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Abstract

When autonomous agents decide on their bidding strategies
in real world auctions, they have a number of concerns that
go beyond the models that are normally analyzed in tradi-
tional auction theory. Oftentimes, the agents have budget
constraints and the auctions have a reserve price, both of
which restrict the bids the agents can place. In addition, their
attitude need not be risk-neutral and they may have uncer-
tainty about the value of the goods they are buying. Some of
these issues have been examined individually for single-unit
sealed-bid auctions. In this paper, we extend this analysis to
the multi-unit case, and also analyze the multi-unit sealed-bid
auctions in which a combination of these issues are present,
for unit-demand bidders. This analysis constitutes the main
contribution of this paper. We then demonstrate the useful-
ness in practice of this analysis; we show in simulations that
taking into account all these issues allows the bidders to max-
imize their utility. Furthermore, using this analysis allows a
seller to improve her revenue, i.e. by selecting the optimal
reserve price.

I ntroduction

invariably looks at each feature separately; additionally the
cases examined are almost all instances of single-unit auc-
tions. While this is useful for economists and perhaps ex-
pert bidders, who can integrate the lessons learned using hu-
man intuition and imagination, an automated agent cannot
do this. It is therefore necessary to analyze the strategic be-
havior in multi-unit (n*" and(m -+ 1)** price) auction mod-

els that incorporate all the relevant features. To this end,
we have looked at a nhumber of auctions, ranging in scope
from the eBay auctions (held mainly between individuals) to
B2B auctions (used by businesses to procure materials and
commaodities), with various different rules, ranging from the
traditional English auction to the position auction used by
Google Adwords. Despite their differences, a number of
common features are present. We list the most important
of these below and highlight what is already known about
each of them.

First, budget constraint@are very important, whenever
businesses and individuals place bids, because they limit
the upper range of these bids. Here, we will assume
that the available budget constitutes an absolute spending
limit. Now, this case has been examined for single-unit auc-

Auctions have become commonplace; they are used to tradetjons (Che and Gale 1998), but not for multi-unit ofeis;

all kinds of commodity, from flowers and food to indus-  has also been proven that the revenue generated 15y a
trial commodities and keyword targeted advertisement slots, price auction is always higher than that of the equivaéfit
from bonds and securities to spectrum rights and gold bul- price one.
lion.” Once the preserve of governments and large compa- * gecong, bidders may adopt differemtitudes towards
nies, the advent of online auctions has opened up auctions to iy - Essentially, this indicates whether bidders are conser-
mﬂhonsgf prlvertlt_e ”?d'."'dd“a'.s ak;}d smgll c?mmermal VeN- yative or not, and their willingness to take risk in order to
tures. Given this, it Is desirable to develop autonomous yqin aqditional profit. Normally bidders are assumed to be
agents that will let the masses participate effectively in such “risk-neutral’, meaning their utility equals their profit. How-
settings, even though they _do not possess professional €X-ever, they can also be “risk-averse”, “risk-seeking”, or even
pertise in this area. To achieve this, however, these agentsy ;e 4 more complicated risk attitude; for example, the bid-
should account for the features of real-world auctions that ding behavior of bidders on eBay suggests a complicated at-
eﬁpeg_db(;(_jders take into consideration when determining ,de towards risk. The equilibrium strategy of a risk-averse
their bidding strategies. . . agent participating in a%¢ price auction has been analyzed
While game theory is widely used in multi-agent systems ot e.g. in (Liu, Goodwin, and Koenig 2003).
as a way to model a_md predict the interactions bet\_/veen 8 Third setting aeserve pricdi.e. a minimum transaction
tional agents in auctions, the models that are canonically an- price) in the auction is a common way for the seller to in-
alyzed are rather limited. As discussed below, some work . <o her brofit: auctions taking place in traditional auction
has been done towards extending these models to incorpo-

rate features that are important in real auctions, but this work —— o _
The “dual” problem of designing a truthful mechanism for

budget constrained bidders has been examined in (Borgs et al.
2005).
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houses typically have a reserve price. This case has beene After doing this, we combine all the features. We first

examined for single-unit sealed-bid auctions in (Myerson
1981; Riley and Samuelson 1981)n (Maskin and Riley
1984), this problem is examined for risk-averse bidders.
Fourth, there may beancertainty in the bidders’ valua-
tion of the offered commodity. For example, when busi-
nesses bid in the Google Adwords keyword auction, they
can't precisely know the additional revenue that advertising
in this way will bring them, and therefore they can't eval-
uate the actual economic value of the ad. Nevertheless, it

can be assumed that the agent has some idea about his own

value and this can be represented by a probability distribu-
tion. In the literature, this problem has been mostly looked
at from the point of view of having a cost for introspection,
which allows the agent to determine his valuation more pre-
cisely (Larson and Sandholm 2001; Thompson and Leyton-
Brown 2007)3 However, in many practical settings, intro-
spection is simply not possible, because of the lack of further
relevant data, or excessive costs that cannot be justified by
the increased accuraty.

