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Categorical traces from single-photon linear optics

Peter Hines and Philip Scott

ABSTRACT. We use a single-photon thought experiment, based on a modifica-
tion of the Sagnac interferometer, to motivate a general construction on linear
maps that has a close connection to constructions from algebraic and categor-
ical program semantics. We analyse this general construction in terms of a
category of formal power series over linear maps, and exhibit a partial cate-
gorical trace, generalising the ‘particle-style’ trace on Hilbert spaces [HS10],
that has a physical realisation based on this thought-experiment.

1. Introduction

1.1. Historical background. The Sagnac interferometer is a linear-optics
device whose theoretical origins [Lo93] predate both quantum mechanics and rel-
ativity. An experiment, described in [Sal3i, Sal3ii], claimed to ‘demonstrate the
existence of the luminiferous aether’ ( “La preuve de la réalité de l’éther lumineuz”)
using an interferometer that split incoming light into two counter-rotating paths
around an optical loop. Sagnac’s experiment is still a favorite of those who wish
to disprove relativity (see hitp://www.anti-relativity.com/ for examples). However,
as observed by Michelson [Br02], the Sagnac effect cannot discriminate between
(special-)relativistic and pre-relativistic theories®.

From essentially 19th century origins, both the Sagnac interferometer and its
modern incarnation as the ‘Ring Laser’ [St97] have become immensely important
practical tools used in, amongst other devices, highly sensitive gyroscopes and the
Sagnac effect is now a key technique in inertial and missile guidance systems (From
[St97], “Contrary to the supposed custom in research, the area ... has already
proved its commercial and (unfortunately) its military usefulness; it is the scientific
potential which has been neglected.”).

1.2. Modifying the Sagnac interferometer. In this paper, we analyse a
variant of Sagnac’s experiment from a quantum-mechanical perspective. We take a
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single-photon description, and analyse the situation where the splitting of incom-
ing light is not arbitrary (creating a quantum-mechanical ‘equal superposition’ of
paths), but dependent on a certain quantum property (i.e. the polarisation) of the
incoming light. The motivation for this is two-fold:

(1) Single-photon thought experiments in linear optics are often used as illus-
trations of quantum computation and information. By encoding quantum
bits (qubits) on either the (superposition of) paths taken by an individual
photon, or its polarisation, it is possible to implement a universal set of
quantum-computational gates [CAKO5], and hence all current quantum
algorithms?® and protocols. We give explicit examples in Appendix A.

(2) In the Sagnac interferometer, the replacement of the standard beamsplit-
ter by a polarising beamsplitter (see Section 2.2 for these devices) gives a
form of ‘conditional looping’. Whether or not a photon enters the optical
loop depends on its polarisation; similarly, the exiting of a photon from
the optical loop is also dependent on its its polarisation.

Thus, our modified Sagnac Interferometer gives a paradigmatic example of ‘quan-
tum conditional iteration’. By analysing our thought-experiment in detail, in the
Hilbert space model, we demonstrate that this is very closely related to the form of
conditional iteration used in the theory of reversible computation — the ‘particle-
style’ categorical trace (see Section 8).

2. Hilbert space formalism, and the linear optics toolkit

This section presents the standard Hilbert space formalism for quantum infor-
mation and computation, together with an exposition of how single-photon exper-
iments using linear optics gates may be described within this formalism.

2.1. Basics of quantum computation and information. We use the stan-
dard Hilbert space formalism to model our thought-experiments. We emphasise
that although we take a very categorical approach, the constructions of this pa-
per live within the traditional Hilbert space formalism, rather than the abstract
categorical formalism of [AbCo05].

DEFINITION 2.1. Given a vector space V over C, an inner product is a Hermitian
symmetric form (i.e. amap (_|_): V x V — C that is linear in the first variable
and conjugate-linear in the second) that satisfies (z|z) > 0 and (z|z) = 0 iff x = 0.
A complex Hilbert Space is then a Banach space (i.e. complete normed vector space)
over C whose norm is defined by an inner product, ||z|| = ((z|z))=.

By the Reisz representation theorem [Har83], for every bounded linear map
L : H — K of Hilbert spaces, there exists a unique bounded linear map L* : K — H
such that, for all k € K and h € H,

(k|L(h)) = (L*(k)[h)

This is called the Hermitian adjoint of L, and is often denoted by either LT
(quantum-mechanical notation) or L (functional-analysis notation).

It should be emphasised that, in encodings of quantum algorithms, the resources required
grow exponentially. Thus such optical circuits are primarily useful either as demonstrations of
quantum information, and tests of underlying principles, or in quantum-mechanical communica-
tions protocols.
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We use Dirac notation for vectors, so |1)) € H is a linear map from C to H
defined by |¢) (2) = z.¢p € H. As is traditional, we abuse notation and refer to
[t) as a vector of H (see [AbO05] for this concept from a categorical perspective).
In quantum computation (especially the circuit model [NCO0O0]), it is standard to
assume that Hilbert spaces are equipped with some fixed orthonormal basis set (the
computational basis). We use notation derived from a categorical perspective
(The I3 functor of [Ba92]), so given some set X = {x;};cr, the space I3(X) is the
space with a distinguished orthonormal basis {|z;) }icr. Of particular interest is the
qubit space @ = [5({0,1}) that plays an analogous role to the set of bits {0,1}
in classical computation. The assumption that each space is equipped with a fixed
orthonormal basis allows us to use matrix representations of linear maps: these are
used heavily throughout this paper.

Composite systems are modelled using the tensor product of Hilbert spaces:
given spaces {Hg}r=1..n modelling systems Si,...S,, the composite system is
modelled by the space ®}_,;Hr. When each space is a copy of the qubit space
@, tensor products of this form are called quantum registers of k qubits.

Two key differences between classical and quantum information are the phe-
nomena of superposition and entanglement. We present these mathematically, and
refer to any introductory quantum computing text (e.g. [NCO00]) for physical in-
terpretations.

DEFINITION 2.2. Given a space H with computational basis {|bo), ..., |bn)}, a
state [¢) is a superposition when it is a non-trivial linear combination of compu-
tational basis vectors, |[¢) = Z?:o a;|b;). Note that this concept is basis-dependent.

Given another Hilbert space KC, with computational basis {|co), ... |cm)}, the
tensor product space H ® K has computational basis {|bjck)}j=0..n k=0..m. A state
|¢) = >_; x jklbjek) is entangled when it cannot be written as [¢1) ® |¢2), for
any |¢1) € H and |¢2) € K. Note that, unlike superposition, entanglement is
basis-independent.

Physical operations on quantum systems are divided into 2 classes: measure-
ments, and coherent operations. Coherent operations are modelled by unitary maps,
and measurements are modelled by either projectors or Hermitian operators. Again,
we present these mathematically, and refer to [NCO0O] for physical intuitions.

DEFINITION 2.3. A linear map between Hilbert spaces, U : H — K is unitary
when it is an inner-product preserving isomorphism?3. A linear map P : H — K is
a projector when it is a self-adjoint idempotent. A measurement is determined
by a self-adjoint operator, or Hermitian matrix. By the spectral decomposition
theorem, every (finite) Hermitian matrix has a unique decomposition as the sum of
projection operators — in this way a Hermitian matrix describes a set of projections,
labelled by eigenvalues, and these are taken to be the experimental outcomes of a
measurement.

The class of all Hilbert spaces forms a category, as follows:

3A useful characterisation of unitary maps is that, given some matrix representation for
U :H — H, the conjugate transpose of this matrix is the matrix representation for U1, It is a
straightforward exercise to show that this characterisation is basis-independent, and equivalent to
the definition given above.
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DEFINITION 2.4. The category Hilb has all (separable) Hilbert spaces as ob-
jects, and all continuous (i.e. bounded) linear maps as arrows. An important
subcategory is Hilbgp, which is simply the above category, restricted to finite-
dimensional spaces. The category Hilb has two distinct symmetric monoidal ten-
sors: the familiar tensor product ®, and the direct sum @. In [Hal58], the
direct sum is defined for arbitrary indexed families of Hilbert spaces, as follows:
given an indexed family of spaces {H;}ier, the direct sum @;c;H; has elements
given by functions a : I — l),c; H; such that a(i) € H;, and Zzel @13, < oo.
exists. The inner product of two elements a,8 € @, ; H; is then given by
(lB) =2 e {()|B(0)).

