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How to send 1 bit?

• consider most simple case: distortionless
• no noise/interference
• no any other distortions (e.g., ISI)

• key idea: encode bit b into signal amplitude a

• pulse-amplitude modulation (PAM)

b → Tx : x(t) = a · p(t) → Rx : y(t) = x(t) → b̂ (1)

• bit mapping: b → a [V]

b = 1 → a = A1

b = 0 → a = A0 (2)

• p(t) = pulse shape/waveform
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How to send 1 bit: binary PAM (2-PAM)

b → x(t) = a · p(t) → y(t) = x(t) → b̂ (3)

• normalize p(t): p(0) = 1

• how to recover b at Rx?

y(0) = a · p(0) = a → b̂ =

{
1, if a = A1

0, if a = A0

(4)

• key: measure y(t) at t = 0 (or any other suitable t)

• distortionless: b̂ = b (no errors)

• pulse p(t): anything (reasonable)
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How to send N bits?

• sequential transmission

{bi} → x(t) =
N−1∑
i=0

aip(t − iTs) (5)

• i = discrete time

• Ts = Tb = pulse/bit interval (duration) [s]

• Rb = 1/Tb = bit rate [bit/s]

• Rs = 1/Ts = symbol rate [sym/s]

Rs = Rb for 2-PAM (6)

• bit mapping: bi → ai
• how to recover {bi} at Rx?
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How to send N bits?

• how to recover bk at Rx?

y(kTs) = ak +
∑
i ̸=k

aip((k − i)Ts)︸ ︷︷ ︸
ISI

(7)

• ISI = inter-symbol interference

• zero-ISI condition:

p(iTs) = 0 ∀ i = ±1,±2, ... (8)

• so that

y(kTs) = ak → bk (9)

• zero-ISI: how?
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ISI: an example with ideal LPF
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ISI: an example with ideal LPF
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ISI: an example with ideal LPF
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ISI: an example with real RC LPF
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ISI: an example with real RC LPF
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ISI: an example with real RC LPF
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Sequential transmission with ISI
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Zero-ISI: how?

• zero-ISI: Nyquist’s 1st criterion1

p(iTs) =

{
1, if i = 0

0, if i ̸= 0
(10)

• how to find p(t)?

• Nyquist’24:

1

Ts

∞∑
n=−∞

Sp(f − nRs) = 1 ∀f (11)

• Sp(f ) = FT{p(t)}
• Rs = 1/Ts = symbol rate [sym/s]

1H. Nyquist, Certain Factors Affecting Telegraph Speed, Bell System Technical
Journal, Apr. 1924.
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Zero-ISI for bandlimited channel/system

• ∆f = channel/system bandwidth, ∆f < ∞
• Q: would rectangular pulse work? why?

• Nyquist zero-ISI criterion:

1. Rs > 2∆f → impossible
2. Rs = 2∆f → p(t) = sinc(t/Ts), unique
3. Rs < 2∆f → many, e.g. raised-cosine (RC)

• 2∆f = Nyquist rate

• zero-ISI does not imply that pulses do not overlap!

• i.e. zero ISI at sampling times only
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Zero-ISI for bandlimited channel/system
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Zero-ISI for bandlimited channel/system
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Harry Nyquist
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Maximizing Data Rate

• maximize Rb = Rs s.t. zero ISI:

maxRs s.t. no ISI → Rs = 2∆f , p(t) = sinc(tRs) (12)

• constrained optimization via Nyquist criterion

• sinc pulse as the (unique) solution of the problem

• max rate = Nyquist rate 2∆f

• max. rate is bounded by system bandwidth
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Maximizing Data Rate

• Tx signal - sampling theorem reversed:

x(t) =
N−1∑
k=0

aksinc

(
t

Ts
− k

)
, Ts =

1

2∆f
(13)

• ak are not samples, but encoded bits!

