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Transmission over continuous-time channel

® system model:

m — — |channel| — |Rx: x(t)| — m (1)

® continuous-time channel:

x(t) =s(t) +&(t), 0<t<T (2)
® 5(t) = message-carrying signal (e.g. M-PAM)
® £(t) = additive noise (e.g. AWGN)
® T = transmission interval

e performance metric: reliability, via Pe
P. £ Pr{m # m}, m = Rx{x(t)} (3)
e optimal Rx: minimize P,
min Pe via Rx{-} — how? (4)
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Transmission over continuous-time channel

Transmitter Optimum receiver
A

A
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Figure 4.17 Reduction of waveform channel to vector channel. The modulator
converts s to s(#) by the mechanism of Fig. 4.12. The detector extracts the relevant

received vector r from r(¢) by the mechanism of Fig. 4.16.

J.M. Wozencraft, |.M. Jacobs, Principles of Communication Engineering, Wiley, 1965.
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Optimal Rx: how?

optimal Rx: minimize P, but how?

® via signal space

® signals as vectors: from impossible problem to easy!
® geometric insights

MAP /ML principle etc.
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Signal space: geometric representation of signals

® continuous-time signals — vectors, via basis functions

® orthonormal basis functions {¢;(t)}

1, i=n;

/rd)"(tm(t)dt = %in = {0, i+n.

T = oo is allowed

any (reasonable) s(t) can be expanded as
— n®n sy On — 7; d 6
()= L), 0= [ st ()

®ie s(t) & s=|[s1,%,..|

Examples: Fourier series, sampling series
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Signal space: Fourier series

periodic signal s(t), of period T:

o0

. 1 :
s(t) = Z spe™0t s, = 7_/Tx(t)e_f”“’"tdt,

wo = 27tfy, fo =1/ T = fundamental frequency
basis functions:

an(t) _ ejnwgt
signal-space dimensionality: K = oo
Q: verify orthonormality
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Signal space: sampling series/PAM

® continuous bandlimited signal s(t), of bandwidth Af:

s(t) = i s(nT,)sinc (Tt - n>

n=—oo s

® T, is the sampling interval, T, = 1/f;
® f. is the sampling frequency, f; > 2Af

® basis functions and s,:

¢n(t) = jtsinc (Tt - n) , 50 =/ Tss(nTy)

® signal-space dimensionality: K = oo

® Q: verify orthonormality and s,
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Signal space: M-PAM

® single-pulse M-PAM

s(t)=a-p(t) —+ da(t) = —

® eg. 51 ==+./E, if a==+1 (2-PAM)
® signal-space dimensionality: K =1 (for any M)
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Signal space: M-PAM
e N orthogonal pulses of M-PAM
N
s(6) = > aip(t - iT),
i=1

/OO p(t—iT)p(t —nT)dt =0V i#n

® basis functions: n=1...N

on(t) = \/1E>p(t— nT), sp= /oo

® signal-space dimensionality: K = N (for any M)

s(t)p(t — nT)dt

—0o0

X : -ov i u u
® example: non-overlapping rectangular pulses
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Signal space: M-QAM

® single-pulse M-QAM of duration T = kT,

s(t) = a-coswct + b-sinwct
— ¢1(t) = E"Y?coswet, sy = aVE, E=T/2
— ¢o(t) = E"Y2sinwct, s = bVE

® signal-space dimensionality: K =2

e Q: verify orthonormality and s,
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Signals as vectors — signal space

® continuous-time signals — vectors, via basis functions

® energy = distance (Euclidean norm) squared
E2 [ Is(t)Pde =Y ls® 2 sP (16)
T n
® scalar product
/ s1(0)55(6)dt = 3 s1nss, £ st s (17)
T n

® addition/subtraction etc.:
Sl(t):|:52(t) & sy Esp (18)
® signal-space dimensionality: Nif n=1..N;s,=0VYn> N
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Signals as vectors — signal space

® angle, from sJs; = cosf|sy|[s1]

Jr
S, S1
cosf = —2 =

Vit
= si(t)ssy(t)dt
‘52"51’ E52Esl T ( ) 2( )

® orthogonality of signals:

cos =0 & s;s1=0 & /sl(t)s;‘(t)dt:O
T
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Signals as vectors: Cauchy-Schwartz inequality

e fundamental tool, for optimal Rx and many more ...