The last important feature is considering a bidder’s de-
sire topurchase multiple itemsvith a different valuation for
each. Inthis case, it is known that bidders should shade their
bids, compared to the case when only one item is desired,
even to the point of bidding for less items than desired, in or-
der to gain more profit (strategic demand reduction) (Weber
1997). To date, however, an optimal strategy is not known
for this feature; it is open problem. This is the reason why

we make the usual assumption that each agent wishes to buy

only one unit (init-demand biddejs like e.g. in (Vetsikas
and Jennings 2007).

Given this background, in this paper we make the follow-
ing contributions:

We derive novel equilibria for the multi-unit!” price
sealed-bid auction case, when these features are looked a
separately.

We combine, for the first time, two of the features that we

look at. Specifically, we derive the dominant strategy for

the case of uncertainty in the valuation that bidders have,
when the bidders are not risk-neutral, in the setting of the
(m + 1)*" price auctior?

2In our previous short paper (Vetsikas and Jennings 2008), we
presented some initial stages of this work. More specifically the
equilibrium strategies that exist in the cases when there is a reserve
price and that agents are not risk-neutral (examined separately) are
presented; this is why these cases are only briefly discussed in this
paper.

3There are few notable exceptions where no introspection is as-
sumed, such as (Parkes 1999), which examines how to select the
auction that yields the highest revenue and/or efficiency, when bid-
ders have uncertainty in their valuations.

“*In most of the above settings, the dominant strategy in the case
of a 2" price auction is some variation of truth-telling (Krishna
2002). This result is generalized trivially to the multi-unit variant
(the (m + 1)*" price auction).

SWe do not analyze the equilibrium, in the presence of valuation
uncertainty, in then'" price auction because our model needs to
be enriched in order to be able to analyze this case; we leave this
for future work.
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derive the equilibrium strategies for both the/" and

(m + 1) price auction, in the presence of budget con-
straints, reserve prices and any bidder risk attitude. Then
we also include uncertainty of bidders’ valuation for the
case of them + 1)** price auction and derive the domi-
nant strategy.

Finally, we demonstrate the usefulness in practice of this
analysis; we show, using simulations, that taking into ac-
count all these features allows the bidders to improve their
utility, as opposed to using a strategy which doesn’t ac-
count for all of them. Furthermore, a seller can maximize
her revenue by selecting the optimal reserve pfice.

The Multi-Unit Auction Setting

In this section we formally describe the auction setting to
be analyzed and define the objective function that the agents
wish to maximize. We also give the notation that we use.

In particular, we will compute and analyze the symmetric
Bayes-Nash equilibrfafor sealed-bid auctions where >
1 identical items are being sold; these equilibria are defined
by a strategy, which maps the agents’ valuatiarts bidsb;.
The two most common settings in this context areriié
and(m + 1)** price auctions, in which the tom bidders
win one item each at a price equal to thé" and(m + 1)*"
highest bid respectively. We assume that there is a reserve
pricer > 0in our setting; this means that bidders, who wish
to participate in the auction, must place bigs> r.

We assume thaV indistinguishable bidders (wherné >
m) participate in the auction and they have a private valu-
ation (utility) v; for acquiring any one of the traded items;
these valuations are assumed to be i.i.d. from a distribution
with cumulative distribution function (cdf}'(v), which is
the same for all bidders. In the case that there is uncertainty

Bbout the valuation;, the agent knows that it is drawn from

distributionG; (v;), but not the precise value. As the valua-
tionsv; are independent, we can assume that any uncertainty
that a bidder has about his own valuation is independent of
the uncertainty he has about other agents’ valuations.

We also assume that each bidder has a certain bugget
which is known only to himself and which limits the max-
imum bid that he can place in the auction. The available
budgets of the agents are i.i.d. drawn from a known distri-
bution with cdfH (¢).

According to utility theory, every rational agent has a
strictly monotonically increasing utility functiom() that
maps profit into utility; the alternative with the highest ex-
pected utility is the preferred outcome. This function de-
termines the agent'’s risk attitude. Some functiers)

5The use of equilibrium analysis in order to design autonomous,
intelligent agents has been done before, e.g. in (Liu, Goodwin, and
Koenig 2003) and (Vetsikas and Jennings 2007).

