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In this paper, techniques to generatemicrowave arbitrarywaveforms based on all-fiber solutions are reviewed,
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generation of phase-coded and frequency-chirped microwave waveforms is discussed. The challenges in the
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1. Introduction

Microwave arbitrary waveforms are widely used in radar, commu-
nications, medical imaging, and modern instrumentation systems.
Microwave arbitrary waveforms are usually generated in the electrical
domain using digital electronics. Due to the limited sampling rate, the
generation of a microwave arbitrary waveform in the electrical domain is
limited to a low frequency and small bandwidth. For many applications,
however, high frequency and large bandwidth waveforms are needed. A
solution is to generate microwave arbitrary waveforms in the optical
domain, to take advantage of the high speed andbroadbandwidth offered
bymodern optics. In general, photonically assisted microwave waveform
generation can be classified into four categories, 1) direct space-to-time
pulse shaping, 2) spectral-shaping and wavelength-to-time mapping, 3)
temporal pulse shaping, and 4)microwave pulse generation based on
photonic microwave delay-line filtering. These techniques can be
implemented in free space where a spatial light modulator (SLM) is
usually employed to perform temporal or spectral shaping. The key
advantage of using an SLM in a microwave arbitrary waveform
generation system is itsflexibility. An SLMcan be updated in real time,
making the system reconfigurable. However, a pulse shaping system
based on an SLM is usually implemented in free space, making the
system bulky and costly. In addition, the coupling between fiber and
free space and free space to fibermakes the system lossy and sensitive
to environmental changes. Microwave arbitrary waveform genera-
tion can also be implemented using pure fiber-optic devices.

Considering the low loss and small size, a microwave waveform
generation system using fiber optic devices is considered a promising
alternative to that implemented based on free space optics. In this
paper, techniques to use fiber optic devices to implement arbitrary
microwave waveform generation are reviewed. All the four different
techniques that are implemented using fiber optic devices are
discussed. The use of the techniques to generate frequency-chirped
and phase-coded microwave waveforms is discussed. The challenges
in implementation the systems for practical applications are also
discussed.

2. Direct space-to-time pulse shaping

Arbitrary waveform generation can be realized based on direct
space-to-time (DST) mapping [1–11], in which an arbitrary optical
pulse sequence is generated in the optical domain and then applied to
a high-speed optical-to-electrical converter to generate a microwave
waveform. By this technique, reprogrammable cycle-by-cycle synthe-
sis of an arbitrarily shaped phase-coded or frequency-chirped
waveform could be implemented. In the system, a bandwidth-limited
optical-to-electrical converter was usually used to convert an optical
pulse burst consisting of isolated optical pulses into a smooth
microwave waveform. Fig. 1 shows a DST mapping system in which
an ultrashort optical pulse from a pulsed laser source is sent to an
optical pulse shaper to generate a pulse burst, with the pulse spacing
increasing temporally. The pulse burst is then applied to an optical-to-
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electrical converter or a photodetector (PD). Due to the bandwidth-
limited nature of the PD, the high-frequency components are eliminated
and a smooth frequency-chirped microwave waveform is generated.

The key device in the DST mapping system is the optical pulse
shaper. It could be implemented using free-space optical components
[1–8], but with large size, high loss and poor stability. A simpler but
more effective solution is to generate a pulse burst using an arrayed
waveguide grating (AWG) [9–11], as shown in Fig. 2. An ultra-short
pulse is launched into the AWG through an amplitudemask. Due to the
different time delays resulted from the different physical lengths of the
waveguides in the AWG, a pulse burst with temporally spaced pulses is
generated. To generate a pulse burst with the desired temporal pattern,
the input amplitude mask can be configured to block the light from
going into some of the optical waveguides. The use of the AWG-based
pulse shaper to generate a pulse burst of more than 30 pulses as an
ultrafast optical data packet over approximately an 80-ps temporal
window was demonstrated [9]. The generation of high-repetition-rate
femto-secondWDM pulses was also demonstrated [10].

The theory behind the generation of a microwave arbitrary waveform
using a DSTmapping system is that thewaveform to be generated can be
obtained by filtering the pulse burst using a band-limited filter [12]. We
recently demonstrated that a temporally spaced pulse burst, such as a
pulse burst with increasing or decreasing temporal spacing, would have a
multi-channel spectral response,withone channelhaving a spectrumthat
corresponds to the spectrum of the waveform to be generated [12]. Fig. 3
shows the generation of a linearly chirped microwave waveform from a
pulse burst with increasing pulse spacing through bandpass filtering. As
canbe seen the+1st order channel has a spectral response that is equal to
that of a linearly chirpedmicrowavewaveform. By employing a bandpass
filter to select the +1st order channel, a linearly chirped microwave
waveform would be generated. In the following, a brief mathematical
derivation is provided to show the generation of an arbitrary microwave
waveform through pulse positionmodulation [13] and bandpass filtering.

A uniformly-spaced intensity-modulated optical pulse burst pT(t),
in which the kth pulse has a time delay of τk=kT, where T is the time-
delay difference between two adjacent pulses, can be expressed as

pT tð Þ = ∑
N

k=1
αkg t−kTð Þ; ð1Þ

where g(t) is a single short pulse, αk is the coefficient weighted on the
kth pulse, and N is the number of the pulses in the pulse burst. The
pulse burst can be expressed in another form,

pT tð Þ = g tð Þ � ∑
N

k=1
αkδ t−kTð Þ = g tð Þ� a tð Þ × s tð Þ½ � ð2Þ

where a(t) is the weight profile which is given as a(kT)=αk for
1≤k≤N, otherwise a(t)=0; s(t) is an unit impulse train given by
s tð Þ = ∑

k
δ t−kTð Þ, and ⁎ denotes the convolution operation.

The spectrum of the pulse burst, PT(ω), can be calculated by the
Fourier transform,

PT ωð Þ = G ωð Þ × 1
2π

A ωð Þ�∑
m

2π
T

δ ω−mΩð Þ
� �

= ∑
m

1
T
G ωð ÞA ω−mΩð Þ

ð3Þ

where Ω=2π/T, A(ω) is the Fourier transform of a(t), and G(ω) is
the spectrumof the short pulse g(t). Since the pulse g(t) is usually ultra-
short, its spectrum G(ω) changes much slower compared with
A(ω−mΩ) within the bandwidth at Ω. Therefore, the change of G(ω)
within the mth channel could be ignored, and G(ω) can be approxi-
mated as G(mΩ). Thus, the pulse burst has a multi-channel spectral
response, with all channels having the same spectral profile A(ω) and
themth channel being located atmΩ.

If a microwave bandpass filter with its bandpass located atω=mΩ
is used in the system, the spectrum of the mth channel of the pulse
burst is selected. As a result, the signal at the output of the microwave
bandpass filter is given by

P ωð Þ≈ 1
T
G mΩð ÞA ω−mΩð Þ: ð4Þ

In the time domain, the output microwave signal, p(t), is the
inverse Fourier transform of Eq. (4), which is given by

p tð Þ = 1
T
G mΩð Þa tð Þ × exp jmΩtð Þ

=
1
T
G mΩð Þ a tð Þj × exp j φ tð Þ + mΩt½ �f gj

ð5Þ

where φ(t) is the phase response of a(t). We can clearly see that the
output signal is a microwave signal with a central frequency located
atmΩ. The generated phasemodulation is just the phase of the weight
profile, φ(t).

Based on Eq. (5), we can see if an arbitrary microwave waveform is
generated then a(t) should be a function having an arbitrary phase
response. While in a DST mapping system, since only the power of the
individual pulse is detected at the PD, the coefficients, αk, are always
positive. Therefore, the required phase response φ(t) cannot be
introduced. A solution to this problem is to introduce a phase shift
through varying the spacing of the pulse burst, which is also called pulse
positionmodulation. For a specific frequency, a time shift corresponds to
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Fig. 3. Generation of a chirped microwave waveform from a pulse burst with increasing
pulse spacing through bandpass filtering.Fig. 1. Arbitrary waveform generation based on direct space-to-time (DST) mapping.
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Fig. 2. Optical pulse shaper based on an arrayed waveguide array.
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a phase shift, and the inclusionof thephase shiftwouldmake theweight
profile be complex-valued, leading to the generation of an arbitrary
microwave waveform.