Cauchy-Schwartz inequality:

sl(t)s;‘(t)dt2§ Isi(t)2dt | |so(t)|?dt (21)
T T T

equality iff sp(t) = a- sj(t)

proof: from |cosf| <1
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Continuous-time channel — vector channel

® via signal space, for signal and noise

® replace time-domain signals by vectors:
r(t) =s(t) +&(t) = r=s+¢
where

K
s(t) =D snon(t) = s=[s1,%,.]
n=1

() =D &ndnlt) = €= [61,%,..]
n=1

¢ s(t): n=1...K, K = signal-space dimensionality

® £(t): n=1...00, noise dim. = oo, can be tricky
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Transmission over continuous-time channel in signal space

Transmitter Optimum receiver
A

A
4 N\ / AY
m s s(t) r(t) r m
Vector Waveform Vector
Source Sransriiifter M Modulator > channe! ] Detector > receiver e
{mii {li} {si(t)f imi}
\ s
Y
Vector
channel

Figure 4.17 Reduction of waveform channel to vector channel. The modulator
converts s to s(#) by the mechanism of Fig. 4.12. The detector extracts the relevant

received vector r from r(¢) by the mechanism of Fig. 4.16.

J.M. Wozencraft, |.M. Jacobs, Principles of Communication Engineering, Wiley, 1965.
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Optimal Rx for vector channel

® use vector channel
r=s+¢§

® where s carries the message: m <+ s or s = s(m)

and apply MAP decision rule — optimal Rx:

s = argmaxp(r|s)p(s) < m = argmax p(r|m)p(m)
S m

¢ (almost) trivial!
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Signal Space Projection

project r(t) on signal space
® 2 approaches in the literature, same final result

both use orthonormal basis functions {¢;(t)}

1, i=n;
0, i # n.

and replace time-domain signals with vectors

/T bi(8)(D)65()de = iy é{ (27)

e T = oo is allowed

® noise expansion can be tricky
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Approach 1

® project s(t) and &(t) onto {¢;(t)}°,

K

5 = /T SO (B)dt = s(t) =S sin(t),

i=1

&= /T (D)6 (D)dt < g(t):§§,¢,.(t)

where K = signal space dimensionality, noise dim. = co.

K

r(t) = (si+&)ailt Z Eii(t

i=1 i=K+1

® jssue: convergence of the noise series
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Approach 2

finite number N of observations (measurements) in the physical world
"naked"” noise is not observable, only via LTl measurements

therefore, the Rx noise is

N
= &ii(t), (31)
i-1

where observable noise dim. = N > K (can be very large but still
finite), and

Z(s, + &)t Z Eii(t (32)

i=K+1

no convergence issues
Approach 2 — Approach 1 via N — oo
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Properties for AWGN

® in both cases, & and &, are independent,
& ~ N(0,03), iid — p(&;, &) = p(&)p(En), i# 0 (33)
the pdf of &€ = [£1,&...60]":
p(&) = (2mag) /e 181/ Co0) (34)

e key for optimal Rx decision and analysis
turns problem from (almost) impossible to (almost) trivial
works for general M-ary modulation, not only binary

Q: prove that £(t) = &(t) — &k (t) is independent of {k(ty) for any
t, to, K, N, where

K N
Ek(t) = &isi(t), ()= Y &ai(t) (35)
i=1

i=K+1

S. Loyka Lecture 7, ELG5375: Digital Comunication March 12, 2026 20/37



Signal space representation for AWGN channel

o £(t) = AWGN,

K

r(t) = S(t) + f(t) Z(SI +€I ¢I Z §¢I (36)

=1 i=K+1

® replace time-domain signals by vectors:

K

s(t) =) _sioi(t) = s=[s1,,5¢]' (37)
17(1 "

)= _Goi(t)+ D &oilt) — €=[&1.%, N
i=1 i=K+1
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From time domain to signal space

® our approach: project r(t) on {¢;(t)}X ;, discard the rest:

K

r(t) =s(t) +&(t) = > (si+ &) it Z Eii(t

=1 i=K+1
= ri(t) + rn(t)
— ri=[s1+&1, 50 + €kl r2 = [Ekt1, Ekgas En]” (38)
— r=s+&=[r,ry]

e discard ry, rp(t) (irrelevant data)

* Q: why?
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Sufficient statistics in AWGN channel

e Sufficient statistics:
p(r1,rals) = p(rils)p(ra|r1,s) = p(ri|s)p(r2)
so that

arg max p(r1, r2[s)p(s) = arg max p(r]s)p(s)
S S

i.e. ra, r(t) is irrelevant data.
e Optimal (MAP) Rx: based on ry only, no use for rp, ra(t).
® Significant reduction in dimensionality: K < N
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Optimal (MAP) Rx

® MAP decision rule — min P:

s = argmaxp(ri|s)p(s) — m (41)
S

® implementation?

S. Loyka Lecture 7, ELG5375: Digital Comunication March 12, 2026 24 /37



Optimal (ML) Rx in AWGN

e ML decision rule:

s =argmaxp(ri|s,) = argmin |r; — s,|?
Sm Sm

® j.e. min-distance rule: select s,, closest to r;

\I\/IL decision rule = min-distance rule‘

® equivalently

s = argmax (2Re{s};r1} — |sm|?)

