is implicitly compensated for.
Consequently, most of our results for d >1 /2 will hold true even if the effect of mutual coupling is taken into
account.
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VI. MIMO CAPACITY OF WAVEGUIDE CHANNELS'

The case of an ideal waveguide MIMO channél (i.e. lossless uniform waveguide) is especialy interesting
because the relationship between information theory and el ectromagnetics manifests itself in the clearest
form in this scenario. We further consider such a waveguide unless otherwise indicated.

Arbitrary electromagnetic field inside of a waveguide can be presented as a linear combination of

the modes [15,16],

&(xY,2)=Q ,anEn(x y)e "o’ -

h(xY,:2) =@ baHn(x y)e o’
where E (x,y) and H,(x,y) arethe normalized modal functions of the electric and magnetic fields, a,
and b,, arethe expansion coefficients (mode amplitudes), k,,, isthe axial component of the wave vector,
and n is the (composite) mode index. The modal functions E,(x,y) and H,(x,y) givethefield variation
in the transverse directions (x,y) and the variation along the axial direction (2) is given by e *=nZ  While
particular form of the modal functions depend on the guide cross-section and may be difficult to find in
explicit form (unless some symmetry is present), an important general property of the modal functions of

alossless cylindrical waveguide is their orthogonality in the following sense [16],
a\jEnEdedy = dmn
S
@ nHmaxdy =d, (28)
S
@@=nHmdxdy =0
S

where the integrals are over the guide cross-sectional area S d,,,, =1if m=n and O otherwise. For given

frequency, there exist a finite number of propagating modes and all the other modes are evanescent, i.e.

they decay exponentially with z

* This section is based on [12],[14].
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Eq. 27 and 28 immediately suggest the transmission strategy for a waveguide channel, which is to
use all the eigenmodes (or simply modes) as independent sub-channels since they are orthogonal and it is
well-known that the MIMO capacity is maximum for independent sub-channels. In this case, the
maximum number of independent sub-channels equals to the number of modes and there is no loss in
capacity if all the modes are used. For lossy and/or non-uniform waveguide, there exist some coupling
between the modes [16] and, hence, the capacity is smaller (due to the power loss as well as to the mode
coupling). Thus, the capacity of a lossless waveguide will provide an upper bound for a true capacity
since some loss and non-uniformity is always inevitable. It should be noted that if the coupling resultsin
the normalized mode correlation being less than approximately 0.5, the capacity decrease is not
significant. We further assume that the waveguide is lossless and is matched at both ends. Fig. 7 shows
the system block diagram. At the Tx end, all the possible modes are excited using any of the well-known
techniques (i.e., eigenmode modulator) and at the Rx end the transverse electric field is measured on the
waveguide cross-sectional area (proper spatial sampling may be used to reduce the number of field
sensors) and is further correlated with the distribution functions of each mode (i.e., spatial correlation
receiver). The signals at the correlator outputs are proportional to the corresponding transmitted signals
since the modes are orthogonal and, hence, there is no cross-coupling between different Tx signals. Thus,
the channel matrix (i.e., Tx end-Rx end-correlator outputs) for this system can be expressed using the
modal functions (for simplicity, we use only the E-field — the H-field can be used in the same way) as

follows [14]
G = C‘QEi(X, Y)E; (X, y)dxdy 29)
and, for a uniform lossless waveguide, G =1, where I is NxN identity matrix, and N is the number of

modes. Clearly, the capacity achieves its maximum (2) in this case. Knowing the number of modes N, the
maximum MIMO capacity can easily be evaluated. The maximum capacity (we cal it further simply

“capacity”) of the present MIMO architecture described above does not vary along the waveguide length
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/ modes \
8281 Eigenmode |-1-|> e “3| Eigenmode | ..4,4,
> Modulator 9 Demodulator +—»
(Tx) -\ -> (cor. Rx)

Fig. 7 MIM O system architecture for a waveguide channel. (© 2005 | EEE)

and it increases with the number of modes, as one would intuitively expect. If not all the available modes
are used, the capacity decreases accordingly. The capacity may also decrease if the Rx antennas measure
the field at some specific points rather than the field distribution along the cross-sectional area (since the
mode orthogonality cannot be efficiently used in this case). In order to evaluate the maximum capacity,

we further evaluate the number of modes.

