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Continuously Tunable Fractional Hilbert Transformer
by Using a Single π -Phase Shifted FBG

Hiva Shahoei, Student Member, IEEE, and Jianping Yao, Fellow, IEEE

Abstract— A continuously tunable fractional Hilbert trans-
former (FHT) using a π-phase shifted fiber Bragg grating
(π-PSFBG) is proposed and experimentally demonstrated.
An FHT has an output that is a weighted sum of the original input
signal and its classical Hilbert-transformed signal. The classical
Hilbert transform is implemented using a π-PSFBG. The output
from the classical HT and the original input signal are controlled
to be orthogonally polarized. The combination of the two signals
at a polarizer would generate a weighted sum with the weighting
coefficients determined by the angle between the principle axis
of the polarizer and the polarization direction of the original
input signal. A π-PSFBG is fabricated. The performance of the
π-PSFBG as a classical HT is evaluated. The incorporation of
the π-PSFBG into the proposed system to implement an FHT is
studied. A continuously tunable FHT with a tunable fractional
order of ρ = 0.7, 0.86, 0.92, 1, 1.06, 1.17, and 1.24 to perform
Hilbert transformation of a Gaussian pulse with a temporal width
of 80 ps is experimentally demonstrated.

Index Terms— Optical signal processing, fractional Hilbert
transformer, phase shifted-fiber Bragg grating.

I. INTRODUCTION

H ILBERT transformer (HT) is one of the basic build-
ing blocks needed for all-optical signal processing.

A HT is also called a quadrature filter which can find
numerous applications in radar, communications and modern
instrumentation systems [1]. In addition to classical HTs,
a fractional Hilbert transformer (FHT) was also demon-
strated to generalize the performance of a classical HT
with an additional degree of freedom [2]. Thanks to the
inherent advantages offered by optics, a HT or FHT can
be implemented in the optical domain for high speed and
large bandwidth signal processing. In the last few years,
different methods have been proposed to demonstrate opti-
cal HTs and FHTs. In general, a microwave HT can be
realized based on free space optics [2], [3], fiber optics
[4]–[11], or photonic integrated circuits [12], [13]. A fiber-
optic HT has the advantage of smaller size and light weight,
which has been extensively investigated. For example, a HT
can be implemented using a multitap photonic transversal filter
[4]–[7], or a fiber Bragg grating (FBG) [8]–[10]. In [4], [5],
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a microwave delay-line filter with three taps was proposed
to implement a classical microwave HT in which the nega-
tive taps of the filter were generated by two Mach-Zehnder
modulators (MZMs) biased at the complementary quadrature
bias points. In [6], an FHT based on a five-tap photonic delay-
line filter using a polarization modulator (PolM) was proposed
in which the negative taps were generated based on phase
inversion by polarization-modulation to intensity-modulation
conversion. In [7], a tunable FHT based on a nonuniformly
spaced delay-line filter was proposed. A sampled FBG was
also used as a multitap photonic transversal filter to implement
a classical HT [8]. In [9], a uniform weak-coupling FBG with
a π -phase shift in the FBG was proposed to implement a
classical HT. Recently, the inverse scattering method has been
used to design and fabricate an FBG for classical Hilbert
transform [10]. In [11], a wideband HT using a uniform long-
period grating (LPG) was proposed. The LPG was designed
to have an amplitude-only grating apodization profile with
a π -phase shift incorporated in the middle of the grating
length. Thanks to the ultra-wide bandwidth of the LPG, a HT
with a bandwidth up to terahertz was demonstrated. The major
limitation of an FBG- or LPG-based HT or FHT is the lack of
tunability. In [12], a Bragg grating written on a planar silica-
on-silicon waveguide was employed to implement a tunable
HT. The tuning was realized by incorporating a micro heater
in the silicon-on-silica substrate to thermally tune the HT.
Instead of using a Bragg grating, in [13] a tunable FHT based
on an integrated ring resonator was proposed [13]. Compared
with a Bragg grating, a ring resonator with a much smaller
footprint occupies much less space on a silicon chip, thus
enables integration with a much higher density. Again, the
tuning was achieved using a micro heater to tune the coupling
coefficient of the ring and correspondingly the phase shift at
the resonance wavelength. The major limitation of a tunable
HT based on thermal tuning is the relatively slow tuning
speed. For thermal tuning, the response time is usually from
1 to 50 ms.

