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Summary.  - -  The anomalous magnetic moment a ~ �89 of the 
muon has been measured in the CERN muon storage ring. The 
result is (116616• -s compared with the theoretical value 
(116 588 ~ 2). 10 -8 showing agreement to (240 ~ 270) parts per million. 
The lifetime of muons moving in a circular orbit with 7 = 12 was found 
to agree with the time dilation predicted by special relativity to within 
1.1%. Details are given of the storage ring magnet, the instrumenta- 
tion and the data analysis. The theoretical implications of the result 
are discussed. 

1. - Introduct ion .  

I n  a series of experiments  carried out  at  C E R N  in the period 1958-1961, 

the anomalous par t ,  a ~ � 8 9  of the g-factor of the rouen was meas- 

ured (1); i t  was found to agree with theory  to within the est imated experi- 
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menta l  error  of -4-0.4 %. This established what  had previously been suspected, 
t h a t  the propert ies  of the muon correspond exac t ly  to those of a heavy  electron. 
Apar t  f rom thei r  masses and thei r  association in weak interactions with two 
dist inct  kinds of neutr ino,  the two part icles appeared to  be identical.  This 
exper iment  also tes ted indirect ly  the  theory  of quan tum eleetrodynamies 
(QED) up to q~,-~ (1 GeV) 2, and was a t  the  t ime the best  tes t  of the theory  
at  short  distances. 

I t  was clearly impor t an t  to pursue this measurement  to higher levels of 
accuracy. To unders tand  the  ~-e problem we must  search for fu r the r  differ- 
ences be tween the two particles.  The magnetic  moment ,  which carries infor- 
mat ion  abou t  the  muon  coupling to o ther  fields, and the spatial  s t ructure  of the  
muon  electromagnetic  ve r t ex  (if any),  is a ve ry  sensitive diagnostic. A dif- 
ference in the  theoret ical  value,  if established at  a higher level of accuracy, 
would be an impor t an t  exper imenta l  da tum.  

If,  on the other  hand,  a more accurate measurement  tu rned  out  to agree 
with theory,  i t  would establish the val id i ty  of QED at  higher q2. A number  
of recent  exper iments  (~) (lepton pair  product ion,  wide-angle bremsstrahlung,  
electron-electron and electron-positron colliding beam, e-p and ~-p scattering) 
have  explored QED at  q ~ ( ( 1 - - 5 ) G e V )  2, b u t  the  muon (g- -2)  exper iment  
is still the  only measurement  on the  muon which involves electrodynamics 
only and is no t  contaminated  by  the  presence of strongly interact ing particles 
as p a r t  of the  exper iment .  

Pre l imlnary  reports  of our new series of measurements  using the CERN  
muon storage ring have already been  published (3.5). As before,  the  measure- 
me n t  is accomplished by  injecting polarized muons into an  almost  uniform 
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DER MEER, F... PICASSO and M. TANNENBAUM: ~7"novo Gimento, 45 A, 281 (1966). 
(4) F. J'. M. FARLEY, J. BAILEY, R. C. A. BROWN, M. GIESCH, H. $~STLEIN, S. VAN 
DER ~EER and E. PICASSO: The C, E E N  M ~  Storage Ring, Electron-Positron Colliding 
Beam Symposium, Chap. VIII (Orsay-Saclay, 1966), p. 1; J. BAILEY, W. BARTL, 
R. C. A. BROWN, F. 5. M. FARLEY, H. J6STL~IN, S. VAN DER M~ER and E. PICASSO: 
The anomalous magnetic moment o] the ~-, in Proceedings o] the International Symposium 
on Electron and Photon Interactions aS High Energy (Stanford, Cal., 1967), p. 48; J. 
BAILEY, W. BARTL, G. vON BOCHMANN, R. C. A. BROWN, F. J. M. FARLEY, H. J~}STLEIN, 
E. PICASSO and R. W. WILLIAMS: Precision measurement o] the anomalous magnetic 
moment of the muon, paper No. 405 submitted to the X V  International Con]ercnec on 
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magnet ic  field B ( ~ 1 7  kG).  The anomalous  m o m e n t  causes the  spin to tu rn  
fas te r  t h a n  the  m o m e n t u m  vector ,  the re la t ive  angular  veloci ty  in the  l abora to ry  
f r ame  be ing  

(1) wa : a ( e / m o v ) . B  , 

w h o r e / ~  is the  t ime-average  magne t ic  field for the  ensemble  of muons  t h a t  
cont r ibu te  to the  data .  The t ime  scale of previous exper iments  was l imi ted  

to a few microseconds by the  na tu ra l  decay of the  m u c h  popula t ion ( v o , ~ 2 . 2  ~s), 
and  therefore  only two anomalous  precession cycles (of N 4 ~s period) could 

be  recorded. Coupled wi th  the  finite accuracy to which the  spin direction 
can be  observed~ this  was a ma jo r  factor  in the  expe r imen ta l  error. 

I n  the  new experiment~ the  muons  are highly relat ivist ic  (~ ~ ( 1 - - f l ~ ) - t ~  12), 
and  the  l i fet ime is increased b y  Eins te in  t ime  dilat ion to ~ - - ~ v o ~ 2 7  ~s. As 
there  is no power  of ~ in eq. (1), the  anomalous  precession continues a t  the  

same ra te  r and  we can record m a n y  ( ~  50) precession cycles. 
The m u c h  m o m e n t u m  is now 1.27 GeV/c, imply ing  an  orbi t  d iamete r  of 

5 m.  To car ry  out  the  m e a s u r e m e n t  wi th  reasonable  economy,  i t  is necessary 
to devise ent i re ly  new methods  of inject ing and  storing polarized muons  in 
a magne t ic  field, and  of recording the  s p i n - m o m e n t u m  angle as a funct ion of 
t ime .  We  use a weak-focusing r ing magnet~ cont inuous in azimuth~ wi th  aper-  
tu re  5 . 5 e m •  and  n ~ 0 . 1 3 .  The cross-section is C-shaped wi th  the  

yoke  on the  outside (see Figs. 1 and  2). 

Fig. 1. - Plan of 5 m diameter ring magnet. The proton beam enters through a hole 
in the yoke and hits a target in the magnetic field. Muons create& by ~-~ decay are 
stored. The counters detect electrons from ~-e decay. The four probes of the NMR 
magnetometers are injected into specific locations on the muon orbit every 100 PS cycles. 
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Fig. 2. - General view of the muon storage ring. The shielding inside the ring itself 
protects the counters from the initial blast of radiation. The pillar in the centre pro- 
rides a fixed pivot for magnetic field surveys. It also supports four probes, which 
carry automatic NMR proton resonance magnetometers for monitoring the magnetic 
field. (1. to r., van der Meet, Farley, Giesch, Brown, Bailey, Ficasso, JSstlein). 

The injection of muons is accomplished as follows. A beam of 10 GeV 
protons is ejected from the CERN Proton Synchrotron (PS) and focused onto 
a target inside the storage ring. Here ~ 70 % of the protons interact, crea- 
ting 7r- of ~ 1.3 GeV/e which start  to turn in the ring. The pion lifetime 
is such tha t  in one turn  20 % of the ~-  decay. The exactly forward decay 
creates ~- of 0.1% higher momentum, and these muons, together with unde- 
cayed ~-  and stable particles from the target, will eventually hit  the target 
assembly and be lost. However, decay of ~-  at small forward angles gives 
rise to ~- of slightly lower momentum, and some of these fall onto orbits which 
miss the target assembly and remain permanently stored in the ring. Thus 
the perturbation, essential for inflection into any circular machine, is here 
achieved by the shrinking of the orbit arising from the change of momentum 
in ~:-t~ decays and/or by the change in angle at  the decay point which may 
result in a ~- with smaller oscillation amplitude than its parent  7:-. The muons 
injected by this process are forward polarized on average. A pulsed magnetic 
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horn was used around the target during part  of the experiment to increase 
the forward ~- flux. 

The muon precession can be recorded by observing the decay in flight of 
muons in the ring magnet. If  the decay electron is emitted forwards, with 
top energy in the centre-of-mass ~-speetrum, it will have 0.2 ~ more labora- 
tory momentum than the muon and will remain stored in the ring. Other 
decay electrons have less momentum and tend to spiral towards the inside 
of the ring. About 50 % of these electrons hit the magnet poles and are lost. 
The rest emerge with equal probability all around the ring and some of them 
hit the detectors. 

Our detectors respond to decay electrons of energy greater than a minimum 
value ~ (say 750 ~[eV). To have this high an energy in the laboratory, 
the electron must a) be near the top end of the ~-speetrum in the muon rest 
frame (high asymmetry parameter (6)) and b) it  must be emitted more or less 
forwards in the muon rest frame. Electrons emitted at  smaller forward angles 
have higher energies in the laboratory, and so a counter with high energy 
threshold in the laboratory is equivalent, in the muon rest frame, to a telescope 
observing a small angular interval around the direction of motion. Therefore, 
as the muon spin rotates relative to its momentum vector according to eq. (1), 
the observed counting rate is modulated according to 

(2) .N(t) = -N O exp [--Sic](1 - - i l  cos (~o~$ § f )} ,  

and the frequency w, can be read from the data. 
The magnetic field B is measured in terms of the corresponding mean proton 

precession frequency ~p for protons in water. The value of (e/moO) for the rouen 
is obtained from the ratio of muon to proton precession frequencies at  rest 
in the same field, 2 ~ ~oJe%~ which has been accurately measured for muons 
stopped in water and other substances relative to protons in water. We have 

(3) (e/moc)B = ~.(1 + e)(1 -I- a)-1(3~, 

where the correction factor (1-~ e) is the ratio of the field in vacuum to the 
diamagnetically shielded field of the muon in water (7.8). In effect, the proton 
NMR magnetometer is used as a link to connect two independent experiments 
on muon precession. 