"The Bayes-Nash equilibrium is the standard solution used in
game theory to analyze auctions. The equilibria being symmetric
means that all agents use the same bidding strategy. This is a com-
mon assumption made in game theory, in order to restrict the space
of strategies that we examine. It is likely that in addition to the
symmetric equilibria we compute there are also asymmetric ones.



used widely in economics areu(z) z*,a € (0,1)
(CRRA), u(z) = 1 — exp(—azx),a > 0 (CARA), and
u(z) = —v*,~ € [0,1], all of which indicate risk-averse
bidders.

We also use the following additional notation in the
proofs: Z(z) is the probability distribution of any oppo-
nent's bidb;. ThusZ(z) = Problb; < z], and B*) is
the k*" order statistic of these bids of the opponents. Since
there ard N — 1) opponents for each agent, the distribution
®,.(z) of B(®) can be computed as (Rice 1995):

k—1
br(z) =) O(N = 1,9)(Z(@) 71— 2(x))" (1)

=0
where the notatio®’(n, k) is the total number of possible
combinations of; items chosen frome. As shown in (Vet-
sikas and Jennings 200%)N > m the following holds:

Z (z)
Z(z)

Oy () = (N = m) (P (2) — Prm1 () @)

Equilibriain the Presence of Reserve Prices
and Varying Risk Attitudes

In this section we present the equilibria that exist inmat
price auction, in the cases when there is areserve pric@

v;, and has a budget constraint, wherev; andc¢; are i.i.d.
drawn fromF'(v) and H (c¢) respectively, the following bid-
ding strategy constitutes a symmetric Bayes-Nash equilib-
rium;

bi = min{g(vi), ci} ®)

whereg(v) is the solution of the differential equation:

/ (1 — H(g(va)) F'(v:)

9 i) = T meo T A o
S o oo ”)—(1—1Wv0)H%gw0%6)

with boundary conditiorg(0) = 0.

PROOF-.(brief) Consider any bidder We assume that each
opponenyj (j # 4) bidsb; = min{g(v;), ¢;}. The distribu-
tion Z(x) of the opponent’s bid, is equal to:

Z(@)=1-(1~F(g ()1~ H(x))

Thekt" order statistic of these bid3(*) is drawn from dis-
tribution @ (x), described by equation 1. Using this fact,
we compute the expected utility of biddgmwho places bid

'

b;
Bui(b:) = (vi—bi)(cpm(bi)—@m,l(bi))+/(vi—w)@%;(“)dw
0
The bidb; which maximizes this utility is found by setting:

L) — 0 5 —(Dpm(bi) — P (b3)) + (vi — bi) D1y, (bi) = O

and that agents are not risk-neutral. We examine each caseSince this bid maximizes the agent's utility, it must be equal
separately in the following theorems. More details on these t0 b; = g(v;). Using this fact and equation 2 we eventually

two cases are given in (Vetsikas and Jennings 2008).

Theorem 1 In the case of am:!” price sealed-bid auction,
with reserve price: > 0, with N participating risk-neutral
bidders, in which each bidderis interested in purchasing
one unit of the good for sale with inherent utility (valuation)
for that item equal tov;, wherev; are i.i.d. drawn from
F(v), the following bidding strategy constitutes a symmetric
Bayes-Nash equilibrium:

Vi

o(w) = v = (F@) ™ [TEE) e @)
Theorem 2 In the case of amn'" price sealed-bid auction
with N participating bidders, in which each biddéiis in-
terested in purchasing one unit of the good for sale with
inherent utility (valuation) for that item equal tg, where
v; are i.i.d. drawn fromF'(v), and a risk attitude which is
described by utility functiom(), the bidding strategy(v),
which constitutes a symmetric Bayes-Nash equilibrium, is
the solution of the differential equation:

o) = B0 = 9(v0)) = u(0)
) = T — gw)
with boundary conditiog(0) = 0.

