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We present Geometry of Interaction (Gol) models for Multiplicative Polarized Linear
Logic, MLLP, which is the multiplicative fragment of Olivier Laurent’s Polarized Linear
Logic. This is done by uniformly adding multipoints to various categorical models of Gol.
Multipoints are shown to play an essential role in semantically characterizing the
dynamics of proof networks in polarized proof theory. For example, they permit us to
characterize the key feature of polarization, focusing, as well as being fundamental to our
construction of concrete polarized Gol models.

Our approach to polarized Gol involves two independent studies, based on different
categorical perspectives of Gol.

(i) Inspired by the work of Abramsky, Haghverdi, and Scott, a polarized Gol situation is
defined in which multipoints are added to a traced monoidal category equipped with
a reflexive object U. Using this framework, categorical versions of Girard’s Execution
formula are defined, as well as the Gol interpretation of MLLP proofs. Running the
Execution formula is shown to characterize the focusing property (and thus
polarities) as well as the dynamics of cut-elimination.

(ii) The Int construction of Joyal-Street-Verity is another fundamental categorical
structure for modelling Gol. Here, we investigate it in a multipointed setting. Our
presentation yields a compact version of Hamano-Scott’s polarized categories, and
thus denotational models of MLLP. These arise from a contravariant duality between
monoidal categories of positive and negative objects, along with an appropriate
bimodule structure (representing “non-focused proofs”) between them.

Finally, as a special case of (ii) above, a compact model of MLLP is also presented based
on Rel (the category of sets and relations) equipped with multi-points.
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1. Introduction

Linear Logic, introduced by Girard in 1987 (Gi87), originated from a profound analysis
of the proof theory of traditional logic. In particular, linear logic involves a fine-grained
study of how rules and connectives manipulate resources. This important development is
by now quite familiar to researchers in many areas of logic and computer science. What
is somewhat less familiar is that shortly after the introduction of linear logic, Andreoli
(And92; And01) pointed out a different approach to the fundamental connectives of linear
logic; namely, to classify the connectives according to whether their introduction rules are
reversible (negative) or irreversible (positive) . Positive connectives are the foundation of
Andreoli’s influential notion of focusing in proof search. The fundamental role of focusing
in logic programming has been actively explored in numerous recent works (for example,
in papers of D. Miller, K. Chaudhuri, et. al. (Miller04; LM09; Miller11; Chau; CHD2013)).

The Andreoli view also led to intrinsic studies of polarity and polarized logics, first
taken up by Girard in (Gi91; Gi99), and systematically studied by O. Laurent in (OLaur99;
OLaur02). Such logics are also related to Girard’s Ludics games (Gir01) and other games-
semantics models (cf. the dialogue games and recent dialogue categories with chiralities
of Mellies (PAM13; PAM).) In related categorical proof theory, we should mention the
polarized categories and proof theory of Cockett and Seely (CS07), which influenced our
own (HamSc07), as well as proof-theoretical papers of one of us (HamTak08; HamTak10).

In this paper we begin a study of the dynamics of cut-elimination for the multiplica-
tive fragment MLLP of O. Laurent’s polarized linear logic, using categorical versions of
Girard’s Geometry of Interaction (Gol) program (Gi89; Gi95); here we follow the cat-
egorical Gol literature (AHS02; HS06). A common theme to the different parts of this
paper is a fundamental new semantical idea first discussed in (HamTak08): the addition
of multipoints. These multipoints have no syntactic counterpart but nevertheless provide
a new understanding of the dynamics of cut-elimination in the presence of polarities.

— In Section 3, following the methods of Abramsky, Haghverdi, and Scott (AHS02) we
introduce polarized Gol situations with multipoints as an appropriate but simple cat-
egorical setting for studying Girard’s Execution formula in the polarized setting. The
version of the execution formula we use is inspired by the general categorical execu-
tion formula in Haghverdi-Scott (HS06; HS11) for linear logic, but now extended to
the multipointed setting. For the polarized multiplicative system MLLP, the execution
formula becomes a two-layered pair of execution formulas, one at the usual reflexive
object level (as in (HS06)) and a similar one at the multipoint-level. The usual Gol
properties for the dynamics of cut-elimination (Gi89; HS06; HS11) turn out to be
much stronger for MLLP. The execution formula(s) form full invariants for normal-
ization T, which is well-known to fail in full linear logic (see (AHS02) and Section 3.4
below). In fact the polarized execution formula(s) satisfy a fundamental additional
property. Namely, in Proposition 3.28 below, we characterize focusing, which is intrin-
sic to MLLP, as preservation of multipoints under the (polarized) execution formulas.
Thus, in a precise sense, the execution formulas give rise to the polarities.

t in the sense that if 7 —, 7/ by MLLP cut-elimination, then Ex([7 ], o) = EX([TE/H,U/)
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— In the next Sections 4 and 5, which are independent of Section 3, we consider general

multipointed traced monoidal categories (TMCs) and study the Int construction of
Joyal, Street, and Verity (JSV96) in this setting. As is well-known (AHS02; HS06),
the Int construction is an essential feature of all the different categorical approaches to
Gol. Tt yields a kind of “compact closure” of a traced monoidal category; moreover,
composition in the Int category leads to categorical versions of Girard’s execution
formula. As in Section 3 above, we investigate a two-layered Int construction, the
upper layer for general objects and the lower one restricted to multipoints.
In Section 4, we study a general categorical semantics for certain polarized linear log-
ics, a simplified version of the bi-module duality framework in our paper (HamSc07).
This is related to more general polarized categories introduced for modelling po-
larities (see (CS07; HamSc07; PAM13; PAM)). Our goal is to use Gol and the Int
construction to build compact polarized categorical models of MLLP.

In these sections, multipoints give a semantical framework for explaining the idea of
bidirectional dataflow implicit in the Int construction (see the discussion preceeding
Proposition 4.8 below). In this setting, multipoints satisfy a certain commutativity
condition—corresponding to the focusing condition discussed in Section 3—which we
show is compatible with this construction. As one expects, this yields an appropriate
compact closed version of a denotational model for MLLP.

Finally, Section 5 constructs a concrete instance of the Int construction of Section
4, when specialized to a multipointed version of Rel. It may be read independently of
the previous section and uses the relational calculus of Joyal-Street-Verity (JSV96).

— In order to make the paper self-contained, the Appendices include some supplemental
material. In Appendix 7.1 we briefly recall the original Gol situations in the sense
of Abramsky, Haghverdi and Scott (AHS02), as well as the categorical approach
to Gol (for a survey, see (HS11)). In Appendix 7.2 we recall Haghverdi’s Unique
Decomposition Categories (UDC’s) which provide a general framework (and matrix
calculus) for “particle-style” Gol, familiar from Girard’s Gol 1 (Gi89; HS06). The
other Appendices include some detailed but routine proofs.

2. Polarized Multiplicative Linear Logic MLLP

Following the work of Andreoli, polarities naturally arise within the proof theory of linear
logic, LL. We can further divide the connectives according to whether their introduction
rules are reversible or not (Gi99; OLaur02). Those connectives which are reversible are
called negative; those which are not are called positive. Positive connectives are the foun-
dation of Andreoli’s influential focusing property in proof search for linear logic (And92;
And01; Miller04). Focusing is a property dual to reversibility.

We recall Olivier Laurent’s theory of polarized multiplicative linear logic, MLLP. The
theory MLLP is a fragment (without structural rules) of Laurent’s full polarized linear
logic LLP (Gir01).

Definition 2.1 (Polarized MLL). The theory MLLP is defined as follows.

Syntax: Positive and Negative formulas are given by the following BNF notation:
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P == X | PP | 1 | [N

N == Xt | N®8N | L | 1P
Here X is an atom, 1 and | are called polarity shifting operations. Note that 1 is the unit
of ® (and dually for L with respect to % ). In our categorical models introduced later,
1 and | will be functorial operators weaker than the traditional exponentials of linear
logic.

Syntactic Negation: Following O. Laurent, we adjoin to MLLP a syntactic strictly
involutive negation (—)*, defined by general de Morgan duality. Thus we extend the
negation on positive atoms to all formulas, as follows: X+t = X for atoms X, and
we assume {®, R } are de Morgan duals, as in linear logic. Finally de Morgan duals
for polarity changing operators are (} A)* =1 At and (1 A)* =] A+ for any formula
A. Positivity and negativity of formulas may be defined as before, after cancelling any
occurrences of double-negations.

Rules of MLLP

In the following rules, M and N (resp. M and N') range over negative formulas (resp.
sequences of negative formulas) and P and @ over positive formulas. I' contains at most
one positive formula. We assume the rule of exchange, so sequents are closed under
permutation.

. FM,P FN,Q FT,N, M
—— Axiom X _—
FN,Nt FMN,P®Q FO,N % M
I—N,/\/i PN + FT,N +M,Nt .
FIN,N PN T, M ct

The following theorem is an important proof-theoretical property of MLLP, proved in
(OLaur99; OLaur02):

Proposition 2.2 (Focalization Property). If b T is provable in MLLP, then the
sequence I' contains at most one positive formula.

A focused sequent is one of the form = P, N, while a nonfocused sequent has the form
F N, where A is a finite sequence of negative formulas and P is positive. Proposition 2.2
says that every provable sequent of MLLP is either focused or nonfocused. We say a proof
is focused if the sequent it proves is focused. We say a proof has the focusing property if
it is focused.

Notation: For the discussion of Gol and Cut-elimination, we use the Girard notation
(Gi89) for sequent calculus proofs: a proof of the sequent - [A],T" denotes a proof of the
sequent F I' appended with the list A of all pairs of cut formulas A, A+ used in the proof.
Here |T'| = n and |A| = 2m, for some m,n. This is further described in the categorical
Gol papers of Haghverdi-Scott (see Appendix 7.1 and Figure 6 there.)

Cut elimination for MLLP: MLLP is the subsystem of polarized linear logic LLP
(OLaur02) without additive connectives and structural rules (where | and 1 replace,
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respectively, ! and 7). The cut elimination theorem for MLLP is obtained by restricting
the one for LLP (cf. Definition 5.27 of (OLaur(2)). For this, the interpretation using po-
larized proof-nets (e.g. (OLaur99)) is essential. The crucial ingredient for our subsystem
MLLP is the use of bores to interpret the |-rules. Each box has a principal door and
an auxiliary door on which occur, respectively, the principal formula | N and the side
formulas M.

The crucial step for cut-elimination is the following (cf. the !/! case of Definition 5.27 of
(OLaur02)): reduction of a cut against a side formula of the | rule. Here, a proof ending
with a cut against a formula at an auxiliary door of a box is reduced to that ending with
the J-rule, whose box is enlarged to contain all rules including the original cut. This is
illustrated as follows:

Mmoo v m

Example 2.3 (Extrusion of |-boxes through cut-elimination). Consider the fol-
lowing three proofs, as instances of normalization: m, > mo = 3.

™ = Ty =
F X, X FX X
FXE X ; FXE XD FLXG X
T 1 : 17 vl cut
H X, 1 Xa H X5, T X2 : F X1, X5 ], X551 Xe :
1 T cut 1 T L 1
F Xl X5 L X, 1 X H X5, 1 X3 F X1 ) X5 ], L X5, 1 X2 H X5, 1 X3
T T T cut T T T cut
FI X X 1 X, L X, L X, 1 X3 F X1, Xs, 1 X2, ) X5, 4 X, 1 X3
FXE, X :

FXE X1 FLXS 1 Xo :
T T cut I
F X1, d Xs ], X, 1 Xe FL X5, 1T X3

t
ms = F OXLL X 1Xa ) X5, Xt 1Xs O
F X1, ) X5 1 X, | X4, LXE 1 Xs
,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, boxs
,,,,,,,,,,,,,,,,,,,,,,,,,, boxy
ooboxy oo
Xt X X: X X X

During normalization, boxes enter outer boxes and the scope of the outer box is ex-
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truded. That is, for i = 1, 2, 3, we represent proof 7; by the proof-net obtained by choosing
box; for the left-most |. The box; corresponds to the indicated |- rule in 7;. Normaliza-
tion gives rise to extrusions of box; into boxs to include the middle box of w5 and then
into boxs to include both the middle and right boxes of 3.

3. Polarized Gol and Gol Situations

Gol situations were first introduced in Abramsky, Haghverdi, and Scott (AHS02) as an
algebraic framework for Girard’s Gol for full linear logic. Later, Haghverdi and Scott
(HS06; HS11) gave a detailed categorical analysis of Girard’s original Gol for MELL in
Gol situations associated to Unique Decomposition categories (UDCs), augmented with
abstract (Hyland-Schalk) orthogonality relations. For a quick summary of this categorical
Gol for the original (nonpolarized) setting, see Appendix 7.1 (and its references) for Gol
and Appendix 7.2 for UDCs. In particular, we will make use of the categorical version of
the Execution Formula.

In this section we develop an appropriate notion of Polarized Gol Situation with mul-
tipoints for MLLP. Multipoints will enable us to give a detailed analysis of the dynamics
and information flow in cut-elimination, via polarized (2-layered) execution formulas. It
will also enable us to give a characterization of focusing. Our main result in this Section
3 is to semantically characterize the proof-theoretical notion of focusing in terms of the
polarized execution formulas. This goes as follows. First, in Theorem 3.26, the polar-
ized execution formulas for focused sequents are shown to satisfy an invariance property
preserving the multipoints. Conversely in Proposition 3.28, this invariance property is
shown to be sufficient to distinguish focused sequents. Thus, in a precise sense, polarized
Gol execution formulas give rise to the polarities.

Notation: In a category C, we denote identity arrows X — X either as Idx or just X,

g9
—_—
-~

f
g:Y>X: ftomean gof =Idyx and we say X is a retract of Y with respect to (g, f).
This is often abbreviated by Y >, 5y X. We say X is a retract of Y if there is a pair
(9, f) as above such that Y >, ) X.
For simplicity, we assume all categories C below are locally small, so we can speak of
hom-sets (rather than hom-classes).

depending on context. Let Y X be a pair of morphisms in a category. We write

3.1. Polarized Gol situations

We introduce a polarized analog of Gol situations from (AHS02) (see Appendix 7.1 for a
summary), which is suitable for polarized multiplicative linear logic. The full exponential
operators T' of Gol situations for (nonpolarized) linear logic LL are here replaced by
much weaker, functorial polarity shifters: T and |, as well as by introducing the critical
notion of multipoints.

Definition 3.1 (Polarized Gol situation). A polarized Gol situation is a tuple
(C,®,1,5,U,1,(e,m),1 = U, (¢q,mq), 0)
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where:

1.

(C,®,1, s) is a traced symmetric monoidal category (with symmetry maps s = {s4,5 :

A®B — B®A}), and with unit object I, satisfying the usual identities ((Mac Lane)).