When the indexing set is finite, it is straightforward that the direct sum is
indeed a monoidal tensor. Infinitary direct sums can also be given a categorical
interpretation, but this is more subtle.

By contrast, the tensor product is defined for finite families only. Although
infinitary analogues have also been considered [JVIN38], these more naturally live
within the theory of C* and von Neumann algebras, and play no part in this paper.

el

2.2. The optics toolkit. This section follows very closely the introduction to
linear optics given in [GKO5], and in particular the single-photon case presented in
[Be05]. The basic linear optics devices we require are the Beam Splitter (BS), the
Polarising Beam Splitter (PBS), the Half Wave Plate (HWP), and the Phase Plate
(PP). These all implement coherent operations, and have standard schematics, as
shown in Figure 1.

FIGURE 1. The linear optics toolbox

Half Wave Phase Plate

Beamsphtter Polansmg Plate
Beamsplitter

These all have either 1 or 2 input / output channels?, and their behaviour may
be dependent on the photon polarisation — thus the quantum properties we consider
are the polarisation, and the ‘which channel?’ information.

We adopt the convention that horizontal (resp. vertical) polarisation is denoted
|H) (resp. |V)), and input (resp. output) channel j is denoted |in;) (resp. |out;)).
Thus, a horizontally polarised photon in input channel 1 corresponds to the state
vector |H) |iny), and a vertically polarised photon in an even superposition of both
output channels corresponds to the state vector \% [V) (louti) + |outs)).

Their action is then described by unitary maps, as follows:

4n fact, all these devices are completely reversible, and the designation of channels as either
input or output depends on the direction of the incident photon. This is important in the analyses
of Section 3.
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The beamsplitter The beamsplitter is one of the most standard linear optics
devices. An input may be in either channel 1 or channel 2, and may be either
horizontally or vertically polarized (or, of course, an arbitrary superposition of any
of these properties). Given an input in either of the input channels, the output is
a superposition of output channels (however, see Remark 2.5). We emphasise that
we are only considering the case where there is a single input photon®.

The behaviour of the beamsplitter is described by a unitary map, defined by
its action on (orthonormal) basis vectors as follows:

[H) |in1) = 5 |H) (Jouts) + |out2)) V) lina) = —5 V) (louta) + |outz))

[H) ling) w5 22 |H) (lout) + louta)) V) ling) = 2|V} (lloutr) — [outs)))

Note that the action of the beamsplitter is independent of the polarisation of the
input photon.

The polarising beamsplitter This is closely related to the above example; how-
ever, its behaviour is conditional on the polarisation of the input photon. Intu-
itively, it transmits photons with horizontal polarisation and reflects (through 7/2)
photons with vertical polarisation.

Using the same notation as above, the behaviour of the polarising beamsplitter
is given by the unitary map defined by:

|H) |ing) — |H) |outy) V) lini) — |V) |outs)

[H) [ing) = [H)|outz) |V |ing) > |V)[outr))

The phase plate This transmits all photons on the input channel, and rotates the
phase by an angle of . Given an arbitrary incoming photon |¢), the action of the
phase plate is simply

[¥) = e?ly)

The half-wave plate This again transmits all photons on the input channel, and
adds a 7 rotation to the polarisation. The action of the half wave plate is given by
a unitary map defined by its action on basis vectors as follows:

H) > 25 () + V)

V) = 25 (= [H)+|V))

REMARK 2.5. A note on reflection and phases Readers familiar with the
standard optics toolkit will note that the phases in the outputs of the beamsplitters
are non-standard — in linear optics experiments, the reflected path (whether from a

5F’recisely7 we allow for a photon in Channel 1, or Channel 2, or a photon in a superposition
of these locations. We do not allow for an input photon in each channel — not only would this
require a more sophisticated mathematical treatment, but would also take us away from the
underlying motivation of single-particle interference. For readers familiar with the usual Fock
space description, our treatment also neglects the vacuum states, for simplicity of notation.
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mirror, beamsplitter, polarised beamsplitter, or whatever) actually picks up a phase
factor of 7. We emphasise that all the devices presented can be made to behave
exactly as described, simply by using appropriately placed phase plates [CAKO5].
However, we do not do this explicitly — partly for simplicity of diagrams, and partly
to make the connection with the standard circuit model of quantum computation
(given in Appendix A) more immediate.

3. The Sagnac Interferometer

FIGURE 2. The Sagnac interferometer

mirror K%mh'ror
] &-
Input Rotation
~~ mirror
|
Output

A schematic of the standard Sagnac interferometer is shown in Figure 2. Intu-
itively, its action is straightforward: incoming light is split into two counter-rotating
paths by the beamsplitter indicated. These travel around the optical loop, and re-
combine at the beamsplitter. This then produces an interference pattern at the
output. When the whole apparatus is rotated, the relative length of the respective
paths changes, shifting the interference pattern. Thus, absolute rotation is readily
detected by changes in the observed interference pattern.

This apparatus has been analysed in detail, by a number of authors, for at
least the past 100 years — we do not attempt to add yet another analysis to the
literature. A single-photon analysis is conceptually more interesting, but only in
that it requires the strongly quantum-mechanical phenomenon of single-particle
interference. Mathematically this is trivial; we allow for arbitrary superpositions
and (complex) phase differences in the ‘which path’ information for a single photon,
as in Section 2. However, the physical interpretation is more remarkable: as stated
in [PSM96],

“ In his famous introduction [FLS65] to the single particle super-
position principle, Feynman stated that, ‘. . . it has in it the heart
of quantum mechanics. In fact, it contains the only mystery.” 7.

We leave a single-photon analysis as an interesting exercise, and refer to [PSM96]
for a demonstration of why the many (entangled) particle case is qualitatively
different to the single-photon case.

4. A modified Sagnac Interferometer

We now make the following modifications to the Sagnac interferometer, as shown
in Figure 3.

(1) We replace the beamsplitter by a polarising beamsplitter.
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FIGURE 3. A modified Sagnac interferometer (MSI)
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(2) We introduce an arbitrary unitary operation within the optical loop that
acts non-trivially on photon polarisation as

|HY — a|H)+c|V) , |V)—b|H)+d|V)

for some a,b,c,d € C.

(3) We post-select for experiments where the detector shown does not record
a measurement. This ensures that the input to the second PBS (and hence
the optical loop) is horizontally polarised.

Modifications 1. and 3. ensure that the only possible path traversed around
the optical loop is the counter-clockwise path. Thus, this device no longer displays
the Sagnac interferometer’s extraordinary sensitivity to rotation. However, at any
time (possibly excluding the start of the experiment), the photon will be in a non-
trivial superposition of locations — both within the feedback loop, and on the
output channel. In particular, the ‘number of times the photon has traversed the
feedback loop’ is not a well-defined quantity. Thus, although we no longer have
two distinct counter-rotating paths in the optical loop, the phenomenon of single-
particle interference still has a large part to play in any formal description.

Because of this temporal aspect, it is not immediate how to give a treatment in
terms of input and output spaces. Instead, we describe this apparatus in terms of
a unitary operator that is repeatedly applied a space describing the entire state of
the system — how to translate this into input / output behaviour, and the correct
categorical interpretation forms a substantial part of this paper.

In order to analyse the above thought-experiment, we first use the assumption
of discrete space and time — a common assumption used in (for example) the ‘toy
models’ of [Gr02] or [Pen04]. We make the further assumption that, at the very
beginning of the experiment, the output stream is empty — the single photon is
not in a superposition of input and output modes. With these assumptions, we
may draw the individual time-steps as shown in Figure 4.

Note that when we analyse this experiment using these conventions, we do
not have a unitary map from a single space to itself — rather, at each step, the
unitary evolution Fj is from space S; to space Sjyi. This is simply a labelling
convention — however, it makes the analysis significantly simpler. From Figure 4,
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FIGURE 4. Input / output streams in a modified Sagnac interferometer
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and the fact that input and output modes must be horizontally polarised, we may
give orthonormal bases for the spaces {S;}72, as follows

e the space Sy has basis

{leurrenty |H) , |current) |V, |in1) |H) , |ing) |H) , ling) |H) , |ing) |H) , ...}
e the space S; has basis

{lout1) |H) , |current) |H) |current) |V) , |ing) |H) , |ins) |H) , |ina) |H) ...}
e the space S has basis

{lout1) |H) , louts) |H) , |current) |H) |current) |V, |ing) |H) , |ing) |H) ...}
o ...