In this letter, we propose a novel method to implement
a continuously tunable FHT with a fast tuning speed real-
ized by using a tunable polarizer. The polarization tuning
as fast as a few μs can be achieved. A FHT has an
output that is a weighted sum of the original signal and
its classical Hilbert-transformed signal. The classical HT is
implemented using a π-phase shifted fiber Bragg grating (π-
PSFBG). The polarization directions of the original signal and
the Hilbert-transformed signal are controlled to be orthogo-
nally polarized. By applying the two signals to a polarizer
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via a polarization controller (PC), the two signals are com-
bined with the weighting coefficients determined by the angle
between the principle axis of the polarizer and the polariza-
tion direction of the original input signal. A π-PSFBG is
fabricated. The performance of the π-PSFBG as a classical
HT and the use of the π-PSFBG to implement the proposed
FHT is theoretically studied and experimentally evaluated.
A continuously tunable FHT with a tunable fractional order of
ρ = 0.7, 0.86, 0.92, 1, 1.06, 1.17, and 1.24 to perform Hilbert
transformation of a Gaussian pulse with a temporal width of
80 ps is experimentally demonstrated.

II. PRINCIPLE

The frequency response of a classical HT is expressed as

HC(ω) = − j sgn(ω), (1)

where ω is the optical frequency, and sgn(ω) is the sign
function defined as

sgn(ω) =
⎧
⎨

⎩

+1, ω > 0
0, ω = 0

−1, ω < 0.
(2)

The frequency response of a FHT is given by [2], [14],

HF (ω) =
⎧
⎨

⎩

e− jϕ, ω > 0
cos(ϕ), ω = 0
e+ jϕ, ω < 0

= cos(ϕ) + sin(ϕ)[− j sgn(ω)]
= cos(ϕ) + sin(ϕ)HC(ω),

(3)

where ϕ = ρ × π/2 is the phase shift and ρ is the fractional
order. As can be seen a FHT of an order of ρ has a phase
shift of (ρπ) at ω = 0 with a unity magnitude response. By
using (3), the FHT of a signal x(t) can be expressed as

x̂F (t) = cos(ϕ)x(t) + sin(ϕ)x̂C(t), (4)

where x(t) is the original signal, x̂C(t) is the classical
Hilbert-transformed signal, and x̂F (t) is the fractional-Hilbert-
transformed signal with a fractional order of ρ. From (4) we
can see, the fractional Hilbert transformation of a signal has
an output that is a weighted sum of the original signal and its
classical Hilbert-transformed signal.

For a classical HT, a phase shift of π at ω = 0 is needed
which can be achieved by using a π-PSFBG. A π-PSFBG has
a π phase jump at the center wavelength of the notch and a
flat magnitude response except the notch, which is ultra narrow
and negligible. Thus, the use of a π-PSFBG could perfectly
perform a classical HT.

The fractional Hilbert-transformed signal is a weighted sum
of the original signal and its classical Hilbert-transformed
signal, which can be implemented by making the original
signal and its classical Hilbert-transformed signal orthogonally
polarized and then combining them at a polarizer. The oper-
ation corresponds to achieving a weighted sum of the two
signals. By simply tuning the PC before the polarizer, the
weighting coefficients are tuned and consequently a FHT with
a tunable order is achieved. The principle of our proposed
FHT is shown in Fig. 1. As can be seen the original signal
and the classical Hilbert-transformed signal are orthogonally

Fig. 1. The proposed tunable fractional Hilbert transformer.

Fig. 2. (a) The reflection spectrum of the fabricated π -PSFBG measured by
a LUNA OVA, and (b) the phase response at the notch measured based on
the SSB modulation technique [15].

polarized. By tuning the PC, the polarization direction of
the original signal will have an angle of ϕ relative to the
principle axis of the polarizer, thus the original signal x(t)
and its classical Hilbert-transformed signal x̂C(t) are combined
at the output of the polarizer with the weighting coefficients
being cos ϕ and sin ϕ. Since ϕ is tunable, the two coefficients
cos ϕ and sin ϕ are also tunable. Consequently, a continuously
tunable FHT can be achieved.

