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Abstract. This paper argues that severe class imbalance is not just an
interesting technical challenge that improved learning algorithms will ad-
dress, it is much more serious. To be useful, a classifier must appreciably
outperform a trivial solution, such as choosing the majority class. Any
application that is inherently noisy limits the error rate, and cost, that
is achievable. When data are normally distributed, even a Bayes optimal
classifier has a vanishingly small reduction in the majority classifier’s
error rate, and cost, as imbalance increases. For fat tailed distributions,
and when practical classifiers are used, often no reduction is achieved.

1 Introduction

Class imbalance, and the difficulties that result, has been a topic of much interest
in recent years in machine learning [1]. When classes are imbalanced, existing
learning algorithms often produce classifiers that do little more than predict the
most common class. It seems intuitive that a practical classifier must do much
better on the minority class, often the one of greatest interest, even if this means
sacrificing performance on the majority class. If the overall error rate becomes
worse, so the reasoning goes, then it fails to capture what practically matters
and alternative measures are needed. Researchers have looked at separate error
rates for positive and negative classes [2], the functional relationship between
them [3] and the area under the function [4].

Although we use expected cost, we feel it is less a matter that the measure
is wrong, it is more that the majority classifier is very hard to beat when classes
are severely imbalanced. Differential costs may reduce the problem bur they are
by no means guaranteed to eliminate it. We are not simply reiterating a com-
mon observation that sometimes the majority classifier’s error rate is so small
that it seems little can be done to improve on it. We are making the stronger
claim that a “relative reduction” in error rate is often unachievable. We use the
fraction of the majority classifier’s error rate removed because it is important to
consider what success means when a trivial classifier gets only say 1% wrong.
In this case, a classifier with a 0.4% error rate has an error rate reduction of
0.6, a respectable value. This is equivalent to a 20% error rate when the classes



are balanced and the majority classifier gets 50% wrong. This idea is especially
intuitive when considering misclassification costs [7, 8]. The success of a classifier
is how much it reduces the cost when using a trivial classifier. Even a Bayes op-
timal classifier, at least as good as the majority classifier, often only has a small
relative cost reduction. As imbalance increases, this becomes even smaller. For
practical algorithms just performing as well as the majority classifier becomes
progressively harder. Improved learning algorithms will not eliminate the prob-
lem. If the application is inherently noisy, no amount of boosting, bagging or
kernelizing can produce performance beyond Bayes optimal.

Our results address applications where all instances of one class have the
same misclassification costs. If costs are highly non-linear, say it is enough to
classify a small number instances correctly ignoring the rest, our arguments are
not relevant. This may be true in some information retrieval tasks, where only
a very small fraction of the positive instances are required to satisfy a query.
Occasionally, a small performance gain over the majority classifier is the differ-
ence between success and failure. We claim that many, if not most, classification
applications are not of either type. At the very least, our own experience tells us,
the type of application addressed here is common enough that the conclusions
we draw should be relevant to many researchers and practitioners.

2 Visualizing the Problem

This section gives a brief introduction to cost curves [5], a way to visualize clas-
sifier performance over different misclassification costs and class distributions.

The error rate of a binary classifier is a convex combination of the likelihood
functions P (−|+), P (+|−), where P (L|C) is the probability that an instance of
class C is labeled L and the coefficients P (+), P (−) are the class priors:

E[Error] = P (−|+)︸ ︷︷ ︸
FN

P (+) + P (+|−)︸ ︷︷ ︸
FP

P (−)

Estimates of the likelihoods are the false positive (FP) and false negative
(FN) rates. A straight line, such as the one in bold in Figure 1, gives the error
rate on the y-axis (ignore the axis labels in parentheses for the moment), for each
possible prior probability of an instance belonging to the positive class on the x-
axis. If this line is completely below another line, representing a second classifier,
it has a lower error rate for every probability. If they cross, each classifier is
better for some range of priors. Of particular note are the two trivial classifiers,
the dashed lines in the figure. One always predicts that instances are negative,
the other that instances are positive. Together they form the majority classifier,
the shaded triangle in Figure 1, which predicts the most common class. The
figure shows that any single classifier with a non-zero error rate will always
be outperformed by the majority classifier if the priors are sufficiently skewed,
therefore of little use. Even a good classifier produces too many false positives
when negative examples are very common [6].
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Fig. 1. Visualizing Performance
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Fig. 2. The Cost Curve

If misclassification costs are taken into account, expected error rate is re-
placed by expected cost, as defined by Equation 1. The expected cost is also a
convex combination of the prior probabilities, but plotting it against the priors
would produce a y-axis that no longer ranges from zero to one. The expected
cost is normalized by dividing by the maximum value, given by Equation 2. The
costs and priors are combined into the Probability Cost(+) on the x-axis, as in
Equation 3. Applying the same normalization factor results in an x-axis that
ranges from zero to one, as in Equation 4. The positive and negative Probabil-
ity Cost( )’s now sum to one, as was the case with the probabilities.