Assume a function f(t) is introduced to describe the pulse position
modulation, that is, s t + f tð Þð Þ = ∑

k
δ t + f tð Þ−kTð Þ, a new optical

pulse burst is given by

p̃T tð Þ = g tð Þ � a tð Þ × s t + f tð Þ½ �f g: ð6Þ

With the introduction of f(t), the time spacing of the pulse burst is
no longer uniform. Based on Fourier Series expansion, s(t) can be
expressed by its Fourier series, s tð Þ = ∑

m

1
T exp jmΩtð Þ. By variable

substitution, Eq. (6) can be written as

p̃T tð Þ = g tð Þ �∑
m

1
T
a tð Þexp jmΩf tð Þ½ � × exp jmΩtð Þ: ð7Þ

Note that the above equation is obtained by variable substitution,
it is no longer a Fourier series expansion (an aperiodic signal does not
have a Fourier series expansion).

Since g(t) is ultra-short, we may model it as an unit impulse, that
is, g(t)=δ(t), where δ(t) is the Dirac delta function. Thus, Eq. (7) can
be approximated as

p̃T tð Þ≈∑
m

1
T
a tð Þexp jmΩf tð Þ½ � × exp jmΩtð Þ: ð8Þ

It is clearly seen from Eq. (8) that the nonuniformly-spaced pulse
burst is expressed as the sum of multiple bandpass microwave signals
with different central frequencies. If T is sufficiently small such that
themth channel is not interfered by its adjacent channels, the spectral
component at mΩ can be filtered out by a microwave bandpass filter
with its central frequency atmΩ. Then the output microwave signal is
now given by

p̃ tð Þ = 1
T

a tð Þexp jmΩf tð Þ½ �f g × exp jmΩtð Þ: ð9Þ

Comparing Eq. (9) with Eq. (5), we can see that an additional
phase modulation is introduced to the microwave signal due to the
pulse position modulation introduced by f(t). Therefore, although the
weight coefficients are all positive, by using a specially designed pulse

burst with pulse position modulation, an arbitrary microwave
waveform can be obtained.

For example, to generate a phase-coded microwave waveform, if
the phase modulation function is φ(t), then the relationship between
the pulse position modulation function f(t) and the desired phase
modulation can be obtained by letting φ(t)=mΩf(t) or

f tð Þ = φ tð Þ
mΩ

: ð10Þ

Substituting Eq. (10) into Eq. (6), we get the time delay of each
pulse in the pulse burst,

τk +
φ τkð Þ
mΩ

= kT : ð11Þ

Considering the property of the Dirac function, the coefficients can
also be obtained, which are given by

αk = j a τkð Þ
1 + φ′ τkð Þ=mΩ j: ð12Þ

Based on the analysis we conclude that if a pulse burst with a pulse
position modulation described by Eq. (11) with the coefficients given
by Eq. (12), a microwave signal with a central frequency located at
mΩ and a phase modulation of a(t)exp[ jφ(t)] are then obtained at the
output of a microwave bandpass filter with its central frequency
located at mΩ.

3. Spectral-shaping and wavelength-to-time mapping

Arbitrary waveform generation can be realized based on spectral-
shaping andwavelength-to-timemapping. The fundamental principle
of the technique is shown in Fig. 4(a). The system consists of a pulsed
source, a spectral shaper and a dispersive element. The spectral shaper
is used to modify the spectrum emitted from the pulsed laser source,
which can be a passively or actively mode-locked laser source. The
shaped spectrum then undergoes wavelength-to-time mapping in a
dispersive device, which can be a length of dispersive fiber or a
chirped fiber Bragg grating. A microwave waveform is generated in
the electrical domain at a high-speed photodetector. If the dispersive
element is a length of fiber with a value of dispersion ofΦ

··
, for an input

Fig. 4. Arbitrary waveform generation based on spectral-shaping and wavelength-to-time mapping. (a) Schematic of a microwave waveform generation system based on spectral-
shaping and wavelength-to-time mapping. (b) Illustration of wavelength-to-time mapping in a dispersive element.
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pulse g(t) with a temporal width of Δt0, the signal at the output of the
dispersive element is given

y tð Þ = g tð Þ � exp j
t2

2Φ
··

 !
= ∫∞

−∞
g τð Þ × exp j

t−τð Þ2
2Φ
··

" #
dτ

= exp j
t2

2 Φ̈

 !
× ∫∞

−∞
g τð Þ × exp j

τ2

2 Φ̈

 !
× exp −j

t
Φ̈

� �
τ

� �
dτ

≈ exp j
t2

2 Φ̈

 !
× ∫∞

−∞
g τð Þ × exp −j

t
Φ̈

� �
τ

� �
dτ

= exp j
t2

2 Φ̈

 !
× G ωð Þ j

ω=
t
Φ̈

ð13Þ

where G(ω) is the Fourier transform of g(t).
As can be seen the output signal envelope is proportional to the

Fourier transform of the input signal envelope. Note that Eq. (13) is
obtained if the duration of the input ultrashort pulse, Δt0, and the
second-order dispersion Φ

··
of the dispersive element satisfy the

following condition,

jΔt202 Φ̈ jbb1; ð14Þ

which means the phase term
τ2

2 Φ̈
in Eq. (13) satisfies

τ2

2 Φ̈
≤Δt20

2 Φ̈
bb1,

thus we have exp j
τ2

2 Φ̈

� �
≈1 [14].

The wavelength-to-time mapping is illustrated in Fig. 4(b). If the
input to the dispersive device is a rectangular pulse, then the output
temporal waveform should be a sinc function. As can be seen, the key
device in the arbitrary microwave waveform generator is the spectral
shaper, which should be designed to have a magnitude response that
canmake the shaped spectrumhave the same shape as themicrowave
waveform to be generated.

Based on this concept, a few approaches to generating chirped
microwave waveforms [15–23] were demonstrated. The main effort
in these approaches is to design an optical spectral shaper that has a
magnitude response with its shape identical to that of the microwave
waveform to be generated. Fig. 5(a) shows a spectral-shaping and
wavelength-to-time mapping system for the generation of a chirped
microwave waveform [17]. An ultra-short pulse from a mode-locked
laser is sent to an optical spectral shaper. For chirped microwave
waveform generation, the magnitude response of the optical spectral
shaper should have an increasing or decreasing free spectral range
(FSR)which is termed chirped FSR in [17]. The spectrum-shaped pulse
is then sent to a dispersive element, which is a length of single-mode
fiber (SMF), as shown in Fig. 5(a). To obtain a spectral response with a
chirped FSR, the spectral shaper is designed by superimposing two
chirped fiber Bragg gratings with different chirp rates into a same

fiber with a small longitudinal offset, as shown in Fig. 5(b). Distributed
Fabry–Perot interference is then produced in the fiber due to the
reflections between the two chirped fiber Bragg gratings. This
generates an in-fiber optical filter with an FSR inversely proportional
to the cavity length L. Since the two chirped fiber Bragg gratings have
different linear chirp rates, the equivalent cavity length L varies
linearly with respect to optical wavelength λ. As a result, the FSR is
not constant but is increasing or decreasing with respect to optical
wavelength.

From Fig. 5(b), we can see the equivalent cavity length L is linearly
proportional to the wavelength λ within the filter bandwidth,

L λð Þ = d +
C1−C2

C1C2
λ−λ0ð Þ ð15Þ

where C1 and C2 are the chirp rates of the two chirped fiber Bragg
gratings (in nm/mm), d is the longitudinal offset, and λ0 is the start
wavelength.

The FSR of the distributed Fabry–Perot filter is given by

FSR≅ λ2
0

2neff L λð Þ ð16Þ

where neff is the effective refractive index of the fiber. After the
dispersion-induced linear frequency-to-time mapping, the FSR is
mapped to the temporal period of the generated chirped pulse,
namely, Δτ, with a mapping relationship λ→ t/χ, where χ (ps/nm) is
the total dispersion of the SMF.