F'(vi)
F(vi)

(N —m) 4)

Equilibriain the Case of Budget Constraints
In this section we examine the equilibria for the case when

get differential equation 6. The bidder bils= 0, when his
valuationv; = 0, thus the boundary condition ig0) = 0.
Now it is time to consider how the available budggt
changes the bid;. If g(v;) < ¢;, then the agent bids =
g(v;), as this maximizes the expected prdfit; (b;). When
g(vi) > ¢, itis dﬁji > 0,Vb; < g(v;), and the bid must be
b; < ¢; < g(v;), therefore the bid; that maximizeFu; is
b; = ¢;. Thusitisb; = min{g(v;),c;}. A
In order to discuss features of the equilibrium strategy, we
examine the special case when both the valuatipasd the
budget constraints; are drawn from a uniform distribution
on[0,1] (i.e. F = H = UJ[0,1]). This distribution is the
canonical one used in auction theory for this purpose:

Corollary 1 In the case that'(v) and H(c) are uniform
distributions U[0, 1], the equilibrium strategy is:b; =
min{g(v;), ¢; }, whereg(v) is the solution of the d.e.:

1—g(vi)
vi+g(v;)—v;g(vy) )
gy sy Bl )

In figure 1, we present the solution of this equation for
different numbers of biddersy, and items being soldr.
Because of the presence of the budget constraints, it is easier
for bidder: to win the auction now; this happens, because an
opponeny, with valuationv; higher than biddef, might not
be able to outbid him, due to having a low budget constraint

g (vi) = )

agents have budget constraints only. We assume that thec;. It is therefore expected that strategfv) would sug-

agents are risk-neutral and that the reserve price49).

Theorem 3 In the case of amn'" price sealed-bid auction
with V participating risk-neutral bidders, in which each
bidderi is interested in purchasing one unit of the good for
sale with inherent utility (valuation) for that item equal to
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gest bidding less than the equilibrium strategy(v), when
there is infinite budget (i.e. no constraints); this strategy is:
goo(V) = 2 (see (Krishna 2002)).

Itis also interesting to note that functigf) deviates from
Joo() Most in the case wheN — m = 4. This is due to two
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Figure 1: Equilibrium strategy(v) for the case when the
valuationsv and the budget constraintsare both drawn
from the uniform distributior/[0, 1]; the equilibrium bid is
b = min{g(v), c}. The number of biddersy, and the num-
ber of items being soldp, take valuesV — m = 1,4, 20.
The equilibrium strategy.. (v) = N]f;ﬁl, when there are
no budget constraints is also presented.

facts, which would also affect to some degree the bidding
strategy in the case of any other distributionsFi{fv) and
H(c). First, whenN —m = 20, there is a large number
of opponents, and therefore a higher probability that one of
them has a large budget. Second, whéa m = 1, the bids
according to botly() andg.. () are usually smaller than the
budget constraints;, which are drawn froni/[0, 1]; as the
bids are less constrained, the deviation is therefore snfaller.

Inthe case of afm+1)*" price auction, the agents submit
truthful bids, if these are higher than the budget constraint
(Krishna 2002):

Theorem 4 In an (m + 1)*" price auction, where the bid-
ders have valuations; and budget constraints;, it is a
dominant strategy to bidh; = min{v;, ¢;}.

Uncertainty in Agents' Valuations

In this section, we examine the case when the bidders do
not precisely know their own valuations. Specifically, we
assume that each biddeknows that his own valuation;

is drawn from some distributiof; (v;). The mean of7()

is ng, = EG;(v;). Therefore the bidder knows that his
own valuation is centered around valug,, but he doesn’t
know it precisely. His uncertainty is thus represented by the
distributionG; (v;). We examine this case for tiie: + 1)*"
price auction. In the case that bidders are risk-neutral, it is
a dominant strategy to bid as if they had valye= ;¢ and

8We would like to point out that, a& —m grows, the deviation

the valuation uncertainty does not maftdris is the reason
why we choose to examine this issue when the agents are not
necessarily risk-neutral.

Theorem 5 Inan(m-+1)!" price auction, if a bidder knows
only imprecisely his own valuation;, in that it is drawn
from distributionG; (v;), and his risk attitude is described
by utility functionu;(), it is a dominant strategy to bid;,
which is the solution of equation:

/ u(z — b;)G5(2)dz = u(0) (8)
PROOF. From the point of view of each bidderit knows
that its opponents are going to be placing bids Let us
assume that the highest of the opponents hids’is drawn
from distributionQ; () (i.e. thatProb[b_; < z] = Q;(x)).
This distribution depends on the opponents’ bidding strate-
gies, valuations and risk attitudes. We assume that this can
be any function, provided that it is differentiable and in-
creasing. The probability of winning by placing big is
Q;(b;), and in that case the utility of the bidderigv; —b_;),
whereas his utility i3:(0), if it doesn’t win, which happens
with probability (1 — Q;(b;)). Therefore the expected utility
of bidderi, when it has a known valuatian = z and places
bid b,, is:

Fua(z,b) = / "z — ) Q@) dz + (1 — Qi (b))u(0)

Using Bayes’ rulé, we calculate the expected utility; (b;)
of bidderz, when his valuation is unknown:

Eui(bi):[b;(/oou(z—x)G,'i(z)dz) Q (z)dz+(1—8(5:))u(0)

— o0

The bidb; which maximizes the expected revenue is found

by setting: ””Egigfbi) = 0, which leads to equation 8. The
solution of this equation is the big which maximizes the
expected utility of biddei. B

From equation 8, it follows that risk-averse agents bid less
than the meap;, of their valuation distributiotd; (), while
risk-seeking agents do the opposite. Furthermore, risk-
averse bidders will bid even less as the variance of distri-
butionG; () increases, i.e. the more uncertain they get about
their valuation, and the opposite happens to risk-seeking bid-
ders. We can prove that, for any symmetric distribution
G;(), these statements always hold, in the following propo-
sitions:

Proposition 1 In an (m + 1)** price auction, if a bidder
knows only imprecisely his own valuations in that it is

drawn from symmetric distributio;(v;), and his risk at-
titude is described by utility functioa;(), it is a dominant
strategy to bid:

b; < ug,, if the bidder is risk-averse (i.e;() is concave),

b; = pg,, if the bidder is risk-neutral (i.ex;() is a linear
function), and

b; > ug,, if the bidder is risk-seeking (i.e.;() is convex).

The fact that risk-neutral agents bid the mean valdethat
they have for their valuation has been observed in some of the re-

does not approach zero, i.e. the budget constraints always lead tolated work, e.g. in (Larson and Sandholm 2001; Thompson and

some reduction of the bids, even if it's a very small one.
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Leyton-Brown 2007; Parkes 1999).



PROOF. Equation 8 becomes; — ug, = 0, for linear
functionu;(z), which is the case of risk-neutral bidders. For
risk-averse bidders, using the fact thd} is concave and
thatG() is symmetric, it can be shown that:

[ e = ne) Gtz < (o)

This means that if we sét = uq,, the left hand side of

equation 8 is less than the right hand side, and cannot be the 9 (vi) =
solution; the solution must increase the left hand side of the

equation, so it must be smaller; < pg,. For risk-seeking

ande¢; are i.i.d. drawn fromF(v) and H (c) respectively,
and the bidders have a risk attitude which is described by
utility function (), the following bidding strategy consti-
tutes a symmetric Bayes-Nash equilibrium:

bi = min{g(v:), ¢} )
whereg(v) is the solution of the differential equation:
(10)

—F(vi))H'(g(vi))

(1 — H(g(va)) F'(v:)
(090 -FG:)A—Hg))) _ ()
(N=m)(a(v; —g(v:) —u(0))

bidders, a similar argument, as for the case of risk-averse With boundary conditio (r) = .

bidders, yieldsb; > ug,. R

Proposition 2 Assume two bidders with valuations and
v;, which are drawn from the symmetric distributicBg(v;)
and G (v;); these distributions belong to the same class of
distributions (i.e. they are both uniform) and they have the
same meamn, but they have different variancet; < o;.

PROOF.(shortened) Using the same reasoning as that pre-
sented in the proof of theorem 3, we assume that=
min{g(v;), c;} are the bids placed by the agents.

Because of the reserve pricethere is a chance that an
agent will not be able to participate in the auction, either
because its budgetis < r, or because its valuation for the
item isv; < r. We therefore begin by analyzing the case

by utility functionw(): if u() is concave (i.e. risk-averse
bidders), then the bidders’ bids aré; > b;, and ifu() is
convex (i.e. risk-seeking bidders), then the bidders’ bids are:
b; < bj.

PROOF. We give a brief proof for concave functiai); for
convexu() the proof is similar. Let

Fi(z) = [T _u(z — 2)Gl(2)dz &

Fi(@) = J (w(G(p) = 2) + (G (1 = p) = o) ) dp

and defineF;(z) in the same way. It is thenF;(b;) =
u(0) = Fj(b;). SinceG;() andG,() are symmetric, be-

long to the same class of distributions, have the same mean

u, and furthermore; < o5, the following formulas hold:

Wp € [0,5) G ()~ G () = G ' (1-p) — G (1-p)
Gi'(p) <G H(p) < G (1-p) < G (1-p)

Subtractingy; from all terms in these equations, and using
the fact that.() is concave, we get:

u(Gy Y (p) = bi)~u(G5 '(p) — bi) >
u(G5 (1=p) = bi) — u(G (1—p)— b:)

From this equation it follows thatF;(b;) < F;(b;) =
u(0) = F;(b;) and thus thab; > b;. B

Putting It All Together

In this section we derive the equilibria for the case when
agents have budget constraiats their risk attitude is de-
scribed by function:() (not necessarily risk neutral) and the
auction has a reserve priedn the setting of ann'" price
auction. In the setting of afm + 1)!" price auction, in ad-
dition to these issues, we also consider that the valuations
are not known precisely.