(A trace is given by a family of functions Tr)Z(,Y C(X®Z,Y®Z) — C(X,Y) subject

to three naturalities: (Natural in X), (Natural in Y'), (Dinatural in Z), and three

axioms (Vanishing) (Superposing) and (Yanking). We refer to (JSV96; AHS02; HS06)

for detailed treatment.) In the monoidal structure, X™ and f™ denote respectively
m m

m-ary tensors (also called tensor foldings) X ®---@ X and f®---® f.
U is an object of C with a retraction U >, ;) U @ U, i.e.

k
U - UgU suchthat keoj =Idygu.
<~
J

(The Object 1) 1 is an object of C with a retraction 1 ® 1 >(¢my 1, i.e.

[4
—_— o —
191 _ 1  such that eem = Id;.

Note: In general, 1 # I.

(Distinguished points) A morphism 1 — U is called a point of U. A polarized Gol
situation always has a distinguished point 1 -+ U among the points of U. Later (in
Definition 3.5) we introduce inductively a subclass P of distinguished points generated
from «. From now on, the word “point” refers to any distinguished point.
(Uniformity of Trace )

The trace of C is uniform (cf. Simpson and Plotkin (SP00) and Hasegawa (H04)) over
points; i.e., every distinguished point p : 1 — U € P satisfies the following condition,
which says points are trace invariant.

For any morphisms f and g,

f

X®U YoU
Xep vep  implies Ty (f) = Trx v (9)-
Xol————>Yol

The final axioms 6, 7 and 9 in the definition concern properties satisfied by the
distinguished point 1 = U.

(Lifting Property U @ 1> (¢, m,) U along a)

For the distinguished point 1 —— U, there exists a pair (eq,my) giving a retraction
U® 1>, m, U which lifts the retraction 1 ® 1 >>( ) 1 along the point «. This
means the following diagram commutes (in all possible ways) with e,om, = Idy and
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eom = Idy:
(2%
U1 U
Ma
a®l a
¢
1®1 1

7. (Semi-invertibility of o)
The point a: 1 — U is semi-tnvertible. That is, there exists a* : U — 1 such that
a*oar = 1Id;y.

8. (0 morphisms)
The category C has zero morphisms. This means for every pair of objects X,Y € C,
there is an assigned map Oxy : X — Y such that the family {Oxy | X,Y € C}
satisfies: for every f W — X g:Y — Z,

w2z g

i b

X XY vy

Note: if f or g equals the identity, this amounts to the fact that any composition
with one factor zero is itself zero (see also (MA86)). For simplicity, 0 denotes the zero
morphism 077 : 1 — 1. Note that f ® Oy z is not in general Oy gy, xgz for any objects
X, Y, W, 2}

9. ((eq,my) and 0)
For every morphism f: V® X — W ® X with X € {U,1} and 0:1 — 1,

(Idw ®eq)o(f © 0)o(Idy @my) = f and  (Idw @e)o(f @ 0)o(Idy @m) = f

Diagrammatically, the following are the respective equations when X = U and X = 1:

1% w v w
A A PR
U{HQ@ »B\akU 1<H® AE\AI
1 - 1 1 - 1

This ends the definition of a polarized Gol situation.

The following Examples 3.2 and 3.3 of polarized Gol situations are built from the cat-
egory Rel of sets and relations. Rel has two standard traced-monoidal structures (see
(AHS02; JSV96) for details), one with ® = x (cartesian product), the other ® = +

¥ Hence zero morphisms are absorbing with respect to composition, but not with respect to tensor.
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(disjoint union). These two categories are denoted by Rel, and Rel, respectively. We
don’t discuss Rely in this paper, so in what follows we often abbreviate Rel; to Rel.
Below, we emphasize the additional polarized structure.

Example 3.2 (Polarized Gol situation Rel,).
(Rel,®,1,5,N,1,(e,m),1 - U, (¢4, my),0)

is a polarized Gol situation, denoted Rel; (or just Rel), where we define:

- The objects of Rel; are sets and morphisms are (binary) relations between them.

- ® is the disjoint union +, where A + B := ({1} x A) U ({2} x B).

- I:=0,U:=N,1:={x}.

- The retraction k : N> N+ N : j is a standard one often used in Gol (Gi89; AHS02;
Hag00):

1 n
j(l,n) =2n, j(2,n) =2n+1, and k(n):{ (2( %33) modd

- m:1— 141 is the maximal relation, ande:1+1— 12 is its converse.

- «a: {x} — Nis a non-empty relation that determines a distinguished singleton subset
{na} of N.

- ¢ : U+ 1— U is the relation whose restriction on U (resp. on 1) is Idy (resp. «)
and m, is the converse relation of e,.

- The zero morphism Oxy is the empty relation, for all X,Y.

Example 3.3 (Pfn and Plnj as degenerate polarized Gol situations). Starting
with the category Rel above, we consider the two major subcategories Pfn (partial func-
tions) and Plnj (partial injective functions) from (AHS02), with the following choices of
¢, M, eq, My for both Pfn and Plnj , m: 1 — 14 1 is the left (or right) inclusion and e is
its inverse. my, : U — U + 1 is the left embedding.

- Pfn:ey : U+ 1— U is the total function whose restriction on U (resp. on 1) is Idy
(resp. ).

- PlInj: ey : U+ 1 — U is the partial injection determined by the identity on U.

We say these models are degenerate since in Rel, m[1] := {y | (%,y) € m} =1+ 1,

whereas in the other models Pfn and Plnj, m[1] = 1. This latter property of 1 causes

the interpretation of polarized proofs in MLLP to become degenerate (see Remark 3.20

below.)

We now make some remarks and observations about the axioms for polarized Gol
situations in Definition 3.1 above. We generalize Axioms 2 and 3 to m-ary tensors, and
denote them by Axioms 2’ and 3’ respectively. We will apply these remarks in Proposition
3.8 below, where Axioms 6 and 9 are generalized, resulting in Axioms 6’ and 9°, resp.

e Strengthening of Axiom 5 (Uniformity of Trace):
Proposition 3.4 (Strong Uniformity of Trace:). For any morphisms

XooU L veU, X101l S viel, Xi -5 X,V -5 Vs,
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and point p: 1 — U, we have:

XU T . Yo@U 2 ————>Y3
a®p b®p implies a b
X 91— Y1 ®1 Xi— %

T"%(l,yl(g)
Proof. Define
f=f(a@U): X10U —Y,@U and ¢ =0b®1)g: X301 — Yo ® 1.

Apply Axiom 5 to f’ and ¢’ with X = X; and Y = Y5, then

T v (fe(@a@l)) = Tk y,((b@1).g).
By naturality, the L.H.S (resp. R.H.S) is equal to Trg](%yz (f)ea (resp. bDTrE(I’Yl (9)),
which proves the assertion. ]

Observe, strong uniformity of trace implies the original version (Axiom 5) by setting
a and b to be the appropriate identity arrows.

e Generalizing Aziom 2 to the case of m-ary tensors.

Axiom 2’.  For any natural numbers m > 2 there is a retraction U >, . ; U™

km

Um such that k05, = Idgm.
Jm

We define j,, and k,, as follows. This will be our fixed choice for the retraction
structure for the rest of the paper.

jm:jo(j®U)o...o(j®Um—1) km: (k‘@Um_l)O“-O(k’@U)Ok (1)

When m = 1, under the convention that j,, = U = k,,, the retraction of 2’
becomes the trivial identity. Hence in what follows, (k.,, jm) is used for any non-
zero natural number m. When m = 2, we get the original Axiom 2.

o An m-fold tensor version of Aziom 3 : 1™ @ 1™ D>(em mm) 1™ .
It is straightforward to show the following:

Axiom 3’. ¢ has right inverse m™, i.e.

™

1me1m 1

mm

where ¢ and m"™ are m-ary tensors of ¢ and r, respectively.

satisfying e¢” om™ = Idym,

Finally, the reader may wonder why, in our definition of polarized Gol situation (Def-
inition 3.1), we introduced opposite directions for the retractions on U and on 1. This
will be explained in Appendix 7.5 below.
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3.2. Multipoints in polarized Gol situations

In this section we introduce the key notion of multipoints for interpreting the weak
exponentials T and | (polarity shifting) of MLLP in polarized Gol situations. We then
generalize Axioms 6 and 9 of a polarized Gol situation to the level of multipoints. In the
following Section 3.3, we shall make use of multipoints to translate polarized formulas,
and then extend this to a polarized Gol interpretation of MLLP proofs. This will be
used later (in Sections 3.4, 3.5 below) to find new invariants for cut-elimination, and to
characterize focussing, hence positivity and negativity, in polarized logics.

Definition 3.5 (Distinguished points and multipoints).

Multipoints in a polarized Gol situation form a certain class (denoted MP) of morphisms

1™ — U for natural numbers m defined below. The distinguished points are the subclass

(denoted P) of multipoints in which m = 1. We define both classes inductively as follows.
First, P is constructed by the following BNF construction:

P:= « | jO(IP’(X)O[’U) | j0(017U®IP’)

That is,

1. The distinguished point a: 1 — U is a point.

2. If 5:1 — U is a point, so are
0 ; ,
121912 U ~U and 12101 UoU-L>U.

Second, MP is constructed from P and j,, ranging over natural numbers m > 2, as

07,u®pB

follows:

m
. * .

MP:= P | jpe7o(P®---®P) where 7 ranges over the permutations of U™.
That is, while all (distinguished) points are multipoints, the second construction stipu-
lates in addition that
3. If p; : 1 — U are points for i = 1,...,m, and 7 is a permutation of U™, then the

following is a multipoint

Joro@iLypit 1™ O _ym T ym Iy (2)

Remark 3.6 (Various contractions j,,o7 arising from permutations 7.). We make
no assumptions on commutativity nor on associativity axioms for the monoidal j and
the comonoidal k. Instead, we adopt a minimal categorical setting for a Gol situation,
as suggested by the referee. There are various ways of contracting U™ to U, depending
on the choice of U (to apply j to) in each of the m — 1 steps of contraction. Our specific
choice of j,, in equations (1) determines one such choice. Precomposing each permutation
7 of U™ with j,, determines a different choice of contraction. Correspondingly, the left
inverse of j,,o7 is given by the comonoidal 7~ 'ok,,, and the pair gives a different retraction
U >(j,.or, r—ok,,) U™ Later in Section 3.3, when we interpret every polarized formula as
a multipoint, the permutation 7 will be explicitly specified by the syntactic tree of the
formula.
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Example 3.7. In the Rel model of Example 3.2 where the distinguished « is taken
to be a singleton subset {n,} of U = N, a multipoint 1™ — U (generated by this «)
determines a finite indexed family of cardinality m of U.

Later we shall see how polarized formulas can be interpreted in a multipointed setting
(Definition 3.13 in Section 3.3 below). Together with a two-layered Gol-interpretation of
MLLP proofs (Definition 3.18), this will turn out to be essential in our characterization
of focusing (see Theorem 3.26).

We now prove generalizations of Axioms 6 and 9 of a polarized Gol situation to the
level of multipoints, using the m-fold setting of 3’. We call these Axioms 6’ and 9’
respectively.

Proposition 3.8 (Axiom 6’: Lifting U ® 1™ >(,, m,) U along a multipoint p).
For any multipoint p : 1™ ——= U , there exists a pair (ep, mp) giving a retraction which
lifts the retraction 1™ & 1™ >(em mmy 1™ along p. This means the following diagram
commutes (in all possible ways), with epempy = Idy:

¢p
U1™ U
mp
p®17n p

™

1me1m m

mm

Proof. See Appendix 7.4 ]

The next Proposition discusses the lifted retraction pair (ep, mp) of the above Axiom 6°.

Proposition 3.9 (Axiom 9’: On the lifted retraction pair (ep, my)).
For any multipoint p: 1™ ——=U , any morphism f : V@ X — W ® X with
X € {U, 1™} and 0: 1™ — 1™,

(1d@ep)o(f @ 0)(ld@my) = f and (Id@e™)o(f @ 0)o(Id@m™) = f

This is illustrated in Figure 1 for the respective equations when X = U and X = 1™.

14 w 14 W
—_— — — ————
U ! U = f and 1m f 1m = f
U @: ® > U 1m@: ® >‘ 1
m - m" 1 - m"

Fig. 1. Axiom 9’

Proof. Straightforward induction on the given construction of p. ]
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The above definition of multipoints is compatible with Axiom 5 (Uniformity of Trace)
in Definition 3.1, in the sense that uniformity of trace generalizes to multipoints (see
Axiom 5’ in Proposition 3.11 below.)

Lemma 3.10 (Invariance of traces under conjugate actions of the retractions).

For any non-zero natural number m and a multipoint p : 1™ — U, the retractions
(km,jdm) and (ep, mp) respectively act by conjugation on morphisms f : X @ U™ —»
YRU™ andg: X®@U — Y QU as follows:

flmin) = (X @jp)o fo(X @km) :XQU —Y QU
glrme) = (X @mp)eg (X ®e¢p) XQURI™ —YRU®I™
Then the following invariant equations hold:
T"X,if (f) = T"g(,y (f(km’jm)) (3)
Ty (9) = TS (glwme)) (4)

The two equations guarantee the invariance of taking traces along U (instead of U™)
and along U ® 1™ (instead of U ® 1).

Proof. See Appendix 7.4 ]

The following Axiom 5’ generalizes Axiom 5:

Proposition 3.11 (Axiom 5’ (Uniformity of Trace on multipoints)).
FEvery multipoint p : 1™ — U satisfies the following condition: for any morphisms f
and g,

X®U&X®U’”;>Y®Umy®jm

N

X®1m4>Y®1m

commuting implies

m . m

TrX,Y (9) = T"g](,y (f(k’”’j’")) = TrX,Y (f) -

Note:

(i) The composition of the top horizontal arrows above is f(*m+Jm) of Lemma 3.10.

(ii) Axiom 5 is a special case, by setting m = 1 and using our convention that j; = U =
k1.

Proof.

We first note that the second equation of the assertion is by (3) of Lemma 3.10.

We prove the assertion by induction on m > 1; i.e., by induction on the construction
of a multipoint p: 1" — U
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(Base Case): m = 1. The assertion is the original Axiom 5 of Definition 3.1.

(Induction Case for m + 1)

The given commutative diagram with m + 1 factors as follows from the construction of p

by Definition 3.5 for some permutation 7 on U™. Typographically, we write 7~ for 771

XQU® (T~ o km) YQU®(jmoT) )
X®k E—— m f m Y®j
XU —XQUU XUU YRUKU YQURU —Y U
X®p' @Pm+1 Y ®@p’ ®Pm+1 Y op
X7 p; Yo
X®11m Y®1Ix1l™

where p = jpy10me @ p; and  p’ = g0 @7 p;.