(6) C. BOUCHIAT and L. MICHEL: Phys. Bey., 106, 170 (1957). 
(7) ft. F. HAGUE, J. E. ROTHBERG, A. SCHENCK, D. L. WILLIAMS, R. W. WILLIAMS, 

K. K. YOUNG and K. 1~. CROW~: Phys. Rev. 15ett., 25, 628 (1970); D. P. HUTCHINSON, 
F. L. LARSEN, N. C. SCHOEN, D. I. SOBER and A. S. KANOFSKY: Phys. Rev..~e$$., 24, 
1254 (1970). 
(s) 1~. A. RUDERMAN: Phys. -~ev. ~r 17, 794 (1968). 
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Equations (1) and (3) yield for the ratio (co [~)  which we measure 

(4) %/~.  = a(1 + a ) -~ (1  + ~). 

As the radial magnetic gradient necessary for vertical focusing implies a 
field variation of 0.4~o over the 8 cm radial aperture of the muon storage 
region, a major problem is to determine the mean radius of the ensemble of 
muons which contribute to our counts. This has been obtained by measure- 
ments related to the rotation frequency eor of the muons. As the injection 
pulse is only (5--10)ns long, and the rotation period T ~ 2 g ~ / f l v  is about 
52.5 ns~ the muons are initially bunched, and the counting rate in the decay- 
electron counters is modulated during the first few microseconds. Analysis 
of the modulated records yields the mean radius to • 2 mm (see Sect. 6). 

The radius of the ring is chosen in such a way that  if several RF bunches 
are ejected in succession from the PS (spacing 105 ns), the corresponding muon 
bunches are superposed in the ring. As a result, the mean radius can be found 
even when multibuneh injection is used. 

1"1. The stored m u c h  in~ensiYy. - The method used for trapping mucus is 
to inject protons into the ring and have them interact with a target located 
at  the outer ]imit of the storage region. The pions, produced at  about zero 
degrees and ha~ing a momentum ~--1% larger than tha t  of the stored muons 
at  the centre of the aperture (Pc), travel round the ring for nearly four revolu- 
tions before they again hit  the target. Most of them will decay before this, 
so that  the fraction of stored mucus produced per circulating pion is rather 
high (typically of the order of one per thousand). However, a considerable 
number of pions with momentum higher than Pc and a higher value of the 
injection angle will also travel inside the ring long enough to produce a greater 
number of stored mucus. As the ~ t  decay need no longer be in the forward 
direction, these reduce the average polarization of the muon beam. 

In order to find the number of stored muons s as well as the polarization, 
both longitudinal (P~) and radial (P,), as a function of the momenta and of 
the pion injection angle, we used a Monte Carlo calculation; this is described 
in Appendix A. The program also gives the number of muons produced per 
pion (trapping efficiency) as a function of the above quantities. 

The proton energy of the primary beam is 10.5 GeV, and we assume a proton 
intensity of 101~ per PS burst. The assumed pion yield is 1.0 (GeV/e-sr) -I, and 
the target efficiency (probability of proton interaction times probability for 
pion to escape) is 0.4. The ring parameters are: i) semi-horizontal aperture, 
3.9 em; ii) semi-vertical aperture, 2.2 cm; iii) radius of the muon storage ring 
at  the centre of the aperture, 250 cm; iv) field index, 0.13. 

In Table I are given the results for the expected values, normalized to 
one RF  bunch of the PS (5-i0 ~~ protons per RF  bunch). 
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TABLE I. - Theoretical predictions ]or ~.- runs. 

3 7 5  

Total number of stored muons 118 

Mean longitudinal polarization 0.263 

Mean radial polarization (positive in wards) 0.044 

Mean radius of the muon distribution (in em) 249.61 

The me thod  of inject ion used is ve ry  simple, b u t  has the  following disad- 

vantages:  

i) low muon polar izat ion due to muons f rom a wide range of pion 
momenta ,  

ii) high general  background,  

iii) contaminat ion  by  electrons at  ear ly  times, 

iv) low average t rapping  efficiency. 

To compensate  for  the  low t rapping efficiency, we are storing muons f rom 
a wide range of pion momenta .  As a consequence, the mean  ini t ial  value of 
the longitudinal  polar izat ion is only about  26 %. 

In  Fig. 3 the  dependence of the  longitudinal  and radial  polarizations us 
a lunet ion of radius is given. The number  of muons produced per  pion (trapping 
efficiency) as a funct ion of the  pion mo m en tu m  is shown in Fig. 4. The 
t rapping efficiency has a max imum value of 5.10 -3 a t  a pion momen tum 
~ + l . 0 1 p o ,  and drops to  abou t  4-10 -4 a t  a pion m o m en tu m  ~ + 1 . 5 p o .  One 
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Fig. 3 . -  Longitudinal and radial polarization of the stored mucus. The average 
values of the longitudinal and radial polarization are a) 0.26 and b) 0.044, respectively. 
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Fig. 4. - Number of muons produced per pion (trapping efficiency) as a function of 
the pion momentum. Approximately only one-fourth of the stored muons are produced 
by the circulating pions within a momentum of (1.00 -- 1.03) Pc, Pc being the momentum 
of the stored muons at the centre of the much storage ring aperture. 

can deduce from Fig. 4 tha t  approximately only one-fourth of the stored muons 
are produced by the circulating pions within a momentum of (1.00--1.03)p0. 

The longitudinal polarization goes from a value of 0.996 (at p= ~ 1.007pc) 
to 0.860 (at p=----1.034po)~ and changes sign at  about p = =  ~-1.27po; at 
~=-----1.5po its value is ~ - - 0 . 5 5 4 .  The weighted average is 0.26. 

A high muon polarization was obtained during the run with the magnetic 
horn~ showing tha t  in this case the stored muons come predominantly from the 
decay of 1.3 GeV/e pions circulating in the ring (see Subsect. 5"2). Higher- 
energy pions are not well focused by the horn. 

With the direction of the magnetic field reversed, the predicted number 
of positive muons stored in the ring has been evaluated to be N 160 per PS 
bunch. The mean values of the radial and longitudinal polarizations and the 
mean radius of the muon distribution are almost unchanged. The fraction of 
muons produced by the decay in flight of kaons was evaluated and found to 
be less than 1%:  values of the longitudinal and radial components of the 
polarization were found to be comparable to those of the muons produced by 
pions. 

1"2. Asymmetry considerations and the optimization o/ s ~. - I t  can be 
shown from consideration of the data-fitting statistics tha t  the error in r 
is approximately 

(5) 

where vo is the lifetime at  rest, A is the asymmetry, N~ is the number of stored 
muons, and ~ is the detection efficiency for the decay electrons. In  order to 
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minimize the  stat is t ical  error  in the angular  f requency ma, we must  optimize 

hreA ~, where iV e - - / g a y  is the number  of recorded decay electrons. The experi- 
menta l  pa ramete r  is E ~ ,  the  threshold energy for detect ion of the electrons. 
Raising the  value  of E ~  increases A a t  the  expense of hr,. 

To find the  dependence of A and /V. on E~,o, including the efficiency 
which depends on the  details  of the  escape of the  electrons f rom the  magnet ,  
we used a Monte Carlo calculation described in Appendix B. 

An analy t ica l  calculation (*) of the dependence of A and h r, on E~,. proved 
possible, under  the  assumption t ha t  ~ = constant ,  and wi th  the  aid of the 
s tandard  V-A decay-electron dis tr ibut ion funct ion and extreme-relat ivis t ic  
approximation.  The result ,  in terms of x, the rat io  of E~,= to the  m ax im u m  
value of ~,  is 

(e) 

(7) 

hro AT, = ~ -  (1 --m)Z (3 - - x - - x  ~) , 

I =Pm(l+2x) 
3 +x--x'" 

Here  P is the polarizat ion of the sample of muons. The produc t  N .A  ~ must  
be maYimized to obtain the most  efficient running conditions; this implies 
m ~ 0.6 or E.~ n ~- 780 MeV. Curves of /V.~ A, and N , A  ~ are shown in Fig. 5. 

I t  is possible t h a t  electrons produced at  certain angles and energies in the  
labora tory  f rame m a y  be lost. The field tends to bend  the  electrons inward 
towards the counters so t ha t  some electrons emi t t ed  outwards f rom the ring are 

1.0 

0 5 -  

0 0.5 x 1.0 
, I  I 12so 

~.  (MeV) 

Fig. 5 . -  Dependence of the number of decay electrons iV, the asymmetry coef- 
ficient A, and i%rA ~, vs. energy threshold E~=. The maximum value of NA ~ is obtained 
at Em,,L = 780 M~oV. 

(*) We are indebted to P. GODDARD for this treatment of the problem. 
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still detected, but  others may be lost vertically. Detection in this case would 
depend not only on the electron energy in the laboratory frame but also on 
the polar angles 0, q of the direction of emission of the electron relative to the 
muon direction. All these effects, including the dependence of the geometrical 
efficiency as a function of E. and of the angle of emergence from the ring, 
were taken properly into account in the Monte Carlo calculation described 
in Appendix B. I t  is gratifying to find that  the two methods agree well. 