Using the description of the actions of the individual components, we may write
down the unitary maps {F; : S; = Si+1}ien as follows :

b a 0 O
d ¢ 0 0
o Fy = 0 01 0
0 0 0 1
1 0 0 0
0 b a O
.Flz 0 d ¢ O
0 0 0 1
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After T timesteps, the overall state of the system is the state in Sy given by
applying the map Fp_1 Fp_o ... Fy to the initial state in Sy. Rather than analysing
this directly, we consider a generalisation, where a,b,c,d in the above series of
unitary maps are not simply complex numbers, but are themselves block matrices.

5. The twisted dagger construction

We now generalise the above analysis to the case where the specified unitary
operation is a block matrix, rather than simply a 2 x 2 complex matrix, and consider
the limit as the number of timesteps tends to infinity.

A B

LEMMA 5.1. Let L = ( cC D

) : X®U =Y U be a unitary map, and let
the unitary maps

(F,: Y9 oU® X% 5 YD g U@ X2,
be defined by

I 0 0 0

g‘ég 0B A 0

pe| 05T I aefppc
I 00 00
071 0 0 0
00 B A 0
=100 D C o
00 0 0 I

Then the composition (product of matrices) F, F,_1 ... F1Fy has the block matrix

B A 0 0 0 0 0 0
BD BC A 0 0 0 0 0
BD? BDC BC A 0 0 0 0

A 0 0 0

BD? BD?*C BDC BC

BD™ ' BD™2C BD™3C BD"*C BD"°C
D" anlc Dn72c Dn73c Dn74C

0 0 0 0 0

0 0 0 0 0

O ~NO O
~ o O O
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PROOF. We prove this by induction. (Notation: we abbreviate the above in-
finite matrix, omitting final columns and rows denoted by dots.) As a first step,
note that

B A 0 0
BD BC A 0
RFb=1 p2 pc ¢ o
0 0 0 1
as required.
Now assume that for some k& > 1,
B A 0 0 0 0
BD BC A 0 0 0
BD? BDC BC A 0 0
BD3 BD?C BDC B 0 0
FiFi1...Fy= : : : : :
BDF1 BD*2C BD*=3¢C BD*4C A 0
Dk D+-1C Dk=2C Dk=3C c 0
0 0 0 0 0 1
Then direct calculation gives that Fyi1 FpFg—1...Fo =
B A 0 0 0 0 0
BD BC A 0 0 0 0
BD? BDC BC A 0 0 0
BD3 BD?C BDC BC A 0 0
BD* BD*1C BD*2C BD*=3C BDk-4C A 0
DF+1 DkC DF-1C Dk=2C Dk=3C c 0
0 0 0 0 0 0 1
Our result thus follows by induction. O

REMARK 5.2. The above matrix calculations are based on a slight generalisation
of the thought experiment of Section 4 — this more general case can be thought
of as describing a single-particle interferometry experiment where the particle in
question carries a number of quantum properties in addition to the polarisation. Let
us assume that this particle may, as before, be horizontally or vertically polarised
(H or V), and has further independent quantum properties (k1, k2, ..., k,). Let the
‘polarisation space’ P have orthonormal basis {|H),|Sy)} and let the ‘additional
properties space’ K have orthonormal basis {|k1), |k2),. .., |kn)}. The state vector
for a single particle in such an experiment is then a member of S = P ® K. We
may take a direct sum decomposition of S as

[H) k1) |H) k), -
V) 1k1) V) k), -

[ H) k)
V) [En)

Sy has basis

§=25g © Sy where { Sy has basis
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and using this direct sum decomposition, give a block matrix representation for

. A B
someun1taryU.S—>S,asU<C D

may be represented schematically as

SV/;)

and using similar conventions, the polarising beam splitter is represented as

) :Sgp®Sy — Sy ®Sy. Such a matrix

S Sy
SH Su
Sy \\ Sy
Su Sy

(Note that in the above two schematic diagrams, lines are separated by an implicit
direct sum, rather than tensor product. Thus they should be interpreted as cate-
gorical string diagrams for the direct sum structure — an interpretation within the
quantum circuit paradigm is not appropriate).

We may now compose these two diagrams, with the output fed back into the
input as in the thought experiments of Section 4, to produce the schematic diagram
shown in figure 5. As well as structure very similar to the usual diagram for a
particle-style categorical trace, note the presence of the symmetry map for the
direct sum.

DEFINITION 5.3. Let L : X U — Y ® U be a finite-dimensional linear map,

with block matrix L = ( él, IB; > We define the twisted dagger of L, w.r.t.
this decomposition, to be the matrix
B A 0 0 0 0
BD BC A 0 0 0
BD? BDC BC A 0 0
0

. BD® BD2C BDC  BC A
t°(L) = | BD* BD3C BD2C BDC BC A
BD®> BD*C BD3C BD*C BDC BC
BD® BD5C BD‘C BD3C BD2C BDC BC

n o oo oo
DO oo o oo

REMARK 5.4. The terminology ‘twisted dagger’ comes from the similarity of
the above construction (especially the finite approximations of Lemma 5.1) with the
Elgot dagger — up to an additional twist. Note that we do not claim the twisted
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FIGURE 5. A schematic diagram for a generalised Sagnac interferometer

\
( N\
Sy Su
Sy Sy
Sy Sy A Sy~
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B
-
Sy N Sy . Sy —
Sy Sy

dagger is, in every case, the matrix representation of a continuous (i.e. bounded)
linear map. In general, it is simply a formal matrix.

We now investigate the existence and properties of this matrix, with particular
emphasis on when it describes either a continuous, or a unitary, linear map. We
first require a trivial result:

LEMMA 5.5. Given L = é, g € Hilbpp (X @ U, Y ® U), and arbitrary
%o Co
P1 _ G _
¢ = b | € U® X%, let us define the formal matriz { = Co to be given

by the formal matriz product ¢ = 1Y (L)(¢), so

¢ = { BD"(¢o) + Y1y BD"'C(¢) + A(dny1) (n>0)
" B(¢o) + A(¢1) (n=0)

Then , exists, for all n € N.

PrOOF. Observe that (, is given by a finite sum of continuous linear maps
applied to a finite vector of elements. O

Note that we do not claim that > [, ||? exists in general, or (equivalently)
that ¢ is an element of Y®¥ — a sufficient condition for this is given in Theorem
5.6 below.
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THEOREM 5.6. Let L = g IB; > : XBU = YU be a linear map between

finite-dimensional Hilbert spaces. Then:

(1) A sufficient condition for tV(L) to be the matriz representation of a
bounded linear map between Hilbert spaces is that the component D 1is
a strict contraction (i.e. Supjy)=1|D)| < 1).

(2) When L is a unitary map, a sufficient condition for Y (L) to be unitary
is that the component D is a strict contraction.

PROOF. Let the family of unitary maps {F;};cn be as defined in Lemma 5.1,
and define

{Gn:Ud X% 5 Yot g7 g XB9)

by G, = F,Fy_1F,—o ... Fy. (we refer to Lemma 5.1 for explicit fomulee for G,,).
It is immediate that F; is a well-defined linear map for all ¢ > 0, and is unitary

exactly when L is unitary. Similarly, the maps {Gy}ren are bounded linear maps,
and unitary exactly when L is unitary.

We now use these preliminaries to prove (1) and (2) above:

(1) Consider arbitrary ¢ € U & X®“. We now study the sequence

A ) € B B ) L R C ) B
s0 ¢ = G, (¢). We write ¢(™) explicitly as
(n)
(n) 4
(bl ¢£ln+z) cY
oM = %n; where ¢£ﬁ> evu forallme N, i>0
5 qbi”ﬁz e X

In particular, we make the identification ¢Z(.0) = ¢;, for all 7 € N.

From the explicit description of {F;};en, we may use standard dia-
grammatic notation for matrix composition, and draw the calculation of
the components of ¢(™ as shown in Figure 6.