Suppose the outer trapezium commutes. We note that the inner trapezium commutes
by both precomposing X ® U 9 x ®U ®@ U and postcomposing Y @ U @ U Yok y QU
respectively on the top left-most and right-most horizontal arrows, because koj = Idygu
and since the left and right triangles commute.

Then applying the I.H. to this inner trapezium, we have:

TV)U(®U,Y®U (f(ijT’ Tﬁokm))

XU Y®U
XQ@pm+1 Y ®pm+1
X®1 Y®1

lm,
Trxe1,ye1(9)

The upper horizontal arrow is equal to;

Tr)U(®U,Y®U (f(jmoT’ T_okm)> = Tr%@U,Y@U (f(jm’k"L)) = Tr)U(:;U,YQbU (f)

The first equation is by dinaturality on 7, cancelling with its inverse 77, and the second
equation is by (3).

Then applying the original Axiom 5 (Uniformity of Trace) to the above square, we
obtain

m

TrgJ{,Y (TrX:;U,Y(@U (f)) = Trﬁ(,y (TrX®1,Y®1 (9))

By Vanishing applied to both sides of the equation, we have Tr)U(V:';rl (f) = Trg;l (9) O

As in the case for points in Proposition 3.4, a stronger version of 5’ can be derived for
multipoints:

Corollary 3.12 (Strong Uniformity of Trace on multipoints).
Every multipoint p : 1™ — U satisfies the following condition: for any morphisms f, g,
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a7 b)

Y ®jm T’X2 Yy (f)=

Xg(§§U—>X2(X>UT”4>Y2®Um Yo U Xy p—— Yo
Ter Y2 (f e )

\ bop implies a b
X1®1m%—Y1®1m X3 Y1

Ter Y, (9)
Proof. Same as Proposition 3.11, using naturality. L]

3.3. The Gol interpretation of MLLP proofs

We now define one of the central notions of this paper: the Gol interpretation of MLLP
proofs in polarized Gol situations. We shall begin with a detailed discussion of how
to interpret multipoints of polarized formulas. We then present a categorical approach
to Gol in the polarized case, influenced by the categorical approach to ordinary Gol
of Haghverdi and Scott(HS06; HS11) in (ordinary) Gol situations, as summarized in
Appendix 7.1 below.

Definition 3.13 (Multipoints associated with Formulas). Given a polarized Gol
situation and a polarized MLLP formula A, we will inductively construct below a mor-
phism mp(A) together with its domain 1,4 and codomain Uy, where Uy := U.

mp(A) : ILA — UA.
More generally, for a sequence M = Ay,..., A, of polarized formulas, we will construct
a morphism
mp(M) : Iy — Up:=Us, ®---QU,4,,.
from the constructed domain 1 o4 to the codomain Upg. The arrows mp(A) (resp. mp(M))

defined below are called the multipoint associated with formula A (resp. with sequence
M). All these multipoints are elements of the distinguished class MIP of Definition 3.5.

Construction of multipoints.
First, to each positive (resp. negative) formula P (resp. N) of MLLP, we associate an
object 1p (resp. 1), which is a tensor product of 1s, defined inductively as follows:

I1x:=1 ]lp@QZZ]lp@]lQ ]luv::1
Ix::=1 ]lNﬁgM::]lN®]lM ]lTP =1

For a sequence M = A;,..., A, of polarized formulas, 1pq := 14, ® ---® 14,. Then
1aq is 1™ for a certain natural number m, which we denote k(M).

Second, with each positive (resp. negative) formula P (resp. N), we associate three
objects Up, P* and P* (resp. Uy, N” and N¥) so that

Uys= At A (5)
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inductively as follows:

Ux:=U UP®Q = Up@UQ qu =UUy
X =1 (PeQ) =P Q@ (IN) :=Uy
Xt.=U (P2 Q) :=PteQt (Nt =
Ux.:=U UNQQM:: Uy Uy UTP =Up®U

(XHY =1 (N%® My :=N" @M  (tP):=Up
(XHE:=U (NB M) :=NtoM'  (tPF:=U
All these objects are isomorphic to tensor products of Us. For a sequence M = A;,... A,

of polarized formulas, we define the object Upq := Uy, ® --- @ Uy, and for x € {b, i},
we define the object M* := AT ® --- ® A}.

Note that the following hold for any polarized formula A.
- If Ais aliteral, Uy = U4. Otherwise,

Ua P(roky 1, jn1or) Ua (6)

where n is the number logical connectives in A so that Uy = U™, as in Axiom 27,

and 7 is a permutation of U™.
- There exists a natural number m such that

AP = U™ and 1, 1™ (7)

Finally, using (5), (6) and (7), we define mp(A) by the following composition (we give a
simpler, equivalent definition in Remark 3.14 below):

O‘m®01,Ab Jn—1

YL g— Un Ua, (8)

mp(A) lAg]lA@I

where the permutation 7 on the tensor folding U4 is determined by the syntax tree of
the polarized formula A. Finally, in the case of a sequence M = Ay, ..., A,,

mp(M) :=mp(41) ®--- @mp(4,) : Ly — Upnm. (9)

Remark 3.14. Multipoints mp(A) can be inductively defined as follows, where the first,
second and third constructions correspond respectively to 1, 2 and 3 of Definition 3.5:

-mp(X) :=a and mp(X+) ==«
-mp(IN) :=jo(a®0; py) and mp(TP) := jo(0r,u, @ o).
-mp(P ® Q) := jo(mp(P) © mp(Q)) and mp(N % M) := jo(mp(N) & mp(M)).
We observe that mp(A) so inductively defined uniquely factors as (8), in which the
permutation 7 is determined by the syntax tree of the MLLP formula A.

In what follows, we make the convention that U, (resp. U;) denotes the codomain U of
«a in the above construction of mp(].N) (resp. of mp(1P)). That is, U} (resp. Us) denotes
U of (L N)* (resp. of (1 P)%).
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Example 3.15. In the Rel polarized Gol situation,

- Ly =1={na}and mp(1X): 1= T +122% Uy + Uy -5 Usx is a singleton subset

consisting of the element j((2,n4,)) =2n, +1 € N.
2 ,
- 1,9y, = 12 = {no} + {na} and mp(Y+ B X1):12 %5 Uy, + Uy 5
Uy .29 . Is a subset of cardinality 2 consisting of the elements J((1,n4)) = 2n, and
j((2,m4)) =2n4 + 1 in N

Definition 3.16 (retractions (e4,my4)). For a polarized formula A, we define two
morphisms m4 and ¢4 to give a retraction

A" @14 >, ma) A* so that eqomy = AP
These are defined inductively on A as follows:

myx and my. are m,, MpgQ = mMp @My, m =my ® my, myy and myp are my,

NB M
ex and ex1 are eq, epgQ = ¢p X eQ, eN2Q ap iT EN @, e and myy are eq.

For a sequence M = A;,..., A, of polarized formulas, define mas (resp. erq) to be
my, @ @my, (resp. eq, @~ Deq,).

Then the lifting property (Axiom 6’ of Proposition 3.8) has the following variant:

Proposition 3.17 (Lifting property A* ® 1,4 D> (ea,ma) Af along a™).
Suppose m is a natural number satisfying (7). Then (ea,m4) gives a retraction which lifts
the retraction 1 ® 1 D> (em mm) 1 along o™ . This means the following diagram commutes
with egom 4 = Id 41 .

€A

Al Q1L At
m 4
a1 o

™

Ta®1a 14
=~
Proof. Straightforward by noting that composing the right ( resp. left) vertical arrow
with the second and third maps of (8) (resp. ®1™ of these maps) gives rise to Axiom 6’.

O

In what follows, we introduce the Gol interpretation for MLLP. The original Gol sit-
uations in Abramsky, et. al. (AHS02) (summarized in Appendix 7.1 below) form a very
basic framework for interpreting Gol. For example, their exponential structure, which
is sufficient for defining linear combinatory algebras on Endc(U), for a reflexive object
U, does not include the more elaborate categorical structure of the exponentials (e.g.
cocommutative coalgebras, comonoids, etc.) in genuine models of linear logic (PAMO09).

Recall that the Gol interpretation of an MLL proof 7 of the sequent F[A], T in an (or-
dinary) Gol situation C yields an endomorphism [7] € Endc(U?™*"), for the reflexive
object U. We now introduce the analog for the polarized case of MLLP.
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Let us sketch the framework, before going into details. Consider a polarized Gol situ-
ation C, with a reflexive object U and an object 1. The polarized Gol Interpretation in
Definition 3.18 below will yield a pair of endomorphisms, ([7], fr) € Endc(U?*™") x
Ende(12m'+7"),

We think of the two endomorphisms as layers: an “upper” and a “lower” Gol interpre-
tation.

- The upper interpretation, [7] € Endc(U?™*"), is on the level of the reflexive ob-
ject U. It is analogous to the non-polarized Gol interpretation, using the polarized
retraction structure U > U ® U for coding “untyped” Gol, by folding tensors of U’s
into a single U. Here U*™*" comes from U r of Definition 3.13; n (resp. 2m) is the
number of formulas in I' (resp. A). At this level, the polarity will be handled by the
retraction U ® 1 > U. Hence, both the retraction structures 3 and 6 of Definition 3.1
are used.

- The lower interpretation, f, € Enalc(12ml‘*‘”,)7 is a similar Gol formula to [7], but
without assuming any reflexivity on 1. It is defined on the level of multipoints. Here
12m'+1" comes from I of Definition 3.13; n’ (resp. 2m/') is the sum, over formulas

in ' (resp. A), of the number of MLLP logical connectives (including literals) not

bounded by polarity shifting operations. At this level, the polarity will be handled by
the retraction 1 ® 1> 1. Hence, only retraction 3 of Definition 3.1 is used.

Definition 3.18 (The two-layered Polarized Gol interpretation of MLLP proofs).

An MLLP proof 7 of - [A], T is interpreted by two endomorphisms

[ﬂ'ﬂ S C(UA,F, UA,F) and fﬂ S C(]IAI, ]IAI)

We see the polarized view as a two-layered interpretation: an upper layer [7] at the level
of reflexive objects U, a lower layer f. at the level of multipoints 1.
We define simultaneously® [7] and fr by induction on .

1. (Aziom): =« is F P+ P.
Remember that Up = Upi. = U and 1p = 1p1 := 1" for a certain natural number n.

[7]:=spv: Up®Upr — Up®@Ups
f,n. ::Sln,ln: ]]_P®]1PL—>1P®]]-PL

§ Notation: In Appendix 7.1 for traditional Gol, (e.g., see Figure 6), we illustrate proofs of sequents
F [A],T" as I/O boxes with labelled wires as interface. In what follows below, for typographical reasons,
we often omit the wires and just write I/O labels for the interface (e.g. see the Cut-Rule below.)

On the I/O box, interface formulas are ordered (from top to bottom) as follows: first, the unique
focused (positive) formula (if it exists), then the negative formulas, and finally the sequence A of cut
formulas.
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where Up Up 1p 1p
SuU = >< and  S1n1n = ><
UPJ- UPJ- ]]-Pi ]]-Pi

Each arrow consisting of the crossing si» 1» denotes the permutation (between factors
of the tensor foldings 1p and 1p.) which is induced by De Morgan duality between
polarized formulas P and Pt.

2. (Cut): i i
7w is F[A, PN F[A"], Pt =
[ [ACA”,P,PHM\/,E

We define
(71 =7 (7] [«"]) r fo =7 (fr @ frr) T

where 7 denotes the indicated exchange for the conclusions and the cut-formulas. Here
7 and its inverse 7~ are simply permutations of the interface (denoted by Uy and 1 ).

U= Up Up U= 1= 1p 1p 1=
Un ov | [=] |uw Un Ly Iy | fo |1y "
Ua Ua La Iar
[7] = Ur | 7 ® | VP fr = L ® | e
Up. Uz Uz Upr 1pe 1= 1= 1pt
Ua | |Ups | [#"] |Upe Ua 1as 1pi| for | 1pe 1as
Uarr| | Uar Unr Unar Tam| | Lar Tar| | Lar

In the following cases, we define [7]T € C(Uar,Uar) so that [7] = jeo[[7] oky,
where j, and k; are the retractions for Ua r > (k,,5.) Ua,r in equation (6) of the construc-
tion of multipoints after Definition 3.13. Note that ¢ is a number of logical connectives
of formulas contained in T', A.

3. (Linear Connectives): For a B -rule, the interpretation remains that of the premise
proof. For a ®-rule, the interpretations are the same as those of the cut-rule defined
above. In the above diagrams, 7 is a permutation of the interface. To be precise:

(® rule) We define

(w1t =[] and fr = fr
(® rule) We define
HFHT :Tiﬂﬂ'/ﬂTT and Jo =1 [T,

where 7 for [ ]T (resp. for fr) is Up@Ug@Ur @Ur» @UA @Uar — Up@Ur @Ua @
UQ@UF//®UAH (resp. ]].P@]].Q@]]_F/@]]_Fu@]lA/@]lAu — ]lP®]lF’®]]-A’®]]-Q®:|1F”®]]-A”)'

Note that in the above Cases 1 - 3, [7] and f, are defined in the same way: replace
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U’s by 1’s. However this is no longer true in the following Cases 4 and 5 (cf. the paragraph
above Definition 3.18).
4. (Polarity Changing 1):

.,n_/

T 18 :
AL M, P "
=AM P
We define
[I’]THT = HW/HT(@OU,U with OU,U:UT—>UT-
fﬂ' = ((O]IPJ ®@Im® ILA) ° f'n'/ ° (OI,]lp7 RIpm® I].A)) ®0111 with 0171 1 — 1.
Diagrammatically:
U U 1 1
[t := A 8 o= A A
Unm | [7' ] [Um Iy | frr [T
Up Up e Le LpOiry
UTP = ® ® ]]‘TP = ® ®
UT OU,U UT 1 011 1
5. (Polarity Changing |):
Dot
m s .
FIAL M, N L
F[AL M, LN

For the interpretation of this case, my  and epq of Definition 3.16 are used. Let m be
k(M) of Definition 3.13 so that 1,4 = 1™. Depending on the value of m, two morphisms
gm and h,, are defined as follows, modulo associativity of the monoidal (resp. comonoidal)
structure of j (resp. k) (cf. Axiom 2): let

gm = eo(e®@1)o-0(e®1™7?) and Ry, = (M@ 1™ %)o---o(m® em  (10)
to yield a retraction 1™ >, 1y 1. When m is 1, both g,, and h,, are defined to be Id;.
For an exchange 7 of the interface, the conjugate actions ()™ and 7( ) are defined

as follows: 27 = (717 ® 1"™)oxz o7 and "2 = 77 oz o (7 ® 1™). In what follows in the
definition, the compositions o’s are modulo permutation of ®. ¥

We define:

[7]f =0 o (hn@ 7]t @gm) - 0,

9 That is, in composing two maps between tensors of objects, the matching of the codomain of one with
the domain of the other is only up to permutation of the tensor factors.
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where 0~ =a® (Uy QUA M’ @¢epq) and 0 =0a* @ Uy @Usr @ M° @mp)7.
See the following:

[t =
U
Un= g
Uy
Mt
Uu= ® |7
Mb
Ua
‘We define:

fﬂ' =1 e (hm®f7r’®gm) °mn

where n” =1®01, 51 ® ?(la®e™) and n =1® 071, @ (1o ® m™)” for an exchange p
of the interface. See the following:

Example 3.19 ([7] and f; of Definition 3.18). The following two examples are
interpretations of proofs in the Gol situation Rel of Example 3.2 and Example 3.15, in
which « is identified with the singleton subset {n,} of N = U. In the following, matrices
are UDC representations of Rel morphisms (see Appendix 7.2), the blank elements denote
0 morphisms (i.e., empty relations) of appropriate types and g,, and h,, are from (10).