For simplicity, the instantaneous microwave carrier frequency of
the generated temporal pulse, fRF, can be approximated by the
reciprocal of the temporal period Δτ.

fRF tð Þ = 1
Δτ

= 2neff
C1−C2

C1C2
×

t
λ2
0χ

2 −
1

λ0χ

 !
+

d
λ2
0χ

" #
ð17Þ

It can be seen that the frequency of the microwave waveform is
linearly proportional to time t, therefore the generated microwave
waveform is linearly chirped. For the SMF with a given length, the
central carrier frequency of the generated chirped pulse at t=0 is
dependent only upon the longitudinal offset d. The chirp rate of the
generated pulse is determined by the chirp rates of the two chirped
fiber Bragg gratings. Therefore, by choosing the longitudinal offset and
the chirp rates of the chirped fiber Bragg gratings, a linearly chirped
microwave waveform with a high central frequency and a large chirp
rate can be generated.

The major limitation of the approach in [17] is that the optical
spectral shaper, once fabricated, is not reconfigurable. For many
applications, however, it is expected that the chirp rate and the center
frequency of themicrowave chirpedwaveform can be tunable. To solve

Fig. 5. Chirped microwave waveform generation based on spectral-shaping and wavelength-to-time mapping. (a) Schematic of the chirped microwave pulse generation system.
(b) Optical spectral shaper consisting of two superimposed chirped fiber Bragg gratings with different chirp rates and a small longitudinal offset. MLL: mode-locked laser; SI-CFBG:
superimposed chirped fiber Bragg grating; SMF: single mode fiber; PD: photodetector.
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this problem, we proposed an optical spectral shaper that is a Sagnac-
loop mirror incorporating a chirped fiber Bragg grating [18]. Similar to
the superimposed chirped fiber Bragg gratings in [17], due to the
incorporation of a chirped fiber Bragg grating, the Sagnac-loop mirror
would have a distributed Fabry–Perot interference due to the reflections
from the two opposite directions of the chirped fiber Bragg grating.
Thus, an in-fiber optical filter with an FSR that is inversely proportional
to the length difference would be formed. Since the reflection point is
wavelength dependent, the equivalent length difference varies linearly
with respect to optical wavelength λ. As a result, the FSR is not constant
but is increasing or decreasing with respect to the optical wavelength.

Fig. 6 shows the optical spectral shaper based on an all-fiber
Sagnac-loop mirror incorporating a chirped fiber Bragg grating [18].
The Sagnac-loop mirror is constructed from a fused 3-dB fiber coupler
spliced to the terminals of the chirped fiber Bragg grating, which is
located approximately at the middle point of the fiber loop. A tunable
delay-line (TDL) is located in the fiber loop to finely tune the time-
delay difference between two fiber lengths L1 and L2. A polarization
controller (PC) is also placed in the loop to optimize the visibility of
the interference pattern at the output of the loop mirror. A three-port
optical circulator is used to direct the ultrashort pulse into the loop
mirror and to output the spectrum-shapedpulse forwavelength-to-time
mapping.

Mathematically, the Sagnac-loop mirror incorporating a chirped
fiber Bragg grating can be modeled as a two-tap delay-line filter. The
transfer function of the Sagnac-loop mirror is expressed as

T λð Þ = 1
2
W λð Þ 1 + cos

2πneff

λ
2ΔL

� �� �
; jλ−λ0j≤ Bλ

2

� �
ð18Þ

where W(λ) is the intensity reflection spectrum of the chirped fiber
Bragg grating with a bandwidth Bλ, and neff is the effective refractive
index of the fiber core. ΔL=L1−L2 is the fiber length difference, with
L1 and L2measured from the center of the chirpedfiber Bragg grating to
the fiber coupler along the clockwise and counterclockwise paths as
shown in Fig. 6. Thefiber length differenceΔL comes from two sources:
the wavelength-independent path difference, ΔL0, and the wave-
length-dependent fiber length difference introduced by the chirp of
the chirped fiber Bragg grating, ΔL(λ). ΔL0 can be controlled to be
either a positive or a negative value by tuning the TDL in the fiber loop.
ΔL(λ) is determined by the bandwidth and the chirp parameter of the
chirped fiber Bragg grating, and can be calculated using ΔL(λ)=δλ/C,
where δλ (nm) is the wavelength detuning from the center wavelength
λ0, and C (nm/cm) is the chirp parameter of the chirped fiber Bragg
grating. Then the filter transfer function T(λ) can be rewritten as

T λð Þ = 1
2
W λð Þ 1 + cos

4πneff

λ2
0

λ ΔL0 +
δλ
C

� �" #( )
: ð19Þ

Since the linearly chirped fiber Bragg grating is located in the fiber
loop, an optical signal with different wavelengths will be reflected
from a different position in the chirped fiber Bragg grating. As a result,
an optical spectral filter with a wavelength-dependent FSR is formed.
The FSR of the optical spectral filter response is a function of the
wavelength and can be expressed as

FSR =
λ2

2neff jΔLj
=

λ2
0

2neff j δλC + ΔL0j ð20Þ

According to Eq. (20), by properly choosing the parameters of the
chirped fiber Bragg grating and by controlling the TDL in the fiber
loop, the FSR of the Sagnac-loop mirror can be controlled.

After the spectrum-shaped optical pulse propagates through the
dispersive element and is detected by the high-speed PD, the shaped
spectrum is mapped into a temporal microwave pulse as T(λ)→y(t)
thanks to the dispersion-induced linear wavelength-to-time map-
ping. Assume that the input ultrashort optical pulse is a unit impulse,
according to the mapping relationship λ→ t/χ, the time-domain
waveform is given by

y tð Þ = 1
2
W

t
χ

� �
1 + cos

4πneff

λ2
0χ

t ΔL0 +
δt
Cχ

� �" #( )
ð21Þ

where δt is the time detuning from the center of the temporal
waveform, which is given by the mapping relationship δλ→δt/χ. The
time-domain pulse duration ΔT of the generated microwave pulse is
determined by the window function W(t/χ), and is calculated by
ΔT=Bλχ. Considering that the pulse width of the input ultrashort
optical pulse is not zero, the detected pulse envelope should be
modified by adding an envelope r(t),

y tð Þ = 1
2
r tð ÞW t

χ

� �
1 + cos

4πneff

λ2
0 χ

t ΔL0 +
δt
Cχ

� �" #( )
ð22Þ

where r(t) is the pulse envelope after the input pulse passing through
the dispersive element. Assuming that the input ultrashort optical
pulse has a Gaussian envelope as g(t)∝exp(− t2/Δt02), where Δt0 is
the half pulse-width at 1/e maximum, then the envelope of output
pulse from a dispersive element will maintain the Gaussian shape, but
with a broadened pulse width of jΦ··j=Δt0. Actually, the envelope r(t) is
a scaled version of the spectrum envelope of the input pulse, which is
mapped to the time domain thanks to the dispersion-induced
frequency-to-time mapping in the chirped fiber Bragg grating.

The instantaneous microwave carrier frequency of the generated
waveform can be obtained from the phase term of Eq. (22), which is
expressed as

fRF δtð Þ = 1
2π

×
dΨ
dt

=
2neff

λ2
0χ

jΔL0j−þ
δt
Cχ

� �
: ð23Þ

It is shown that the generated microwave waveform is linearly
chirped. For a given dispersive element, the central microwave carrier
frequencyof the generated chirpedmicrowavepulse is only determined
by the absolute value of wavelength-independent fiber length differ-
ence ΔL0. Therefore, the central frequency of the generated microwave
chirped waveform can be tuned by simply tuning ΔL0. The chirp rate of
the generated microwave waveform, given by

CRRF = dfRF δtð Þ= dδt = −þ2neff = Cλ2
0χ

2
� �

; ð24Þ

is only dependent on the dispersion of the chirped fiber Bragg grating.
The signof the chirp rate corresponds to thepositive andnegative values
ofΔL0. Therefore, by appropriately controlling the TDL and choosing the

Fig. 6. An all-fiber optical spectral shaper consisting of Sagnac-loopmirror incorporating
a chirped fiber Bragg grating. FC: fiber coupler; TDL: tunable delay-line; CFBG: chirped
fiber Bragg grating; PC: polarization controller.
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dispersion of the chirped fiber Bragg grating, a linearly chirped
microwave pulse with a high central frequency and a tunable chirp
rate can be generated. Fig. 7 shows the spectra of a Gaussian pulse
after spectral shaping by the Sagnac-loop mirror for different ΔL0. The
corresponding temporal domain waveforms after wavelength-to-time
mapping are also shown.