E[Cost] = FN ∗ C(−|+)P (+) + FP ∗ C(+|−)P (−) (1)
max(E[Cost]) = C(−|+)P (+) + C(+|−)P (−) (2)

PC(+) = C(−|+)P (+) (3)
Norm(E[Cost]) = FN ∗ PC(+) + FP ∗ PC(−) (4)

With this representation, the axes in Figure 1 are simply relabeled, using
the text in parentheses, to account for costs. Misclassification costs and class
frequencies are more imbalanced the further away from 0.5, the center of the
diagram. The lines are still straight. There is still a triangular shaded region, but
now representing the classifier predicting the class that has the smaller expected
cost. For simplicity we shall continue to refer to it as the majority classifier.

In Figure 2 the straight continuous lines are Bayes optimal classifiers for
two different class frequencies or costs, indicated by the vertical dashed lines.
The classifier represented by the horizontal line is optimal when the classes and
costs are balanced. The second classifier is optimal when there are more nega-
tive examples, or they are more costly to misclassify. If the optimal classifier is
identified for every probability-cost value and a point put on each line at that



value, as indicated by the black dots in Figure 2, the set of such points defines
the continuous bold curve. So generally as the balance changes, there is a smooth
trade-off between positives that are incorrectly classified and negatives that are
incorrectly classified. Most practical learning algorithms also generate different
classifiers for different priors and make a principled trade off between the num-
ber of errors on the positive and negative classes. They produce similar curves,
although their curves will generally be above the curve in Figure 2 because their
performance will fall somewhat short of Bayes optimal.

3 Imbalance and Performance

In this section, we show that a Bayes optimal classifier performs only marginally
better than a trivial classifier when there is severe imbalance. This difference is
even smaller if the likelihood functions have fat tails or the classifier suboptimal.

3.1 Increasing Imbalance

Figure 3 shows cost curves for the Bayes optimal classifier for two, unit vari-
ance, normal distributions, representing the likelihood functions for two classes.
The continuous curves are for 3 different distances between their means. The
distances were chosen to make the relative cost reduction when the classes are
balanced 0.2, 0.5 and 0.8. The series of progressively smaller triangles, the dotted
lines, we call cost reduction contours. They are triangles because the majority
classifier is a triangle. Each contour indicates the reduction in cost achieved by
the new classifier as a fraction of the cost of using the majority classifier. For
instance, the central contour, marked 0.5, indicates a reduction of one half of
the cost. The continuous curves cross multiple contours indicating a decreasing
relative cost reduction as imbalance increases.
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Zooming in on the lower left hand corner of Figure 3 gives Figure 4. Here
negative instances are much more common than the positives, or more costly to
misclassify. The upper two curves have become nearly indistinguishable from the
majority classifier for ratios about 20:1. The lowest cost curve has crossed the
0.5 cost reduction contour at an imbalance of about 10:1 and crossed the 0.25
cost reduction contour at about 50:1. So even starting with a very good classifier
with a 0.8 relative cost reduction when there is no imbalance (i.e. a 10% error
rate), the benefit decays rapidly as imbalance increases.

3.2 Different Distributions

In this section we investigate what happens if the data are not drawn from normal
distributions. We use the “power exponential” distribution, shown in Figure 5,
which has a factor controlling the fatness of the tails. The bold curve is the
normal distribution, this acts as the standard for tail fatness. At one extreme
is the double exponential, or Laplace, distribution. At the other extreme is the
uniform distribution. The double exponential distribution is relatively low in the
middle and spreads out widely, giving it the fat-tails. As the factor is increased
the center rises and thickens as the tails diminish. Ultimately, as we approach
the uniform distribution, the tails thin out and disappear.

Figure 6 shows cost curves when the distributions in Figure 5 are used to
define the likelihood functions for both classes. The distances between their
means were chosen so that all curves have the same normalized expected cost of
0.2 when balanced. The curve for the normal distribution is the bold continuous
line. Curves with fatter tails are even more sensitive to imbalance. The topmost
curve is for the double exponential. It has exactly the same cost as the majority
classifier when imbalance is about 8:1 or 1:8. The distributions with fatter tails
than the normal distribution all have a relative cost reduction of only 0.1 if
the imbalance is greater than 10:1. It is true, however, that distributions with
thinner tails than the normal distribution reduce the cost proportionally more.
In fact, two overlapping uniform distributions (the thinnest possible tails and
the lowest continuous curve in Figure 6) have the same relative cost reduction
for severe imbalance as for perfect balance.