(i) Let 7 be the unique cut-free proof for | X+, 1 X (the n-expansion of - X+, X).
The side formula of the |-rule of 7 is X so that 14y = 1. It also holds that 1 x. = 1.
Then

U, Ux: Ux Uy

Ui, {(naana)} ]]'LXL ]]‘TX

Uxi Id 1xe Id

+_ Ux U q £ - Lix 1
1= 1y Idy and fr =y <Id1 )

Us {(”avna)}
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They are obtained respectively from

U, Ux. Ux Uy 1 Txr Igx 1
U, Qaogq Tyxe g1
Ux. Idy
UX IdU and ]lTX
Ur
1 hloa* 1 hl

when contracting the last two columns (resp. rows) respectively by myx (resp. eqx) and
by 7 (resp. e).

(ii) Let 7 be the unique cut-free proof of H| (X ®Y), Y+ % X+,

The side formula of the |-rule of 7 is Y+ 2 X so that 1,29 . = 12. Both Ty xey)
and Ly xgy) are 1. Note that Uy, 29, = (YR XL =U+U.

Then
Uy Uxey Ur Uyimgx
U
T v oy
1t = {(nrma)} : o
Nay N
Uy.s xs +{(na,na)} vy Uxgy Idyiou

1y xeyv) ]lYﬂ’? XL
and = Tyxey) Id; +1Id,
T lnyz? XL Idl +Id1

They are obtained respectively from

U, Uxey Ut U, 29, 12 Lyxey) Ly.29 4o 12
U¢ Qaogz ]lw(X@Y) g2
Uxgy Idv+vu
Uy and ]lYng L
Uyl 1 Idvtvu
12 hzO Oz* 12 hg

when contracting the last two columns (resp. rows) respectively by my29 (resp.
¢y 129 yo) and by m? (vesp. ¢%).

Remark 3.20 (On degenerate Gol situations). In Example 3.3, we noted that the
two polarized Gol situations Pfn and PlInj are degenerate. We can now say why we chose
this terminology. The reader can check that in both Pfn and Plnj , the interpretation
above of the polarity-changing rule | has no effect; that is, [7] = Hﬂ'/ ﬂ for the conclusion
of this rule. This is definitely not the case in the Rel model.
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Definition 3.21 (Polarized Execution formulas). Let o0 = ®™s, the m-fold tensor
product of the symmetry s = sy, and 0, = ®;2;s; where each s; is the symmetry
sy¢; q¢; for certain £;. The s corresponds to the permutation between dual cut formulas
so that U = Up = Up. and the s; corresponds to the permutation induced by De Morgan
duality for dual cut formulas so that 1% 22 1p =2 1 .. Then polarized execution formulas
are defined both on [7] and on f, as follows:

Ex([7],0) := Trgﬁ,UF ((Idy ®c)e[7]) = Trg::ni]n ((Idy» ®c)o[7])
Ex(frs o) i= Tr2 (I @0 )elw]) = Trins o (Idy ©0.)ofr)

Note: Ex([7],0) € Ende(Ur) = Ende(U™) and  Ex(fx,0.) € Ende(1r) = Ende(1™),
as pictured below.

Tr

Ur our Ur 1r r 1r
[7] fr
CUA Ua o Ua ] ( Ci Ia Ia o 1A
Ex([7],0) Ex(fr,04)

Fig. 2. Execution Formulas on [7] and on fr of Polarized Proofs of - [A],T’

3.4. Polarized execution formulas are an invariant for cut-elimination

In MELL, the execution formula is only an invariant of normalization for sequents not
containing “?” (see (HS06; HS11)). But in MLLP, 1 and | are logically weak (although
still functorial) operators. In the case of the exponentials in (AHS02), semantical axioms
inspired directly from the syntactical rules of ! and ? in linear logic are imposed on top
of the Gol situation. Here, for the weaker polarized case, we instead use the multipoint
semantical structure to simulate the logically weak 1 and . That is the purpose of the
rather subtle retraction structure of multipoints. The simulation is indirect in the sense
that the notion of multipoint does not live in the syntax of MLLP. But semantically the
notion is fine-grained enough to sufficiently simulate 1 and |. This allows us to prove
the execution formula is a full invariant for cut-elimination, in the sense of the following
Proposition.

Proposition 3.22 (Ex is an invariant). If 7 —, 7’ by MLLP cut-elimination, then
Ex([7],0) = Ex([7'],0’) and Ex(fx,0.) = Ex(fxr, (¢")s). In particular, if 7’ is a (cut-
free) normal form of r, then (since o’ and (0”), are Id;) we have: Ex([7],0) = [«'] and

EX(fﬂ-, U*) = f7r/~
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Proof. The crucial polarized case is where 7 contains cut formulas | P and 1 P, which
are transformed into the cut formulas P+ and P of 7/ by cut elimination. The other cases
are similar to the non-polarized MLL case. So the crucial case is that of a proof 7, ending
with a cut between 1 P and | P, which has the following form. A one-step reduction
then gives rise to the proof ending with a cut between P in 7] and P+ in 7):

Flelpeee o EE b PEM
AP F L PL M

'_["'a/]\Pv\I/PL]v"'aM

1

cut

Recall the definition of the interpretations of polarity changing 1 (see 4 of Definition
3.18)), where Uy — Uy occurring in the construction of [7] (for the principal 1) is the
zero morphism. This directly means that in (Id ®s™)o[ 7] there arise no new loops via Uy
and U, for the TP and | P in the last cut. Hence the trace of (Id ®sm)oﬂ7r’ﬂ: the trace
of (Id®s™)o[m]. Let us calculate this precisely using the trace axioms. Let 71 (resp. m2)
denote 7} (resp. mh) followed by a 1 (resp. by |) -rule applied to P (resp. to P1). Let T;
(resp. T') be conclusions with the list of cut-formulas of 7 (resp. ).

[WlﬂT = HWQHT(@(CIUT—)UT) with ¢ =0

[m=]" = (6M®UF’2\M)°{H7Téﬂ®((IZUJ/—>1"L)®(1):1m—>UL)}o(mM®UF,2\M)
where ]]‘M = lma a = hmoa* and b = QolQm.

71" = [m]'®[m]

= (meUn){([r] @0 @ ([m] ®a@b)}e(im@ Upm)

Note that the compositions and precompositions of the middle arrows occurring in the
above (R.H.S) are modulo permutations of their domains and codomains.

In the definition of [7]f, we use the following retraction (¢4, ) derivable from
Definition 3.16 using the canonical isomorphism (5). We define ¢4 := ¢4 ® A’ and fy =
magQ AP

Ua®@1aD>G,m, Ua satisfying eqomy = Uy
The same definitions as above also apply for ¢ and M, for a sequence M.

In the following proof, U, is simply abbreviated by z: it is either a formula A or a
sequence M. We abbreviate Uy and U by 1 and |. For the proof, it suffices to show

T o ([d@st ) @ sppu)eln]h) = ((d@sppu)eo([ 7] ] T @ [75])
where Id = Idp\ ;p p1y and [=]t = Hw’lﬂT ® Hwéﬂﬁ (11)
For proving (11), we start with observing the following identity derivable by generalized
yanking (Appendix 7.3), vanishing and dinaturality in a traced monoidal category.
(Iterated generalized yanking)

For any morphisms f: X — U, g: U — V and h: V — Y in a traced monoidal
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category,
TS (sy0 @ V)oY ®@ suv)o(h @ f @ g)) = hogef (12)

Pictorially, this says;

\Y Y \%
h ]
X U Y
f f g h
= X —U—V-—Y
U g \% U

The (L.H.S) of (11), by naturality w.r.t m and €4, is equal to

(ea @ Idpygaa,g,43)e

0 R
e, men g {1d@0)([ ] @ co [m ] © 0@ b)laim @ dr )
(13)

The middle arrow of (13) is, by superposing, equal to
(Id®ss | ® Sp’pj_)o(ﬂﬂ':/l HT ® Hﬂ'éﬂT) ® TrIghm (a®b®:c)

which by (12), is equal to (Id ®sqy | ® SP7PL)0(H:7T/1HT ® HW/QHT) ® aocob.

This amounts to showing that (13) is equal to the (R.H.S) of (11) by Axiom 9’ since
accob = 0 when ¢ = 0. See Appendix 7.6 for a pictorial representation of the above
calculations.

The analogous assertion for fr,, fr, and fr is easily checked in the bottom layer. ]

Example 3.23 (Extrusion of |-boxes by expanding Ex). In the dynamics of
normalization, extrusion of |-boxes depicted in Example 2.3 is captured by running the
execution formula. Let us illustrate this phenomenon in Rel, considered as a polarized Gol
situation arising from Haghverdi’s notion of a UDC (Unique Decomposition Category)
(see Appendix 7.2). In this case, the execution formulas (defined via traces) can be written
in Girard’s original form of a power series, as in (24) of Definition 7.1 in Appendix 7.1,
and have a matrix representation.

This phenomenon is sufficiently explained by examining the lower layer (= multi-
point) interpretation fr, of the three proofs (i = 1,2,3) together with permutation
O = S14,,1,, ® S1,,,1,, of cuts, which are common to the three proofs:

1, 14

1 o | Iy Ly, Ly, Iy, Iy, 1,
1, diz | di1 iz 1, 1
Lr, | 63 1 1. | 1 ®
fﬂ'i = ]]-Tl 5“ Ox =
1, 1
1, 1 L, 1
1,, 1
14, \bs2 1 1, 1
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In the above, 1 abbreviates Id; and d;; is the Kronecker delta. Note that the normal form
7 of m, mo and 73 is the np-expansion of the axiom-link, hence is interpreted by the 2 x 2
anti-diagonal identity matrix f, indexed with 1, and 14,.

The scope extrusion of Example 2.3 is represented by the expansion of the Execution
formula Ex(fr,,0.) (i.e., taking the trace of (Id®c,)ofr,). Note that the bozx; with
J € {1,2,3} is represented by the two paired elements ¢;; in the symmetric matrix fr,,
while the symmetric pair of 1s at (1,,14,) and (14,,1},) with ¢ € {2, 3} represents the
box introduced by |;. Then, the calculation passes through Ex(fr,,0x), then Ex(fr,, 0x)
and finally will terminate in f.. Here, the lower left d;; moves to the lower left d,5 by
the action of (fr, )22 0x(fr,)21. Then it moves finally to the lower left d;3 by the action
of (fry)12 0«(fr)22 04(fr,)21. This says that as j decreases, the sum for Ex(fr,,0.)
becomes “finer grained”: that is, the information flow realized in the sum of Ex(fr,,0.)
can be retrieved from that in Ex(fr,,0.) with ¢ > j. For the information flow arising
from the Execution formula in a UDC, the reader is referred to Appendices 7.1, 7.2 and
Haghverdi’s thesis (Hag00).

3.5. Polarized execution formulas characterize focusing

As we saw above in MLLP, the execution formula yields invariants of the dynamical
process of cut-elimination. In this section we give a second property peculiar to the
polarized execution formula. As far as we know it has no analogue in traditional linear
logic.

Our main result is that the execution formula in polarized Gol situations is able to
characterize the focusing property, which is the fundamental characteristic of polarized
logics. Observe that in a polarized Gol situation, a proof 7w of an MLLP sequent is inter-
preted as a pair ([7], fr). This interpretation does not capture the focusing property.
Instead, the Gol situation only provides an interpretation of polarities in terms of multi-
points arising from the retractions U ® 1" >U for [#] and 1™ ® 1™ >1" for f,.. We may
now ask: how do we semantically obtain the stronger notion of positivity /negativity? We
show that this stronger property can be characterized in terms of preservation of multi-
points through running the execution formulas. These results are described in Theorem
3.26 below. For this proposition, we introduce the following definition:

Definition 3.24 (restriction and range of morphisms).
Let C be a polarized Gol situation.

- In the presence of 0 morphisms of C, the two morphisms ¢; and p; are derivable, as
follows, where K := K \ {j}:

X;®(Q®0r,x;)

v X2 X;@(Quexl) X; @ (Qicr Xi) ~ Qicx Xi

X;®(&®0x,,1)

pit Quer Xi = X; ® (Rick Xi) X;®(Qier 1) = X;
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so that ppe; = X; if j = k and Ox, x, otherwise (These are called quasi-injections
and quasi-projections in (Hag00; HS11))
- For a morphism f with domain ), , Xj, its restriction to X; is the morphism for;.
- For a morphism f with codomain &), , Xi, f ranges over X; if (tjop;)of = f.

The following lemma will be used for Theorem 3.26 (Case 4).

Lemma 3.25 (Trace on zero morphisms).

Zero morphisms satisfy the following property on tracing. For any morphism
XU —Y®U:

Trky (f(X®0pp) = (X @ 0pp)efo(X ® 0p) = Triy (X ®0p0)f)

Proof. We prove the first equation (a similar calculation goes for the second).
First decompose Oy,iy = 07,1720y, 1.
TI’)UQY (fo(X®0rpe0pyg)) = Tr;vyy (X ®0ur)efo(X ®@05,v)) = (X ®0u,)efo(X ®@05,0)
The first equation is by dinaturailty and the second one is by vanishing. ]

Notation: for a sequence I' containing a formula A, consider the composition

A . . P .
14 M Ujp —— Ur , where ¢ is the quasi-injection induced by the embedding of A

into I'. This is denoted (by abuse of notation) by mp(A4) : 14 — Ur, leaving the ¢
implicit.

Theorem 3.26 (focusing = invariance of mp). Let m be an MLLP proof of a sequent
F [ALLN, P, where P is a positive formula. Then the execution formulas over [7] and
over fr give rise to the following commutative diagram:

EX( D:WI] 7‘7)
Unvp———=Unp

mp(P) mp(N)

1p— o1
P ey N

The bottom arrow of this diagram indicates that Ex(fr,04), when its domain is restricted
to 1p, ranges over 1.