The above calculations were essential for designing the detection system 
but  are not needed for computing, in first order, any correction to ~o, and m,. 

The conclusion of the calculation can be summarised by saying that  if the 
detectors respond to decay electrons of energy greater than a minimum value 
E ~  780 MeV, they are equivalent, in the muon rest frame, to a telescope 
observing a small angular interval around the direction of motion. If  a higher 
threshold energy E ~  is selected, one expects a smaller number of decay elec- 
trons, but the effective asymmetry parameter A will be higher, tending to 1 
as E ~  approaches the maximum. As E ~  is reduced, the number of electrons 
rises but the asymmetry drops. The above-mentioned value of ~ 780 MeV is 
expected to be optimum (maximum value of hrA 2) for the determination of w,. 
From the Monte Carlo calculation we find tha t  the fraction of decay electrons 
with energy greater than 780 MeV, hitting detectors placed all around the ring, 
is about 8 % of the number of stored muons. For an energy cut of ~ 780 ]KeV 
we would have A l P  = 0.42. From the injection program we predict an average 
forward polarization of the circulating negative muons of about 26 %; therefore 
the predicted value of the asymmetry parameter A (eq. (2)) will be around 11%. 
The above results are obtained under the assumption tha t  the electron detectors 
have a perfect energy resolution. The predicted number of decay electrons per 
counter per 3.5.10 lo injected protons (1 RF bunch of PS) is ~ 0 . 4  for a counter 
threshold of 780 MeV. 

2. - The ring magnet. 

The storage ring is a continuous, circular, C-sectional magnet without 
straight sections, with the aperture facing the centre of the ring (see Fig. 1 
and 2). The diameter of the orbit at the centre of the aperture is 5 m. The 
aperture between the magnet pole faces is 55 mm high by 160 mm wide: but 
owing to the presence of an aluminium vacuum chamber, target and field meas- 
uring probes, the aperture available for particle storage is only 44 • 78 mm. 
The magnet is of the weak focusing type, with a field index 

( s )  , ,  = _ g d_B = + 0 . 1 3  
B d~ 

at a normal working field of 17.2 kG. 
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The coils are enclosed within the yoke of the magnet~ and are split into 
two <<pancakes, which are positioned symmetrically above and below the 
centre of the aperture. By suppressing the conventional coils on the outside 
of the pole pieces, improved access is obtained for large detectors to be brought 
close to the magnet aperture: some economic savings are also realized. How- 
ever, this arrangement results in a leakage field spreading beyond the magnet 
aperture~ amounting to i kG in the region of the counters and 0.5 kG at the 
centre of the ring. Current and cooling-water connections to the coils are made 
at two points, 180 ~ apart, through openings in the magnet yoke. The pres- 
ence of these openings results in a drop in the field at these points amounting 
to 1.5 %~ while field variations of ,~ 0.5 % occur at  the junctions of the eight 
segments into which the magnet is azimuthally divided (see Fig. 6). The normal 
working current is 2460 A at about 600 V, supplied by a 1.3 MW generator. 

1.010 

1.000 

0.990 

f ! ! ! I I I 1 I . 1 I I ~ I 

~1 81 121 161 201 241 281 
azimuth in unifs of 1.25 ~ 

Fig. 6 .  - Azimuthal field distribution. Current and cooling-water connections to the 
coils are made at two points, 180 ~ apart, through openings in the magnet yoke. The 
presence of these openings results in a drop in the field at these points of about 1.5%. 

During the data-collecting runs the absolute magnetic field is measured 
by proton resonance at  four monitor positions (see Fig. 1). The NMR probes 
are pneumatically driven to the centre of the aperture, approximately every 
4 mln~ The field shape all over the muon storage region is established by 
mapping with proton resonance probes both before and after the run. All 
radial positions are established with reference to a pillar at the centre of the 
ring, independent of thermal expansion of the magnet. Special precautions 
ensure the long-term reproducibility of the average field, which is ~ 1 3  ppm 
(parts per million) relative to the four monitor positions. 

2"1. _Prod, o n - r e s o n a n c e  m a g n e $ o m e S v r .  - To measure magnetic fields to an 
absolute precision better than 10 ppm, we developed a proton resonance mag- 
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netomcter, whose frequency is << locked,  to the magnetic field by a serve 
system. 

A block diagram of the instrument (9.1o) is shown in Fig. 7. The probe 
is of the absorption type (~), with a sample of 0.1 molar NiSO4 contained in 
a cylindrical tube of 1.6 mm bore. The probe is driven by 1 V r.m.s, at about 

I 
RF ar 

disp[ay 

I 

t I putse aetector ~drch/tock ,laC" o.mptifierlbias 

frequency control ~ ~  1 

f ~ d  modu~tion 

Fig. 7. - Block diagram of the proton-resonance magnetometer, whose frequency is 
locked, to the magnetic field by a serve system. 

72 MHz; the resonance signal is detected locally and returned to the main unit  
as a low-frequency pulse along the coaxial line from the driving oscillator. 
This technique permits the probe to be used up to 20 m from the main unit. 
The phase of the resonance signal is compared with tha t  of the small modulating 
field (~-5 G at 50 Hz), thus generating an error signal which is fed back to bring 
the frequency of the main oscillator onto the proton resonance frequency. 

The alignment of the frequency with the field is monitored by a linear 
display (~) of the resonance signal on a cathode-ray tube (Fig. 8), which permits 
the serve system to be set up accurately. In the absence of resonance signals 
the instrument automatically searches a preset range until the resonance is 

(9) R. ARMSTRONG-BROWN: .~"t/C[. Instr. Meth., 60, 265 (1968). 
(lO) R. ARMSTRONG-BRow~: Proton Resonance Calibration and Field Studies o] the 
CER3T Muon Storage Ring (Geneva, 1969), CERN 69-8. 
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Fig. 8. - a) Typical display at 17 kG in a gradient of l0 G/cm, which causes line 
broadening. Misalignment 0.35 G. In an homogeneous field, an identical display would 
represent only 0.1 G misalignment, b) Same condition, display expanded • 2. c) and 
d) are normal and expanded • 2 displays, respectively, showing the sharpness of align- 
ment that is attainable. 

found and  the  lock re-establ ished;  dur ing this per iod an  inter lock is set to pre- 

ven t  the  recording of inval id  f requency readings.  
Corrections mus t  be  made  to the  field measured  by  the  resonat ing protons 

in the sample  to obta in  the  field for protons  in pure  water .  These corrections 
have  the  fo rm 

where a is a screening factor.  I n  our case the  following corrections are con- 
sidered (10): bu lk  d iamagne t i sm of the  sample  ~--~ 1.5 ppm~ bu lk  pa ramag-  
ne t i sm of the  sample  % ~ - - ( 1 . 3 1 1 . 0 ) p p m ~  screening effects due to the  
probe  mate r ia l s  a(f rame)  = (1.5 ~ 1.0) p p m ,  field reduct ion due to invar  radius 
a rms  a ~ 3 p p m ,  average  effect of brass  shielding a ~ -  3 p p m ,  giving 

~(total)  = 1.7 p p m  (negligible). These corrections were r e l evan t  in calculat ing 
the  absolute  field in vacuum,  b u t  were~ of course, no t  necessary in map-  
p ing  the  field shape.  
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Each magnetic measurement in a field of 17.2 kG, with the instruments 
properly aligned, is subject to a statistical error of • 2 ppm due to residual 
jitter in the field-following system; plus a systematic error not exceeding 2 ppm 
when the corrections listed above are applied. 

With the 1.6 mm diameter sample, the magnetometer is capable of working 
satisfactorily in the 10 G/cm focusing field gradient of the storage ring. How- 
ever, if this gradient is cancelled at  the sample with an opposing gradient, 
produced by compensating coils in the probe, the resonance signal is enhanced. 
Thus, by optimizing the resonance signal and measuring the current flowing 
in the compensating coils, it  is possible to make point measurements of the 
gradients present in the field. These gradients are, in order of importance: 
i) radial d.B~/dx, the normal focusing quadrupole field; ii) skew dB,/dz, a per- 
turbing quadrupole field, whose axes are rotated by 45 ~ relative to the radial 
component; and iii) azimuthal dB~/dO. The method described is used in prac- 
tice only for measuring the skew gradients in the field, and has a precision 
of •  

2"2. The stabilizer. - In order to improve the precision of magnetic meas- 
urements and to maintain a high degree of reproducibility in the magnetic 
field, i t  was found necessary to maintain the field level stable to about 10 ppm 
over long periods, and to raise and lower the magnet current in a reproducible 
manner. The magnet stabilizer (lo) shown in Fig. 9 employs two independent 
field-measuring systems. Fast  field changes are detected by a pick-up coil 
and integrator; slow or steady field changes are detected by comparison of 
the frequency of an independent servo magnetometer with tha t  of a crystal 
oscillator. Error signals from both sources are added, amplified and fed back 
to a (~ variable resistor,  in series with the main magnet windings. This has 
the effect of changing the voltage applied to the magnet, thus changing the 
field level in the sense required to reduce the error signal. The , v~riable 
resistor,  is composed of a fixed resistance (20 ms 2500 A) shunted by the 
active element, a transitor shunt which can be set to pass any current in 
the range (0--200) A. 

When raising the magnet current, the voltage is raised at  constant speed 
until  the magnetometer locks at about 17 kG; under the opposing influences 
of the pick-up coil and the magnetometer error signals, the field is then 
raised asymptotically to the working value of 17.2 kG. The whole cycle takes 
about 90 s. I t  is standard procedure to cycle the field from zero to the working 
level and back to zero twice, and to take measurements only after raising the 
field to the working level for the third time. 