Theorem 6 In the case of am:!” price sealed-bid auction,
with reserve pricer > 0, with NV participating bidders, in
which each biddef is interested in purchasing one unit of
the good for sale with inherent utility (valuation) for that
item equal tov;, and has a budget constraint, wherev;
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these agents have > r andwv; > r. The probability that a
particular agent participates in the auction is equal to:

m(r) = Problc; > r Av; > 7] =(1—F(r))(1— H(r))

The probability that exactly: (out of the N total) agents
participate in this auction is thus:

T =C(N—1Ln-1(@@E)""" - Q-a@E)¥"  (11)
The distribution of the opponents’ bids is:
Zwy=1- L Fl @) 1- H) (12)

1-F(r) 1-—H(r)
The distribution of the:*" highest opponent bi&*) is:

k—1
ST (w) = Y Cln—L,i)(Z: ()" (1= Zo(w))  (13)
=0
The expected utility of biddei; when he places bi, is:
Eu (b:) =u(0)(1 = ®7 (b)) + u(v: — bi) 7.7 (bs)

b;
[ e @)

Using Bayes'’ rule, \7\/9 compute the expected utility that bid-
deri gets, by placing bid;, for any possible numbers of
total participating agents:

Euz(bl) :u(O)(l — (I:'m(bz)) + u(vi — bi)@m(bi)

(14)

(15)

b;
+/ u'(vi —w)Pr—1(w)dw

whered(z) = SF ' ON — 1,0)(Z(x)N (1 —
andZ(z) =1 — (1 — F(g~"(2)))(1 — H(x)).

To find the bid which maximizes the expected utility, we
set% = 0. Using equation 2, to simplify this equation,
and the fact that the bitl that maximizes the expected util-
ity is b; = g(v;), we get equation 10.

When the bidder’s valuation i = r, he bidsh; = r, no
matter what; is, hence the boundary conditidil.

To illustrate the optimal bidding function, we again con-
sider the special case when the valuatiogrend budget con-
straintsc; are drawn from uniform distributiofr[0, 1]:

Z(x))'
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Figure 2: Equilibrium strategy(v) for the cases when bid-
ders are risk-neutrab( = 1), and risk-aversea( = 0.5).
The valuation® and the budget constraintare both drawn
from the uniform distributior¥/ [0, 1]. The auction has a re-
serve price, which takes values= 0, 0.25,0.5. The number

of bidders,V, and the number of items being sold, have
valuesN —m = 1. The dotted lines represent the valuations
for which no bids are placed due to the reserve price.

Corollary 2 In the case thatF'(v) and H(c) are uniform
distributions U[0, 1], the equilibrium strategy is:b; =
min{g(v;),c; } whereg(v) is the solution of d.e.:

/ _ 1—g(v:)
9 (V1) = T e —na)
(N=m)(u(vi—g(v:)—u(0))

with boundary conditiog(r) = r.

We choose to use the CRRA utility function(x)
z%, a € (0,1). By substituting it into equation 16, we get:

1 —g(v)
a(itg(wi)—vig(wi)) _ (1 _ ..
Nyl stuny . (L i)

Comparing this equation with equation 7, we observe that
they are almost identical. Indeeithe fact that the agent is
now risk-averse is strategically equivalent to having more
opponents In particular, a risk-averse agent using the
CRRA utility function with parametet, who enters an auc-
tion with V participating bidders in total, will bid in exactly

(16)

(1 —w;)

g'(vi) =

of the reserve price (when= 0.25), the effect that it has on
increasing the bids of the agents, is smaller than the effect of
the varying risk attitude. However, asncreases, and it be-
comes equal te = 0.5, this effect is strengthened; in fact,
for all possible valuations, the risk-neutral bidder will bid
more when the reserve priceris= 0.5, than the risk-averse
bidder when the reserve priceris= 0.25. This can poten-
tially generate much more revenue for the seller, but there is
a higher risk, now, of items not being sold.