Proof.

We prove the proposition directly for Case 1 (axiom) and Case 4 (| rule) and by
induction on the size of 7 for the other cases. Note: symbols used in the proof are the
same as those in Definition 3.18.

1. (Aziom:)
The following diagram commutes because multipoints associated with De Morgan dual
formulas are equal by the duality-induced permutation on their domains (which are
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foldings of tensors of 1’s).

Up@Upr —2Y  ~ Up@Up.
mp(P)®0 0®mp(P*)
1p®1ps p— lp®1ps

2. (Linear connectives:)
We prove it for a proof 7 ending with the ®-rule (the result is obvious for the % -rule).
Suppose 7 is
F A, M1, 1 F[Ag], My, Py
F AL Ao, My, M3, Py @ Py

First, note that

Ex([m] ® [me],01®@02) = Ex([m1],01)®@Ex([m2],02)
Ex(fry @ fras (01) @ (02)4) = Ex(fry, (01)4) @ Ex(fry, (02)4)

where the o; are iterated tensors of symmetries s, representing the cut formulas in m;,
fori=1,2.

Then commutativity of the first diagram by I.H. yields directly that of the second
where n = ny + na:

Ex([ i ]],04) Ex([7],0)

UMq‘,,Pi, - UMmPi UM1,M2,P1®P2 - UM1,M27P1®P2
mp(P;) i=1,2 mp(M;)  mp(P1)@mp(Pz2) mp(M1)®@mp(Ma2)
_— > ) _— >
L e M Ly @1p =y I © La,

3.(Polarity Changing 1:)
This case never happens since a conclusion of any such proof does not contain a positive
formula.

4.(Polarity Changing J:) This case does not use the I.H. Instead it uses Lemma 3.25
directly. This lemma connects traces with compositions of zero morphisms (see the dis-
cussion after equation (16) below ). We begin with an equation which is entailed from
the commutativity of the following diagram (to be discussed below). |

amofr = [n]fea where fr is restricted to 1y = 1. (14)

I For typographical simplicity, we rotated the diagram 90 degrees clockwise
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a®OI,Mn®M'7®UE

Iny=1 U, @ M@ M" @ Uz

U,@mam@M°P QU=

hm

1m U @1m™e Mo M @ Us
Ll (hme a*)@(ao gm)@ [« ]t
fx U @1ma1m e M@ Us meU @ Mo M @Us

symmetry symmetry

1" @1m eV 2 gm o Mo MP @ U, @ Us

V® litting
"RV v=mtoU eUs MV

Mﬁ®Mb®U¢®UE

Iy=1"—=1"aV

a™RV
In the diagram, we let 1 := 1™ and = denotes A, N. Why does this diagram commute?
The diagram consists of 4 regions from left to right: modulo symmetry, (i) a leftmost
pentagon bordered by f,, (ii) a middle upper hexagon bordered by 1™ ® o™ ® V, (iii)
a middle lower square bordered by 1™ ® o™ ® V, and (iv) a rightmost square bordered
by [7]t. The left pentagon commutes from the definition of f,. The upper middle
hexagon commutes because a*oa = Id;. The lower middle square is V® lifting along a™
of Proposition 3.17, hence commutes. The rightmost square commutes by definition of
[7]t. These commutativities imply the outermost hexagon commutes.
Then the following is a commutative square for equation (14).

[~17
Ua, MmN Ua, MmN (15)
a=mp({N) a™=mp(M)
1y - 1™

Both c®@U aq v and Oy, QU a4,y (resp. both 0, @1 g, v and 04, ®1L o, yv) act identically
on the component Uy of the co-domain (resp. on the co-domain 1™) of ™. Thus we
have

(0 @Umyn)eln]Toa = (0u, @ Unpv)olrlea  and
a™o(00 @ Tpg n)ofr = a™o(01, @ Lpgyn)ofr (16)

By composing and precomposing the upper (resp. the lower) horizontal arrow of (15)
with Oy, ® Up v (resp. with 01, ® Laq, ), we have, by Lemma 3.25,

T ity (0 @UsM ) lr] ) ea = a™eTns 40 (00 @ Tyw)) of

This is the assertion Ex([7]T,0)e a0 = a0 Ex(fr, 04).

LKl
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5.(Cut:) 1
This case uses the following property of the associativity of cut (cf. (HS11)):

Ex([7],0 ®s) = Ex(Ex([7],0), s) and  Ex(fr, 0% ® si) = EX(Ex(fr,04), 84)

where s corresponds to the last cut of «.

The sequence = of Case 2 of Definition 3.18 must be of the form @), M with a positive
Q:ie., mis

co s
FIAT PN E (A", PEQM
F[A, A" P, PN, Q, M

Note first that 0 = 0/ ® ¢’ with ¢’ (resp. ¢’) representing all the cuts of 7’ (resp. 7).

The I.H. implies the following two diagrams commute:

cut

Ex([‘n"ﬂ,o’) EX(H:TI’”H,O’”)
Upny ———Upw Upt,g.m Upt g.m
mp(P) mp(\) mp(Q) mp(P+, M)
1p— =1 1o— =1 1
PGy N T ey P IM

Since [7] = [#'] ® [#”] modulo permutation of interface,
Ex([7],0) = Ex([«'],0") @ Ex([x"], 0"
Then
(Un.@M ® 50,0, BX(I71,0) = (Un.om @ s, ) (Ex([7'] o) @ Bx(["], 0))

This composing morphisms is realized by the upper horizontal morphisms of the follow-
ing composition of the two commutative squares whose left one is obtained by tensoring
the above two squares:

Ex([ﬂ"ﬂ,a”)@Ex([ﬁ”ﬂ,o‘”) Un,QM®sup,u_ |
Upn ®Ups .M Upn ®Ups.q.m = Un.q.m @ Up,pe
mp(P)®@mp(Q) mp(P)@mp(N, M) mp(P)@mp(N, M)
1p®1g =1y ®1pr ® 1y Inv®1Ipy@1p

Ex(f(n"),0L)®Ex(f(x""), o))

In the outermost square, taking trace along Up ® Up. (resp. along 1p ® 1pi1) of the
upper (resp. the lower) horizontal morphism, by Corollary 3.12 (strong uniformity) we
have the following diagram, which is the assertion by virtue of the associativity mentioned
at the beginning of this case.

IN,QM®S1p,1,

1 This is the case where Corollary 3.12 (strong uniformity) is used.
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TrUP®UPJ- Un,Q,m®s)oEx([],0
U © Uot ((Un.@.m®8)°Ex([7],0)) U ® Uot
mp(Q) mp(N)®mp(M)
]lQ Iy ® 1

1 1
T PP (Ln,Qum®s1p.1,, )oEx(fri00))
O

Example 3.27 (Invariance of Theorem 3.26). We give two examples of Theorem
3.26 for the interpretations shown in Example 3.19. In these examples Ex([7],0) and
Ex(fr,0.) are [w] and f, respectively, since 7 is cut-free.

(i) In this case, P =| X+ and M =1 X.
Since fr restricted to 1 x1 := 1 ranges over l4x, the Proposition follows from
[7] e(a: 1x1 — U) = (a: Itx — Up)ofr under this restriction.

Recall that in the Rel examples, the equated morphisms are identified with {n,}.

(ii) In this case, P =1 (X ®Y) and M =Y+ B X1

Since fr restricted to 1y xgy) ranges over 1y 1 ® 1x ., the commutativity follows from:
[r]te(a: Lyxey) — Uy) = (a?: 1,29y, —Uy.ixg w1 )ofx under the restriction.

The equated morphisms are identified with {nq,} + {na}.

We now show there is a kind of “converse”: any MLLP-provable sequent - [A], N, A
with A invariant in the sense of the diagram in Theorem 3.26 must have A positive. More
precisely:

Proposition 3.28 (converse of focusing). Let F [A], M, A be a sequent provable
in MLLP such that A contains a polarity changing connective and M is a sequence of
negative formulas. If the following diagram nontrivially commutes in all modelst

EX([IWﬂvU)
Uma——Upnm,a

mp(A) mp(M)

then A is a positive formula.

 We say a commutative diagram trivially commutes if the unique arrow in it is the zero morphism,
and nontrivially commutes if it is not the zero morphism.
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Proof. Tt suffices to prove the assertion for cut-free proofs of = M, A so that Ex([7],0)
and Ex(fr, 0.) become respectively [ 7] and f, because of the invariance of cut-elimination
of Proposition 3.22. For the proof, we make the following observation, which is proved
for fr by induction on the construction of proofs =:

For a positive formula QQ and any negative formula M in a conclusion of a cut-free focused
proof 7, the following inequality holds in any Rel polarized Gol situation:

Au]fzNlg #0 (17)
(cf. Notation 5.1 for Rel in Section 5 below.)

Proof of (17): Note first that the last rule of 7 must not be an f-rule. Since the induction
is straightforward for the axiom and linear connectives ® and % , we prove the case when
the last rule is |, so that @ =] N. The corresponding case of Definition 3.18 says that
[Lam]fr 2 1y, where 1y = 1™ and 1y = 1, which directly implies (17). (See the last
I/O diagram of Definition 3.18 for the inclusion, where 14 of the input on the left first
goes via p to 1, which splits via m™, and the bottom output goes to the 1 of the (right
hand) side, by ¢, .) End of Proof of (17)

We prove Proposition 3.28 by contradiction; suppose that A is negative and consider
the polarized Gol situation Rel. From the assumption, the given cut-free proof 7 has a
bottom most f-rule, say I, whose principal formula is denoted by 1. So any inference
(if it exists) below [ is either the % -rule or exchange. Let 7’ be the subproof of m ending
at the premise of I. See the proof figure below for 7/, where A is a certain sequence
(including the empty one) of negative formulas. 7' is focused with the formula @ positive.

"]T/

FN,Q .
T= _ FN1Q
% ’s and exchanges
FM, A
We have the following equation:
Jr = [ @01,6,140 modulo exchange rules below 1. (18)

First, we observe the following claim used in (Case 1) and (Case 2.2) below:

Claim) The inequality (17) for M = A and the condition 1 1r = 0 yield a contra-
Q
diction.

The contradiction is that f, restricted to 14 ranges over 1 (the commutative diagram
in the assertion).

(Case 1) The case where the distinguished occurrence 1 @ occurs in M. In this case,
M is constructed from negative formulas and the 1@ via % -connectives and commas.
The conclusion of 7’ has occurrences @ and a factorization A’ of A by means of % -rules
below I: That is A is either A’ or A’ %8 A for some subformula A. Note that 14 C 14
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because of the factorization. Because 7’ is focused, we have [La/]fr N 1o # 0 by (17).
This directly implies [14]fr N 1g # 0 by (18). On the other hand, since 1 Q occurs in
M but 11N 1o = 0, we have 1g N1 = 0. Thus we have a contradiction by the above
claim.

(Case 2) The case where the distinguished occurrence 1@ occurs in A. In this case A is
constructed from negative formulas and the 1Q via % -connectives.

(Case 2.1) The case where A =1 Q. From the definition of the interpretation of the -
rule, fr restricted to 14 = 1 is 0, hence the diagram trivially commutes in the sense of
footnote 7.

(Case 2.2) Otherwise. In this case @ and another factor A’ both occur in the conclusion
of 7', where A’ as well as 7Q is a factorization of A by means of % -rules below I. That
is, A is (modulo commutativity of 28 ) either 1 Q 2 A  or 1Q ¥ A’ % A for some
subformula A. By the same argument for Q and A’ as Case 1, we have [14/]fr N 1o #0
by (17). This directly implies [L4]fr N 1o # 0 by (18). On the other hand, since this @
does not occur in M, 1o N 1y = (. Thus we have a contradiction by the above claim.

O

4. Constructing a compact polarized category via Gol

In this section we describe certain kinds of polarized categories arising from a different
view of Gol; namely, from Joyal-Street-Verity’s Int-construction in the multipointed set-
ting. Although the material of this section is formally independent of the previous Section
3, it highlights different aspects of Gol arising from Int-constructions, in particular the
construction of compact polarized models in the sense of our previous paper (HamSc07).

4.1. Polarized logic and polarized categories

In Section 2 we described O. Laurent’s polarized multiplicative linear logic MLLP. For
references to polarized categories, the reader is referred to our own paper (HamSc07), as
well as the original sources referred to there. We begin with a very general definition of
a polarized categorical model for MLLP. Our models are included among Cockett-Seely
polarized categories (CS07), although theirs are considerably more general. The definition
below is simpler than assumed in our previous paper (HamSc07), which emphasized full
completeness theorems. As also mentioned there, our previous categorical models (as
well as the categorical models below) are related to the dialogue categories and dialogue
chiralities of Paul-André Mellies (PAM13; PAM), although our motivation arises from
the proof theory of MLLP.

~

Definition 4.1 (Polarized Categories). A polarized category ({C+,C_),C) consists
of the following data:

— A pair of monoidal categories (C4,®) and (C_, R ) called positive (resp. negative) .
— A contravariant monoidal equivalence ( )+ of the two categories:

(5)F: () =c
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— (Polarity changing functors) A pair of adjoint functors 1 - |, where 1: C; — C_
and |: C_ — C4. Diagrammatically:
4
., 1 —cC

\__i___,/

1
— De Morgan duality for | and 1 (wrt the monoidal equivalence):
GX)r 21Xt and (1X)F =Xt

— A bimodule § C : C}” x C_ — Set satisfying that there is a natural equivalence:

~

C(P,N) = C,(P,lN) foralPeC,,NeC(C_.

This may be written as a reversible “rule”:

~

C(P,N)

C+(P7 \LN)
Remark 4.2. By duality, there is a dual rule:
C_(1P,N)
Es—
C(P,N)
In the language of distributors (profunctors), we are demanding that C be left and right
representable (Joyalll) and compatible with ( ).

At the *-autonomous category level (®,%,( )1), the various coherence theorems in
(CHS06) guarantee negation can be taken to be strictly involutive (along with strict
monoidal structure for each monoidal product). We have not, however, examined the
more general question of strictness for polarized categories.

Remark 4.3 ( The case where the profunctor C is a hom functor C(—,—) ).
A polarized category arises from the following framework of adjoint functors L 4 | and

1

1 - R with contravariant equivalence ( )=, as shown in the following diagram:

i/;//C\VX\R
AN

Cy

These functors are subject to a natural isomorphism (1 L( ))* ~| R( )+ between two

88 Intuitively, families of nonfocused proofs
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endofunctors on C4. In this framework, the polarity changing functors for Definition 4.1
are defined by 1 oL and | -R:

The following definition of compactness is sufficient for the purposes of this paper,
although more general frameworks are possible.

Definition 4.4 (Compact Polarized Category). We say a polarized category is
compact if

—CcP =cC_.