• bandwidth: ∆fx = ∆f

• also works for M-PAM

• x(t) is a random signal/process, since ak are random
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Sequential sinc-pulse transmission of random data
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Sequential sinc-pulse transmission of random data
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Max. rate transmission: an example

• ∆f = 20 MHz, 2-PAM

• max rate s.t. zero-ISI?

maxRb = maxRs = 2∆f = 40 [Mb/s] (14)

• and for wireless ? (BPSK)

maxRb = maxRs = ∆f = 20 [Mb/s] (15)
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Zero-ISI via Sampling Theorem
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Zero-ISI via Sampling Theorem
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sinc pulse drawbacks

• sinc pulse has 2 practical (and serious) drawbacks
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Raised cosine (RC) pulse

• sinc pulse has 2 practical drawbacks

• raised-cosine (RC) pulse partially overcomes those

• used extensively as a model of practical pulses
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Raised cosine (RC) pulse

• RC spectrum (FT): 3 distinct regions

1. flat: 0 ≤ |f | ≤ f1
Src(f ) = Ts (16)

2. transition: f1 ≤ |f | ≤ f2

Src(f ) =
(
1 + cos

[
πTsα

−1(|f | − f1)
])

Ts/2 (17)

3. zero: |f | ≥ f2
Src(f ) = 0 (18)

• f1, f2 are low/high roll-off (transition) frequencies:

f1 ≜ (1− α)Rs/2, f2 ≜ (1 + α)Rs/2, (19)

• α is roll-off factor, 0 ≤ α ≤ 1
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Raised cosine (RC) pulse

• transition region: ”glues”flat and zero regions

• RC pulse bandwidth:

∆frc = f2 =
1 + α

2
Rs (20)

• RC pulse reduces to sinc if α = 0 (so that f1 = f2 = Rs)

• excess bandwidth (above sinc): αRs/2, needed for smooth transition
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Raised cosine (RC) pulse/spectrum
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Practical sinc (measured in lab)
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Raised cosine (RC) pulse

• in time domain: via inverse FT

prc(t) = sinc

(
t

Ts

)
cos(παt/Ts)

1− (2αt/Ts)2
(21)

• its shape is closer to practical pulses

• note that, for large t, its peaks scale as

|prc(t)| ∼
(
Ts

t

)3

(22)

• so that small sampling time errors are not catastrophic
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Maximizing rate with RC pulse

• maximum rate for zero ISI and given ∆f , α:

maxRs s.t. no ISI,∆f , α ⇒ maxRs =
2∆f

1 + α
(23)

• via

∆frc =
1 + α

2
Rs ≤ ∆f ⇒ Rs ≤

2∆f

1 + α

(24)

• reduces to maxRs = 2∆f if α = 0 (sinc)

S. Loyka Lecture 4, ELG5375: Digital Communications January 26, 2026 32 / 46



Max. rate transmission with RC pulse: an example

• ∆f = 20 MHz, 2-PAM, α = 1

• max rate s.t. zero-ISI?

maxRb = maxRs =
2∆f

1 + α
= 20 [Mb/s] (25)

• and for wireless ? (BPSK)

maxRb = maxRs =
∆f

1 + α
= 10 [Mb/s] (26)

• compare to sinc pulse and make conclusions
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RC pulse: an example
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Sequential RC-pulse transmission of random data
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Sequential sinc-pulse transmission of random data
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PSD of 2-PAM
• sequential 2-PAM transmission:

x(t) =
∞∑

k=−∞
akp(t − kTs), ak = ±A, iid (27)

• truncate to 2N + 1 pulses: −N ≤ k ≤ N

xN(t) =
N∑

k=−N

akp(t − kTs) (28)

• and find its ESD via FT:

SxN(f ) = FT{xN(t)} = Sp(f )Sa(f ), (29)

• where

Sp(f ) = FT{p(t)}, Sa(f ) =
N∑

k=−N

ake
−jωkTs (30)
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PSD of 2-PAM

• so that the ESD is

ExN(f ) = |SxN(f )|2 = |Sp(f )|2|Sa(f )|2 = (2N + 1)A2|Sp(f )|2 (31)

• and therefore the PSD is

Px(f ) = lim
N→∞

1

(2N + 1)Ts
ExN(f ) =

A2

Ts
|Sp(f )|2 (32)

• where |Sp(f )|2 is the (single) pulse ESD

• i.e.