In the case of arfm + 1)*" price auction, we can prove
the following theorem:

Theorem 7 In an (m + 1)** price auction, with reserve
price r, where the bidders have valuatioms and bud-
get constraints:;, and they have a risk attitude described
by utility functionu(), it is a dominant strategy to bid:
b; = min{v;, ¢;}, if b; > r, and not to participate other-
wise.

We now extend this theorem to the case when the bidders
do not precisely know their own valuations. The following
theorem is a generalization of theorems 5 and 7:

Theorem 8 In an (m + 1)** price auction, with reserve
price r, if a bidder has budget constraint;,, he knows
only imprecisely his own valuation;, in that it is drawn
from distributionG; (v;), and his risk attitude is described
by utility functionwu;(), it is a dominant strategy to bid:
b; = mun{B;, ¢}, if b; > r, and not to participate other-
wise. The variablg; is the solution of equation:

/;00 u(z — 3:)G5(2)dz = u(0)

PROOF. Using the exact same reasoning as in theorem 5,
the expected utility of an agent biddiny is:

Bui = [ ([ u(z—2)Gi(2)dz) Q (x)dz+(1—Q: (b:))u(0)

an

Note that this formula does not change as a result of the
reserve price, nor the budget constraint, because these two
parameters limit the biél; that the agent is allowed to place.
The unconstrained bi@; which maximizes the expected
revenue is found by settingiZ“ = 0, which leads to equa-

tion 17. As?£4(®) ~ o vz < 3, the agent should try to
place a bidh; as close as possible t§ from below, as the
budget constraint; will allow, so b; = min{g;,c;}. It also
should never bid abovg;, because the®wu, < u(0); thus
if b; < r, it should not participatell

Experimental Evaluation
In this section, we validate experimentally the usefulness in

the same way as a risk-neutral agent, who enters an auctionpractice of the theoretical analysis. The strategy computed

with N/ = YH1—oIm sarticipating bidders.
Now that we are aware of the effect that varying risk atti-
tudes produce in relation to the number of participating bid-

for the case when valuation uncertainty exists ifran-1)""
price auction, is a (weakly) dominant strategy, and therefore
we know for certain, without the need of simulations, that

ders, we examine the effect that reserve prices have in this this is always going to yield the highest utility. However,

setting. In figure 2, we vary the reserve pricketween val-
ues0, 0.25 and0.5, as well as the parametarof the utility
function u(x) xz®, which takes valuest = 0.5 (risk-
averse bidder) and = 1 (risk-neutral bidder). We fix the
number of participating biddergy, and items soldjn, so
that N —m = 1. We observe that for relatively small values
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the strategy given by equation 10 is an equilibrium strategy
and therefore there are no theoretical guarantees that this one
will always yield the highest revenue, especially if the oppo-
nents don't bid according to the equilibrium strategy.

We simulated the case wheé = 3 bidders participate in
anm!" price auction, wheren = 2 items are sold; this is a
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Figure 3: Experimental comparison of the equilibrium strat-
egy Sagainst strategiedB (budget constraints are ignored)
andNR (risk attitudes are ignored). In all experiments some
agents used strate@and all the rest use the same strategy
(eitherNB or RN).

simple, yet representative case of a multi-unit auction. The
bidders are all risk-averse (using the CRRA utility function
with & = 0.5) and they have budget constraintsind valua-
tionswv; drawn from uniform distributio/ [0, 1]. We denote
this standard equilibrium strategy (given by equation 10) as
S and compare it against the following two strategies: (i)

NB is the strategy when the agent does not take the budget

constraint into account, and (RN is the strategy when the

agent does not take the risk attitudes into account (and as-

sumes that everyone is risk neutrtfl)\We compar&against

0.7

— ER for any o
vvvv m+1
o6k . ERmforocHO i
— — —ER_for0=0.5
m
oL |- ERm for a=1 |
_ EFtm for 0=0.5 and  budget
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Figure 4: Expected revenue both faf" and the(m + 1)
price auctions, in the presence of varying reserve prices
and bidder risk attitudesm = 2 items are auctioned to
N = 3 participating bidders with valuations and budget
constraints:; drawn from uniform distributio/[0, 1]. The
utility function used isu(x) = x.