In [17] and [18], the spectral shaper for spectrum shaping and the
dispersive element for wavelength-to-timemapping are two separate
components. In fact, the two components can be a single component
if the magnitude response and the group delay response can be
individually controlled to perform simultaneously spectrum shaping
and wavelength-to-timemapping. In [19], a single chirped fiber Bragg
grating was employed to perform the two functions, as shown in
Fig. 8(a).

The key component in the system is the linearly chirped fiber Bragg
grating, which should be designed to have a magnitude as well as a
group delay response that can fulfill the requirements for both spectral
shaping and wavelength-to-time mapping. Different techniques have
been proposed to synthesize an FBG, such as the well-known discrete
layer-peeling (DLP) algorithm [24–26] and the Gelfand–Levitan–
Marchenko (GLM) inverse scattering algorithm [27].

Here a simplifiedapproach is employed to synthesize the LCFBG [19].
Fig. 8(b) shows the magnitude and the group delay response of a
linearly chirped fiber Bragg grating. The magnitude response has an
increasing FSR and the group delay response is linear. Thanks to the
inherent linear group delay response, a linearly chirped fiber Bragg

grating can always act as a linear wavelength-to-time mapper.
Therefore, the focus of the work is to synthesize the grating refractive
index modulation profile from the target grating magnitude response.
The synthesis is performed based on an accurate mapping of grating
reflection response to the refractive indexmodulation [19].We can first
set up the mapping relationship by applying a linearly increasing index
modulation function to a test grating with the use of a linearly chirped
phase mask and then measuring the grating reflection spectrum. A
linear indexmodulation function isfirst constructed,which is expressed
as

ΔnL zð Þ = Δnmax
z
L
exp j

2πz
Λ0

� �
exp −j

2πC z−L=2ð Þ2
Λ2
0

" #
ð25Þ
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Fig. 7. The spectra of an optical Gaussian pulse after spectral shaping by the Sagnac-loop mirror and the corresponding temporal waveforms. (a) A symmetrical FSR (ΔL0=0), (c) an
increasing FSR (ΔL0=−9.7 mm), and (e) a decreasing FSR (ΔL0=6.9 mm). The generated time-domain waveforms with (b) a symmetrical chirp rate and a zero central frequency,
(d) a negative chirp rate and a central frequency of 22.3 GHz, and (f) a positive chirp rate and a central frequency of 16.1 GHz.
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Fig. 8. (a) A microwave arbitrary waveform generator basd on spectral-shaping and
wavelength-to-timemapping using a single linearly chirped fiber Bragg grating. (b) The
magnitude and phase responses of the linearly chirped fiber Bragg grating. MLL: mode-
locked laser, LCFBG: linearly chirped fiber Bragg grating, PD: photodetector.
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where Λ0 is the grating period at the center of the linearly chirped
fiber Bragg grating, L is the length of the linearly chirped fiber Bragg
grating, and C is the grating chirp rate. We can imprint the index
modulation function in Eq. (25) into the test grating using a given
linearly chirped phase mask. Then the reflection spectrum Rtest(λ) of
the fabricated test grating is measured. By equally dividing the grating
into N consecutive segments with positions zi (1≤ i≤N), we can get
the sampled reflection spectrum Rtest(λi) thanks to the unique
mapping relationship between ΔnL(zi) and Rtest(λi).

For a grating with a target reflection spectrum Rtgt(λ), we can
compare it with the test grating response Rtest(λi) wavelength by
wavelength and then determine the desired index modulation
function ΔnD(zi) by querying the linear index modulation function
ΔnL(zi) segment by segment. Therefore, by applying the amplitude-
only index modulation ΔnD(zi) under the same experimental
condition, a desired linearly chirped fiber Bragg grating with the
target reflection spectrum can be easily fabricated with the current
FBG fabrication technology.

To improve the reconfigurability, recently an integrated arbitrary
microwave waveform generator that incorporates a fully-program-
mable spectral shaper fabricated on a silicon photonic chip was
demonstrated [20]. The spectral shaper consists of a cascade of multi-
channel microring resonators on a silicon photonics platform that is
compatible with electronic integrated circuit technology. The system
reconfigurability is achieved by thermally tuning both the resonant
frequencies and the coupling strengths of the microring resonators.
Two generations of the microring spectral shaper were developed. In
the first generation system, the resonators have a ring structure with
the central wavelength of each resonator independently tuned by a
micro-heater placed above the microring, and have a tuning speed at
millisecond to microsecond range. Since the heating of the ring has
little impact on the coupling efficiency, which is crucial in controlling
the magnitude profile of the spectral shaper, a coupler with a Mach–
Zehnder structure in the input port of each microring was added in
the second generation system. By thermally tuning the phase shift
between the two arms, the coupling coefficient into a ring can be
adjusted. It was demonstrated that for each resonant frequency, full
tuning from the on state (no dip) to the off state can be achieved. By
incorporating the spectral shaper into a photonic arbitrary microwave
waveform generation system, a variety of different waveforms are
generated including those with an apodized amplitude profile,
multiple π phase shifts, two-tone waveforms and frequency-chirped
waveforms [20].

More recently, we demonstrated a more flexible approach to the
generation of microwave arbitrary waveforms using a single spatially
discrete chirped fiber Bragg grating (SD-CFBG) [21]. The SD-CFBG
functions to perform simultaneously spectral slicing, frequency-to-
time mapping, and temporal shifting of the input optical pulse, which
leads to the generation of an optical pulse burst with the individual
pulses in the burst temporally spaced by the time delays determined
by the SD-CFBG. With the help of a bandpass filter, a smooth
microwave waveform is obtained. The SD-CFBG is fabricated using a
linearly chirped phase mask by axially shifting the photosensitive
fiber to introduce a spatial spacing between two adjacent sub-gratings
during the fabrication process. By properly designing the fiber shifting
function, a large time-bandwidth-product microwave arbitrary
waveform with the desired frequency chirping or phase coding can
be generated. The photonic generation of large TBWP microwave
waveforms with a linear, nonlinear and stepped frequency chirping
was experimentally demonstrated.

Instead of using a dispersive element with only the second-order
dispersion for linear wavelength-to-time mapping, a dispersive
element with both the second- and third-order dispersion can be
used to achieve nonlinear wavelength-to-time mapping. For the case
of chirped microwave waveform generation, for example, if a
dispersive element with both the second- and third-order dispersion

is employed, a chirped microwave waveform can be generated using
an optical spectral shaper with a uniform FSR, which would simplify
the implementation [22,23].

If the dispersion up to the third order is considered, then a new
wavelength-to-time mapping function would be used, which is given
by [28]

ω =
t

Φ̈
− Φ

:::
t2

2Φ̈3 ; ð26Þ

where Φ
:::

is the third-order dispersion. Assume that the spectral shaper
is a Sagnac-loop filter, the transfer function of the two-tap Sagnac-loop
filter is given by

H ωð Þ = 1
2

1 + cos ωτ0ð Þ½ � ð27Þ

where τ0 is the time-delay difference between the two taps. Based on
wavelength-to-time mapping, a microwave waveform to be generated
is given

i tð Þ = r tð Þ × 1
2

1 + cos
t
Φ̈
− Φ

:::
t2

2Φ̈3

 !
τ0

" #
ð28Þ

where r(t) is again the pulse envelope. If the input short pulse from the
mode-locked laser is a Gaussian pulse, the output pulse envelope r(t)
can be analytically expressed using the Airy function [22].