From either this diagram, or by direct calculation, we may inductively
calculate these components for all p, g > 0, as follows:

¢§O) q>p

B (¢§,p__11)) +A ((bz()o)) g=p-—1
¢(p) —

q

D (sﬁ,()’i]l)) +C (aﬁéo)) p=q

(¢+1)
q
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FIGURE 6. Calculating components of ¢(")

B 1 1 1
¢0 E)O) — d)él) Y ¢(()2) Y (()3) Y, (()4) o
A B 1 1
b 0 L ) e g P
0 1 1 2 B 3 1 4
1 1 A B
¢3 _ :(30) b'e ¢gl) X ¢:())2) g ¢:())3) — ¢:())4) o
1 1 1 A
¢4 510) b'e 511) X ¢512) X ¢513) — 514) o
Go
G

By comparing these elements with the formal matrix { = (o

from

Lemma 5.5, it is immediate that that (; = qbz(j) for all i < N and j > i.
By direct calculation, and the Cauchy-Bunyakovski-Schwarz inequal-

ity,

k—1
k 0 0
a1 < ID*ILI6 + S ID™ L IC- N6t I
n=0

However, by assumption D : U — U is a strict contraction map, so
ID|| < 1. Also, ¢ € X% and so E;’io|\¢§0)|\2 < oo. Therefore, we

deduce that Y - ||¢§€k) | < 0o, and hence the ‘diagonal element’
(0)

()
o]

Ay = (2)
2

is a member of U®“. Finally, observe that

B O 0 --- ¢§)O) A 0 0 --- ng)())
0O B 0 -- ™ 0 A0 - ©
0 0 B -- @ | + 0 0 A )

2 2

and hence ¢ € Y¥“, as required.
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To show that the condition || D|| < 1 is not a necessary condition, con-

. . . . . . 1 0
sider the simplest possible counterexample — the identity matrix < 6( 1

U

It is immediate that

01x 0 0 0

0 0 1x 0 0
Wiy =0 0 0 1x 0
(L) 0 o

this is clearly not unitary, but is a partial isometry — the shift map.

In this part of the proof, we use the characterisation of unitary maps as,
“Partial isometries, with full initial and final subspaces”. This is imme-
diate from the definition of partial isometries [Hal58].

We know from 1/ above that 1Y (L) exists, for all unitary L = ( él, IB; )

satisfying || D|| < 1. We now need to show that:

(a) tY(L) is a partial isometry,

(b) The initial and final subspaces of 1V (L) are the whole of U @& X ®
and Y®¥ respectively.

These results may be seen as follows :

(a) We first define Termy : YEN+D @ U @ X — YO for all N € N,

by
Yo Yo
YN-1 YN
T =
ermy U Oy
X1 Oy

Clearly, Termy is a linear map, and is a partial isometry, with initial
subspace Y®W+D C y®W+) ¢ 7 ¢ X, Hence, as Gy : U &
X®w o yo(N+) g 7 @ X®« is unitary, the composite TermyGy :
U@ X% — YO is a partial isometry.
Now consider arbitrary fixed ¢ € U @ X®%. From part 1/ above, for
all € > 0, there exists M € N such that

I Termar(Gar(¢)) = 17 (L) (@) < €

By completeness, limy_ooTermy(Gn(6)) = 1Y(L)(¢), and so
in the space Hilb(U @& X%~ Y®¥) the series of partial isometries
{TermnGn}35_, converges to 1Y (L). By [AnCo04, AnCo05], the
set of partial isometries between spaces Hy, Hy forms a smooth closed
submanifold of the space Hilb(H1, H) Therefore, we deduce that the
limit 1Y(L) is a partial isometry.

)
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(b) We prove that the inital subspace is full by contradiction.

Assume there exists some u € U such that B(u) = 0. Then

(&) ()= (ola)

However, ( 2 ) H = |Ju||, and by the assumption that D is a strong

contraction,

0 . . . .
( D(u) )H = ||D(u)|| < ||u||. This is a contradiction
of the unitarity of L, so we deduce that B(u) # 0, for all u € U.

Now let x¥ € U@ X ®¥ be in the complement of the initial subspace of
tU(L), so tY(L)(x) = 0. As limnoTerma(Gn(e)) = 1Y(L)(9),
we deduce that {x("™) = Term,,(G,(x))}22, is a series of elements of
Y@« that converges to 0. Writing these explicitly as

N
X" = X%n>
X2
We observe from part 1. that Xiﬁr)k = 5:22 for all £ > 2. Hence

x = 0 implies that Xi:ﬁzQ = 0, for all n € N. However, by close in-

spection of Figure 6, this is only possible when B(u) = 0, for some
u € U, contradicting the preliminary result above.

We now demonstrate that the final subspace is full
Consider arbitrary ¢ € Y®¥, written as

¢o
G
(=1 ¢

As ¢ € Y®¢, for all € > 0, there exists some N € N such that
Sy IG]? < e Using the adjoint of the partial isometry Termy
above, it is immediate that

Co

Termiy(¢) = | Cur
Oy

OX:
and, for all M > N, |[<||? — ||[Term3;(¢)||* < e. We now define
AM) e U XO by XM = G} (Term};(¢)), where the unitary
map GK/} is given by FJ\TIlFJ\TIl_l e Fo_l7 for F; as defined in part 1.
Since G/ is unitary, |A\M)|| = || Termi, (¢)||. By taking sufficiently
large M > N € N, it follows that 1Y (L)(A\(M)) — ¢ as M — oo, and
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as ¢ was chosen arbitrarily, the terminal subspace of 1V (L) is exactly
Y ®«_ This then completes our proof of unitarity.

O

6. Setting initial conditions, and compositionality

The intention of this paper is to use the twisted dagger to motivate general
categorical constructions — thus, we need an appropriate setting in which such
operations give rise to arrows in a category.

As a motivating example, we consider the special case where the apparatus
of Figure 4 satisfies the further initial condition, that that the ‘internal state’ of
the optical loop is empty: at the start of the experiment, the probability that an
observation of the internal state detects a photon is 0. This will allow us to treat
the apparatus of Figure 4 (via the associated ‘twisted dagger’) as defining a map
from the input space l2({in;}32) to the output space lx({out;}32,). We then
generalise this to arbitrary twisted dagger operations.

6.1. Initial conditions, and inclusion maps. In the apparatus of Figure 4,
we wish to impose the initial condition that the ‘internal state’ of the optical loop
is empty. i.e. at the start of the experiment, the probability that an observation
on the internal state detects a photon is 0.

Given a state representing an ‘input stream’ (i.e. a single photon in a super-
position of input modes),

|Z’I’L> = Qo |m0> + aq |m1> + |Z’I’LQ> +... € ZQ({ZHJ}]O.;O)

the state in the larger space Sp, describing both the input stream and (empty)
‘internal states’ is ¢(|in)) = ag |ing) + a1 |in1) + aq |ing) + ... € Sy, where

vila({ing}52) — So =1({in;}72,) ® la({(Current, H), (Current,V')})
is simply the canonical inclusion map associated with the direct sum. This trivially
satisfies the measurement condition of Section 6, since

(Current, H| - v - |in) = 0= (Current, V| - ¢- |in)

Thus, the input-output map associated with the apparatus of Figure 4, along

with this initial condition, is the composite

w ( o b ) o1+ ({ing}32) = la({outy})

c

We now generalise this intuition to the general case, for arbitrary finite-dimensional
Hilbert spaces, as follows:

DEFINITION 6.1. Let L = ( ‘é g ) € Hilbpp(X @ U,Y ® U) be a linear
map where tY (L) is defined (i.e. is an arrow of Hilb(U @& X®¥ Y®%)). We define

the input-output behaviour of (L) to be the map
AY(L) = tY(L) -1 € Hilb(X P, Y®v)

where ¢ : X®Y — U & X% is the canonical inclusion associated with the direct
sum.

The following facts about such input-output behaviours are straightforward,
but will be essential in the following sections:
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LEMMA 6.2. Let L = ( él, IB; ) € Hilbpp(X & U,Y @ U) be a linear map

such that 1Y (L) € Hilb(U @& X®¥ Y®%) and let AY(L) € Hilb(X®¥  Y®) be as
defined above. Then

(1) AY(L) is a continuous (i.e. bounded) linear map.
(2) AY(L) has a matriz representation of the form AV (L) = [M;;], where

o Oxy j—1t<0
M”_{Pji j—120
for some family of linear maps {pr € Hilbrp(X,Y)}2,.