Sm

if equal energy: Eg = |sp|? far all m,

s = argmaxRe{s}r1}

Sm

® Q: prove all of the above
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Optimal (ML) Rx in AWGN

® implementation of ML decision rule

S =argmaxRe{s’r} = arg max/ r(t)sy(t)dt
T

Sm Sm

® i.e. correlator Rx:
rm:/ r(t)s,(t)dt — m = argmaxry,
T

m

® Q: prove 2nd equality in (46)
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Correlator Rx

51 (f)\L

T
— (00— |, 0dr— ()

o | 2N “

_%j Odti—> Select P
0 Largest ———

att=T
SM(’\L - 974
GO [ 0dr—
0
¢m adjusts for unequal symbol energy: ¢, = —E;,/2 = —\sm\2/2
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Matched Filter (MF) Rx

® implementation via matched filter h,,(t) = s/ (T — t)

o = /Tr(t)s;,:(t)dt — () # ()] et (48)

Q: prove this

i.e., MF = signal-space projector

optimality of the Rx BD of Lec. 5 is now fully proved

® no any other Rx has smaller P,
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Matched Filter (MF) Rx

a
s{(T —t KJ\
T H
©
Al | A

2 (T=1) + Select N

R Largest m

att=T —
M
sy (T —t /4\
"l M I N
cm adjusts for unequal symbol energy: cm = —Epn/2 = —|sm|?/2
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Signal-space projector/correlator Rx

ML decision rule: m = argmax,, (2Re{s}r1} — |spm|?)

ei(t)

Integrator

: PN (t) M
Integrator

Weighting
matrix

Figure 4.18 Diagram of the correlation receiver. The bias terms {c} are given by

Eq. 4.53b.

€0

c1

8

CM-1

FeSpr—1

Select
largest

J.M. Wozencraft, |.M. Jacobs, Principles of Communication Engineering, Wiley, 1965.
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Signal-space MF Rx

ML decision rule: m = argmax,, (2Re{stri} — [sm|?)

uy(t) T
LNy
) |
] l
t re Weighting
oo(T=t) ua(®) \t\°—>— matrix

N
i sii
=

—{on =200 T

co

r-so

re81

CM~1
FeSp-1 %

Select
largest

&

Matched
filters Sample att= T

Figure 4.19 Diagram of the matched-filter receiver.

J.M. Wozencraft, |.M. Jacobs, Principles of Communication Engineering, Wiley, 1965.
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Example: 2-PAM, rect. pulse, m = +1

® system/channel model:

r(t) = mp(t) + £(t), p(t) = AN(t/T) (49)
® matched filter (MF):
h(t) = ap(T —t) = T 'N(t/T) (50)

e sufficient statistics = MF output at t = T

1 [T
r— T/o H(t)dt (51)
® optimal decision:

1, ifr>0

m(r) = sign(r) = { —1, otherwise (52)
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Example: optimum Rx BD

* MF Rx:
t=T
s(t) m=+1
) MF .
\-Tb a-s(T—t) OX sign()
()
® Integrator Rx:
t=T
2 T m=+1
0
f(t)\f

® nothing better exists
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Example: performance analysis

® MF output sample: r = rg + rp

® signal rs and noise r, samples:

L[ d A L[ d
rs—T/O mp(t)t_m’rn—T/O &(t)dt

® noise sample properties: r, ~ N(0,02)

Fn=0, var{r} =02 =03/ T, o8 = No/2

¢ SNR & BER:
_E_A2TP_Q A2T —Q(Q)
TN T N e )~ Qv
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Example: performance analysis, BER

BER: BPSK corrupted by AWGN

0.1 ==
~—
0.01 \S\\
‘\
\\
\\
110 ° ~
2 N
_ 2FE,
110 =R =0| == |=o(v2r) S
— NO ‘\\
[ Y
AN
110 3
110 ¢
0 2 4 6 8 10

SNR: Es/NO [dB]
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Summary

® signal space

® continuous-time signals — vectors

e optimal Rx: from impossible to (almost) trivial!
¢ MAP/ML/min. distance rules

e optimal Rx = MF Rx + sampling

e optimal Rx BD: fully proved
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Reading

S. Haykin, Digital Communication Systems, Wiley, 2014. Ch. 7.1-7.6.

e J.M. Wozencraft, I.M. Jacobs, Principles of Communication
Engineering, Wiley, 1965. Ch.4.

H.L. Van Trees, Detection, Estimation, and Modulation Theory, Part
I, Wiley, 2001 (original 1968). Ch. 4.1-4.2.

A. Lapidoth, A Foundation in Digital Communication, Cambridge
University Press, 2017. Ch. 26.
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