The instantaneous microwave carrier frequency of the obtained
waveform can be written as

ωRF tð Þ = d
dt

t

Φ̈
− Φ

:::
t2

2Φ̈3

 !
τ0 =

τ0
Φ̈

− Φ
:::
τ0

Φ̈3 t: ð29Þ

As can be seen, the frequency of the microwave carrier is not
constant, but a function of time. The microwave waveform is linearly
chirped.

4. Temporal pulse shaping

Microwave waveforms can also be generated based on temporal
pulse shaping (TPS) [29–32]. A TPS system usually consists of a mode
locked laser source, a pair of complementary dispersive elements and
a modulator. The modulator can be a MZM [30,31] or a phase
modulator [32]. Fig. 9 shows a schematic of a TPS system, in which the
modulator is a MZM.

Again, if Δt20 =Φ̈jbb1�� , where Δt0 is the temporal width of the input
short pulse, the electrical field of the short pulse g(t) after propagating
through the first dispersive element with a dispersion of − Φ̈ can be
expressed as [14]

p tð Þ = g tð Þ � exp j
t2

2Φ̈

 !
= ∫∞

−∞ g τð Þ × exp j
t−τð Þ2
2Φ̈

" #
dτ

= exp j
t2

2Φ̈

 !
∫∞
−∞ g τð Þ × exp j

t2

2Φ̈

 !
× exp j − t

Φ̈

� �
τ

� �
dτ

≈ exp j
t2

2Φ̈

 !
∫∞
−∞ g τð Þ × exp j − t

Φ̈

� �
τ

� �
dτ

= exp j
t2

2Φ̈

 !
G ωð Þ j

ω=
t

Φ̈

ð30Þ
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where G(ω) is the Fourier transform of g(t). The signal at the output of
the MZM,

q tð Þ = p tð Þ × x tð Þ = exp j
t2

2Φ̈

 !
× G

t
Φ̈

� �
× x tð Þ ð31Þ

where x(t) is the input microwave signal to the MZM.
After propagating through the second dispersive element that has

an opposite chromatic dispersion Φ̈, we obtain the output temporal
signal as the convolution of q(t) with the impulse response of the
dispersive element exp −jt2 = 2Φ̈

	 

,

y tð Þ = q tð Þ �exp −j
t2

2Φ̈

 !
= ∫∞

−∞q τð Þ × exp −j
t−τð Þ2
2Φ̈

" #
dτ

= exp −j
t2

2Φ̈

 !
× ∫∞

−∞q τð Þ × exp −j
τ2

2Φ̈

 !
× exp j

t
Φ̈

� �
τ

� �
dτ

=exp −j
t2

2Φ̈

 !
×∫∞

−∞exp j
τ2

2Φ̈

 !
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τ
Φ̈
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= 2πjΦ̈jexp −j
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2Φ̈

 !
× g −tð Þ � X − t
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� �� � ð32Þ

where F denotes the Fourier transform operation, * denotes the
convolution operation, and X(ω) is the Fourier transform of x(t).

As can be seen from Eq. (32) the output waveform is a convolution
between the input optical pulse and the Fourier transform of the input
modulation signal. If the input optical pulse is ultra short, say, a unit
impulse function, the convolution of a function with a unit impulse is
the function itself, then the generated waveform is simply the Fourier
transform of the modulation signal. Based on the property of Fourier
transform, a slow waveform would lead to the generation of a fast
waveform with narrow temporal width.

The major challenge in implementing a TPS system is the
complexity in the modulation stage since the modulation signal is
usually complex-valued. For example, to generate a non-symmetrical
waveform, based on Fourier transform property, the modulation
signal is complex valued. Therefore, in the modulation stage an
amplitude modulator and a phase modulator must be employed, and
the magnitude and phase information must be precisely synchro-
nized, which makes the system extremely complicated. Considering
the fact that the Fourier transform of a real and symmetrical

waveform is still real and symmetrical, it is possible to use an MZM
that is biased at theminimum transmission point to perform temporal
spectrum shaping with a real signal that has both positive and
negative values [33]. With this concept, waveforms such as square
waves, rectangular waves, triangular waves or doublet can be easily
generated.

The TPS systems in [30–33] were employed for the generation of
optical waveforms. In fact, the TPS technique can be extended for the
generation of high-frequency microwave waveforms. Recently, the
generation of a microwave waveform with a continuously tunable
frequency by use of an unbalanced temporal pulse shaping system
was proposed [34]. As can be seen from Eq. (32), in a conventional TPS
system the output waveform is the Fourier transformation of the
input modulation signal. If a second Fourier transformation is applied
to the output waveform of a conventional TPS system, the finally
generated waveform would be a scaled version of the input
modulation signal. The second Fourier transformation can be
performed by adding a third dispersive element, the entire system
is then called an unbalanced TPS system. The schematic of the system
is illustrated in Fig. 10.

In general, the values of the third-order dispersion of the two
dispersive elements are small and negligible, and only the second-
order dispersion or group velocity dispersion (GVD) is considered.
The dispersive elements can then be characterized by the transfer
function given by Hi ωð Þ = exp −jΦ̈iω2 = 2

	 

; i = 1;2ð Þ, where Φ̈1 and

Φ̈2 (ps2) are the dispersion of the two dispersive elements. In the
unbalanced TPS system, the dispersion values should satisfy Φ̈1Φ̈2 b 0,
and Φ̈1j≠ Φ̈2j

���� . Therefore, the entire unbalanced TPS system can be
modeled as a typical TPS system with a pair of complementary
dispersive elements, followed by a residual dispersive element with a
transfer function of H3 ωð Þ = exp −jΦ̈3ω2 = 2

	 

, where Φ̈3 = Φ̈1 + Φ̈2

is defined as the residual dispersion.
Mathematically, when a continuous-wave x(t)=exp(jωmt) with

an angular frequency of ωm is applied to a MZM, the modulated signal
eIM(t) at the output of the MZM is given by eIM(t)=exp(jω0t)×{exp
[jβx(t)]+exp[− jβx(t)+ jϕ0]}. Based on Taylor expansion, we have

eIM tð Þ = exp jω0tð Þ × ∑
∞

n=0

jβx tð Þ½ �n
n!

+ e jϕ0 ∑
∞

n=0

−jβx tð Þ½ �n
n!

� �
; ð33Þ

where β is the phase modulation index, ϕ0 is a phase shift introduced
by the dc bias. To make theMZM operate at theminimum transmission
point for the suppression of the optical carrier, a dc voltage is applied to
the MZM to introduce a π phase shift (i.e., ϕ0=π) between the two
arms of the MZM. If the modulation index β is sufficiently small, eIM(t)
can be approximated to be eIM(t)≈exp(jω0t)×[2jβx(t)]. Therefore, the
modulation function of the MZM biased at the minimum transmission
point is 2jβx(t).

It is known that if the first dispersive element has an adequate
dispersion, i.e., Δt20 = Φ̈jbb1�� , Δt0 is the pulse width of the input optical
pulse g(t), the output signal of the typical TPS system, s(t), shown in
Fig. 10(b), is the convolution between the input signal and the Fourier
transform of the modulation function,

s tð Þ∝g tð Þ � EIM ωð Þ jω= t =Φ̈1
= J1 βð Þ g t−T1ð Þ + g t + T1ð Þ½ � ð34Þ

where EIM(ω) is the Fourier transform of eIM(t), * denotes the
convolution operation, and T1 = ωmΦ̈1j= 2π

�� . Therefore, two time-
delayed replicas of the input pulse are generated at the output of the
typical TPS system, which correspond to the two optical sidebands at
the output of the DSB-SC modulator.