The field stability is ~-2 ppm over periods of a few seconds, and remains 
within a total excursion of ~-20 ppm over periods of several weeks continuous 
running without realignment. 
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2"3. Magnetio field mapping.  - The field is careful ly mapped,  before and 
af ter  periods of exper imenta l  running,  a t  1 em intervals  across the  magnet  
aper ture  and at  az imuthal  intervals  of 1.25 ~ . Fo r  these measurements  i t  is 
necessary to remove the  vacuum chamber  and some of the  radiat ion shielding. 
All other  features of the  magnetic  envi ronment ,  such as the  photomul t ip l ier  
shields, iron-reinforced concrete shielding, etc., are left  in their  exper imenta l  
positions. (The presence of a photomult ip l ier  shield at  a distance of 50 cm 
from the  magnet  reduces the field in the  main  gap by  as much as 300 ppm.)  
The vacuum chamber  and the dismounted concrete shielding have effects on 
the field of less t han  2 ppm;  a small correction is made  for brass shielding 
used close to the  magnet  in the  region of the  target ,  which has the  local effect 
of lowering the  field by  12 ppm when i t  is replaced af te r  the  mapping is com- 
pleted.  

Two magnetometers  are used during field mapping. One probe remains 
at  a fixed posit ion and measures a reference field level, while the  mapping 
probe is supported on an invar  radius arm from a pil lar a t  the  centre of the  
ring. This probe is moved successively to all the  2592 points to be mapped,  
the  difference between the  mapping and reference probe frequencies being 
measured at  each point  and automat ical ly  recorded by  a scalar and te lepr in ter  
sys tem (10). The measurements  are processed by  computer  in order to check 
for inconsistencies, and the  mean  relative field (relative to the  reference field) 
along a circular orbi t  is t abu la ted  for each radius measured (see Table I I ) .  

During the measurement  on the  central  orbit  (radius 2500 ram) the relat ive 
field is carefully measured at  the  four points where the  four moni tor  probes 
are to be located during the  actual  exper imenta l  rnnning.  This measurement  

TABLE II. - Maflne$ie field data ]or run 9. 

Relative B averaged in azimuth 

Radius Before run After run Average 
(em) February 1967 June 1967 

246 1.001103 1.001042 1.001073 

247 1.000649 1.000556 1.000603 

248 1.000090 0.999 996 1.000043 

249 0 .999 521 0 .999  399 0 .999  460 

250 0 .998 931 0 .998 891 0 .998 911 

251 0 .998 436 0 .998  373 0 .998 405 

252 0 .997 934 0.997 875 0 .997 904 

253 0 .997 483 0 .997 395 0 .997 444 

254 0 .997 073 0 .996 992 0 .997 033 

Mean of 4 monitor positions 1.000 778 1.000 760 1.000 769 

B(250)/Bmonito r 0 . 9 9 8 1 5 4  0 . 9 9 8 1 3 2  0 .998143  
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establishes the  rat io  of the  mean  relat ive field a t  radius 2500 to the  mean 
re la t ive  field measured by  the moni tor  probes. Wi th  the  aid of this ratio,  
absolute measurements  of the  mean  moni tor  f requency during the  exper iment  
pe rmi t  the  absolute value of the  mean  field a t  radius 2500 mm to be calculated: 
hence via the  field map the  absolute field a t  any  other  radius can also be 
established. 

Bo th  the mapping  probe and the  four  moni tor  probes are suppor ted  on 
invar  radius arms located on a concrete pillar a t  the  centre  of the ring. The 
length  of these arms is cal ibrated against  the  CERN  substandard metre  to  
a precision of 4-0.02 mm. Field measurements  are thus  t aken  at  fixed absolute 
radii ,  and no corrections are necessary for the rma l  expansion of the  magnet .  
A possible correction for residual t he rma l  expansion of the  radius arms,  
0.008 mm/~ would resul t  in a field correction of 3-10-7/~ which was no t  
considered significant. However ,  small corrections have to be made  for the 
magnet ic  influence of the  invar  arms on the  probes (see above). 

2"4. Reproducibility.- Extens ive  investigations were made of the  reproduc- 
ibi l i ty of the  magnet ic  field (lo). When  the  magnet  is cycled and stabilized 
as described above,  the typica l  re la t ive field reproducibi l i ty for one point  on 
consecutive cycles is about  i 2 5  ppm,  and over a period of several months  
-{-(30--50) ppm. However ,  the  mean  re la t ive  field averaged around a circular 
orbi t  has a much be t t e r  reproducibil i ty.  

The da ta  for run  9 are given as an example  in Table I I .  The  change in mean  
field relat ive to the  average of the  four moni tor  positions was 4-11 p p m  over 
a period of four months  (*). 

2"5. Equilibrium orbit. - In  order to  maximize the  in tens i ty  of the stored 
par t ic le  beam, the  equil ibrium orbit  must  be as close as possible to a circle. 
As the  field var ied in az imuth  by  as much as 2 ~/o, i t  was necessary to calculate 
and  adjust  the  shape of the  equil ibrium orbit .  

The presence of an az imuthal  var ia t ion  B' cos kO of the ver t ica l  field B~ 
(at constant  radius) will resul t  in a radial  pe r tu rba t ion  of the  equil ibrium 
orbi t  of ampl i tude  ~oB' /B~(k~-n--1) .  We see t h a t  while the  first order 
(k----1) has a ve ry  large effect, higher-order field variat ions have a rapidly 
diminishing influence. In  pract ice,  a set of field measurements  a t  radius 
2500 m m  is Four ier  analysed for az imuthal  variat ions up to the  four th  order;  
the i r  effect on the  orbi t  is calculated via the  above expression, and the i r  
contr ibut ions summed to arr ive at  the  final equil ibrium orbit.  By  making 
fine adjus tments  to the  field level in the  separate magnet  sections, i t  is pos- 
sible to  optimize the lower-order Four ier  coefficients of the  field distr ibution,  
thus  optimizing the  equil ibrium orbit  in an i tera t ive  manner.  This procedure 

(*) As a result of improved methods (lo), later runs had a reproducibility of •  ppm. 

26 - 11 Nuovo Cimento A .  
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is carried out before the complete field maps are measured. By this technique 
the radial variations of the equilibrium orbit may be reduced to •  ram; 
the residual variations are due largely to the second-harmonic field variations 
introduced by the presence of the coil connections, which could not be com- 
pletely compensated. 

The vertical location of the equilibrium orbit lies at the mean vertical 
position of the median plane of the magnetic field. The median plane is 
defined to be the surface along which the radial component of the field Bq 
is equal to zero. In order to measure this we place a search coil at the centre 
of the magnet aperture. The axis of rotation of this coil is aligned to the true 
vertical -{-0.005 mrad using a precision autocollimating theodolite (lo), there- 
fore the search coil links only with the Bq-component of the field. We rotate 
the coil through 180 ~ and integrate the output, adjusting the t i l t  of the magnet 
section and realigning the axis of the coil repeatedly until a null output is 
obtained. Thus the median plane is adjusted to pass through the centre of 
the coil. In this manner it  is possible to align the mean position of the vertical 
closed orbit to within •  mm of centre of the magnet aperture. Higher 
harmonics of the radial field cause perturbations which are attenuated with 
increasing order k as n/(k~--n). In general, only the first harmonic is signi- 
ficant, and has amplitude 4-1 ram. 

3 .  - E l e c t r o n  d e t e c t o r s .  

The counter used for detecting the electron from muon decay and for 
measuring its energy is a lead-scintillator sandwich. Alternating layers of 
lead (3 man thick) and plastic scintillator (4 mm thick) are used, giving a total 
thickness of 20 radiation lengths. In principle, the whole energy of the incoming 
electron is absorbed, and the cascade shower is regularly sampled by the 
scintillators so, apart from fluctuations in the shower process, the size of the 
total  pulse of light should be proportional to the electron energy. 

The light is channelled by a polished aluminium light-pipe to 5 u photo- 
multipliers (Philips type 58 AVP). In  early experiments we used plastic light- 
pipes, but found tha t  the background light originating in the plastic from 
general radiation near the ring was excessive. (Glass ~erenkov counters give 
better energy resolution, but the light output is small and is swamped by the 
signal from the plastic light-pipe; owing to total internal reflection, no signal 
is obtained if the ~erenkov glass is used with an air light-pipe.) 

The counters were calibrated with a momentum-analysed electron beam, 
selected with the aid of a gas ~crenkov counter. Typical pulse-height spectra 
are shown in Fig. 10. 

Individual pulse-height discriminators were set so that  an electron of the 
chosen threshold energy would have a 50 % probability of giving a count. The 
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Fig. 10. - Typical pulse-height spectra of the counter used for detecting the decay 
electron and measuring its energy. The detector is a lead-scintillator sandwich of total 
thickness 20 radiation lengths. 

outputs of all discrimiuators were usually combined together by a logical-OR 
circuit, and transmit ted to the digitron for sorting into the appropriate time 
bins. 

3"1. Blank ing  system. - I t  is necessary to switch off the detector electronics 
when the bunch of protons is injected into the ring. Secondary particles from 
the target making half a turn of the ring cause a large flash of fight in the 
scintillators (called the ((initial flash ,), and this can paralyse the electronics 
for many microseconds. This is due part ly to the heavy currents which flow 
in the final stages of the photomuitiplier chain, causing reservoir capacities 
to be discharged, but  more essentially to the discharging of the photocathode 
itself (11.12). 