PRrROOF.

(1) This is immediate: AY(L) = tY(L) -1 is the composite of two arrows in
the same category, and hence is also an arrow in this category.

(2) From the explicit matrix for the twisted dagger given in Definition 5.3,
the composite AV(L) -1 : X — Y has the following matrix:

A 0 0 0 0O 0 0
BC A 0 0 0O 0 0
BDC  BC A 0 0O 0 0
BD2C BDC  BC A 0O 0 0
AY(L) = | Bp’c BD2C BDC BC A 0 0
BD*C BD3C BD2C BDC BC A 0
BD°C BDAC BD3C BD:C BDC BC A

Thus our result follows from this explicit matrix description, by taking

A k=0
PL=13 BDF1C k>0
0

6.2. Input-output behaviours, and compositionality. We now consider
how to compose the input-output behaviours, as defined above. We again motivate
this by the single-photon linear optics case, where our interpretation must corre-
spond to treating the input stream of one such experiment as the output stream
of another, as shown in Figure 7. (Note that, in this figure, we omit the detectors
and post-conditioning, for clarity. Rather, we simply assume that the input photon
is guaranteed to be horizontally polarised. Of course, from the experimental set-
up, the output of the first MSI - and hence the input of the second MSI - is also
horizontally polarised).

Trivially, the output stream of the upper MSI becomes the input stream of the
lower MSI. Thus, if the input-output behaviour of the upper MSI is P = [P;;], and
the input-output behavior of the lower MSI is @) = [Q;;], then the input-output
behaviour of the entire apparatus is simply given by the matrix product QP.

6.3. A relevant subcategory of Hilb. We now demonstrate that bounded
linear maps with matrices satisfying the special form given in part (2) of Lemma
6.2 are the arrows of a subcategory of Hilb.
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F1GURE 7. Composing MSIs
Unitary I

;7®*%

Input stream
O——sO——>O——0 —
In In In In
4 3 2 1 l
@] O O O '\Q
Out Out. Out, Out
4 3 2 1

dDUm’tary v/
Output stream

PROPOSITION 6.3. Arrows in Hilb with matrixz representations of the form
o Oxy Jj—1<0 . o
M;j = { pis j—i>0 for some {pi. € Hilbpp(X,Y)}72,
are closed under composition, and include identity maps, and hence define a sub-
category of Hilb.
PRrROOF. Consider arrows L € Hilb(X%* Y®¥) and M € Hilb(Y®» Z%w)
where

0 <0 . .
M,;; = { qjxj j—i >0 for some {g; € Hilbpp(X,Y)}72,

Oxy J7—1t<0 . 00
Lij = { pii j—i>0 for some {pi € Hilbrp(X,Y)}72,
Then from the standard formula for matrix multiplication,

[ee]
(ML) = [M]; (L]
j=0
their composite ML € Hilb(X®* Z%¢) has matrix representation

B Oxy k—1i<0 -
[ML;, = { re: k—i>0 where 7. = Z QPa
c=b+a
and hence is of the required form. Finally, observe that the identity matrix is
trivially of this form. Thus, bounded linear maps of this form specify a subcategory

of Hilb. 0

We observe the similarity between the composition in Proposition 6.3 above,
and the Cauchy product of power series. This motivates the general categorical
setting below.
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7. A categorical setting for twisted daggers

We now introduce a categorical setting for twisted daggers (or rather, their
input-output behaviours), based on the above observation that composition may
be expressed as a Cauchy product (i.e. the usual composition of single-variable
power series).

7.1. A category of formal power series.

DEFINITION 7.1. We define the category Hilbgp[z] of formal power series
over Hilb as follows:

e Objects of Hilbpp|[z] are finite-dimensional complex Hilbert spaces.
e The hom-set Hilbgp[z](H, K) is the set of all formal power series in z
over Hilb(H, K). Thus p € Hilbrp[z|(H, K) may be written as

o0
p=> pnz" where p, € Hilb(H,K) VneN
n=0

We will equivalently and interchangeably refer to the formal power series
p=7po+p1.z+p2.2>+ ... € Hilbpp[z](H,K)

and the function p : N — Hilbpp (H, K) where p(k) € Hilbgp(H, K) is
the coefficient of 2* in pg + p1.2 + p2.22 + .. ..

e Composition is the usual Cauchy product [Ti83]. Given p € Hilbgp[z](H, K)
and q € Hilbpp[z](K, L), then their composite r = gp € Hilbpp|z](H, L)
is the formal power series

r=rg +r1.z—|—r2.22 +r3.23 + ...
where r. = > _, ., @pa € Hilb(H, L), for all ¢ € N.

We emphasize that these power series are formal, rather than convergent. In-
deed, we may identify them with an infinite sequence (p,)nen of bounded linear
operators. We do not assume that the sum po + p1¢ + p2C2 + ... converges for any
non-zero ¢ € C or even that > .~ ||pkll, converges, for any particular operator
norm || ||, — although it may be observed that imposing such requirements defines
various subcategories of Hilbgp [z].

PRrROPOSITION 7.2. Hilbrp|z|, as defined above, is a category.

PRrROOF. First note that, for all p € Hilbpp[z](H, K) and g € Hilbgp|[z](K, L),
their composite
r=ro+r.2+7r9.22+7r3.2°>+... wherer,= Z gvpa € Hilb(H, L)
c=b+a
is defined, since for all k € N

Tk = qkPo + qk—1P1 + - - - + Q1Pk—1 + GoPk

is a finite sum of linear maps. It remains to show that composition is associative,
and has identities at each object. However, associativity of composition of formal
power series is long-established ([Ti83]), and the identity map Iy at an object H
is simply the formal power series 1z +0g.2 +05.22+05.2%+. ... Thus, Hilbpp|z]
is a category. O

LEMMA 7.3. There exists a canonical inclusion ¢ : Hilbpp — Hilbpp|z].
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PROOF. The canonical inclusion is simply given by
e Objects 1(A) = A € Ob(Hilbgp|z]), for all A € Ob(Hilbgp).
e Arrows Given f € Hilbpp(X,Y), then «(f) € Hilbrp(z](X,Y) is de-
fined by

fEHileD(X,Y) n=20
Ox,v otherwise.

) = {

It is immediate from the definition of composition in Hilbpp|z] that this is an
injective functor. O

We are now able to identify a suitable category in which the input-output
behaviour of twisted daggers (as in Section 6.3) lives, and by extension a category
suitable for reasoning about the thought-experiment of Section 4.

DEFINITION 7.4. Let us denote the category of Proposition 6.3 by THilb, so
o H®¥ ¢ Ob(THilb), for all H € Ob(Hilbgp).
e M € Hilb(H®¥ K®¥) is an arrow of THilb iff M has a block matrix
representation of the form

0 i —i<0 . .
Mij:{p;ﬂ; j‘—iZO for some {px € Hilbrp(H, K)}72,

THEOREM 7.5. There ezists an embedding of THilb into Hilbgp|z].

PRrROOF. This is immediate by mapping matrices of the form

Opx j—i<0 . .
M;; = { pf_lj i—i>0 for some {p, € Hilbpp (H, K)}32,

to power series defined by
M =py+pi.z+p2.2°+... € Hilbpp[z](H, K)
O

REMARK 7.6. The intuition behind categories of power series Abstractly, an
arrow in a category f € C(X,Y) may be thought of as a process that transforms
data of type X into data of type Y. Categories of formal power series extend this
intuition by considering the time associated with such transformations, and asso-
ciating with each input-output pairing a discrete number of time-steps. Thus, the
arrow f(n) € C(X,Y) describes the input-output mappings of f that take exactly
n timesteps. Given a suitable notion of summability of arrows (as in Hilbpp), the
Cauchy product of power series then has a natural interpretation: the input-output
mappings of gf that take ¢ timesteps arise as the sum of all processes that take b
timesteps in g, and a timesteps in f, where ¢ = b + a.