— (A® B)* = B+ ® A for all objects A, B.

A compact polarized category is degenerate if | (equivalently 1) is the identity functor.

Examples of compact polarized categories include various categories of multipointed
relations (arising in work of Hamano and Takemura (HamTak08)), as well as various
polarized Int-categories arising from Gol, to be discussed below. The reader is referred
to Section 5 for the above-mentioned category of multipointed relations. An analogous
approach to pointed relations is seen in Ehrhard’s category PpL of preorders with pro-
jections (Ehrl2).

Remark 4.5. Although the notion of compact polarized category may appear to be
“degenerate” in some informal sense, nevertheless the notion is sufficiently robust to
distinguish the two key proofs in our paper (HamSc07) (Example 2.2). In other words,
compact polarized categories are adequate to account for |-boxes in MLLP. These boxes
are intrinsic for MLLP, but not for the weaker logic MLL*" of (OLaur02).

4.2. The Int construction

The original connection of Gol to categories was realized by several researchers (e.g. M.
Hyland and S. Abramsky) as being related to the so-called Int-construction in the original
paper of Joyal-Street Verity (JSV96). Further history and related notions are discussed
in the paper of Abramsky, Haghverdi, and Scott (AHS02).

Given a traced monoidal category C, we can define a compact closed category Int(C)
as follows: an object is a pair (A1, A™) of C-objects and a morphism f: (AT, A7) —
(B*T,B7) is a C-morphism f : AT ® B~ — BT ® A~. The composition of Int(C) is
defined by gof :=

Tr]j;@ca croa-((CT @ sp- 4-)(g @ A7 )o(BT @ s4- - )o(f @ C7)o(AT @ s¢- p-))
(19)

This composition is shown in Figure 3 below, after Proposition 4.8. An arrow (A1, A7) RN

(B*,B7) € Int(C) is really an arrow AT @ B~ Ly Bt @ A= €C. We picture the ar-
row pointing upwards and denote it by a box, with the four objects at the corners. The
domain AT ® B~ is denoted by the lower edge, the codomain BT ® A~ denoted by the
upper edge.



M. Hamano and P. J. Scott 36

We would like to think of an Int(C) morphism f : (A, A~) — (BT, B™) intuitively as
a bidirectional data flow: a pair of arrows, one from AT to BT and the other “backwards”
from B~ to A~. Unfortunately, this view of f is only heuristic; officially, f is not a
tensor of two maps going in opposite directions, i.e. f # g ® h, where g : AT — BT
and h: B~ — A~. However, in the following subsections, we shall explicitly model this
bidirectional dataflow by using multipoints.

4.3. A polarized Int construction
In what follows in this subsection, let C be a traced monoidal category
(Cv ®, Ia S, 17 (27 m)? 0)

with 0 morphisms (Axiom 8) and a distinguished object 1 satisfying the retraction 1 ®
1 >(e,ry 1 (Axiom 3) of Definition 3.1 of the previous Section. Moreover C is supposed
to satisfy the following variations of the Lifting properties (Axiom 6’) and (Axiom 9) in
which U can be taken to be any object A of C and 3 can be any morphism 1™ — A: 99

Axiom 6°” :(Lifting Property along j)
For any object A of C, any m € ZT and any morphism S : 1™ — A, there exists a
retraction pair A ® 1™ D>(., m,) A lifting the retraction 1™ @ 1™ >(em mm) 1™ along S

¢s

Aglm A
mg
ﬂ®1’!n B
o
1m®1m 1
Y

Axiom 9”
For any morphism f: V ® X; — W ® X5 with X; = A; or X; = 1™ (i = 1,2) for any
non-zero natural number m;, and any morphism §; : 1™ — A;,

(W @ep,)o(f @ 01mimz)o(V@mp, ) = f and (W@ e)o(f @ Orm yms )o(V @m) = f

See the following figure for the respective equations when X = A and X = 1:

14 W 1% w
Ay f A = f and 1™ f 1™ma2 = f
m 3\2A mi< m"™ XL?‘ m
Al <3£ 1™ ® 1m2 A A2 1 1<: 1™ ® 1my e
Olml’lm,z 017"’1’17”2

99 Note: unlike in the previous Section, here A is not assumed to have any retraction structure and we
also assume A ® 1™ D> (¢4, m4) A lifts the m-fold retraction structure of 1® 1>, ) 1 on 1.
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Notation 4.6 (morphism fx, y,). Foramorphism f: Xo®X; — Yy®Y), we denote
by fx, v, : X; — Y; the following composition:

Yj®0Y1_j,1

X;®07,x,_; f
XZEX1®14>X1®X1,Z2X0®X14>Y0®Y1’:}G@Yl,]HY;@IEY}

Definition 4.7 (Positive category Intp(C)). The positive category Intp(C) consists
of the following data:

— objects are multipointed objects of Intp(C):

(AT, AT )

where (AT, A7) is an object of Int(C) and for x € {+, —}, a* is a morphism 1™ o A ,
whose domain is the m*-ary tensor-folding of 1. Here m* is a natural number associ-
ated to a* and the * refers to the sign of the codomain of a. We call o* a multipoint

of A*.

— morphisms are 3-tuples:

(fsf+:f-)

(A%, A7) (B}

By)

where
- f: (AT A7) — (B*,B7) is a morphism in Int(C).

- fy and f_ are morphisms in C making the following respective diagrams commute
(see Notation 4.6 ):

A+ fA+,B+ + B- fe—,a A-
1'n’LJr 5 171Jr 1n7 R 1m7
I+ f-

- f makes the following diagram commute:

e

I+ 1t 0 Tl
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In the above diagram, we say fi and f_ represent the bidirectional dataflow implicit in
the upper arrow f.

Proposition 4.8. Intp(C) forms a monoidal category.

Proof. Id(AZ+ A=) is defined by (Id(4+ 4-),Idy,Id_) where Id, is Id on the domain of
a* with * € {4+, —}. Since the first element of the tuple is Id 4+ ® Id4- in C, Id(A++7A_7)

belongs to Intp(C).
Tt is immediate that the tensor product of Int(C) restricts to a tensor product in Intp(C),
forming a monoidal subcategory. We show that Int(C) composition preserves the positivity

of morphisms. Recall the composition of two Int(C) morphisms (AT, A™) N (B*,B7)
and (Bt,B~) -4 (C*,C) given in Equation (19) and Figure 3 below.

The general Intp(C) composition with multipoints is shown in Figure 5 below. It repre-
sents the morphism (g, g+, g—)°(f, f+, f—). Here the top plane corresponds to the ordinary
Int(C) composition in Figure 3 below. The bottom plane represents the analogous compo-
sition at the level of multipoints, where the composition coincides more specifically with
(g4of+, f-og—) by generalized yanking, and is illustrated separately in Figure 4 below.

1777.7 171,7
- - —_ \\
>< \ (1l+,1l ) s 1 m
B~ A~ AN

(ct,c™) ot g+®g_T 9+T TL T
) A\ . . :
g9 an’any mn 1l m
(Bt,B™) BTt c— A y T ln*()
- |
>< BT ()| ant in7) nt ym= 1
(Bt,B™) Bt

S Rt B R T
fT ‘ f B j / 7 7

which is equal to

At, A7) AT

(gyofy, f_og_)
Fig. 3. Composition in Int(C)

Fig. 4. Composition in Intp(C) for multipoints

Figures 3 and 4 are the upper and lower surfaces of a 3-dimensional diagram pictured
in Figure 5 below. Consider the two central cubes in Figure 5. The top and bottom
squares of these cubes compose because of Figures 3 and 4. The main question is the
composition of the two left and, respectively, the two right vertical faces of the two central
cubes. The left vertical two squares obviously compose to form a commutative square.
The right (rearmost) vertical two squares in the cubes compose to be a commutative
square because of generalized yanking in Appendix 7.3. ]

Obviously there is a forgetful functor | | : Intp(C) — Int(C).
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1+ c-

M e
\\}"* \\\A+}\\\B k\\c— |
1" \ 1’”\ -

1

C B~

™"

Fig. 5. Composition (g, g+,9-) o (f, f+, f=) in Intp(C) (the top plane is from Figure 3
and the bottom plane is from Figure 4. The rightmost feedback arrow on the lower level
maps 1" (below the upper B™) to 1™ .

Definition 4.9 (functor |). The functor J: Int(C) — Intp(C) is defined as follows:

- On objects: L (AT, A7) :=((AT®1)1,(A” ®1);), where (A* ® 1); denotes
adjoining the point 1 =2 1T®1 Oli>®1 A*®1, € {+,-}.
- On morphisms: for f: (AT, A7) — (B*,B7), define
(AT @ 1)1, (A7 @ 1)1) — (BT ®1)1, (B~ @ 1))
as L fi=(s51,p+ A" ®1)e(1® f®1)e(54+1 @B~ ®1) and fy and f_ are Id’s on 1.
Diagrammatically,

BTl —— A~ ®1

S~ =t TN

At ®1 B~ ®1

1§\f>\§ 1§\<§§1

Proposition 4.10 (adjunction).
1 is right adjoint to the forgetful functor | |, i.e.

Int(C)((A™,A7),(B,B7)) = Intp(C)((AL:, A,-),(BY ®1)1,(B” @ 1)1)) (20)

Proof. Note first (20) gives the required adjunction, because (A", A7) = [(A},, A7 )|
and (BT, B7) = ((BT ®1)1, (B~ ® 1)1). The natural bijection in (20) is given by:

1
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— (From right to left):
define g+ p-y :|[L(BT,B7)|=(BT®1,B~ ®1) — (BT,B7) by:

+ — Bt®s _
e(B+7B,):B+®1®87B4®01®B>B+®1®3741ﬁ>3+®37®1

modulo canonical associativity isomorphisms of ®. Then € is the co-unit of the ad-
junction. Given a morphism g of the R.H.S, we obtain a morphism of the L.H.S. by
composing with € g+ p-). That is, by the composition of Int(C),

€(B+,B~)° lg|:=

TrB;@lf o < (B+®SB—®1,A—)0(€(B+’B_) ® A7 )o )
AT®B~,B+®A (Bt ®1®sa- p-)o(|g| ®B7)o(A* ® sp- p-@1)

= Trﬁlgéf,3+®147 (((B+ ® Sl,A*)O(B—i_ ®AT®0) [g])® B_)
ishi B
s Tr}4+®B*,B+®A* ((BJr ® 51}A*)°(BJr ® 01 ®A7)e |9|) (21)

— (From left to right): This is the part where certain commutativity conditions will

be used (to compare the two layers).
Given a morphism f: (AT, A7) — (B",B7) in Int(C)((A*,A™),(B*,B)), i.e.

Bt — A~

NN

At ——— B~

(AT AT ) — L (BT,B7) == ((BT ® 1)1,(B~ ® 1)) is constructed by the
following diagram:

BT®1 A~
\ A w*
1 At @1m" a-  AT®1™
1 Oﬁ@lmJr AT B~ ®1
S aem
2m 1m+ ® 1m+ +e7n 1777,7 ® ]_7777 L

Note that in the diagram the domain 1 of o~ is hidden, situated behind AT.

In the diagram, the upper (outer) square denotes the morphism f’ being constructed
and the parallelogram (inside the square) with the vertices

AT®1™ B~ ®1,A- ®1™ ,B* ® 1 denotes the following morphism

with g+ 1 1™ — 1 and hy,- 1 1 —> 1™ of (10):

(s1,8+ ® A~ @ 1™ Jo(gm+ @ f @ - )o(8 g4 ot @ B~ @ 1) :
(AT 1™ ) e (B~ el) — BTol)o(A-o1™ ) (22)
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The vertical square on the right front face and the left rear face are lifting properties
(Axiom 6™) over at and o™, respectively. Hence, as the upper surface of the diagram
depicts,

f= (BT ®1® eq-)o(22)o(my+ ® B~ ®1)
= (Sl,BJr by eoﬁ)”(ngr ® f 0 hm* )O(maJr ® B~ ® 1) (23)

In the bottom surface, f| and f’ are constructed by composing the bottom arrows
in the diagram. The right and left faces are shown to be commutative by virtue of
the fact that the two morphisms go,,om™ and ¢™o ho,, give the retraction structure

1> 1.

Finally we show that when the f’ of (23) is applied to the above “from right to left”

construction, then the original f is recovered.

(21) _
e+l = Trargn proa (BY @sia-)o(Bt @0, @ A7 )of)

N modulo symmetry
T on- Broa (B @ eq- ®1)o(BY @A™ @5, 1,0 )o(s1,5r0a- @ 1™ o
| (012G ® £ @ by Jo(mos © B~ ® 1)

= naturalities
(B+ @ ea—)o
T (BY ® A~ @8y 1 )o(51,B+@a- @ 1™ )e
1”L+®A+®B*,B+®A*®1m7 (Oler ) ® f ® hm—)

O(moﬁr & B_)a

whose Tr part is

T (BT @A™ @8y 15 )o(f @0yt | @ iy )e
17n+®A+®B*,B+®A*®1m7 (Slm+ PR ® 1)

= naturality

1 _
Tt gB-g1mt Broa-@im- <(B+ DAT @5 1m=)(f @Oyt ; @ hmf)) *S1mt A+eB-
= superposing

1
FOTh (Sl,lm’ o(Oymt 1 ® hm,)) Simt A mp

= generalized yanking

f® ((hn=20pmt 1)0S1m+ grgp-) =  f®(0pmt jm—o8m+ 44gp-)2zero absorbing
We COHClude: €(B+,B7)Of/ = (B+®ea7)o(f®01m+7lm* )Osler7A+®B*O(mOﬁ’ ®Bi) = f7
by Axiom 9”. L]

Recall that the duality ( )+ of Int(C) is a contravariant endofunctor such that (A+, A7)+ :=
(A=, A") and f* :=sp+ g-ofosp- a+ for f: (AT, A7) — (B*, B7). This duality ( )+

acts on Intp(C) to yield the following dual category Inty(C).

Definition 4.11 (Negative category Inty(C)). The negative category Inty(C) con-

sists of the following data:

— objects: those of Intp(C).
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— morphisms: those of Intp(C) but the last condition on f is replaced by:

fA+1A—

At A~

«

1m+ —0> 1m_

Diagrammatically a morphism (f, f4, f—) of Inty(C) is described as follows:

BT A~
gt AT f B~
1 + 71ma ; B~
S

Note that the 0 morphism occurring in the bottom level is antidiagonal to that of the 0
morphism of Intp(C).

Hence the positive and the negative categories are contravariantly equivalent. The
functor 1: Int(C) — Intp(C) is defined by de Morgan duality 1( ) := ({ ( )1)*.

Thus we obtain a compact polarized category (Definition 4.4), in the style of Remark
4.3:

Theorem 4.12 (A compact polarized category).