Rxend
2 i
Txend| , e
o= : Y

Fig. 8 Rectangular waveguide geometry. (© 2005 | EEE)

A. Rectangular Waveguide Capacity

Let us consider first a rectangular waveguide located along OZ axis (see Fig. 8). The field distribution at
the XY plane (cross-section of the waveguide) for E and H modes is given by well-known expressions
jkzz

[16] and the variation along the OZ axis is given by € '2°, where j is imaginary unit, and k; is the

longitudinal component of the wavenumber:

2 2 2

_ [@wvo 5 2 _aPmo  aPno
kz_ — = ~ Ym> mn —s t L 30
gcoﬂ g g 861 Sb (30)
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where w isthe radia frequency, ¢, is the speed of light, and m and n designate the mode (note that E and
H modes with the same (m,n) pair have the same g,,,). The sign of k; is chosen in such a way that the
filed propagates along OZ axis (i.e., from the Tx end to the Rx end). The case of g,,, >w/c corresponds

to the evanescent field, which decays exponentially with z and is negligible at few wavelength from the

source [16]. Assuming that the Rx end is located is far enough from the Tx end (i.e, at least few
wavelengths), we neglect the evanescent field. Hence, the maximum value of g, iS Gy mex =W/ C. This

limits the number of modes that exist in the waveguide at given frequency w. All the modes must satisfy

the following inequality, which follows from (30):

2 2
amno ,aano
— - +~—2: £4, 31
Sats " Sbt 5D
where a¢=a/l, b¢=b/l and | is the free-space wavelength; and m,n=1,2,...for E mode and

m,n=0,1,..., m+n?t 0 for H mode. Using a numerical procedure and (31), the number of modes N can be

easily evaluated. A closed-from approximate expression can be obtained for large a¢and b¢ by observing
that (31) is, in fact, an equation of elipse in terms of (m,n) and al the allowed (m,n) pairs are located

within the ellipse. Hence, the number of modes is given approximately by the ratio of areas:

N ))ZSe/4:2pab:2pSN

1212 (32

where S, =4pabtistheellipse area, S, =1 isthe areaaround each (m,n) pair, S, =ab is the waveguide
cross-sectional area, the factor %4 is due to the fact that only nonnegative m and n are considered, and the
factor 2 is due to the contributions of both E and H modes. As (32) demonstrates, the number of modesis
determined by the ratio of the waveguide cross-section area ab to the wavelength squared. Aswe will see
later on, this is true for a circular waveguide as well. Hence, one may conjecture that this is true for a
waveguide of arbitrary cross-section as well. This conjecture seems to be consistent with the spatial
sampling argument (2-D sampling must be considered in this case). In fact, (32) gives the number of

degrees of freedom the rectangular waveguide is able to support and which can be used for MIMO
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communication. Fig. 9 compares the exact number of modes computed numerically using (31) and the

approximate number (32). As one may see, (32) is quite accurate when a and b are greater then

approximately a wavelength. Note that the number of modes has a step-like behavior with a/l , whichis

consistent with (31). Using (2) and (32), the maximum capacity of the rectangular waveguide channel can

be easily evaluated.
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Fig. 10. MIMO capacity in arectangular waveguide for a=b and SNR=20 dB
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The analysis above assumes that the vector E-field (including both E, and E, components) is
measured on the entire cross-sectional area (or at a sufficient number of points to recover it using the
sampling expansion). However, it may happen in practice that only one of the componentsis measured, or
that the field is measured only along OX (or OY) axis. Apparently, it should lead to the decrease of the
available modes.

To analyse this in details, let us assume that the E-field (both components) is measured along the
OX axis only, which corresponds to a 1-D antenna array located along the OX axis. Dueto thislimitation,
one can compute the correlations at the Rx using the integration over the OX axis only since the field
distribution along OY axis is not known. Hence, we need to find the modes that are orthogonal in the

following sense:
a
| = FnEndx =cdyy,, (33)
0

where mand n are composite mode indices. In this case, one finds that two different E-modes E,,, and

En,n, ae orthogonal provided that my * my,; if these modes have the same m index, they are not

orthogonal. The same is true about two H-modes and about one E-mode and one H-mode. Thisresultsin
a substantial reduction of the number of orthogonal modes since, in the general case, two E-modes are
orthogonal if at least one of the indices is different, i.e. if m* m, or n ! n,. Surprisingly, if one
measures only E, component in this case, the modes are still orthogonal provided that m, * m,. Hence, if
the receive antenna array is located along OX axis, there is no need to measured E, component — it does
not provide any additional degrees of freedom, which can be used for MIMO communications (recall that
only orthogonal modes can be used). The number of orthogona modes can be evaluated using (31):