7.2. Additional structure on the category of power series. Our cat-
egory of formal power series has a natural notion of summation on its hom-sets,
derived from the familiar summation of arrows of Hilbgp, as we now demonstrate:

DEFINITION 7.7. Let {f; € Hilbgp|z](H, K)},cs be a countably indexed fam-
ily of arrows. We say that this family is summable when } . ; (f;(n)) exists
(in the sense of absolute convergence of countable families of linear maps), for all
n € N.
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When the family {f;},cs above is summable, its formal sum

F=>f; € Hilbpp[z](H, K)
jeJ

is the function F : N — Hilbpp(H, K) given by

F(n) =Y fi(n) € Hilbpp(H, K)
=

Note that, as this notion of summation is based on absolute convergence at each
power of z, we have distributivity of composition over arbitrary sums. Also, it is
straightforward from its definition in terms of absolute convergence that this notion
of summation satisfies a one-sided version of the partition-associativity axiom of
[Ha00, HS04], which itself arose from the theory of partially-additive semantics
in [MA86].

The weak partition-associativity property: Let {f; € Hilbpp[z](H, K)}icr be a
countably indexed summable family, and let {I;};c; be a countable partition® of
I. Then {f;}ics, is summable for every j € J, as is {Zielj fitjes, and

SE=> D5

il jeJ \iel;

Informally, this may be phrased as: ‘sub-families of summable families are them-
selves summable, and replacing any sub-sum by its sum neither affects summa-
bility nor changes the result’. Finally, note that, by contrast with the axioms of
[Ha00, HS04], the implication in the above property is strictly one-way.

Given this notion of summation, we may give matrix representations of such
power series, as follows:

DEFINITION 7.8. Consider some formal power series p € Hilbgp[z](A4, B). Fur-
ther assume that A and B are given as (finite) direct sum decompositions, so

A:éAz and BZéB]
i=1 j=1

Since the direct sum is a biproduct on Hilbrp, p(t) may be written as an (m x n)
matrix, where [p(t)]z,y : Ay — By, for all t € N. Using this matrix decomposition
for each p(t) € Hilbgp (A4, B), we define the matrix of p € Hilbgp|[z](A, B) to be
the n x m matrix of arrows of Hilbpp[z] defined by

[Pley () L ()]s, € Hilbep(A,, By)

Composition of such matrices of power series is defined in the natural way, with
composition defined by the Cauchy product of power series (i.e. composition in
Hilbgp|z]), and summation is as in Definition 7.7 above.

As an illustrative example, this is simply the familiar interchangeability of
formal power series whose coefficients are matrices of linear maps with matrices

6Following [MLA86], we also allow countably many I; to be empty.
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whose coefficients are formal power series of linear maps, e.g. the equivalence of
the power series of matrices

(50)+(24)=+ (1 )

with the matrix of power series

i+ L2 24 L2
(Z—FEZQ 1—i§z2
V2 V2

PROPOSITION 7.9. The interpretation of formal power series as matrices above
is compatible with composition: the matriz of the composite is the product of the
matrices. Precisely, given

m n l m
¢ € Hilbgp|z] | P B;, P Ci and p € Hilbpplz] | @ Ai, P B;
k=1 i=1 j=1

J=1

then [g][p] = [qp]-

PROOF. This is a simple-index-chasing argument, that follows from comparing
the definition of matrix multiplication of Definition 7.8 with the definition of com-
position in Hilbgp|z].

O

7.3. A monoidal tensor on Hilbgp[z]. We use the above notion of matrices
in Hilbgp[z] to provide a monoidal tensor:

DEFINITION 7.10. We define @ : Hilbpp(z] x Hilbpp[z] — Hilbgp(z] as
follows:

e Objects Given A, B € Ob(Hilbrp|z]), then A ® B € Ob(Hilbrp|z]) is
simply the direct sum of A and B, as in Definition 2.4.
e Arrows Given p € Hilbpp[z](H, J) and ¢q € Hilbpp|z|(L, M), then

(p®dq):N—Hilb(H® L,J d M)
is simply defined by
(p ® q)(k) = p(k) ® q(k) € Hilb(H & L, J & M)
THEOREM 7.11. The map @ : Hilbpp[z] X Hilbrp[z] — Hilbgp|z] defined

above is a symmetric monoidal tensor.
PROOF. For clarity, this proof uses matriz notation for both linear maps and
formal power series. This is justified by Proposition 7.8 above.

e compositionality Consider arrows
p=Y_ piz’ € Hilbpp(z](H,J) and q=Y g2’ € Hilbpp|[z](L, M)
i=0 j=0
and similarly

r=> rz €Hilbpp[z](J,K) and s=) _s;27 € Hilbpp[z](M, N)
i=0 =0
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Then

(p@q)zi(%i ;)a and (r@s)zi(%’ soj)zj

i=0 =0

By definition of composition in Hilbgp|z],

woawsoo- T (06 )

c=b+a

=T (0 o ) = (0 5 e )

c=b+a
However, this is simply (rp ® sq)(c), as required.
o Identities The identity 14 € Hilbrp[z](A, A) is given by

Lan) = { 14 € Hilb(4, A) n=0

04,4 otherwise.
It is immediate from the definition that 14 @15 € Hilbgp|z](A®B, A®B)
satisfies

(o ta)n) = {

e Associativity Let us denote the canonical associativity isomorphisms for
(Hilbgp, ®) by ta,p,c. The corresponding associativity isomorphisms for
Hilbgp|z] are given by «(t4,p,c), where ¢ : Hilbpp — Hilbgp|[z] is given
in Lemma 7.3. Tt is straightforward to verify that ¢ : Hilbpp — Hilbgp [z]
is a monoidal functor, and MacLane’s pentagon condition then follows by
functoriality.

e Symmetry Similarly to the associativity isomorphisms, the symmetry
isomorphisms for Hilbgp[z] are given by ¢(sa,p), where s4 p is the fam-
ily of symmetry isomorphisms for Hilbpp. The commutativity hexagon
again follows by functoriality.

e Units objects and arrows Finally, it is immediate that the unit object
for (Hilbgp, @) is also the unit object for (Hilbgp[z], ®).

laop € Hilb(A® B, A® B) n=0
OaeB,A0B otherwise.

O

8. Partial traces in symmetric monoidal categories

The notion of categorical trace was introduced by Joyal, Street and Verity in an
influential paper [JSV96]. The motivation for their work arose in algebraic topol-
ogy and knot theory, although the authors were aware of applications in Computer
Science, where they include such notions as feedback, fixedpoints, etc. The starting
point for our investigation of the categorical structures associated with the Twisted
Dagger operation of Section 5 was the observation in Remark 5.2 that the columns
of this formal matrix bear a close similarity with the summands of the particle-style
categorical trace; for some of the history of these ideas, see [Ab96, AHS02, HS10].
There are also deep connections of traced monoidal categories with the proof the-
ory of linear logic, and Girard’s Geometry of Interaction program, as described in
[Hi98, AHS02, HS04, HS10a], which motivated the introduction of the axioms
of partial traces below.
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In categories associated with linear maps on Hilbert spaces it is more natural to
consider partial traces defined in terms of infinite sums (or, in the case of [HS10],
the invertibility of certain operators). We follow the definitions of [HHS10], where a
partial particle-style trace on Hilbert spaces with direct sums is exhibited. We also
contrast this with an alternative definition of partial trace on Hilbert spaces with
tensor products given in [ABP98].

Recall, following Joyal, Street, and Verity [JSV96], a (parametric) trace in a
symmetric monoidal category (C,®, I, s) is a family of maps

Tr)LQY C(XeUYU)— CX,Y),
satisfying various naturality equations. A partial (parametric) trace requires instead
that each Try(’y be a partial map (with domain denoted T)U(’Y) satisfying various

closure conditions.
The following definitions are taken from [HS10, HS10a].

DEFINITION 8.1. Let (C,®,1,s) be a symmetric monoidal category. A (para-
metric) trace class in C' is a choice of a family of subsets, for each object U of C,
of the form

Ty CC(X ®@U,Y ®U) for all objects X, Y of C
together with a family of functions, called a (parametric) partial trace, of the form
Try TSy = C(X,)Y)

subject to the following axioms. Here the parameters are X and Y and a morphism
fe ’JI‘)U(’Y7 by abuse of terminology, is said to be trace class.