PAM PSD ∼ single pulse ESD (33)
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PSD of 2-PAM
• so that the ESD is

ExN(f ) = |SxN(f )|2 = |Sp(f )|2|Sa(f )|2 = (2N + 1)A2|Sp(f )|2 (34)

• and therefore the PSD is

Px(f ) = lim
N→∞

1

(2N + 1)Ts
ExN(f ) =

A2

Ts
|Sp(f )|2 (35)

• this also holds for any (finite) N, not only N → ∞ !

PxN(f ) =
1

(2N + 1)Ts
ExN(f ) =

A2

Ts
|Sp(f )|2 (36)

• average power (for any N):

PxN =

∫ ∞

−∞
PxN(f )df =

A2

Ts
Ep (37)
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PSD of 2-PAM: correlated data
• correlated {ak}:

ak1ak2 = A2r∆k , ∆k = k1 − k2, ak = 0 (38)

• r∆k = normalized correlation

• the PSD is (for any N):

PxN(f ) =
A2

Ts
|Sp(f )|2

[
1 + 2

2N∑
∆k=1

(
1− ∆k

2N + 1

)
r∆k cos(∆kωTs)

]
(39)

• Q1: prove this!

• Q2: work out the special case of r∆k = 0 ∀∆k > 1 and N → ∞.

• Q3: plot it for p(t) = sinc(t/Ts) and different values of r1, e.g.
r1 = 0,±0.5,±1 and explain what you observe. What is the impact of
data correlation on the PSD of 2-PAM?
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PSD of 2-PAM: bandwidth

• show that, for any N,

∆fx = ∆fp (40)

• i.e. 2-PAM bandwidth = pulse bandwidth

• Q: what is the impact of data correlation on the bandwidth?
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M-PAM
• how to increase Rb at the same bandwidth ∆f ?

• multi-level PAM → M-PAM:

{b1, ..., bnb} → a ∈ [A0,A1...AM−1], M = 2nb (41)

• i.e. 1 symbols carrier nb bits

• block bit mapping: {b1, ..., bnb} → a

• and sequential transmission

x(t) =
N−1∑
i=0

akp(t − kTs) (42)

• Ts ̸= Tb:

Ts = nbTb → Rb = nbRs (43)

• much higher rate if nb ≫ 1
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M-PAM

• Nyquist criterion still applies

• i.e. sinc pulse maximizes data rate

• Q: find PSD and average power of M-PAM when all ak are iid and

ak ∈ [A1,A2...AM ], M = 2nb ,

Am = A(2m −M − 1), m = 1...M (44)

• where each ak is uniformly distributed on [A1,A2...AM ]

• e.g. for M = 4:

M = 4 : ak ∼ uni[−3A,−A,A, 3A] (45)
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Max. rate transmission with M-PAM

• ∆f = 20 MHz, M-PAM, usually M = 2nb

• max rate s.t. zero-ISI?

maxRb = logM ·maxRs = 2nb∆f = 40nb [Mb/s] (46)

• and for wireless ? (BPSK)

maxRb = nb maxRs = nb∆f = 20nb [Mb/s] (47)

• max-rate pulse p(t) = sinc(t/Ts)
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Summary

• how to transmit 1 bit?

• pulse-amplitude modulation

• bandlimited channels and ISI

• Nyquist zero-ISI criterion

• sinc and RC pulses

• max. rate over bandlimited channels

• PSD of PAM, bandwidth

• M-PAM
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Reading

• S. Haykin, Digital Communication Systems, Wiley, 2014.

• R.E. Ziemer, W.H. Tranter, Principles of Communications, Wiley,
2009 (also 2015).

• B.P.Lathi, Z. Ding, Modern Digital and Analog Communication
Systems, Oxford University Press, 2009.
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