N, »4all , (34)
This correspondsto 2a/l degrees of freedom for each (E and H) field. Note that this result is similar to
that obtained using the spatial sampling argument, i.e., independent field samples (which are, in fact, the

degrees of freedom) arelocated at | /2.
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A similar argument holds true when the receive array is located along OY axis. In this case two
modes are orthogonal provided that n, * n, and there is aso no need to measure the E, component. The
number of orthogonal modes is approximately

N, » 4o/l , (35
Fig. 10 shows the MIMO capacity of arectangular waveguide of the same geometry asin Fig. 8 for SNR

r =20 dB. Note that the capacity saturates as a/l increases. Thisis because (2) saturates as well as N

increases:
’\Ili(glC:r/InZ (36)
Cin (2) can be expanded as
r (D s
C= 2l arEn; 0

For large N, i.e. for small r /N, this series converges very fast and it can be approximated by first two

terms:

r r o
cCr——F. L0 38
" 128 2N 5 (38)

The capacity does not change substantially when the contribution of the 2™ term is small:

r
W<<1D N >N >l (39

Nmax iS the maximum “reasonable” number of antennas (modes) for given SNR (or vice versa): if N
increases above this number, the capacity does not increase significantly. It may be considered as a
practical limit (since further increase in capacity is very small and it requires for very large increase in
complexity). Using (32) and (34), one finds the maximum “reasonable” size of the waveguide for the case

of 2-D and 1-D arrays correspondingly:

% » \/g (2-D array), a*l“ax »rZ (1-D OX array) (40)
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Note that Fig. 10 shows, in fact, the fundamental limit of the waveguide capacity, which is imposed

jointly by the laws of information theory and electromagnetics.

B. Rectangular Cavity Capacity

The analysis of MIMO capacity in cavities is different from that in waveguides in one important aspect.
Namely, the modes of a cavity exist only for some finite discrete set of frequencies (recall that, as in the
case of waveguide, we consider a lossless cavity). Hence, there may be no modes for an arbitrary
freqguency. To avoid this problem, we evaluate the number of modes for a given bandwidth,
f1[fo, fo+Df], starting at f, . For arectangular cavity, the wave vector must satisfy [16]:

@ -’ anG’ appd o ~

Eag &by &Cp Eog

where ¢ is the waveguide length (dlong OZ axis in Fig. 8), and p is a non-negative integer;

mn=123,..., p=0,12,... for E-modes, and m,n=0,2,3,..., p=12,... for H-modes (m=n=0 is not
allowed). Noting that (41) is a equation of a sphere in terms of (pm/a,pn/b,pp/c), the number of
modes with k1 [ko,kO + Dk] can be found as the number of (m,n,p) points between two spheres with

radiuses of k, and k,+ Dk correspondingly. Using the ratio of areas approach described above, the
number of modes is approximately:

, oVe/8 _8pV, D

N :
UV, 1%

(42)

where V, =4pk®Dk is the volume between the two spheres, V,, =p*/V, is the volume around each
(m,n,p) point, V, = abc isthe cavity volume; factor 2 is due to two types of modes, and factor 1/8 is due

to the fact that only nonnegative vaues of (m,n,p) are allowed. An important conclusion from (42) is that
the number of modes is determined by the cavity volume expressed in terms of wavelength and by the
normalized bandwidth. Detailed analysis shows that (42) is accurate for large a, b, and c, and if

c/l < fy/4DF .
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It should be noted that the mode orthogonality for cavitiesis expressed through the volume integral

(over the entire waveguide volume),

QFEndV =, (43)
V,

and, hence, al the modes are orthogonal provided that the field is measured along all 3 dimensions,
which, in turn, means that a 3-D arrays must be used, which may not be feasible in practice. If only 2-D
arrays are used, then the mode orthogonality is expressed as for a waveguide, i.e. (28), and, consequently,
only those modes are orthogonal that have different (m,n) indices. The use of a 2-D array results in
significant reductions of the number of modes for large ¢, as Fig. 11 demonstrates. Note that for small c,
there is no loss in the number of orthogonal modes. This is because different p correspond in this case to
different (m,n) pairs (this can aso be seen from (41)). However, as ¢ increases, different p may include
the same (m,n) pairs, which results in the number loss if a 2-D array is used. In fact, the 2-D case with
large c is the same as the waveguide case (with the same cross-sectional ared), as it should be. The value
of ¢ for which the cavity has the same number of orthogonal modes as the corresponding waveguide can

be found from the following equality:

Ne» NP = (4)

Hence, if 2-D antenna arrays are used and ¢ 2 ¢, , the waveguide model provides approximately the same

results as the cavity model does, i.e. the cross-section has the major impact on the capacity, while the
effect of cavity length is negligible. The waveguide model should be used to evaluate the number of
orthogonal modes (and capacity) in this case because it is more simple to deal with. For example, along
corridor can be modelled as a waveguide rather than cavity (despite of the fact that it is closed and looks
like a cavity). Fig. 12 shows the MIMO capacity in the cavity. While the capacity of a 2-D array system
saturates like the waveguide capacity, which is limited by a and b, the capacity of a 3-D system islarger

and saturates at the value given by (36). It should be noted that (36) is the capacity limit due to the
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information theory laws, and (32), (34), (35), and (44) are the capacity limits due to the laws of

electromagnetism (i.e., limited due to the number of degrees of freedom of the EM field).

400+
200
0 100 |
3 80}
g 60F
S 40
3 Exact (3-D)
: --+-- Approximate (3-D)
2 ok Exact (2-D)

—-—- Waveguide (2-D)
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Fig. 12. Capacity in arectangular cavity for a=4l , b=21 and Df / f, =0.2.
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VIl. SPATIAL CAPACITY OF WAVEGUIDE CHANNELS

While the maximum in (9) is difficult to find in general since one of the constraintsis a partial differential
equation with an arbitrary boundary condition, it can be found in an explicit closed form for some
waveguide channels. Consider, for example, a lossless uniform waveguide. Using (27), we conclude that
(i) the optimizations over p(x) and E can be carried out separately (since they are independent of each
other) and (ii) the optimization over E is equivalent to optimization over a, (since the expansion
coefficients determine the field uniquely). When the Tx does not know the channel, x isi.i.d. complex
Gaussian because (i) the channel is AWGN and Gaussian distribution maximizes the entropy, and (ii) the
lack of the channel knowledge at the Tx forces the covariance of x to be the identity matrix, i.e. no
“preferred direction” in the eigenspace (see [2] for more details), p(x) =CN(O, R /n.1), and the capacity
isgiven by (1) [2]. Further optimization of (9) over a,, subject to tr(GG™) =n; resultsin a,, =1 and the
channel correlation matrix R=GG" =1, i.e. al the modes are independent and carry the same power.
Hence, al the capacity results above give, in fact, the spatia capacity, i.e. the maximum capacity limited
by the laws of electromagnetics. One may say that the spatial capacity concept encompasses the limitsin
information transmission due to both the information theory and electromagnetics.

When there is mode coupling and, additionally, different modes experience different attenuation
(e.g. lossy waveguide with different g ), one has to consider generic correlation matrix R* 1. The
optimum power alocation in the mode eigenspace can be found by applying the water-filling solution

[14] tothe eigenvalues | ; of R,

(45)

where (x), =xif x3 0 and O otherwise, and n is chosen to satisfy the power constraint,
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o1 N
li'ne U

a
roa

=ny (46)

a,

(ID)('%) D

a; islargefor large eigenvalues, and small or even zero (i.e. no transmission on the eigenmode) for small

I, . Without loss of generality, we further assume that |3 1,3 ...3 | ne - TWO important conclusions

follow from (45), (46) [14]. In the large SNR mode, r >>n;/I al the eigenmodes carry

.
approximately the same power (a; »1). We aso note that the same solution applies when all the
eigenvalues are equa, |, =1 ® a;=1"i, regardless of the SNR. In the small SNR regime,
r £1/1 ,-1/1 ,, al the power is allocated to the largest eigenmode, a; =n;, a; =0" i * 1. From this, we

conclude that the traditional transmission strategy (i.e. using a single dominant mode only) is optimum in
the small SNR regime only. For large SNR, the best strategy isto use al the modes. In all the other cases,
between these two extremes, several dominant modes should be used, the exact number being determined
by the available SNR and by the eigenvalues | ; .

Remarkably, this insight asks a joint application of electromagnetic and information-theoretic
techniques. It is expected that an efficient design of eigenmode modulators and demodulators (see Fig. 7)

will also call for significant unification of thistwo presently disconnected areas of research.
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