The classical HT is implemented using a π-PSFBG, which
is fabricated in a 5-mm long photosensitive fiber based on the
UV scanning beam technique. The uniform phase mask used
in the fabrication has a period of 1072 nm. The phase shift at
the center of the grating is introduced by moving the phase
mask by half of the period, which is mounted on a piezo
controller (E-665.CR LVPZT-amplifier/servo). The reflection
spectrum of the fabricated π-PSFBG measured by an optical
vector analyzer (OVA, LUNA) is shown in Fig. 2(a). Due
to the limited resolution of the OVA, the phase response of
the π-PSFBG at the notch is measured using a technique
based on single sideband (SSB) modulation [15], in which the
sideband is moving which is measured by an electrical vector
network analyzer (VNA, Agilent E8364A). The measured
phase response is shown in Fig. 2(b). As can be seen a
phase shift of π is introduced at the notch of the π-PSFBG.
Since the magnitude response of the π-PSFBG is flat over a
large bandwidth (1556.2 to 1556.8 nm or 75 GHz) with an
ultra-narrow notch at the center, the π-PSFBG is suitable for
the implementation of a classical HT.

To explore the performance of the fabricated π-PSFBG as
a classical HT, a simulation is first performed in which the
spectral response of the fabricated π-PSFBG is used and a
Gaussian pulse with a temporal width of 100 ps centered
at the notch wavelength is used as an input. The signal at
the output of the π-PSFBG is simulated which is shown in
Fig. 3 (solid line). The signal at the output of an ideal Hilbert
transformer is also shown for comparison (dashed line). As
can be see the signal from the π-PSFBG is close to that from
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Fig. 3. Simulation results. The signal at the output of the fabricated
π -PSFBG when the input is a Gaussian pulse with the temporal width of
100 ps (solid line). The signal at the output of an ideal classical HT is also
shown (dashed line).

Fig. 4. Simulation results for the proposed FHT for (a) ϕ = 90°, (b) ϕ = 75°,
(c) ϕ = 100°, and (d) ϕ = 120°.

an ideal Hilbert transformer. The small difference is caused by
the finite notch of the π-PSFBG. As shown in Fig. 2(a), the
magnitude response has a notch which is small, but always
exists. The FWHM of the notch is measured to be 5 pm or
equivalently 0.6 GHz. The existence of this notch will suppress
part of the optical carrier. To minimize the suppression, the
π-PSFBG should be improved to have an ultra narrow notch.
For example, a π-PSFBG was demonstrated to have a notch
of only 2.5 MHz [16]. In addition, the signal carried by the
optical carrier may also be partially suppressed, which will
cause errors in the Hilbert transformed signal. To evaluate
quantitatively the errors, we calculate the root-mean square
error (RMSE) between the ideally and the π - PSFBG-based
Hilbert transformed signals. The RMSE is about 6%, which
is very small.

Then, the use of the π-PSFBG to implement a tunable
FHT is simulated. In the simulation, the original signal with a
weight of cos(ϕ) and the classical Hilbert-transformed signal
with a weight of sin(ϕ) are added, with the overall output
given by x̂ρ(t) = cos(ϕ)x(t) + sin(ϕ)x̂C(t). The simulation
results for ϕ = 90°, 75°, and 100° are shown in Fig. 4. As can
be seen the classical HT is achieved when ϕ = 90°, shown
in Fig. 4(a). In this case, only x̂C(t) is passing through the
polarizer and the order of the FHT is ρ = 1. When ϕ is
changed, the weight of the classical HT x̂C(t) and the original
signal x(t) at the output of the polarizer would be different,
thus a FHT with a tunable order is achieved. As can be seen

Fig. 5. Experimental setup. TLS: tunable laser source, MZM: Mach-Zehnder
modulator, PBC: polarization beam combiner, EDFA: erbium-doped fiber
amplifier, PC: polarization controller, PD: photodetector, OSC: oscilloscope.

in Fig. 4(b)–(d), the order of the FHT achieved for ϕ = 75°,
100° and 120° are ρ = 0.85, 1.1, and 1.3, respectively.
Thus, by continuously tuning ϕ, a continuously tunable FHT is
achieved.