The electrical field at the output of the entire unbalanced TPS
system, y(t), is obtained by propagating s(t) through the residual

Pattern 
Generator

( )x tbiasV

MZM

Sync

MLL
( )y t

Φ−Φ

( )p t ( )q t( )g t

Fig. 9. Schematic a TPS system for arbitrary waveform generation.
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dispersive element. If T2
1 = 2Φ̈3jbb1

�� is satisfied, then y(t) can be
approximated by the real-time FT of s(t) in the residual dispersive
element [34],

y tð Þ≈ exp jt2 = 2Φ̈3

� �h i
S ωð Þ jω= t =Φ̈3

= exp jt2 = 2Φ̈3

� �h i
J1 βð ÞG t = Φ̈3

� �
cos tT1=Φ̈3

� � ð35Þ

where G(ω) is the Fourier transform of the input pulse g(t).
The current at the output of the PD is proportional to the intensity

of the input electrical field, which is given by

I tð Þ = Rjy tð Þj2 = K exp − t2

τ2

 !
1 + cos 2π

2T1
Φ̈3

t

 !" #
ð36Þ

where R is the responsivity of the PD, K=RJ1
2(β)πΔt02/2 is a time-

independent constant, and τ =
ffiffiffi
2

p
ΔΦ̈ =Δt0 is the output pulse width.

A frequency-multiplied microwave signal is generated, which is a
pulsed microwave signal with a Gaussian envelope. The new carrier
frequency is

ωRF = 2πj2T1 =ΔΦ̈j = ωmj2Φ̈1 = Φ̈3j ð37Þ

From Eq. (37) we can conclude that the frequency multiplication
factor M = ωRF =ωm = 2jΦ̈1 = Φ̈3j is determined by both the stretch-
ing dispersion Φ̈1 and the residual dispersion Φ̈3. Fig. 11 shows the
simulation results of an unbalanced TPS system for the generation of a
microwave waveform with tunable carrier frequency. Note that the
MZM in the unbalanced TPS system is biased at the minimum
transmission point to suppress the optical carrier. If theMZM is biased

at the quadrature point, double-sideband modulation would be
resulted. The use of double-sideband modulation would cause the
dispersion-induced power cancelation, leading to a reduced fringe
visibility, as shown in Fig. 12.

If the dispersion up to the third order is considered, then a new
wavelength-to-time mapping function would be used, which is given
in Eq. (26), then, the signal q(t) at the output of the MZM is given by

q tð Þ = eIM tð Þ × G ωð Þj
ω= t

Φ̈1
− Φ

:::

1 t
2

2Φ̈3
1

= 2jβx tð Þ½ �×G ωð Þj
ω= t

Φ̈1
− Φ

:::

1 t
2

2Φ̈3
1

:
ð38Þ

Since the first and second dispersive elements have conjugate
dispersion and the third-order dispersion of the dispersive element is
very small, the signal s(t) at the output of the second dispersive
element, shown in Fig. 10(b), is given by

s tð Þ=F q tð Þ½ �j
ω= t

Φ̈2
− Φ

:::

2 t
2

2Φ̈3
2

=
2jβ
jΦ̈2j × g tð Þ � X ωð Þj

ω= t
Φ̈2

− Φ
:::

2 t
2

2Φ̈3
2

; ð39Þ

with its spectrum S(ω) given by

S ωð Þ = 2jβG ωð Þ × x Φ̈2ω +
Φ
:::

2ω
2

2

 !
: ð40Þ

The output signal in the frequency domain is given by

Y ωð Þ = P ωð Þ × H3 ωð Þ = P ωð Þ × exp −j
Φ̈3ω

2

2
+

Φ
:::

3ω
3

6
Þ

 #"
ð41Þ

where H3(ω) is the transfer function of the residual dispersive
element, Φ̈3 and Φ

:::
3 are the second-order and the third-order

dispersion of the residual dispersive element.
By using the nonlinear wavelength-to-time mapping function

given in Eq. (26), the output signal in the time domain is given by

y tð Þ = F s tð Þ½ �j
ω= t

Φ̈3
− Φ

:::

3 t
2

2Φ̈3
3

∝G ωð Þx Φ̈2ω +
Φ
:::

2ω
2

2

 !j
ω= t

Φ̈3
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:::

3 t
2

2Φ̈3
3

: ð42Þ

If the optical signal at the output of the third dispersive element is
applied to a PD, we have the output current, given by

i tð Þ=Rjy tð Þj2 ∝ G ωð Þ½ �2 x Φ̈2ω +
Φ
:::

2ω
2

2

 !" #2j
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t

Φ̈3
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:::
3t

2
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3
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2Φ̈3
3
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3
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2

2
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3
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3
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Fig. 10. (a) An unbalanced TPS system for the generation of a microwave waveform with tunable carrier frequency. (b) The second linearly chirped fiber Bragg grating can be
considered as a cascade of two linearly chirped fiber Bragg gratings with the first one having the opposite dispersion to LCFBG1 and the second one having a residual dispersion.

a

b

c

Fig. 11. Simulation results. (a) Signal at the output of the typical TPS system. (b) The
optical spectrum of the signal in (a). (c) The frequency-multiplied microwave signal at
the output of the entire system.
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where R is again the responsivity of the PD. Usually, the third-order
dispersion, Φ

:::
, is much smaller than the second-order dispersion Φ̈,

and the condition T2
1 = 2Φ̈3jbb1

��� should be satisfied in the systemwhere

T1 = ωmΦ̈1j= 2π
��� , we also have

t2

Φ̈
2
3

NN
Φ
:::

3t3

Φ̈
4
3

and
t2

Φ̈
2
3

NN
Φ
:::2

3t
4

4Φ̈
6
3

, Eq. (43)

is then simplified to

i tð Þ∝exp − τ20
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t

Φ̈3
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:::

3t
2

2Φ̈3
3

 !2" #
× x

Φ̈2

Φ̈3

t +
Φ
:::

2Φ̈3−Φ̈2 Φ
:::

3

2Φ̈3
3

 !
t2

" #( )2

:

ð44Þ

To generate a chirped microwave pulse, we assume that the
microwave modulation signal applied to the MZM is also a sinusoidal
waveform with a frequency of ωm, and the third-order dispersion of
the three dispersive elements cannot be ignored. It can be seen from
Eq. (44) that the output signal is also a product of a Gaussian-like
function with a chirped microwave waveform. Since the angular
frequency should be kept positive, the instantaneous angular
frequency of the chirped microwave waveform is approximately
given as

ωRF≅2ωmj Φ̈2

Φ̈3

+
Φ
:::

2Φ̈3−Φ̈2 Φ
:::

3

Φ̈3
3

 !
tj: ð45Þ

Eq. (45) shows that a chirped microwave waveform can be
generated if both the second and the third dispersive elements have
non-zero third-order dispersion. The chirp rate is given by

CRRF = 2ωm
Φ
:::

2Φ̈3−Φ̈2 Φ
:::

3

Φ̈3
3

 !
× sgn

Φ̈2

Φ̈3

 !
ð46Þ

where sgn is a sign function. From Eq. (46), it can be seen that the
chirp rate is determined by the values of the third-order dispersion
Φ
:::

2 and Φ
:::

3. When t=0, the frequency is the central frequency of the
generated microwave waveform which is also equal to the angular
frequency ωRF in Eq. (37). Therefore, a microwave waveform with a
tunable central frequency and chirp rate can be generated by tuning
the second-order dispersion and third-order dispersion of the second
and third dispersive elements. By varying the third-order dispersion

of a non-linearly chirped FBG (NLC-FBG) based on a strain-gradient
beam tuning technique, the chirp rate can be continuously tunable. On
the other hand, if the frequency chirp in the generated microwave
waveform is not desired, the frequency chirp can be made zero by
tuning the dispersion to make Φ

:::
2Φ̈3−Φ̈2 Φ

:::
3

� �
equal to zero.