({Intp(C), Intn(C)), m) is a polarized category such that | (resp. 1) is right (resp. left)
adjoint to the forgetful functor | |. The polarized category is compact so that (Intp(C))°P =
Intx(C). In diagrammatic form:

Int(C)
AN\
,/ /// s\\ |
/ 4 /<// \\ \\
/ pyan T\ \\\
v NN
|ntp(C) O IntN(C)

5. A polarized Int construction using Rel with multipoints

In this section we show how to build a concrete instance of the previous polarized Int-
construction using Rel with multipoints to construct the associated commutativity con-
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ditions compatible with these multipoints. Thus we obtain a concrete compact polarized
model of MLLP.

We make the following observations. First, this section is a relational instance of the
previous Section 4 and can be read independently of it. Second, in the previous Sections
2 and 3 of this paper, we often use the matrix formalism of Haghverdi’s UDC’s (see
Appendix 7.2). This agrees with the usual matrix calculus in linear algebra. In what
follows, we adopt instead the matrix notation of Joyal-Street-Verity (JSV96) for Int(Rel),
since these authors do similar calculations to those below. We introduce the following
standard notions c¢f. (AHS02; HamSc07).

Notation 5.1.
— For a relation R: A — B, and subsets X C Aand Y C B,

[YIR := {z|3beY.(z,b)e R} C A RX] :={y|3a€e X.(a,y) € R} CB

We write R* for the smallest reflexive and transitive relation containing R.

— (The category Rel)
Rel denotes the category of sets and relations. Relational composition of R : A — B
and S : B — (' is written from right to left. We write SR : A — C where
SR ={(z,2) € AxC |3y € B. (z,y) € R and (y,z) € S} and omit the o symbol.
Rel becomes monoidal with disjoint union A + B of sets as the tensor product. The
empty set () is the tensor unit.

— A morphism R : (AT, A7) — (B*,B7) of Int(Rel) is represented by the following
matrix (where the border objects represent appropriate domains and codomains of
the entries, as shown below:)

AT B~
Bt < Ri2 R )
A7 \Ri1 Ran
The entries are relations Ry : At — A7, Rjp: At — BT, Ryy : B~ — A™,

Roy : B~ — BT.

0
— The dual morphism Rt : (B~,B*) — (A=, AT) in Int(Rel) is represented by

L,_O]- 01_R21R11
R'_(l()RlO_Rgg Ris
Fact 5.2 (Composition in Int(Rel)). Given morphisms R : (AT, A7) — (B*,B")
At B~

1
E.g. Id(4+,4-) is represented by < (1)> where 1 denotes the singleton {x}.

+
and S : (BT,B7) — (CT,C7) of Int(Rel) represented by 57 (212 222> and
1 Ra

BT C-
ct <512 S22

_ ), the composition SoR in Int(Rel) is given by the following relation:
B™ \ S11 Sa
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AT C— AT Cc-
C+< 0 ng) U C+< S12(R22511)* Ri2 512R22(511322)*521>
A= \Ru1 0 A7 \ R21511(R22511)* Ri2 R21(S11R22)* S21
At Ri2 Bt S12 o+
f
which we can write as: RUL Raa| |Su S
\y
A~ B~ Cc-
R21 S21

In general in Rel, a multipoint 1™ — A is an m-indexed family of subsets of A (cf.
Example 3.7). In what follows, we denote a multipoint of a set A by mp(A) and think of
it as a subset mp(A) C A.

Definition 5.3 (Positive category Pos).

— Objects are (AIID(AJF)7 A o(a—y) where (AT, A7) is an object of Int(Rel) and mp(A™) C
A" and mp(A~) C A~ are multipoints respectively of AT and A~.

— Arrows (also called positive maps) are morphisms R : (AT, A7) — (B*,B7) in
Int(Rel) satisfying the following three conditions:
1) [mp(BY)|Riz = mp(AT)
2) Ra[mp(B7)] = mp(A7)
3) [mp(BY)|Ry2 =0= Roa[mp(B7)]

The above three conditions are instances of the three conditions on morphisms of Defi-
nition 4.7. The following figure explains how the conditions 1) and 2) correspond to the
left and right vertical squares, respectively of that definition, and that the condition 3)
corresponds to the diagonal 0 morphism.

Proposition 5.4. Pos forms a category.

Proof. 1d’s are Pos maps since Id on (AT, A7) is given by the matrix s.t. Idys = Id 4+,
ide1 = Id4- and Idy; = Idae = 0. We check that the composition of Int(Rel) preserves
Pos maps. The computation below is essentially a concrete instance of Figure 5.

Given two morphisms R : (AT, A7) — (B*,B7) and S : (B",B~) = (C*,C7) of
Int(Rel).
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1) [mp(CH)(SR)12

2) (SR)21[mp(C7)]

3) [mp(CH)](SR)22

(SR)22[mp(C7)]

[mp(C1)](S12(R22511)* Ri2)
[mp(BT)]((R22511)* R12)

[mp(B*)]R12 U [mp(B*)]((R22511)(R22511)* Ri2)
mp(AT) U

(R21(S11R22)* S21)[mp(C7)]
(R21(S11R22)*)[mp(B7)]

Ro1[mp(B7)] U (R21 (511 R22)* S11) (Ra2[mp(B7)])
mp(A-)U D

[mp(CT)]S22 U [mp(C)](S12R22(S11R22)*S21)

0 U [mp(B™)](R22(S11R22)*S21)

puo

S22[mp(C7)] U (S12R22(S11R22)*S21)[mp(C )]

0 U (S12R22(S11R22)*)[mp(B~)]

0 U (S12Ra22)[mp(B~)] U (S12R22(S11R22)*S11Ra2)[mp(B )]
puPuUD

O

Proposition 5.5. The category Pos is monoidal with respect to the tensor product of

Int(Rel).

Proof. Given Pos maps R : (A;p(Aﬂ,A

- + —_
mp(a-)) 7 (Brop(p+) Bnp(p-)) 2nd

S: (Cntp(CJr)’ Cr;p(c,)) — (D;:p(DJr), D;p(D,)), the tensor product

R® S : ((AY 4+ CH)mp(a+)tmp(c+)s (A7 4+ C7 ) mp(A=)4mp(c—)) —

(BT + D )mp(s+)tmp(D+)s (B™ + D7 Jmp(B-) +mp(D))

is given by:
At Ct B~ D~
Dt /0 S 0 Sop
BT [ Ri2 0 Ry 0
c-| 0 Su 0 Su
At \Ri1 0 Ry 0
It is straightforward that ® preserves positivity. ]

Dually in Int(Rel), negative maps are defined so that they form a monoidal category

Neg.

Definition 5.6 (Negative category Neg ).

The objects of Neg are the same as those

of Pos and the morphisms (negative maps) are dual; that is, they satisfy the following

three conditions:
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Bt Ri1 A~ Ra1
1) Rya[mp(A™)] mp(B™) kﬁ/ \B_
2) [mp(A7)|R21 = mp(B7)
3) [mp(A7)]R1n =0= Ru[mp(A¥)] mp(B*) mp(A~) J
~ ~
mp(A™) mp(B~)

Proposition 5.7 (negative category). Neg forms a monoidal category.

Remark 5.8 (positive # negative). Pos maps and Neg maps are different, so the
categories are different and the model is in this sense non-degenerate.

The following functor | is a special instance of the previously-defined functor in Defi-
nition 4.9 and dually for 7.

Definition 5.9 (functors | and 1).
Functors |:Int(Rel) — Pos, 7T:Int(Rel) —— Neg are defined as follows:

— On objects: | (AT, A7) =t (AT, A7) := (AT + 1)1, (A~ +1)1)
— On morphisms: For R: (AT, A7) — (B*,B7), | R and 1 R are defined by

1 At B~
JR =TR :=

Note that the functors 1 and | are not full since Pos # Neg.

Proposition 5.10 (adjunctions).
4 (resp. 1) is right (resp. left) adjoint to the forgetful functor | |:

Int(Rel)

Pos

Proof. We show the following;:
Int(Rel)(A™, A7), (B*,B7)) = Pos(A 4o Amy s ) (B* + 11, (B~ +1)1))
Neg(((AJr + 1)1, (A7 +1)1), (B;p(3+)a B;p(g—)))

where ((BT +1)1,(B~ +1)1) =} (BT,B7) and (AT +1)1,(A~ +1);) =1(4T,47).

1
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Every positive map R’ from the R.H.S is of the form

At B~ 1
1 mp(AT)x1 0
BT Ry Roao 0
A~ Ry Ry 1 xmp(A7)
sothat R = RU mp(A"t)x1 U 1 xmp(A~) with R from the L.H.S. This gives a
natural bijective correspondence. ]

6. Conclusion and Future Work

In this paper we presented two independent studies of Gol for multiplicative polarized
linear logic (MLLP): one based on the notion of Gol situations (AHS02) and the other
based on a direct application of Joyal-Street-Verity’s Int construction (JSV96). Both
modellings use the idea of adjoining multipoints to account for polarities, hence focusing.
In polarized Gol situations, preservation of multipoints via the execution formula allows
us to characterize focusing semantically. In the case of the Int construction, the goal
was instead to construct compact polarized denotational models. This involved adding
multipoints to the Int construction so as to be compatible with those commutativity
conditions previously discussed.

Finally, in the last section, we construct a concrete example of such a polarized cate-
gory, based on the Int construction applied to the category of multipointed relations. For
future studies, we leave open the following questions.

(1) What is the logical status of multipoints? For example, multipoints have no coun-
terpart in the syntax: they are an additional structure added to a nonpolarized (although
somewhat “degenerate”) compact closed model. Yet multipoints allow us to characterize
syntactic questions of polarized logic, for example, characterizing focusing.

(2) One question of interest is how Sections 3 and 4 of this paper are related. We note
that our main theorem characterizing focusing (Theorem 3.26) involves commutative
squares which can also be shown to be weak pullbacks. Thus weak pullbacks arise from
the termination of the execution formula given by traces. In Section 4, we start from weak
pullbacks in the definition of morphisms in Intp(C) (below Definition 4.7), where we see
the property that the two side vertical faces are actually weak pullbacks. The main results
of Section 4 show these weak pullbacks are preserved not only under composition but
more strongly under tracing. We have used the fact that the squares that arise in both
sections are analogous. We hope to give a categorical characterization of such analogies.

(3) This paper is restricted to the multiplicative fragment. It would be interesting to
extend this to the full MALLP level, which is the language of Girard’s Ludics, as studied
in our paper (HamSc07). This seems more promising compared to nonpolarized additive
models because the additive connectives are less complicated in the polarized setting, as
mentioned in the work of O. Laurent (for example, (OLaur02)). This future work may
relate our work to Laurent’s Gol model for additives (OLaur01).



M. Hamano and P. J. Scott 48

Acknowledgement
We wish to thank the referee for detailed and very helpful comments that have greatly
improved the presentation.

References

S. Abramsky, E.Haghverdi, P. J. Scott: Geometry of Interaction and Linear Combinatory Al-
gebras. Math. Structures in Computer Science, 12 (2002), pp. 1-40.

S. Abramsky and R. Jagadeesan, Games and Full Completeness Theorem for Multiplicative
Linear Logic, J. Symbolic Logic, Vol.59, No.2 (1994), pp. 543-574.

J-M. Andreoli, Logic Programming with Focusing Proofs in Linear Logic, J. Logic and Compu-
tation, 2(3),(1992).

J-M. Andreoli, Focussing and proof construction, Ann. Pure and Applied Logic, 107(1), (2001),
pp. 131-163.

R. Blute, M. Hamano, P. Scott, Softness of Hypercoherences and MALL Full Completeness.
Ann. Pure and Applied Logic, 131 (2005), pp. 1-63.

R. F. Blute and P. J. Scott, Category Theory for Linear Logicians, in Linear Logic and Computer
Science, T. Ehrhard, J-Y Girard, P. Ruet, P. Scott, eds. London Mathematical Society Lecture
Note Series 316, C.U.P. (2004).

K. Chaudhuri. Focusing Strategies in the Sequent Calculus of Synthetic Connectives. Logic for
Programming, Artificial Intelligence and Reasoning (LPAR-15), Doha, Qatar. Springer LNCS
5330 (2008), pp. 467-481.

K. Chaudhuri, S. Hetzl, D. Miller A multi-focused proof system isomorphic to expansion proofs.
J. Logic and Computation 26(2), 2013: 577-603.

J.R.B. Cockett, M. Hasegawa, and R.A.G. Seely, Coherence of the Double Involution on *-
Autonomous Categories, TAC 17(2006), pp 17-29.

J.R.B. Cockett and R.A.G. Seely, Polarized Category Theory, Modules and Game Semantics,
TAC 18(2007), pp. 4-101.

T. Ehrhard, The Scott model of linear logic is the extensional collapse of its relational model,
Theoretical Computer Science, 424 (23) 2012, pp 2045

J-Y. Girard. Linear Logic, Theoretical Computer Science, 50, 1987, 1-102.

J.-Y. Girard, Geometry of Interaction I: Interpretation of System F, in: Logic Colloquium ’88 ,
ed. R. Ferro, et al. North-Holland, 1989), pp. 221-260.

J.-Y. Girard, A new constructive logic: classical logic, Math. Struct. in Comp. Science 1 (3),
(1991), pp. 255-296.

J.-Y. Girard, Geometry of Interaction III: Accommodating the Additives. In: Advances in Linear
Logic, LNS 222, CUP, 1995, 329-389.

J.-Y. Girard, On the meaning of logical rules I: syntax vs. semantics, in Computational Logic,
U.Berger, H.Schwichtenberg, eds. NATO ASI Series 165, Springer, (1999), pp. 215-272.

J.-Y. Girard, Locus Solum: from the rules of logic to the logic of rules, Math. Struct. in Comp.
Science, vol. 11 (2001), 301-506.

J.-Y. Girard, The Blind Spot: Lectures in Logic, European Mathematical Society, 2011, 550 pp.

E. Haghverdi, A Categorical Approach to Linear Logic, Geometry of Proofs and Full Complete-
ness, PhD Thesis, University of Ottawa, Canada 2000.

E. Haghverdi, P.Scott, A Categorical Model for the Geometry of Interaction, Theoretical Com-
puter Science, Volume 350, Issues 2-3 , (2006), pp. 252-274.

E. Haghverdi and P.J. Scott, Towards a Typed Geometry of Interaction, Mathematical Struc-
tures in Computer Science, Vol. 20, (2010), Camb. Univ. Press, pp. 473-521.



Gol for Polarized Linear Logic 49

E. Haghverdi and P. J. Scott, Geometry of Interaction and the Dynamics of Proof Reduction: a
tutorial, New Structures in Physics, Springer Lectures Notes in Physics, Vol. 813, R. Coecke
(Oxford), ed. (2011) .