The surface resistance of the photocathode is several hundred kilohm per 
square. Together with its stray capacity, this makes a time constant of order 
40 ~s. Therefore, a large flash of light with its associated photocurrent can 
alter the photocathode potential, and upset the delicate electron collection 
optics at the input to the multiplier section. The response of the system then 
remains poor for many microseconds. 

In  our blanking system (Fig. 11) a large positive pulse (~300 V) is applied 
to the photocathode, causing all photoelectrons to return. This is achieved 
via a grid of thin wires 7 mm apart  placed in front of the phototube. The capa- 
city between the grid and the photocathode transmits the applied pulse. The 
same pulse must be applied to the photocathode connection itself, otherwise 

(1.) F. J. M. FARLEY and B. S.. CARTER: N'/A, Cl. Instr. Meth., 28, 279 (1964). 
(12) W. B~RTL: Gating o I Photomultipli~s (Geneva, 1968), CERN 68-41. 
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Fig. 11. - Block diagram of the blanking system. A large positive pulse (--~ 300 V) 
is applied to the photocathode, causing all photoelectrons to return. This is achieved 
via a grid of thin wires, 7 mm apart, placed in front of the phototubc. 

current  will flow, discharging the gr id- to-photocathode capaci ty  and leaving 

long-term changes in the  cathode potent ia l  after  the pulse has disappeared. 

Simulating the initial flash with an intense light source we obtained the 

results shown in Fig. 12. The response is normal  at  1 ~s after the blanking 

is turned  off, and it  is no t  affected by  the  presence of the flash. 
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Fig. 12. - Gain of the 58 AVP photomultiplier as a function of time. The i~itial/lash 
is simulated with an intense light source. The response is normal at 1 tLs after the 
blanking is turned off, and it is not affected by the presence of the flash, o blanking; 
�9 blanking plus flash; A flash only. 
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3"2. Pie, k - u p  electrode. - The start  signal which initiates the electronic 
timing sequence needs to be reproducible from pulse to pulse, but its absolute 
point in time need not be known. An electrostatic pick-up pulse is obtained 
from the ejected proton beam a few metres upstream of the storage ring by 
means of a Faraday tube i m long. As well as triggering the digitron (see 
Sect. 5), the area of the signal is digitized by a fast-pulse encoder so that  
a number proportional to the number of protons can be recorded on a scaler. 

4 .  - D i g i t r o n .  

4"1. Outl ine .  - The function of the digitron (la) is to record the time of 
arrival t of each decay electron with respect to a start  signal generated b y  the 
incoming proton beam. An absolute scale of time must be established so that  
frequencies read from the data are known in s -1. 

Following established practice, this is achieved by counting a known clock 
frequency (]olo~ =200.020 Mttz), derived from a crystal-controlled oscillator, 
during the interval to be determined. The time scale is recorded digitally in 
increments of 5 ns. The scaler is started by the start signal derived from the 
proton beam and stopped by a signal from the decay electron. In our ease, 
several decay electrons must be recorded for every cycle of the proton synchro- 
tron: that  is, each start  signal may be followed by several stop signals, every 
one of which must be measured. This is achieved by using a large number 
of scalers, which all s tart  to count the clock simultaneously when the start  
signal is received. I t  is arranged that  the first stop signal stops the first scaler, 
the second stop signal stops the second scaler, and so on until all stops have 
been recorded. Any remaining scalers continue rnnning until at t ~ 3 0 0  ~ts 
the train of clock pulses is turned off. The readings of all these remaining 
scalers should be the same, the so-called f inal-s top number, which provides 
a check on the correct operation of the scalers. 

During the 2 s quiescent period between PS pulses, the scaler readings are 
transferred in succession to a data transfer unit (DTU), which writes the 
information onto magnetic tape. Simultaneously, the data can be transferred 
to a PDP-8 on-line computer, and to a modified TMC pulse-height analyser. 
These instruments are used to check the data, and to display histograms of 
counts vs. t which enable the progress of the experiment to be controlled. The 
final analysis of the data is made with a large computer from the complete 
information available on magnetic tape (see Sect. 6). A block diagram is shown 
in Fig. 13. 

(13) Digitrons have been described by R. A. SWANSON: Rev. Sei. Instr., 31, 149 (1960); 
R. A. LUND•: Bey. Sci. Instr . ,  34, 146 (1963); see also ref. (1). 
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Fig. 13. - Block diagram of the digitron and da ta  t ransfer  unit  (DTU) system. Several 
decay electrons must  be recorded for every cycle of the pro ton  synchrotron;  tha t  is, 
each s ta r t  signal may  be followed b y  several  stop signals, each of which must  be 
measured. This is achieved by  using a large number of sealers, which all s t a r t  to count 
the  clock simultaneously when the s ta r t  signal (derived from the proton beam) is received. 
The first s top signal (first decay electron) stops the first scaler, the second stop signal 
stops the second scaler, and  so on unt i l  all stops have been recorded. During the 2 s 
quiescent period between PS pulses, the scaler readings are t ransferred in succession 
to a da ta  t ransfer  uni t  (DTU), which writes the information onto magnetic tape  and 
simultaneously transfers i t  to a PDP-8 on-line computer  and to a modified TMC pulse- 
height analyser:  Pulse t imings:  reset  - -  50 ms, field (reset + 200 y~s), s ta r t  0, stops 
(0--300) ~s, read + 10 ms. Reset connection to sealers not  shown; reset  puts  all  
sealers into stopped state.  

The crystal-controlled clock pulses are running continuously and axe not  
synchronized with the start  signal; therefore, for a fixed time interval, the 
result of a measurement is statistically distributed between two neighbouring 
5 ns channels. From the counts C. and C(~+1) in the two channel% the exact 
t ime t can be determined: 

r (lo) t --  E,~" in  + 
[ C. + C(.+l)J  



PRECISE MEASUREMENT OF THE ANOMALOUS MAGN]~TIC MOMENT OF THE MUON 3 9 1  

subject  to the usual stat ist ical  uncertaint ies.  This formula is useful in test ing 
with fixed pulse trains.  When a continuous distr ibution in t ime is recorded, 
this computat ion is no t  re levant ;  the data  are in effect folded with the tr iangular  
response funct ion of each channel,  which can be wr i t t en  

(11) 

where 

(12) 

P.(t)  = l { ly  I + y} ,  

y = 1 - - I , % o , + - t - , + l .  

As ( / t - - n )  increases f rom - -1  th rough  0 to  + 1 ,  P,(t) rises l inear ly  f rom 0 
to 1, and then  drops back again l inear ly  to 0. 

4"2. Derandomizer. - Some preprocessing of the  s t a r t  and stop signals is 
necessary before they  are presented to the  sealers, otherwise variat ions in the 
propert ies  of the  individual  sealers may  introduce t iming errors. For  example,  
if a clock pulse coincides with the  s t a r t  signal, i t  could be counted by  some 
sc~lers bu t  not  by  others,  the  resul t  being dependent  on small differences in 
the  response of the sealer input  circuits. The  result ing difference of one channel 
could lead to unpredictable errors in the  data.  To avoid this,  the  raw s tar t  
signal is first processed by  a (< derandomizer  , ,  the  ou tpu t  of which is the  clock 
pulse immedia te ly  following the  input  signal. This is then  delayed by  2.5 ns 
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Fig. 14. - Block diagram of the derandomizer. The dead-time of the derandomizer 
is (5--10)ns. The minimum spacing between the derandomizer output pulses is 10 ns. 
The output stop signal always comes halfway between clock pulses. 
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and arrives at  the sealer just half-way between the clock pulses. Thus, the 
scaler is switched on about 2.5 ns before it is required to count. In this situation 
all sealers will have an identical response. 

In a similar way the raw stop signals are derandomized by a second circuit, 
and the stop pulse fed to the sealers falls just half-way between the clock 
pulses. The time threshold between one channel and another is determined 
by the properties of the derandomizer. The decision is independent of the 
scaler, and is made in the same way for all stop signals, whether they arrive 
at early or late times. Thus, systematic timing errors which would give rise 
to errors in frequency r are avoided. Such errors could arise, for example, 
because of the correlation between arrival time and the order number of a 
scaler: the first sealer always records the earliest arrival time. 

A block diagram of the derandomizer is shown in Fig. 14. The dead-time 
of the derandomizer is (5--10) ns. The minimum spacing between the deran- 
domized output pulses is 10 ns. 

4"3..Enable. - The logic for stopping the sealers in turn on successive 
stop pulses is included in the input circuits of each scaler. For example, the 
stopping of scaler 1 generates a gate pulse called e n a b l e  which allows the next  
stop signal to pass to scaler 2, and so on. The rise-time of these circuits is 
~ 1  ns, so stop signals coming 5 ns apart  could be recorded. (In fact, the 
minimum spacing is ~ 1 0  ns because of the derandomizer dead-time, see above.) 

4"4. O v e r f l o w .  - I t  occasionally happens that  the number of stops to be 
recorded exceeds the number of sealers in the digitron. In  this case an over- 
flow indicator is set, and the read signal which initiates the transfer to the DTU 
is inhibited. The whole event is therefore discarded. 