Fig. 13 shows the experimental results of an unbalanced TPS
system for the generation of microwave waveform without and with
chirp [35]. In the experiment, the input microwave waveform is
1.3 GHz and the first dispersive element is a dispersion compensating
fiber (DCF) with a dispersion value of −485.07 ps2. A chirped fiber
Bragg grating glued on a cantilever beamwas employed in the system
connected to the output of the MZM. When no force is applied to the
cantilever beam, the total second-order dispersion and third-order
dispersion after the MZM are −485.07 ps2 and 3.34 ps3. Since the
unbalanced TPS system is a linear time-invariant system, the values
of the second-order dispersion of the three dispersive elements
in the entire system are Φ̈1 = 772:62ps2, Φ̈2 = −772:62ps2, and
Φ̈3 = 287:54ps2. Based on M = ωRF =ωm = 2 Φ̈1 =ΔΦ̈j

��� , the multipli-
cation factor is calculated to be 5.38. Since the frequency of the input
microwavewaveform is 1.3 GHz, the central frequency of the generated
microwave waveform should be 6.99 GHz. In addition, the values of the
third-order dispersion of the three dispersive elements in the entire
systemare Φ

:::
1 = −4:44ps3, Φ

:::
2 = 4:44ps3, and Φ

:::
3 = −1:09ps3. The

generated microwave waveform is shown in Fig. 13(a). The central
frequency is measured to be 6.75 GHz, as shown in Fig. 13(c), which
agrees well with the theoretically calculated value of 6.99 GHz. Since
the third-order dispersion after the MZM is −1.09 ps3, according to
Eq. (46), the chirp rate is calculated to be −4.75×10−2 GHz/ns which
is close to the chirp rate of −5.35×10−2 GHz/ns estimated from the
generated waveform shown in Fig. 13(a).

When a force is applied to the cantilever beam, the values of the
second-order dispersion and the third-order dispersion after theMZM
are −517.02 ps2 and −2.81 ps3. The values of the second-order
dispersion of the three dispersive elements in the entire system are
Φ̈1 = 772:62ps2, Φ̈2 = −772:62ps2, Φ̈3 = 255:61ps2. Again, the MF
is calculated to be 6.04. Since the frequency of the input microwave
waveform is 1.3 GHz, a central frequency of the generated microwave
waveform should be 7.85 GHz. The central frequency of the generated
waveform estimated from the waveform shown in Fig. 13(b) is
7.5 GHz, which is close to the theoretical value of 7.85 GHz. The values
of the third-order dispersion of the three dispersive elements in the
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Fig. 12. Simulated output microwave waveforms based on double-sideband modulation with a carrier frequency of (a) 10 GHz, (b) 12 GHz, and (c) 16 GHz. and DSB-SC modulation
with a carrier frequency of (d) 20 GHz, (e) 24 GHz, and (f) 32 GHz.
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entire system are Φ
:::

1 = �4:44ps3, Φ
:::

2 = 4:44ps3, Φ
:::

3 = 5:75ps3.
The chirp rate calculated based on Eq. (46) is 0.868 GHz/ns, which
is close to the chirp rate of 0.715 GHz/ns obtained from the generated
chirped waveform shown in Fig. 13(b). In addition, the chirp rate of
the experimentally generated microwave waveform is also reversed
due to the change of the sign of the third-order dispersion, as shown
in Fig. 13(c).

5. Microwave waveform generation based on a photonic
microwave delay-line filter

The implementation of microwave delay-line filters has been a
topic of interest in the last two decades [36,37]. To avoid optical
interferences which are extremely sensitive to environmental
changes, a photonic microwave delay-line filter is usually implemen-
ted in the incoherent regime based on incoherent detection. The
major limitation of an incoherent microwave delay-line filter is that
the tap coefficients are all positive, which would limit the filter to
operate as a low-pass filter only. Numerous techniques have been
proposed to implement a microwave delay-line filter with negative
coefficients, including the use of differential detection [38], biasing a
pair of MZMs at the opposite slopes [39], cross-gain modulation in a
semiconductor amplifier [40], polarization modulation [41], and
phase-modulation to intensity-modulation conversion [42]. A com-
prehensive overview of these techniques can be found in [43]. The use
of a microwave delay-line filter for the generation of UWB impulse
waveform has been demonstrated [44–47].

However, all the filters implemented based on the techniques in
[38–42], including the filters for the generation UWBwaveforms [44–
47], have a linear group delay response. For microwave waveform
generation, such as the generation of a chirped microwave waveform,
a groupdelay response that is nonlinear is usually required. It is known
for a delay-line filter with nonlinear group delay response, the filter
should have tap coefficients that are complex, which is extremely
difficult to implement especially for a filter with many taps [48–50].
Recently, we demonstrated a new concept to implement a microwave
delay-line filter with arbitrary group delay response based on a delay-
line structure with nonuniformly spaced taps [51]. We theoretically
proved that a filter with an arbitrary frequency response in a specific
resonance band can be achieved by introducing additional time delays
to the taps, making the taps nonuniformly spaced.

It is known that a regular, uniformly-spaced microwave delay-line
filter has an impulse response h0(t) given by

h0 tð Þ = ∑
N−1

k=0
αkδ t−kTð Þ ð47Þ

where N is the tap number, αk is the tap coefficient of the kth tap,
T=2π/Ω is the time-delay difference between two adjacent taps, and

Ω is the FSR of the filter. The expression of h0(t) can be expressed in
another form

h0 tð Þ = a tð Þs0 tð Þ ð48Þ

where a(t) is the coefficient profile which can be complex valued,

αk = a kTð Þ and a tð Þ = 0 if t b 0 or t ≥NT ð49Þ

and s(t) is the sampling function given by

s tð Þ = ∑
k
δ t−kTð Þ: ð50Þ

Apply the Fourier Transfer to Eq. (47), we have the frequency
response of the filter,

H0 ωð Þ = ∑
N−1

k=0
αk exp −jk

2π
Ω

ω
� �

: ð51Þ

It is known that H0(ω) has a multi-channel frequency response
with adjacent channels separated by an FSR, with the mth channel
located at ω=mΩ.

In a regular photonic microwave delay-line filter based on
incoherent detection, the coefficients are usually all positive, or
special designs have to be incorporated to generate negative or
complex coefficients [43]. However, a phase term can be introduced to
a specific coefficient by adding an additional time delay at the specific
tap, which is termed time-delay-based phase shift [51]. For example,
atω=mΩ a time-delay shift of Δτwill generate a phase shift given by
Δφ=−Δτ×mΩ. Note that such a phase shift is frequency-dependent,
which is accurate only for the frequency at mΩ, but approximately
accurate for a narrow frequency band at around mΩ. For most of the
applications, the filter is designed to have a very narrow frequency
band. Therefore, for the frequency band of interest, the phase shift can
be considered constant over the entire bandwidth. As a result, if the
mth bandpass response, where m≠0, is considered, one can then
achieve the desired phase shift at the kth tap by adjusting the time-
delay shift by Δτk. Considering the time-delay shift of Δτk, one can get
the frequency response of the nonuniformly-spaced delay-line filter
at around ω=mΩ,

HN ωð Þ = ∑
N−1

k=0
αk exp −j k

2π
Ω

+ Δτk

� �
ω

� �

= ∑
N−1

k=0
αk exp −jωΔτkð Þ × exp −jk

2π
Ω

ω
� �

≈ ∑
N−1

k=0
αk exp −jmΩΔτkð Þ½ � × exp −jk

2π
Ω

ω
� �

:

ð52Þ

a

b

c

Fig. 13.Measuredmicrowave waveforms for a unbalanced system using a chirped FBG that is glued on a cantilever beam (a) with no strain, (b) with strain, and (c) the corresponding
frequency chirps with and without mechanical force applied to the free end of the cantilever beam.
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As can be seen from Eq. (52), one can get an equivalent phase shift
for each tap coefficient. Specifically, if the desired phase shift for the
kth tap is φk, the total time delay τk for the kth tap is τk=kT−φk/mΩ.
As a result, if the time delay of each tap is adjusted, the filter
coefficients would have the required phase shifts to generate the
required passband with the desired bandpass characteristics.

For a nonuniformly spaced delay-line filter with a spectral
response at the mΩ that is identical to that of a regular delay-line
filter with a coefficient profile given by a(t), the time delays and the
coefficients can be calculated by [52]

τk +
φ τkð Þ
mΩ

= kT ð53aÞ

βk = j a τkð Þ
1 + φ′ τkð Þ=mΩ j ð53bÞ

where φ(t) is the phase term of a(t). As can be seen to realize the
desired bandpass response, if a regular delay-line filter is used, the tap
coefficients are determined by Eq. (49), which may be negative or
complex valued; however, if a nonuniformly spaced delay-line filter is
used, the time delays and the tap coefficients are determined by Eqs.
(53a) and (53b), and the filter has positive-only coefficients.