III. EXPERIMENT

An experiment is performed to validate the proposed FHT.
The experimental setup is shown in Fig. 5. A continues-
wave (CW) light generated by a tunable laser source (Anritsu
MG9638A) is sent to a Mach-Zehnder modulator (MZM)
to which a Gaussian pulse with a temporal width of 80 ps
generated by a signal generator (Agilent N4901B) is applied.
The optical wavelength is set at 1556.51 nm which is centered
at the notch wavelength of the fabricated π−PSFBG. The
signal at the output of the MZM is divided into two paths.
In the upper path, the optical signal is sent to the fabricated
π-PSFBG through a circulator and the reflected signal is sent
to a polarization beam combiner (PBC) with the polarization
aligned with the slow axis via PC1 to get x̂C(t) . In the lower
path, the signal at the output of the MZM is sent to the PBC
with the polarization aligned with the fast axis path via PC2
to get x(t). The lengths of the two paths are controlled very
short and balanced, to minimize the optical interference. The
powers of x(t) and x̂C(t) are tuned by tuning PC2 and PC1,
respectively. The signals along both slow and fast axes are
amplified by an erbium-doped fiber amplifier (EDFA) and sent
to a polarizer through a third PC (PC3).

As discussed in Section II, by tuning the PC before the
polarizer (PC3 in the experimental setup) the weighting coef-
ficients are tunable and thus the order of the FHT is tuned.
The signal at the output of the polarizer is detected by
a 53-GHz photodetector (PD) and the waveform is observed
by a sampling oscilloscope (Agilent 86116A). Fig. 6 shows
the experimental results for seven different ϕ at 90°, 82°,
96°, 75°, 106°, 62°, and 114°. Fig. 6(a) shows the input
signal (solid line) from the signal generator which is a bit
error tester (BERT) in the experiment. An ideal Gaussian
signal is also shown (dashed line). The signal at the output
of the FHT with a fractional order of ρ = 1, ρ = 0.92,
ρ = 1.06, ρ = 0.86, ρ = 1.17, ρ = 0.7, and ρ = 1.24 are
shown in Fig. 6(b)-(h), respectively. The simulated waveforms
for an ideal FHT with an ideal Gaussian input pulse in
Fig. 6(a) (dashed line) for the same orders are also shown in
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Fig. 6. Simulation and experimental results. (a) An input Gaussian pulse with
a FWHM of 80 ps, and the Hilbert-transformed pulses at different orders of
(b) ρ = 1, (c) ρ = 0.92, (c) ρ = 1.06, (e) ρ = 0.86, (f) ρ = 1.17, (g) ρ = 0.7,
and (h) ρ = 1.24.

Fig. 7. A simplified implementation, in which the two optical paths are
replaced by a single path using a polarization maintaining π−PSFBG.

Fig. 6(b)–(h) as dashed lines. As can be seen a good agreement
is achieved. Some small difference between the experimental
and simulated results is mainly caused due to the limited
bandwidth of the PD (53 GHz).

IV. CONCLUSION AND DISCUSSION

Note that the demonstrated system requires physical sepa-
ration of the two polarizations, which may make the system
more complicated with poor stability. In fact, the system
can be simplified by using a single path in which the
π-PSFBG is written in a polarization maintaining fiber (PMF).
The structure is shown in Fig. 7. By using this structure, the
interference (which is the main concern of the system stability)
is no longer a problem since the two orthogonally polarized
signals are traveling in a single path.

In conclusion, a continuously tunable FHT was proposed
and experimentally demonstrated using a π-PSFBG. The key
contributions of the work was the use of the π-PSFBG
to perform a classical HT and the FHT was implemented
by combining the original signal and the classical Hilbert-
transformed signal through polarization combination, with
different combination coefficients corresponding to different
fractional orders. A continuously tunable FHT with a tun-
able fractional order of ρ = 0.7, 0.86, 0.92, 1, 1.06, 1.17,
and 1.24 to perform Hilbert transformation of a Gaussian
pulse with a temporal width of 80 ps was experimentally
demonstrated.
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