(1) Naturality in X and Y: For any f € ’]I‘ggy and g : X' — X and
h:Y =Y’
and T?“)L([-/7y/((h® 1ly)flg® 1y)) = hTr)LQY(f)g.
(2) Dinaturality in U: Forany f: XU - Y U’,g: U — U,
(Iy ®9)f € Txy iff f(Ix®g) €TXy,
and Ty (ly ® 9)f) = Trk v (f(1x © 9)).
(3) Vanishing I: Ty = C(X ® I,Y ® I), and for f € T
Trg(,y(f) = PYfP)_(l-
Here p4 : A® I — A is the right unit isomorphism of the monoidal

category.
(4) Vanishing IT: For any ¢ : X @U@V - YUV, if g € T¥(®U7Y®U7
then
g€ T)Ufayv iff TT;@U,Y@U(Q) € T)U(,Yv
and Trgr(%)/v (9) = TTEJ(,Y(TT)‘/(v@U,Y@U(g))'

5) Superposing: For any f € TY . and g : W — Z,
XY
99 f € Tvex zay

and TTgV@X,Z@Y(g ®f)=9® TT)U(,Y(f)-
(6) Yanking: syp € ']I‘gﬂ, and Tr[LJCU(sU,U) =1y.
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A symmetric monoidal category (C,®, I, s) with such a trace class is called a
partially traced category, or a category with a trace class. If we let X and Y be
I (the unit of the tensor), we get a family of operations TT?J : TV, — C(I,1)
defining what we call a non-parametric (or scalar-valued) trace. /

In the case when the domain of T'r is the entire hom-set C(X @ U,Y @ U), the
axioms above reduce to the original notion of traced monoidal category in [JSV96].
It is also important to notice the extremely subtle “conditional” nature of Vanishing
IT in the partial case.

In [HS10], there are a number of examples of such partial traces, of both
“particle” as well as “wave” style (using the terminology of [Ab96, AHSO02]).
One relevant example here,with many variations is the following:

DEFINITION 8.2. consider the symmetric monoidal category (Hilbgp,®) of
finite dimensional complex Hilbert spaces.

We shall say an f : X ®U — Y @ U is trace class iff (I — fa2) is invertible,
where I is the identity matrix, and I and fa2 have size dim(U). In that case, we
can define

TrS v (f) = fur + fro = faz) ' fu

9. Weak partial traces

We have observed the subtle ‘conditional’ nature of Vanishing II in the above
axioms for a partial trace. However, it is not uncommon to find examples that
satisfy all the axioms except the existence conditions of Vanishing II. We first
present an axiomatisation of this situation, and then a naturally occurring example
closely related to the twisted dagger construction.

DEFINITION 9.1. Let (C,®, 1, s) be a symmetric monoidal category. We define
a weak parametric trace class to be a parametrised family of subsets

WY, COX@U,Y ®U) for all U, X,Y € Ob(C)

together with a family of functions, called a weak (parametric) partial trace, of the
form

wTrf .y : WSy = C(X,Y)
. These are required to satisfy axioms (1)-(3) and (5)-(6) of Definition 8.1 above,
and the following weaker version of Vanishing II:

(3’) Weak vanishing Il Let g : X @U@V =Y ® U ® V be an arrow in the
intersection of W¥(®U7Y®U and W{%Y satisfying

v U
Trxevyev(9) € Wxy

then
WTT)U(%V (9) = U)TTJU(,Y(U)TT)‘QQ@U,YQ@U(Q))

Note that any partial trace is trivially a weak partial trace. Also, when the domain
of wTRSJ(’Y is the entire homset C(X ® U,Y ® U), for all X,Y,U, then wTr is
exactly a categorical trace in the sense of [JSV96].

We may find weak partial trace classes as subsets of partial trace classes, as the
following example in the category of finite-dimensional Hilbert spaces demonstrates:
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DEFINITION 9.2. An arrow

F= ( CC‘ Z ) € Hilbpp(X & U,Y & U)

is (strictly) lower-right contractive (LRC) when |d| < 1 (using the operator norm).
Let us use the notation:

Fe LRCYy CHilbpp(X ®U,Y ®U)

REMARK 9.3. Note that the LRC condition is exactly that required by Theorem
5.6, to ensure that the twisted dagger of a unitary map is itself unitary. For a
physical interpretation, recall the generalised interferometry experiment of Remark
5.2. in this setting, the LRC condition may be interpreted as stating that, when
prepared with a particle in state |¢) that is with probability 1 within the feedback
loop of Figure 5, the probability ||d? [1) ||* of observing the particle within this
loop at some later time T tends to zero, as T increases.

We now demonstrate that the LRC arrows define a weak partial trace class.

PROPOSITION 9.4. In Hilbgp, the parametric family of arrows
LRCY y CHilbpp(X & U,Y & U)

defined above, together with the parametric function wTTSJQY : LRC(XaUY ®
U) — Hilbgp(X,Y) given by

o0
wTr)L;y ( Z Z) = a—i—Zbdjc
j=0

specifies a weak partial trace.

PrROOF. First recall that, in any Banach algebra B, for any element z € B
satisfying lim, _,..x" = 0, the element (1 — z) is invertible, with inverse given by
1—z)"t = E;io 2/, Thus, in finite-dimensional Hilbert spaces, for any strictly
contractive map |d| < 1, the element I — d is invertible, and (I —d)~' =372 /.

From this, we deduce that LRCY ) C Ty, for all X,Y,U € Ob(Hilbgp)
(this inclusion is strict, since (Iiy — alyy) is invertible, for arbitrary o > 1 € C), and

for all f € LRC’%Y7

Tr&y(f) =wTr{y(f)=a+b(ly —d) e=a+b Y & |c = at+ ) bdc
Jj=0 j=0

It is then almost immediate that axioms (1)-(3) and (5)-(6) for a partial categorical
trace are satisfied, and the fact that wT R and T'r coincide when both are defined
is enough to establish the equality required for the weak Vanishing II axiom of
Definition 9.1.

To see that LRC,wT'r does not define a partial trace in the sense of Definition
8.1, consider the 3 x 3 complex matrix

-1 1 0
M = 1 -2 1
1
0 L 3
where X =2Y =2U=2V =C.

XUV YUV
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Then M € LRC)‘&BU’Y@U, and

-1 1
wTrXeaU’Y@U(M):( ) 0) € LRCY y

Thus the hypothesis for the (<) implication of Vanishing II is satisfied. However,

-2 1

< ! ) UV UV
2

is clearly not strictly contractive, and thus M is not a member of LRC%%V.

(The above counterexample was motivated by a similar calculation taken from
[MSS11]).
O

9.1. A weak partial trace (Hilbpp|z]|,®). We now use the result of Proposi-
tion 9.4 to give a weak partial trace on Hilbgp|[z] satisfying the axioms of Definition
9.1 above.

DEFINITION 9.5. For each X,Y,U € Ob(Hilbgp|z]), we define
WYy C Hilbpp(z](X & U,Y & U)

a b
d

the following condition is satisfied:

as follows: An arrow f = € Hilbpp[z](X @ U, Y ®U) is in WY 3 when

e For all norm-1 vectors |[¢) € U,

o lld7 1) ) <1

7=0
Note that the above condition implies both that d; is strictly contractive, for all
j €N, and that Z;io d? exists.

Given f = ( Z Z ) € W)U(’w we define

(o)
wTrEJQY(f) =a+ Zbdjc
7=0

(The existence of this sum is a straightforward corollary of Proposition 9.4 above).

REMARK 9.6. Note that the condition of Definition 9.5 above implies, but it is
not implied by, the condition we might assume from a physical motivation — that
Z;io |7 [4) || < 1 for all norm-1 vectors [¢). Thus, in using this as the definition
of our weak trace class, we are not simply requiring that arrows be amenable to a
physical interpretation.

THEOREM 9.7. Definition 9.5 above specifies a weak partial trace on Hilbpp|z],
as defined in Definition 9.1.

PROOF. By direct calculation, it is relatively straightforward to verify axioms
(1)-(3) and (5)-(6) of Definition 8.1, with reference to Propositions 7.9 and 9.4. As
before, the only non-trivial point is the weak Vanishing IT axiom of Definition 9.1.
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Consider some P € Hilb[z|(X @U@V, Y ®U @& V), given explicitly in matrix form
as

XUV >YaUsV

g
Il
e a e

b
e
h

)

and assume further that P is a member of both WE/(@MY@U and WY%Y. Thus,

both Z;io k7 and Z;io ( Z J]: ) exist.