If uniform distributions give consistent performance perhaps nominal at-
tributes do as well. Uniform distributions are like a single nominal attribute
with three values, the middle one is where they overlap. Suppose there are 100
positives with value A, 100 with value B and 100 negatives with value B, 100
with value C, see the top left of the Figure 7. Varying the imbalance produces
a triangular cost curve, the same as with uniform distributions. But suppose
some of the negative and positive classes are redistributed such that values A
and C no longer contain just one class, shown at the top right of Figure 7. This
produces the upper bold curve where the classifier has the same performance as
the majority classifier for ratios as low as 6:1.
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Fig. 5. Changing the Tails
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Fig. 7. Discrete Distributions
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Fig. 8. One Nearest Neighbor

3.3 Practical Algorithms

This section explores what happens when a practical, not a Bayes optimal, clas-
sifier is used. We look at the popular one nearest neighbor algorithm. Its error
rate is known to be no worse than twice Bayes optimal. In the limit of training set
size, the algorithm will classify an instance as positive (negative) in proportion
to the probability of its being positive (negative). To generate the cost curves
in Figure 8, we again vary the distance between two normal distributions. The
topmost curve has the smallest distance and only a small relative cost reduction
even when priors and costs are balanced. Even relatively mild imbalances re-
move this benefit. All classifiers will perform worse than the majority classifier,
differing only in the degree of imbalance at which it occurs. The top two curves
show a performance worse than the majority classifier for class ratios as low as



10:1. The best classifier performs worse when the ratio is greater than 100:1. But
even at 10:1 the cost reduction has fallen from 0.8 to 0.5 and at 50:1 to 0.1.

In summary, for a constant relative cost reduction there must be pure regions
containing a large fraction of each class. Otherwise, it becomes vanishingly small
as imbalance increases. We experimented informally with C4.5 [9] on 10 UCI
data sets [10], with ten or more instances at each leaf. On six data sets (sonar,
diabetes, hepatitis, vote, labor and breast cancer) there were very few pure leaves,
accounting for a small fraction of the instances. LetterK produced a pure leaf for
the majority class representing about a third of the data, but no pure leaf for a
significant fraction of the minority class. Hypothyroid and sick produced large
leaves that were almost pure but only for the majority class. One dataset, chess
(KRvKP7), produced pure leaves across almost the entire instance space. Here
C4.5 has a very low error rate that persists even if imbalance is very extreme.

This paper used expected cost to evaluate classifiers. Costs are a very general
way of measuring performance, but there are other measures. Probably the most
popular is the “area under the curve” of an ROC plot. Although it has advantages
over error rate [4], we feel it obscures the severe imbalance problem. All ROC
curves have the two trivial classifiers, forming the majority classifier, as their
endpoints. If we use the slope of the curve to chose the appropriate classifier
[11], these endpoints will be chosen for severe imbalance, unless the slope is zero
or inifinity. Although increased “area under the curve” is indicative of better
performance it does not guarantee that a classifier is immune to severe imbalance.

4 Reducing the Problem

Our representation emphasizes the close relationship between misclassification
costs and class frequencies. Cost imbalance is potentially just as problematic as
class imbalance. We might hope that the minority class is the more costly to
misclassify, counteracting class imbalance and moving towards the center of our
diagram. But if class imbalance is severe, say 100:1, a severe cost imbalance of
similar magnitude is needed to solve the problem. This may occur in situations
where missing a true alarm has major consequences. Some work by one author
involves detecting wheel failures on trains. Failures leading to major accidents,
however rare, would incur considerable costs. High costs inevitably produce a
high rate of false alarms. Although users may initially find this unacceptable,
demonstrating an overall cost reduction should overcome any misgivings.

Another way to reduce the problem is to generalize what it means to be-
long to the minority class. For trains, we might instead of predicting a wheel
failure predict an “axle” failure for either wheel sharing an axle. There are two
axles on a truck (4 wheels), two trucks on a car (8 wheels) and many cars on
a train (100’s wheels). The choice of granularity depends on the costs inherent
in the application. Predicting failures at the car level, or even the train level,
should reduce costs considerably. Predicting at the wheel level may have only a
small additional benefit. Raising the granularity of the prediction task will often
keep most, if not all, of the benefits while considerably reducing the imbalance.



This may be part of the reason for success of some earlier work with imbalanced
classes. Fawcett and Provost [8], rather than classifying individual cellular phone
calls as fraudulent, classified days of phone use as indicative of fraudulent be-
havior. This was primarily intended to reduce noise in the application but had
an additional benefit of reducing class imbalance.

So if imbalance is severe, before exploring alternatives algorithms we ar-
gue that one should explore alternative class definitions. One should establish a
“lower bound” – the most balanced application in terms of costs and class fre-
quencies that might be solved and still be useful. If this is impossible, the task
is likely inherently difficult to solve and time may be better spent elsewhere.

5 Conclusions

This paper has shown that there is a fundamental limit on classifier performance
(given by the Bayes optimal classifier) that is often little better than that of the
majority classifier. Non-normal distributions and practical algorithms often ex-
acerbate the problem. We have argued that there is not an algorithmic solution.
Only by redefining the classification task can the problem be addressed. 3
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