Since the filter can be designed to have an arbitrary spectral
response, the employment of the filter for the generation of an
arbitrary microwave waveform can be realized.

Fig. 14 shows a delay-line filter for the generation of phase-coded
microwave waveform [52,53]. To generate the required phase code
using a delay-line filter with all positive coefficients, the filter should
have nonuniformly spaced taps. The desired phase coding is
implemented by adjusting the time-delay differences between the
adjacent taps. According to Eq. (53a) we have

τk = T × k− φk

2πm

� �
= km−φk

2π

� �
T0; k = 0;1;2;…;N−1 ð54Þ

where T is the time-delay difference between two adjacent taps for a
uniformly spaced filter, and T0 is the period of the microwave carrier.

For example, for a four-tap filter we haveN=4. Ifm=4 is selected,
for a code pattern of {0, π, π, 0}, the time delays should be {0, 7/8 T, 15/
8 T, 3 T}.

As a design example, a binary phase-coded microwave signal with
a 13-chip Barker code, [+1, +1, +1, +1, +1,−1,−1, +1, +1,−1,
+1,−1, and+1], is generated [52]. The Barker codes are usually used
in direct-sequence spread-spectrum communications systems and
pulse compression radar systems thanks to the excellent correlation
performance. In the design, the carrier frequency is 40 GHz andm=4,
i.e., the chip rate is 10 GHz, and T0 is 25 ps. Based on Eq. (54), the time
delays of all the taps are calculated which are given [0, 4, 8, 12, 16,
19.5, 23.5, 28, 32, 35.5, 40, 43.5, and 48]×25 ps. If the input micro-
wave signal is a super-Gaussian pulse with a FWHM of 100 ps, the
output of the filter is calculated which is shown in Fig. 15.

A chirped microwave waveform can also be generated by using a
non-uniformly spaced delay-line filter [52,54]. If a broadband chirp-
free microwave pulse is passing through a microwave delay line filter
with a quadratic phase response or equivalently, a linear group-delay
response, a pulse burst with increasing or decreasing pulse spacing is
generated. As it was proved in [12] that a pulse-position-modulated
pulse burst would have a multi-channel spectral response, with one
channel having a spectrum corresponding to the desired phase
modulated microwave signal. By using a microwave bandpass filter to
select the channel of interest, a frequency-chirped microwave signal
would be generated. Fig. 16 shows a delay-line filter that can be
designed to have nonuniformly spaced taps to produce a quadratic
phase response. Note that instead of using an MZM, a phase
modulator is employed. It was demonstrated that the phase-
modulation to intensity-modulation conversion in a dispersive
element will generate a notch at the dc, which is used to eliminate
the resonance at the dc. The nonuniform tap spacing can be achieved
in the system by tuning the wavelengths spacing. For example, if the
total dispersion of the dispersive element is χ(ps/nm), then the
wavelengths of the multiple wavelength sources can be calculated by

λk = λ0 +
τk−τ0

χ
ð55Þ

where λ0 is the wavelength for the 0th tap.
The generation of a chirped microwave pulse using a five-tap

nonuniformly spaced microwave FIR filter was experimentally
demonstrated. The desired pulse has an FWHM of 550 ps, a mean
period of 110 ps, and a chirp rate of 13.2 GHz/ns, as shown as the
dotted line in Fig. 17(a). The input pulse is a chirp-free Gaussian pulse
generated in the experiment by a pattern generator with a FWHM of
65 ps. The five-tap delay line filter is designed based on (53). The time
delays of the taps, calculated based on Eq. (54), are T×[−2.31,−1.08,
0.00, 0.81, and 1.51], where T=110 ps. The wavelengths from the
multi-wavelength source are then calculated based on (55). In the
experiment, λ0 is 1543.30 nm, and the five wavelengths are set as
[1542.70, 1543.02, 1543.30, 1543.51, and 1543.69] nm. In the
experiment, the output power of each laser is controlled such that

Fig. 14. A photonic microwave delay-line filter for microwave phase coding.

Fig. 16. A nonuniformly-spaced delay-line filter for the generation of a chirped
microwave waveform. The baseband resonance is eliminated by the notch at dc due to
the PM-IM conversion. PM: phase modulator. PD: photodetector.

Fig. 15. Phase-coded microwave pulse with a 13-chip Barker code generated by a
nonuniformly spaced delay-line filter.
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the tap coefficients, αk, are optimized to minimize the errors between
the desired and the generated chirped pulses. The tap coefficients are
calculated to be [1.0, 1.0, 1.0, 1.5, and 1.4]. The dispersive fiber is a
length of 25 km standard single mode fiber with a total dispersion of
about 425 ps/nm. The generated pulse is then measured by a high-
speed oscilloscope, which is shown as the solid line in Fig. 17(a). A
chirped microwave pulse having a shape close to the theoretical
microwave chirped pulse is generated. A slight distortion in the pulse
shape is due to the small tap number. It is known that a chirped
microwave pulse can be compressed at a receiver using a microwave
matched filter. To demonstrate the pulse compression performance, the
correlationbetween themeasured and the reference chirpedmicrowave
pulses (the two curves in Fig. 17(a)) is calculated, and the result is shown
in Fig. 17(b). It is clearly seen that the microwave pulse is compressed,
which confirms that the generated microwave pulse is chirped.

If the inputpulse to thedelay-linefilter has a spectral response that is
conjugate to that of the delay-line filter, then the delay-line filter
becomes a matched filter, which can be used for pulse compression for
applications in radar and microwave imagining systems. The use of the
delay-line filter for the compression of a phase-coded microwave pulse
was demonstrated [52,55]. Again, the system setup shown in Fig. 16 can
be used. The dispersive fiber is a 25-km standard single mode fiber. The
output is measured by a high-speed oscilloscope. The input signal has a
6.75 GHz carrier which is phase coded by a 4-chip Barker code, [+1, 1,
+1, and +1]. In our design, m=4 so that the chip rate is 1.6875 GHz.
Then, based on Eq. (54), the time delays for the four taps are calculated
which are given [0.5926, 1.1852, 1.8519, and 2.3704] ns. The
wavelengths of the four lasers are then calculated according to Eq.
(55), which are given [1543.10, 1544.49, 1546.06, 1547.28] nm. The
original input phase-coded microwave signal is shown in Fig. 18(a).
When the phase-coded signal is sent to the nonuniformly spaced delay-
line filter, an auto-correlation is obtained at the output of the filter,
which is shown in Fig. 18(b). It is clearly seen that the phase-coded
signal is correctly decoded.

6. Discussion and conclusion

Arbitrary microwave waveforms can find many applications such
as in radar and communication systems. In most of the applications,

microwave arbitrary waveforms are generated using digital electronics,
which provides the advantages such as highflexibility and low cost. Due
to the limited sampling speed of modern digital electronics, the
generation of high-frequency and broadband microwave waveforms is
still a challenge. A solution is to use photonics. The high frequency and
broad bandwidth offered by modern optics allow the generation of
microwavewaveformswithhigh frequencyand large bandwidth. In this
paper, the techniques to generate arbitrary microwave waveforms
based on fiber optics were reviewed. Four different techniques were
discussed: direct space-to-time pulse shaping; spectral-shaping and
wavelength-to-timemapping; temporal pulse shaping; andmicrowave
pulse generation based on photonic microwave delay-line filters. The
advantages of these techniques comparedwith free-space-optics-based
solutions are the simplicity, low cost, and small size. In addition, fiber-
optics based systems have high potential for integration. The key
limitation of these techniques is the poor reconfigurability. Although
some of the techniques could provide limited waveform tunability
[18,34], in general, the reconfigurability of the systems is low. For
practical applications, a system with large reconfigurability should be
employed. The use of integrated optics, such as the silicon-photonic
chip-based spectral shaper, as was demonstrated recently [20] and
reconfigurable InP-based photonic integrated circuits [56], provides a
potential solution for low-cost and large reconfigurable microwave
waveform generation.
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