4"5. M a g n e t i v  f i e l d  m e a s u r e m e n t .  - As explained above, the magnetic field 
is measured during the run by NMR self-tuning magnetometers which can be 
driven pneumatically into the centre of the magnet aperture. The NMR fre- 
quencies (~  70 Mttz) are recorded by counting for a fixed time, which is itself 
obtained by sealing the 200 Mttz clock. Thus the proton resonance fre- 
quency e%, as well as r are both measured relative to ]c~,r As only the 
ratio e%/e% enters the calculation of a.x p (see eq. (4)), any error in 1 ~  
cancels out. (Note, however, tha t  the absolute value of ]aock is needed in com- 
puting the orbit radius from the rotation frequency o~,, but  to a considerably 
lower accuracy; see Sect. 6.) 

The method of measuring the NMR frequencies is indicated in Fig. 13. 
The NMR frequencies are counted for a 5 ms period defined by 2 *~ clock pulses. 
The process is initiated by a signal called f i e l d  which occurs about 50 ms 
before the protons are ejected from the PS. The data are transferred by the 
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DTU to the magnetic tape and the on-line computer together with the digitron 
sealer readings. 

Logical control is provided to ensure that  the field is not measured unless 
the NMR probes are in their correct positions, and tha t  the frequency-servo 
is working. Also the data are not written onto tape when there has been no 
start  signal, and are held in the sealers without reset until the writing to mag- 
netic tape is accomplished successfully. 

4"6. Splitting the digitron. - The digitron, consisting of 48 sealers, may 
be subdivided in two distinct ways: 

i) I t  can be split into two digitrons of 24 sealers each, both fed with the 
same stop signals. The first sealer of each set is enabled so tha t  it  will accept 
the first stop pulse; each digitron has its own overflow logic. In this case the 
two digitrons carry out the same task, and corresponding sealers should agree 
exactly. We ran the experiment this way for most of the data collection in 
order to guard against scaler errors. 

ii) Alternatively, one may split the digitron into two or more subgroups 
of sealers, each fed with different stop pulses derived from independent counters 
or groups of counters. This is useful for studying the behaviour of individual 
counters either in setting up, or when some malfunction is suspected. A 
decision can be made later whether a particular subset of data is to be 
included in the analysis. 

4"7. Monitoring by PDP-8. - In the early runs some malfunction of digi- 
tron sealers was detected, and data had to be rejected from the time of the 
last successful testing. In order to monitor the electronics continuously, we 
introduced the PDP-8 and split the digitron into two, as described in 4"6 i) 
above. All data were still written directly onto magnetic tape, but the PDP-8 
made the following checks to confirm that:  

i) corresponding sealers in the two digitrons agree, 

ii) the sealer readings increase progressively, 

iii) the final stop number is correct, 

iv) the magnetic field sealers read within pre-set limits, 

v) the incoming-proton beam is above a certain intensity. 

If  errors occurred, messages were generated so that  appropriate corrective 
action could be initiated. (Note tha t  in the final processing of the magnetic 
tape, any data showing errors i) to v) were rejected, see below.) 

If  the data were acceptable to the PDP-8, the figures were used to up-date 
the monitor histograms of counts vs. time. Two 1000-channel histograms were 
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constructed, one showing (0--5)~s in steps of 5ns;  the other showing 
(0--160) ~s in steps of 0.16 ~s was obtained by ignoring the five least signi- 
ficant bits of the scaler readings. 

In earlier runs, monitor histograms were obtained by transferring the scaler 
readings to a modified TMC 1024-channel pulse-height analyser. A special logic 
unit  was constructed which added one count to an address derived from the 
scaler reading. Later this device was used in parallel with the PDP-8 to 
display selected subsets of the data, and could be used, for example, to check 
the performance of individual counters during the run. 

4"8. Rout ine  tests. - A number of regular routine tests were established to 
check the correct operation of the system. 

i) The correct counting of all sealers and the read-out of all bits was 
checked by filling all sealers with the same number using a preset count unit, 
e.g. displaying all binary ones or all zeros. By writing on magnetic tape and 
calling for an octal dump from the main computer, it  was established that  all 
digits were correctly transferred throughout the system. 

ii) Correct scaler operation at 200 MHz was checked by using stop 
signals at  25 MHz synchronized with the clock. Successive scaler readings 
should increase by 8, which is easily checked visually on the binary display. 

iii) A train of 27 MHz crystal-controlled pulses, not synchronized with 
the clock, were used as stop signals. One of these pulses was selected by a 
gate and used as the start  signal. The stops therefore always came at fixed 
times, equally spaced by 37 ns. If  the equipment is cycled N times, each stop 
should give N counts, statistically divided between two adjacent channels, as 
illustrated in Table I I I .  Any malfunctioning of a scaler would imply that  the 
corresponding pair of channels would not add up to N; instead, counts would 
be spread over other channels. I t  was therefore easy to establish correct oper- 
ation, or to identify any scaler that  was giving errors. 

4"9. Special tests. - To establish the overall accuracy of the digitron, the 
following tests were made. Using the 27 MHz crystal-controlled stop signals 
described in ii) above, the time t for each stop could be calculated using eq. (10); 
typical figures are given in Table III .  To examine the consistency of the data, 
we plot (t--7.375 m) vs. m, where m is the serial number of the stop signal. 
Figure 15 shows the result for the same set of data. The deviation of points 
from the best straight line is only 0.005 channel (0.025 ns), consistent with 
the expected statistical fluctuation and showing that  the crystal pulses can be 
timed to this accuracy. From the slope of the line in Fig. 15 the crystal fre- 
quency is (27.1280• MHz, agreeing exactly with the determinatioD by 
a frequency standard. 



PRECISE MI~ASUR]C~MENT OF THe. ANOMALOUS MAGNETIC MOMENT OF THE MUON 

TABLE I I I . -  Digitron test data. 

3 9 5  

C h a n n e l  n Coun t s  Cn T o t a l  for  M e a n  t i m e  t Ser ia l  t - - 7 . 3 7 5 m  
each  p a i r  (channels )  n u m b e r  (channels )  

of s top  m 

4O 0 

1 0 

2 17 944 

3 14 824 32 768 42.452 5 5.577 

4 0 

5 0 

6 0 

7 0 

8 0 

9 5 425 

50 27 343 32 768 49.834 6 5.584 

1 0 

2 0 

3 0 

4 0 

5 0 

6 0 

7 25 946 

8 6 822 32 768 57.208 7 5.583 

9 0 

6O 0 

1 0 

2 0 

3 0 

4 13 692 

5 19 076 32 768 64.582 8 5.582 

6 0 

7 0 

8 0 

9 0 

7O 0 

1 1 405 



3 9 6  J.  BAILEY, W. BARTL, G. VON BOCHMANN, R. C. A. BROWN, ETC. 

TABLE I I I  (continued). 

Channel n Counts C, Total  for Mean t ime t Serial t - - 7 .375m 
each pair  (channels) number (channels) 

of stop m 

2 31 363 32 768 71.957 9 5.582 

3 0 

4 0 

5 0 

6 0 

7 0 

8 0 

9 21912 

80 10 856 32 768 79.331 10 5.581 

D a t a  ob ta ined  wi th  a t r a in  of 27.128 M Hz  crystal-control led s top pulses. The  t ime  t for the  m - t h  pulse 
is ca lcula ted f r o m  eq. (10) a n d  c o m p a r e d  wi th  t he  l inear  re lat ion t ~ 7.375 m.  F igure  15 is p lo t t ed  
f r o m  this Table.  No te  t h a t  the  digi t ron was  cycled 32 768 t imes,  and  therefore  each stop pulse m u s t  
be counted  as of ten as  this. The  fac t  t h a t  each group  adds  to the  correc t  total ,  a n d  t h a t  the  inter~ 
med i a t e  chauneis  show zero counts,  is a good tes t  of the  correct  opera t ion  of the  whole equ ipment .  

I n  a s i m i l a r  t e s t  a g a t e  was  u sed ,  so t h a t  o n l y  one in  f ive of t h e  c r y s t a l  

pu l s e s  cou ld  r e a c h  t h e  d i g i t r o n ,  t h u s  r e d u c i n g  t h e  c o u n t i n g  r a t e  a n d  g i v i n g  

a check  on  a n y  r a t e - d e p e n d e n t  sh i f t  in  t h e  t i m e  m e a s u r e m e n t .  Such  a n  effect  

cou ld  g ive  a n  e r r o r  in  ae, D b e c a u s e  t h e  c o u n t i n g  r a t e  is  h igh  a t  e a r l y  t i m e s  a n d  

5.60 

r 

5.58 

5.56 

5.54 I I I I I I I I I I I I 

8 14 20 26 
serial nLwnt~er of ~op(m) 

Fig. 15. - P lo t  of ( t--7.375 m) in channels vs. the serial number  of stop signal m. 
The deviat ion of points  from the best  s t raight  line is 0.025 ns. F rom the slope of the 
line, the  crysta l  frequency is (27.1280 4-0.0005)MHz, in agreement  wi th  the deter- 
ruination by  a frequency s tandard.  
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low at later ones. The test showed tha t  for a stop rate of 27 Mttz the shift 
is less than 0.1 ns~ which is completely negligible for the experiment. 

Tests were also made with random stop signals derived from a scintilla- 
tion counter and radioactive source. To avoid correlated after-pulses from 
the photomultiplier~ care must be taken to work at  fairly low gain; but  a high 
counting rate is needed to ensure tha t  many stops occur in 300 ~s and there- 
fore many scalers of the digitron are active. As any event which overflows 
the digitron is not transferred by the DTU, there should be no slope in the 
data due to the corresponding loss of counts at late times. 