We may give an explicit formula for wTr" (P); however, it is more instructive
to give P itself as the following digraph:

X U Vv
N v
J
pa 2 I
Y U Vv
and observe that the matrix of wTr(P) may be found by summing over all paths
in the following diagram.

Yoo /& I
X 7
/b h\ :

Y U 14

u

. a+> 2 ckig b+>2 ckih .
TV P) = J=0 507 . U 1
gving uTrXouvoo(P) = ( TS0 (TSREVGL ). Usig simir
graphical notation, we draw this as

X o o
J) \r q/U p:a—l-zj:()ck‘]g q:b—’_zj:()hk]c
; j
Y U

/x where ' 4
r=d+3 209k f s=c+ 3 bk f

We will now make the assumption (for the weak version of vanishing II) that
wTr}/(@U’Y@U(P) € W)U(’Y, and give the following diagrammatic representation for
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WTTSJ(,Y (wTr}/(@U,Y@U(P))

where p, g, r, s are as above.

S p—

- U
/&i I
J

It is straightforward, although unenlightening, to derive an explicit formula for
wIr y (wI'T¥ gy eu(P)) from this diagram.

We now use the same formalism to calculate Tr%%V(P). Let us draw P :
XeUaV)—=>Y®[UaV) (together with the appropriate feedback loop) as

-
X . UG‘BV i
G

Y UoV

)

Let first us replace all matrix-labelled arrows by the appropriate digraphs, giving

We may then sum over all paths from X to Y, giving an explicit formula for

Tr)U(_e?,V (P). It may be verified — either by diagrammatic manipulations, or convert-

ing these into explicit calculations, that under the ezxistence conditions imposed by
. . Uav

the weak version of Vanishing II, that Tr§ o (Tr¥ oy y ey (P)) = TTX%, (P). O

Note that this weak trace of formal power series has a useful interpretation as
the weak trace of Proposition 9.4, where components are ‘split up’ according to the
number of iterative cycles they require.
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9.2. Relating the trace and the thought-experiment. We are now able
to relate the weak categorical trace on Hilbpp[z] to the thought-experiment of
Section 4 and its generalisation given in Section 5. Consider a unitary map

L—<“ b):X@U—m@U
c d

where d is strictly contractive. Using the interpretation of categories of formal power
series given in Remark 7.6, we assume that a single application of this unitary map
takes a single timestep. Thus, we consider the formal power series

p=0+Lz+022+02+...
We observe that p € Hilbpp[z](X & U,Y & U) € W% ., and by definition

wTr%’Y(p) =0.20+a.z' + be.2? + bde.z® + bd%e.2 + ...

Now compare this to the formal matrices of Lemma 6.2, and the embedding of
Theorem 7.5. We observe that the input-output behaviour of the general form of
our thought-experiment is given by the weak trace on Hilbgpp|z]. However, the
trace has an additional leading zero (the component of z°). This fits in well with
the intuition of formal power series as ‘timing’ iteration. A non-zero coefficient of
20 interprets as a computation (or physical process) that takes no time at all. Due
to the labelling conventions of Section 4, this is not immediately apparent from a
straightforward analysis, but drops naturally out of the categorical description.

10. Conclusions and applications

It is perhaps unsurprising that the theory of conditional iteration, whether in
the quantum or the classical setting, should be related to the theory of categorical
traces. What is more unexpected is that not only is this apparent from minor mod-
ifications to a 100 year old experiment, but that this gives a previously unobserved
decomposition of the usual particle-style categorical trace. Moreover, we still find
it slightly mysterious that there should be an apparent connection with the Elgot
dagger.

In terms of applications, quantum circuits that implement the operations of
Lemma 5.1, and thus provide finitary approximations to the twisted dagger in the
quantum circuit model, are used heavily in [Hi09]. Given the original motivation for
the twisted dagger in terms of a simple linear optics experiment, and the encoding
of the standard circuit model into this optical framework presented in Appendix A,
it is not unreasonable to suppose that the (rather complicated) circuits of [Hi09]
have a simple, almost trivial, realisation in terms of similar experiments.

From a more mathematical point of view, a great deal of theory remains to be
developed. The construction of a category of formal power series from Hilbgp is
clearly a special case of a general categorical construction. This is developed further,
in a much more general framework, in [Hil0]. However, although the analogous
construction in [Hil0] is shown to be functorial, its interaction with monoidal
tensors is not considered. Many other questions remain open. The general theory
of partially traced categories considered above (from [HS10]) is developed in detail
in the thesis of Octavio Malherbe [Mal10] with an eye towards models of quantum
programming languages. Such partial traces are completely characterized in the
paper [MSS11].
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Finally, this paper has been phrased very concretely in terms of physical exper-
iments. Similarly, the applications proposed above are very concrete constructions
involving quantum circuits. Despite this, we should not forget the motivation from
the Geometry of Interaction program in linear logic [HS10, HS10a], which at-
tempts to model the invariants for the dynamics of normalization (rewriting) of
formal proofs.
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Appendix A: linear optics devices as quantum logic gates

This appendix is expository, and details how the optics toolkit presented in Sec-
tion 2 may be used to implement a universal set of quantum logic gates’. For a fuller
treatment, and applications (including linear optics circuits for teleportation), we
refer to [CAKO05]).

Recall that — for single-photon experiments — the basic optics devices in Section 2
are modelled by unitary operations on a 4-dimensional Hilbert space. By consider-
ing this 4-dimensional space as the tensor product of two 2-dimensional spaces, we
may give a treatment in terms of qubits, and the standard quantum computational
logic gates.
The quantum information is encoded on:
(1) The choice of channel.
(2) The photon polarisation.

Thus, we consider the first qubit to be encoded on the choice of channel, with
channel 1. (resp. channel 2.) corresponding to |0) (resp. [1)). Similarly, the
second qubit is encoded on the photon polarisation, with horizontal (resp. vertical)
polarisation corresponding to |0) (resp. |1)).

This then gives a straightforward encoding of 2-qubit states, e.g.

e The pure state |0) |1) corresponds to a vertically polarised photon in chan-
nel 1.

TWe empbhasise, as noted in Section 1.2, this encoding is not efficiently scalable.
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e The superposition % (|0y + |1)) |0) corresponds to a horizontally polarised
photon in a superposition of channels 1. and 2.

e The entangled state % (|00) + |11)) corresponds to a photon that is in a
superposition of horizontal polarisation in channel 1. and vertical polari-
sation in channel 2. This is the highly important Bell state, used in both
quantum teleportation and cryptography [NCO00].

This encoding also gives a neat realisation of the standard quantum logic gates in
terms of linear optics devices, as in the following examples:

e The Hadamard gate
The action of the beamsplitter is simply to apply a Hadamard gate H =
1 1
1
Va1l -1
leave the second one (encoded on the polarisation) alone. In the standard
quantum circuit formalism, this is drawn as:

to the first qubit (encoded on the choice of channel) and

‘channel’ qubit ‘channel’ qubit

‘polarisation’ qubit——*“polarisation’ qubit

e The controlled-not gate

The polarised beamsplitter applies a NOT gate X = ( (1) (1) > to the
channel qubit when the polarisation qubit is |1), and leaves the channel
qubit unchanged otherwise. This is the controlled-not, or CNOT gate,

drawn in the standard circuit formalism as

‘channel’ qubit —&— ‘channel’ qubit
‘polarisation’ qubit——e——*polarisation’ qubit

e The phase shift gate
By placing a phase plate in the second channel only of such an experiment,
1 0

a phase shift gate Ry = ( 0 e2mi/2t

> may be implemented. Note also

that this has no effect on the polarisation. In the standard circuit formal-
ism, this is drawn as:

‘channel’ qubit ‘channel’ qubit

‘polarisation’ qubit——*‘polarisation’ qubit

Using this encoding, it is easy to verify that the Bell state %(|00> + |11)) may
be produced by introducing a horizontally polarised photon into channel 1. of the
apparatus shown in Figure 8.
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FIGURE 8. Linear-optics apparatus to produce the Bell state
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Once the Bell state has been produced, it is a short step to an implementation of
quantum teleportation. The theoretical details of how to implement teleportation
using linear optics are given in [CAKO5].
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