M. Hamano, P.Scott, A categorical semantics for polarized MALL,

Ann. Pure & Applied Logic, 145 (2007), pp. 276-313

M. Hamano and R. Takemura, An Indexed System for Multiplicative Additive Polarized Linear
Logic , Proc. of 17th Annual Conference on Computer Science Logic (CSL’08), Lecture Notes
in Computer Science, 5213 (2008), pp. 262-277.

M. Hamano and R. Takemura, A Phase Semantics for Polarized Linear Logic and Second Order
Conservativity, The Journal of Symbolic Logic 75 (1) (2010) pp.77-102.

M. Hasegawa, The uniformity principle on traced monoidal categories. Publications of the Re-
search Institute for Mathematical Sciences 40(3) (2004), pp. 991-1014.

J. M. E. Hyland, and A. Schalk , Glueing and Orthogonality for Models of Linear Logic. Theo-
retical Computer Science vol. 294, (2003), pp. 183-231.

A. Joyal, R. Street, and D. Verity, Traced Monoidal Categories. Math. Proc. Camb. Phil. Soc.
119 (1996), pp. 447-468.

A. Joyal: Joyal’s CatLab, Distributors and Barrels, Nov. 2011, in:

http://ncatlab.org/joyalscatlab/show/Distributors+and+barrels#distributors_6

J. Lambek and P. J. Scott, Introduction to Higher Order Categorical Logic, Cambridge Studies
in Advanced Mathematics 7, Cambridge University Press, 1986.

O. Laurent, Polarized Proof-Nets: Proof-Nets for LC (Extended Abstract), LNCS 1581 (TLCA
’99) (1999), pp. 213-217.

O. Laurent, A Token Machine for Full Geometry of Interaction (Extended Abstract), LNCS
2044 (TLCA °01) (2001), pp. 283-297.

O. Laurent, Etude de la polarisation en logique. (A study of polarization in logic.) These de
Doctorat. Institut de Mathématiques de Luminy - Université Aix-Marseille II. March 2002.
C. Liang and D. Miller. Focusing and Polarization in Linear, Intuitionistic, and Classical Logic.

Theoretical Computer Science, 410(46) (2009), pp. 4747-4768.

S. Mac Lane: Categories for the Working Mathematician, Springer, 1971.

E. G. Manes and M. A. Arbib, Algebraic Approaches to Program Semantics, Springer-Velag,
1986.

P.-A. Mellies. Categorical semantics of linear logic. Published in: “Interactive models of com-
putation and program behaviour”. Pierre-Louis Curien, Hugo Herbelin, Jean-Louis Krivine,
Paul-André Mellies. Panoramas et Synthéses 27, Société Mathématique de France, 2009.

P.-A. Mellies. Dialogue Categories and Frobenius monoids, in: Computation, Logic, Games, and
Quantum Foundations - The Many Facets of Samson Abramsky Springer LNCS, Vol. 7860,
2013, pp. 197-224.

P.-A. Melli¢s. Dialogue categories and chiralities, manuscript, 2006-2012, http://www.pps.univ-
paris-diderot.fr/~mellies/tensorial-logic.html

D. Miller, An Overview of Linear Logic Programming, in Linear Logic and Computer Science,
T. Ehrhard, J-Y Girard, P. Ruet, P. Scott, eds. LMS Lecture Note Series 316, C.U.P. 2004,
pp. 119-150.

D. Miller. Tutorial: Sequent Calculus: overview and recent developments, 8th Pan-
hellenic Logic Symposium Ioannina, Greece, July 4-8, 2011 (slides available:
http://www.lix.polytechnique.fr/Labo/Dale.Miller/papers/pls8.html)

Alex Simpson and Gordon Plotkin Complete Axioms for Categorical Fixed-point Operators,
Proc. 15th Annual IEEE Symposium on Logic in Computer Science (LICS), IEEE Computer
Society, 2000, pp. 30-41.



M. Hamano and P. J. Scott 50

7. Appendices
7.1. Appendix 1: Gol situations and Execution formulas for MELL

In (AHS02) the authors introduced a general algebraic framework for studying Girard’s
Geometry of Interaction (Gol) ((Gi89; Gi95)) for multiplicative-exponential linear logic,
MELL. This framework, called a Gol Situation, contains an underlying traced monoidal
category C, along with a reflexive object U and an endofunctor T used to represent the
exponentials of linear logic. It is shown in that paper how to interpret Gol as yielding
linear combinatory algebras on the endomorphism monoids Endc(U).

In later work ((HS06; HS11)) the underlying traced category C of a Gol situation was
specialized to a traced Unique Decomposition Category (e.g. Rel, Pfn | Plnj ) (see Ap-
pendix 7.2 below) which is equipped with a standard particle-style trace, as developed in
Haghverdi’s thesis (Hag00), together with an abstract categorical execution formula given
in terms of that trace (see below). The categorical Gol interpretation of Haghverdi-Scott
(which captures Girard’s Gol 1 (Gi89)) contains three components: (i) an interpretation
of proofs in End¢(U), (ii) an interpretation of formulas as types (= bi-orthogonally closed
subsets of Endc(U), with respect to an appropriate Girard-Hyland-Schalk orthogonal-
ity), and (iii) an analysis of the dynamics of cut-elimination via the execution formula.
For the polarized system MLLP studied in this paper, we only discuss (i) and (iii).

Definition 7.1. A Gol Situation is a triple (C,T,U) where:

1C is a traced symmetric monoidal category and T : C — C is a traced symmetric
monoidal functor with the following monoidal retractions (i.e. the retraction pairs are
monoidal natural transformations):

(a)e :T>TT :e (Comultiplication)

(b)d :Tr1d:d (Dereliction)

(c)c :T>TQRT:c (Contraction)

(A)w' :Tr>Kr:w (Weakening). Here Ky is the constant I functor.

2U s an object of C, called a reflexive object, with retractions:
(a) k- UU®U:j5 (b)U>I, and (c)v:U>TU:u

Here ¢ : T TT : e means that ex : TTX — TX and €y : TX — TTX are
monoidal natural transformations such that e’e = Idpr. We say that TT is a (monoidal)
retract of T. Similarly for the other items. Following the presentation in (HS06; HS11),
given a Gol situation (C,T,U), the Gol interpretation of a proof m of an MELL se-
quent (with explicit cuts) - [A],T" (where A denotes the set of all pairs of cut formulas
A, At used in ) is determined by a pair of morphisms ([7],0) as in Figure 6, where
o represents the cuts A. If |A| = 2m and |I'| = n, these data are given by C-arrows,
o:U?™ — U?™, [r] : UrH?™ — Un+2m, Finally, Girard’s Ezecution Formula deter-
mines an arrow Ex([7],0) : U" — U", where U¥ = U ® --- ® U (k times). If C is
a Haghverdi traced Unique Decomposition Category (UDC) with a standard (particle-
style) trace (as in the Rel-based models in this paper: see Appendix 7.2 below) we can
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[r] | : Do | 07D

(I71,0) Ex([r],0) =Trif or((lor ® o) [7])

Fig. 6. Proofs of F [A],T" as I/O Boxes and the Execution Formula

write the Execution Formula in the more familiar form

Ex([7],0) = w1+ Z m12(0me2)" (07a1) (24)
n>0

where [m;;] is the matrix representation of [7]; this was shown in (HS06) to agree with
Girard’s original execution formula (Gi89) in his model Hilby (= ¢3[PInj]). Such UDC
models also support a robust matrix calculus to represent morphisms, which agrees with
the usual matrix representation of relations used in this paper (see Proposition 7.2 below).

7.2. Appendix 2: Unique Decomposition Categories (UDCs)

E. Haghverdi, in his thesis (Hag00), introduced Unique Decomposition Categories (UDCs).
These were specifically developed for modelling “particle-style” Gol as in Gol1l (Gi89;
HS06).

Briefly, UDCs are symmetric monoidal categories with the following additional struc-
ture:

— The homsets are enriched with a ¥-monoid additive structure, such that composition
distributes over addition, both from the left and the right. For the precise X-monoid
axioms, we refer to Haghverdi’s thesis, Chapter 4. In particular, there are zero mor-
phisms Oxy : X — Y between any two objects X, Y.

— For a finite set I and for each j € I, there are quasi injections v; : X; — ®rX; , and
quasi projections p; : ®1X; — X such that:

(i) prtj =ldx; if j = k and Ox, x, otherwise.

(i) Xiertipi =1dg, x,-
Examples of UDC’s (for Geometry of Interaction) include variations of Rel;, for example:
the categories Pfn and Plnj of partial functions (resp. partial injective functions).

The main theorem on UDC’s, which is used in various places in this paper, is the
representation of morphisms as matrices, with an associated full matrix calculus for
computations. This can be summarized as follows (see Haghverdi (Hag00), Prop. 4.0.6):

Proposition 7.2 (Matricial Representation). Given a morphism f : @;X; — ®1Y;
in a UDC, with |I| = m,|J| = n, there exists a unique family {fi;ticrjes : X; = Y; with
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f= Ziel,jeJ tifijpj, where fi; = p;fij. Moreover, composition of morphisms in a UDC
corresponds to matriz multiplication of their associated matrices.

7.3. Appendix 3: Generalized Yanking for a traced monoidal category

The following identity is frequently used in calculating traces (see Proposition 2.4, in
(AHS02)),

Ty (so(f @ 9) = gof
Pictorially, this says:

X U Y
o f g
H><: - x vy
v LYy

7.4. Appendix 4: Omitted Proofs

Proof of Proposition 3.8

By induction on the construction of a multipoint p.

(Base Case): This is when p is the distinguished point «, hence the property is the
original lifting property 6’.

(Induction Case): p is constructed either by 2 or 3 of Definition 3.5 (Note in 2, the p is
a point.): We define

p constructed by 3 | p constructed by 2

My = ((Jm o) ®1™) 0 @, Mp, o7~ o ki, mp = (j @ 1) (U@mp)ok
tp = JmoTo Q) ep, o (km ®1M) epi=Jjo(U®ep)o(k®1)

Then the commutativity property follows from I.H.’s (the lower square of the following
diagram) and the retractions U > U™ and U ® 1> U™ @ 1™ with k either m; + mq or 1
by Axiom 2 (the upper right and left vertical arrows, respectively). Note especially that
the lower square of the left case is the m-fold tensoring of Axiom 6:

p constructed by 3 p constructed by 2
ep ¢p
m > B TERREITRRRRIPS >
U1m _ ~U Ul1_ U
mp mp
(GmeoT)®1™ Jm©oT Jj®1 J
&; ep, URepr
umrelm um UU®l1 UsU
&, mp, U@myr
R pi®1™ K pi 0@p’®1 0®p’
e I®e
1me1m m I®l®l I®1

m"™ I®m
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We check one commutativity for each of the constructions 2 and 3 of p.

p constructed by 3 | p constructed by 2 |
mpojm070®pioem mpoju(0®p/)0(f® E)
:(]m®1m)o ®mpi°7—7°km°jm°7— :(j®1)o(U®mp/)ok‘°j
o @ p;oe™ 0o (0®p)eo(I®e) by retractions:
= (jm ®1™) 0 @mp,0 @ pjoe™ = ([ ®1)(Udmy) In 3: U (kyy, j) U™
c(0@p)e(I®e) In 2: U U?
=([m®1™) o (®p; ® 1) =1 (0@p ®1) by commutativity of lower square
=p®1™ =pR1 by definition of p

Proof of Lemma 3.10

These retractions are compatible with traced monoidal categories (AHS02) by virtue of
dinaturality and the directions of the retractions (K, jm) and (ep, mp), respectively, as
follows:

For (3); Trky((j®@Y)efo(k® X)) For (4); Trg$ " (mp @ Y)ege(ep @ X))
= dinaturality = dinaturality
Ty (folk © X))o(j ® X)) Tk v (9o(ep ® X)e(myp ® X))
Tr)U(tn?(f"(kc’j ® X)) TV)U(,Y(Q"(%"mp ® X))
= k‘o] = IdUm = epomp = IdU
TrX,Y(f) TV)U(,Y(Q)

See the following pictures in Figure 7, in which TrY" is described via Vanishing II.

7.5. Appendix 5: Remarks on Retractions U >, ;) U®U and U @ 1 >(¢, m.) U

The reader may wonder about the opposite directions of the retractions U > ;) U @ U
and U ® 1> (¢, m,) U in the two-layered Gol interpretation [7] and fr.

(i) (On the retraction U >, jy U@ U )

The retract U® U (of U) follows the form of the logical constructions. In (untyped) Gol,
where there is a reflexive object U, the interpretations of ® and B are indistinguishable.
In general, for any formula A, U, is identified with U. So to make sense of the logical
connectives, via reflexivity of U, we use the retraction. Thus Us ® Up, which is U @ U is
faithfully projected to U which is defined to be both Uagp as well as U 29 . Similarly,
letting U, = Uy = U, we have U, ® U4 (resp. Ua ®Uy ) is faithfully projected to U, which
itself is defined to be U4 (resp. Usa). The faithfulness is guaranteed by koj = Idygu. Note
that at the level of the U’s, the dual logical connectives | and 1 are not distinguishable,
just as ® and % are not distinguishable. However to account for the asymmetry in logical
rules for the polarities, we will need to employ a new ingredient, the object 1.

(ii) On the retraction U @ 1> (¢ m,) U

The retract 1 (of 1 ® 1) is for the sake of realizing the retract U (of U ® 1) of the
lifting property (along «) of Definition 3.1. Then what is the meaning of the retraction
U1 (¢, m.)U ? Tensoring 1 with U in the construction of m, : U — U®1 corresponds
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.
ot [ e o e

X Y

R )] QU@Z?UQ B

g Im kg

. m
Invariance w.r.t U &>k, j,,) U Invariance w.r.t. U ® 1™ I>(¢pp mp) U

Fig. 7. Invariance of traces under conjugate actions

to making the point o : 1 — U explicitly appear. Conversely ¢, : U ® 1 — U hides
the point a (i.e. makes it implicit). The faithfulness of making the point « explicit is
guaranteed by ey,om, = Idy, i.e. intuitively, making « explicit, then hiding it gives the
identity.

For a multipoint mp(A) : 1™ 25 U for any given polarized formula A so that 14 = 1™,
the retraction 1@ 15> (. )1 and its lifting U @ 15>, m,) U are correspondingly generalized
into the retraction 1™ @ 1™ >(em mm) 1™ and the lifting U @ 1™ > (., m,) U of Axiom 6’
of Proposition 3.8. These retractions are in order to accommodate polarities in U and in
1.

(iii) Note also the opposite directions of retractions between (i) and (ii) above are com-
patible with the conjugate actions of Lemma 3.10.
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7.6. Appendiz 6: Pictorial Proof for Prop 3.22 (Ex is an Invariant )

L.H.S. of (11) naturality
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