A test  with 5-106 total  counts (giving 5.103 counts in each of 1000 channels) 
and covering the range (0--320)~s gave a fiat distribution within statistical 
error. The slope was less than 3.6-10 -s (~s) -1 to 68 % confidence, implying an 
error of less than 0.1% in the dilated muon lifetime. 

In  another test the random counts were modulated at a known frequency 
(~390 kHz) to give a -~9 ~o modulation of the counting rate. The fitted fre- 
quency obtained from 2.1-10 ~ counts agreed satisfactorily (discrepancy 

(150 :~ 100) ppm). 

5. - Operation of  the muon  storage ring. 

In  all experiments the signals from the counters were sorted in time by 
the digitron. We examined the record for a component with the correct 
exponential decay (27 ~s), and a modulation of the counting rate at the 
expected (g--2)  precession frequency. This signature was used to identify 
stored muons. A number of secondary effects were observed~ and a series 
of exploratory experiments were necessary to arrive at the final optimum 
configuration. These will now be briefly summarized. 

5"1. Electronic erects on counters, blanking. - During the first turn many 
charged particles from the target emerge from the ring and can hit the coun- 
ters; this is referred to as the initial flash. As a result, a large photocurrent 
flows and can discharge the potential  applied to the photocathode. The effect 
is strongly reduced if the magnet is turned off. The blanking circuit described 
above {Fig. 11) reduces the problem, but  we were only able to run satisfactorily 
with counters placed at about 180 ~ in azimuth from the target, where the 
spill-out of particles is smallest. The effect was much worse when the magnetic 
horn was used round the target to increase the flux of circulating =; it was 
worse for ~t + storage than for ~- (presumably due to circulating protons). 
To obtain detailed data at  very early times, it  was necessary to reduce the 
intensity of the protons from the PS by putt ing an absorber in the beam 
(see Subsect. 6"2.2). 
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5"2. Magnetie horn or simple target. - The ring was operated with two 
types of target in which the protons interacted to produce pions: 

i) A gold bar, 5 mm in diameter and 120 mm long, surrounded by a 
magnetic horn, pulsed to focus pions of the desired momentum. In this ease, 
the horizontal aperture available for storing muons was 66.5 mm. 

ii) A copper bar 4 mm in diameter and 16 cm long, leaving a larger 
aperture (78 mm wide) for muon storage. Alternatively, an aluminium target 
6 • 6 • 500 mm was used. 

The decay electron counting rate is extrapolated to zero time to give an 
estimate of the number of stored muons. Figures are quoted for a single 
electron counter, using 3.5-101~ injected protons (1 RF bunch of the PS). 
]~nnning for ~- with the magnetic horn, the counting rate was 0.4 per counter 
per pulse with a counter threshold of 1000 MeV, and the amplitude A of the 
(g--2)  modulation was 33%. This corresponds to a high muon polarization, 
showing tha t  the muons come predominantly from the decay of 1.3 GeV/e 
pions circulating in the ring. As expected, the horn enhances this flux, com- 
pared with the flux of higher-energy unstored pions. 

However, owing to the reduced aperture, N A  ~ was not significantly greater 
than for the simple target. On the other hand, the enhanced number of 
charged particles hitting the counters during the first turn greatly aggravated 
the problem of counter paralysis, and there was also some disturbance of the 
electronics by the large pulsed current flowing in the horn. We obtained a 
preliminary result (8) on ~- using the horn, but  preferred the simple target 
for collecting all the data reported in this paper. 

Without the horn, with the target ii) above, the counting rate was 0.3 per 
counter per pulse at a decay electron threshold of 650 MeV for both ~t + and ~-, 
while the modulation amplitudes A were 12 % for [z- and 8.5 % for ~t +. These 
rates and amplitudes agree rather well with those predicted in Sect. 1. 
The lower asymmetry parameter obtained with ~+ is probably associated 
with the enhanced yield of high-energy ~+ (and K +) from the primary target, 
but  the difference is surprisingly large. Most of our data were taken with ~- 
for this reason. 

5"3. Proton leakage ]rom the PS. - An efficient beam transport  system links 
the muon storage .ring to the PS. There is therefore a danger that  protons 
scattered from the PS will enter the beam line, even when the pulsed ejec- 
tion magnets are inactive, and so cause background counts in our counters. 
To guard against this danger, we installed in the beam line a pulsed sweeper 
magnet, which was turned on for 300 ~s immediately after the ejected protons 
had passed. If  this sweeper magnet was not used, we found an intense peak 
in the counting rate at  6 ~ts (three turns of the PS); see Fig. 16. This is related 



ld 1716 

10 2 

PRECISE MEASUREMENT OF THE ANOMALOUS MAGNETIC MOMENT OF THE MUON 3 ~  

t t t+o l,t!tttt t t t t t t t t  
lo - 20 io Lo ~'o 6'0 

t(~s) 

Fig. 16. - Electron counting rate vs.  time: early data showing (9--2) modulation. 
An intense peak is seen in the counting rate at about 6 I~s due to the fact that a pulsed 
sweeper magnet installed in the beam line was not used: E, -~ 750 MeV, 21000 bunches, 
1 counter. 

to the  Q-value of the  p ro ton  synchrot ron  ( Q - - 6 ~ ) ;  protons  which have  been 
kicked into oscillation b y  the  ejection kicker,  b u t  have  jus t  missed the  ejection 
channel ,  have  a chance of h i t t ing  the  kicker  magne t  three  tu rns  la ter  and  
scat ter ing into the  eject ion channel.  The effectiveness of the  sweeper magne t  
in e l iminat ing  background  of this  t y p e  is clear f rom Fig. ]7.  All da ta  runs  

were t a k e n  wi th  the  sweeper magne t  on. 

5"4. S t o r a g e  o /  e l e c t r o n s .  - Electrons are produced in the  p r i m a r y  ta rge t  
b y  the  intense flux of y-rays  or iginat ing main ly  f rom ~o decay.  Those with  
1.3 GeV/c m o m e n t u m  can circle the  ring, bu t  the  orbi t  radius  decreases by  
0.2 m m  per  t u rn  owing to synchrot ron radiat ion.  As a result ,  some electrons 
miss the  t a rge t  on the  first  and  subsequent  turns ,  and  are stored in the ring. 
As the  orbi t  continues to shrink,  these electrons eventual ly  hi t  the  inside wall  
of the  v a c u u m  chamber  and  m a y  be scat tered into the counters  giving back-  
ground counts.  The t i m e  a t  which this happens  depends on the  ampl i tude  
of the  horizontal  be t a t ron  oscillation, bu t  cannot  be more t h a n  2.5 fzs• 
•  aper tu re  in cm), t h a t  is 20 ~s for our final configuration. 

Figure  18 shows the  background due to this effect with a s t rong 14-turn modu- 
la t ion due to the horizontal  be ta t ron  oscillations. As Qh = ( 1 - - n ) � 8 9  0.93, the 
t ra jec to ry  in the horizontal  p lane  repea ts  a lmost  exact ly  a f te r  14 turns ,  bringing 
the  electrons again  to  the  same poin t  on the  inner  wall  of the  v a c u u m  chamber .  
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Fig. 18, - Counts due to stored electrons at an early stage of the experiment showing 
betatron oscillations. The horizontal betatron wavelength is such that the electrons 
repeat approximately the same trajectory (in the horizontal projection) every 14 turns. 
Thus, if the counts are due to scattering by a localized discontinuity, the rate will show 
a 14-turn modulation. 

In  order to  s tudy the  muon ro ta t ion  f requency at  ear ly  t imes i t  was im- 
por tan t  to el iminate the  stored-electron signal. We a t t emp ted  to achieve this 
by  two complementary  methods:  

i) We p reven t  electrons f rom being injected by  mount ing  a 3 cm long•  
•  mm  wide lead block (called the scraper) about  I m ups t ream from the  

target ,  where i t  cannot  be h i t  by  the  pro ton  beam;  its inner edge (*) is a t  
radius 2533 ram, compared to the  inner  edge of the  target ,  a t  2539 m m  radius. 

As the  electrons can only spiral inwards 2.8 mm in 14 turns  (the repeat  
period of the  hor izontal  t ra jec tory)  t hey  should be largely intercepted by  the  
scraper. La te r  this was supplemented by  a copper scraper on the opposite 
side of the  ring, 10 cm long • 1.5 cm radially,  its inner  edge at  radius 2532 ram. 
The relat ive radii  of the  ta rge t  and scraper were var ied to s tudy the influence 
of this distance on the  count ing ra te  a t  early t imes.  

ii) When  the  electrons finally hi t  the  inner wall of the vacuum chamber,  
we arrange t ha t  t hey  cannot  be scat tered into the  counters;  so even if an 
electron is stored,  i t  cannot  give any  background counts. This is achieved 
by  placing a lead block 20 em long •  cm wide inside the  vacuum chamber,  
just  af ter  the  counters,  i ts outer  edge being at  radius 2454 mm. Most electrons 
will be completely absorbed inside the block; those t h a t  escape will have  low 
energy and will be absorbed in the  concrete shielding inside the ring, near  the 
target .  

5"5. M u l t i b u n e h  i n j e c t i o n .  - As previously ment ioned,  the diameter  of the 
r ing was chosen in such a way t ha t  the  ro ta t ion  period of the  muons (52.5 ns) 
was just  half  the  in te rva l  between pro ton  bunches in the  PS. Thus,  if several 

(*) All radii have been corrected for distortion of the closed orbit. 