This means that strategi® andRN aredominatedby S,
when we consider agents who play eitit/RN or S, and
thereforeusing our novel analysis does lead to higher bid-
der utility compared to cases where some feature is not taken
into account

Given the fact that bidders will use this new equilib-
rium strategy (as shown by the first experiment), it makes
sense for the seller to also use the theoretical results of
this paper, in order to maximize her revenue, by selecting

each of these two strategies by running experiments in which the best reserve price and the correct auction typ@ (or

some agents bid according 8and some according tdB
(according tdRNin the second comparison we did), for vari-
ous values of the reserve priceThe results are presented in

figure 3; they are presented as the ratio of the correspondingwhere v (z)

utility divided by the utility of the case when all agents use
strategyS (experiment “3xS")t! From this figure we can ob-

(m + 1)!").12 The expected revenue of the sell6R;, in
ak'"(k = m,m + 1) price auction, when the bidders bid
according to functiony(v), is: ERx = m [~ w - d¥g(w),
SELeW, i) (Z(2)Y (1 - Z()" and
Z(xz) =1—(1—-F(g *(z)))(1 — H(z)). We assume the same
values as in the previous experiment, i¥. = 3, m = 2

serve that, in every single instance, an agent using strategy and the bidders are risk-averse with= 0.5. In figure 4,

NB (or RN) would always obtain a higher utility by switch-
ing to strategys. For example, in the case that all agents use
RN any one of them would get a higher expected utility by
switching to strategys, and this is true for all other possi-
ble cases, in which some agent uses a strategy othefthan

we graph the seller’'s revenue, when she sets a reserve price
r € [0,1]. The correct reserve price is= 0, for the case
whena = 0.5 (in this case the bidders actually use strat-
egyS). However, if the seller assumes (erroneously) that the
bidders are risk-neutrab(= 1), and thus they use strategy
RN, she would seleat = 0.13 which would lead to 8.95%

9The reason why these two strategies were selected, is becauseloss of revenue; if she assumes (again erroneously) that the

they look at less features than strategyin this sense, they are

bidders havex budget, and thus they use stratdgg, she

strategies which don't take advantage of the full analysis presented \ould selectr = 0.02 which would lead to €.02% loss

in this paper, and yet are reasonable, because they do consider som

of the desired features. It should be pointed that the pre-existing

2Note that the auctions no longer assign the items to the bid-

state-of-the-art equilibrium strategies are less advanced than evenders with the topn valuations, due to the budget constraints, and

these strategietNB andRN).
1The notation “2xS + 1xNB” means that two agents using strat-
egy Sand one using stratedyB participate in the experiment, etc.
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furthermore, the winner can be different between#i& and the
correspondindm + 1)*" price auction. Thus, the revenue equiva-
lence theorem does not apply here.



of revenue?® Once more we see thatir analysis is neces-
sary to determine the correct reserve price that maximizes
the sellers revenueln figure 4, we also graph two addi-

tional cases: when the bidders are risk-averse to the extreme

(o — 0), and when arfm + 1) price auction is used (the
revenue doesn’t depend arin this case). As was expected,
whena — 0, the expected revenue is maximized. Here for
risk-neutral and risk-averse bidders, the+ 1)*" price auc-

tion yields a lower revenue than the” price one. This is
not the case though for risk-seeking bidders. Our analysis al-
lows to compute the optimal reserve price for both auctions
and then we can select the correct auction type.

Conclusions

We examined the behavior of agents participating in multi-
unit sealed-bid auctions, when budget constraints, reserve
prices, varying risk attitudes and valuation uncertainty exist.
We provided a number of novel equilibria. First, we derived
equilibria for each case separately. Second, we derived the
dominant strategy for the case of uncertainty in the valuation
that bidders have, when the bidders are not risk-neutral, in
the setting of thém + 1)** price auction. We also showed
the the variance in this uncertainty and the risk attitude of a
bidder determine the deviation of the bid from the expected
value of his valuation. Third, we combined all the features in
our analysis. We derived the equilibrium strategies for both
the m*" and the(m + 1)*" price auction, in the presence

of budget constraints, reserve prices and any possible bidder

risk attitude. Then we also included the uncertainty of bid-
ders’ valuation for the case of th{en + 1)* price auction
and derived the dominant strategy. Fourth, we used simu-
lations to show that this analysis is useful, in practice, both
for the bidding agents in order to maximize their utility, and
also for the seller in order to select the correct reserve price
and thus maximize her revenue.

There are a number of unresolved issues in this paper. We
plan to enrich our model in order to analyze thé&" price
auction equilibria, in the presence of valuation uncertainty.
In addition, we would like to examine the case of identical
items being sold imultiple concurrent auction&erding et
al. 2007); in this case it is necessary to place bids in all the
auctions. Finally, there are settings in which competition be-

tween agents negates the traditional assumption that agents
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