2T - I l  N u o v o  C i m e n t o  A .  
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bunches were ejected, the muons generated would be superposed in the muon 
storage ring and the rotation frequency could still be observed. We ran with 
up to five PS bunehes, but  as this aggravated the electronic effects on the 
counters (see above), most of the data were taken with two or three bunches. 

To obtain very clean data at early times, we ran for a short t ime at greatly 
reduced intensity, using one bunch with an absorber in the beam near the PS 
to reduce the proton flux by scattering (see Subsect. 6"2.2). 

5"6. Extra-counts at early times and losses. - One expects the population 
of stored particles to decrease rapidly during the first few turns, owing to col- 
lisions of the rotating and oscillating particles with the limiting stops of the 
storage aperture. In  an ideal magnetic field, the muon population has largely 
stabilized after 14 turns (the repeat period of the horizontal oscillations), but  
about 6 % further losses occur between 1 and 5 ~s owing to delayed scraping 
of the beam. However, the observed counting rate shown in Fig. 19 shows 
a loss of counts of nearly a factor 2 during the first few microseconds. This 
loss appears to continue at a lower level for the whole storage period, as 
evidenced by the measured muon lifetime, which is ~ 1% shorter than tha t  
predicted by special relativity (see below). 

I 

L L ~ /  I [ I I 

o 1o 20 
t(~s) 

Fig. 19. - Excess of counts at early times. The fitted curve from 20.5 ~s to 189 i~s 
has been extrapolated back to compare the corresponding counting rate at early times 
with the experimental data. 

The extra-counts may be due to any one, or a combination, of the following 
effects: 

i) perturbation of the electronics at early times by the initial flash or 
the protective blanking, or pile-up of background pulses; 
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ii) extra particles which either decay (heavy muon) or hit the walls 
(stored electrons); 

iii) a genuine loss of muons. 

We believe that  all three effects contribute. At the normal intensity a 
continuous background is seen at early times. This disappears when we run 
at  reduced intensity (see Subsect. 6"2.2 and Fig. 23 mentioned therein)~ and 
for example the extra count factor at 3 ~ts is reduced from 1.4 to 1.25. So 
about 15 % of the extra-counts at 3 t~s are due to pile up. 

Considerable effort was devoted to an a posteriori  analysis of the extra 
counts data after  5 ~s. When a double decay function was fitted to the data, 
one function corresponded to the muon signal in lifetime, asymmetry, etc.; the 
other showed a lifetime of about 12 ~s~ and had no significant modulation 
at the (g--2)  frequency. This latter component could be compatible with 
the presence of stored electrons (which were stored despite the precautions 
described in Subseet. $'4 above) o1" with counting pile-up effects. 

On the other hand, the continuing small loss of ~ 1% per muon lifetime 
(seen in both low- and high-intensity runs) cannot be due to stored electrons. 
We understand r loss as an effect of imperfections in the magnetic field. 
These can excite both horizontal and vertical oscillations, which can bring a 
particle into collision with the vacuum chamber after many hundreds of 
orbits. An analytical t reatment  of nonlinear resonances shows that  losses 
of about ~ 1 ~ per lifetime can be expected (see Appendix C). The implica- 
tions of these losses for the assessment of the mean radius of the rotating 
muons via the observed rotation frequency is discussed in Sect. 6. Experi- 
ments which show tha t  the loss is symmetric in the aperture are described 
at tha t  point. 

I t  can be shown tha t  losses due to single or multiple scattering of muons 
by molecules of the residual gas in the vacuum chamber are four orders of 
magnitude too small to explain the observed losses. 

5"7. Data- tak ing  runs.  - The data used to calculate a.z p were taken in seven 
separate runs~ three devoted to ~+ and four to ~-, as indicated in Table I V ,  

which also shows the times when the magnet was remeasured. Small variations 
of aperture and counter arrangement were made from time to time to improve 
the running conditions. 

During all these runs the magnetic field was measured continuously by the 
stabilizer probe, and checked every 4 min by the four monitor probes. Routine 
checks were made to ensure that  the electronics were working correctly. 

After every PS pulse, the following data were written on magnetic tape: 
the run number and date, the encoded proton beam intensity, the positions 
of the four moving magnetic probes~ whether all five magnetometers were 
correctly loeked~ the five proton resonance frequencies, all digitron scaler 
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T A B L E  I V .  - Summary o/ i~dividual ~/as. 

Run (a) Charge Total Mean ~p (a) Vth (b) ve~ (b) ~O a (b) a • 10 -s 
of decay radius (MHz) (~s) (~s) (MHz) 
muon electrons ~ (b) 

recorded (ram) 

* 9 * - -  9 8 9  k 2494.4 72.8150 26.69 26.40-~0.06 1.69645 116627~- 30 

* I0 -{- 42k 2491.8 72.8245 26.67 27.51 ~0.49 1.69408 116484~180 

11 ~- 297 b 2493.7 72.8185 26.69 26.22~0.05 1.69604 116593~ 80 

12 * ~- 13 b 2494.7 72.8152 26.70 26.57-~0.56 1.69734 116 688~390 

* 1 3  - -  392 k 2492.7 72.8186 26.68 26.47~0.04 1.69682 116646~ 48 

14 - -  200 b 2494.3 72.8117 26.69 27.55:LI.46 1.69475 116515~ 75 

15 * - -  41 b 2494.0 72.8083 26.69 27.27~0,37 1.70060 116923i179 

(a) The  aster isks * indicate  a magne t i c  field s u r v e y  before or  a f te r  t h e  run .  
(b) q is ob ta ined  b y  fitt~ug the  ro t a t ion  f requency  d~ta  a t  ear ly  t imes,  oJ~ is t h e  a v e r a g e  proton resonance frequency for 
t h e  m m  correc ted  for  ~, Tth is o b t o ~ e d  f r o m  eq. (25), %xp a n d  ~a axe o b t a ~ e d  b y  f i t t ing eel. (14) to  t h e  da ta ,  a n d  a 
is t h e n  calcula ted f r o m  eq. (4). The  errors  a re  s ta t is t ical  only.  

readings,  and  digi tron overflow indicators.  The correct  t rack ing  of the  magneto-  
me te r  servo-circuits was checked regular ly  by  means  of an oscilloscope display 
(see Sect. 2). Similar  da t a  were t rans fe r red  to the  on-line PDP-8 ,  b u t  this was 
used  only for moni tor ing  the  runs.  

6 .  - D a t a  a n a l y s i s .  

6"1. General cri teria/or data analysis. - All analysis  is made  f rom the  da ta  
recorded on magne t ic  tape .  The first  process is to  assemble  the  digitron read- 
ings into a h i s togram of counts  vs. t ime,  while ent i re ly  re jec t ing  any  PS 

cycles which do not  sat isfy the  following cr i ter ia:  

i) e jected p ro ton  b e a m  above  a cer ta in  threshold;  

ii) magne tome te r s  in lock mode,  and  frequencies wi thin  prescr ibed l imits ;  

iii) digi tron scaler readings increase progressively;  

iv) digitron sealers which have  not  been  s topped  b y  decay electrons read  
the  correct  final stop number ;  

v) no digi t ron overflow; 

vi) if  digi t ron is split ,  the  corresponding sealers in the  two halves  agree 
exact ly .  

I f  all  these  condit ions are satisfied, two h i s tograms  are  cons t ruc ted  b y  
adding i to  the  channel  address  specified b y  each scaler reading:  a) the  fas t  
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histogram, 5 ns per channel, covering 0 to 10 ~s, used for finding oJ,; b) the 
slow histogram, 105 ns per channel, covering 0 to 300 ~s, used for finding 
wa: by summing over 21 adjacent fast channels the rotation frequency 
signal is eliminated to first order. 

At the same time the proton resonance frequency, given for each pulse 
by the stabilizer probe, is weighted according to the number of observed decay 
electrons and averaged to give the mean value ~ b  for the run. 

Every hundred pulses, the four moving magnetometers are driven pneu- 
matically to radius 2500 mm, nearly the centre of the storage aperture. On 
these occasions, all five magnetometer readings are available, and one can 
calculate the average monitor frequency O~mo ~ and compare it  with oJ.t~b. The 
mean value of Ao~ ~ (O~.o~--~o.t~b ) is evaluated for the run, so finally the mean 
monitor frequency ~,o. corresponding to each run can be determined: ~o.---- 

The next task is to fit the electron counting data to obtain the mean radius 
of the ensemble of muons, and to find ~ .  

6"2. Measuremen$ o] mean  radius o] She m u o n  sample.  - As pointed out in 
Sect. 2, the proton resonance frequency was mapped to ~ 1 0  ppm at many 
specified points throughout the storage volume, but  the magnetic field varied 
by 2100 ppm in passing from the inner to the outer wall, because of the gra- 
dient necessary for vertical focusing. For an exactly linear gradient the mean 
field depends only on the mean radius of the ensemble of muons. This mean 
radius has been determined to about 7 % of the aperture half-width, reducing 
the uncertainty from this source to less than the statistical error in the 
( g - - 2 )  frequency. The methods used for doing this and several experimental 
checks are as follows. 

6"2.1. R o t a t i o n  f r e q u e n c y  f i t t i n g  m e t h o d .  Since muons are re- 
leased in the storage ring in a t ime (~  10 ns) shorter than their revolution 
time (~52.5ns) ,  the sample at first rotates as a distinct bunch, and this 
structure is reflected in the t ime distribution of the decay electrons which are 
detected. However, the low-momentum muons have a shorter rotation period 
than  the high-momentum muons, so the bunch begins to overlap itself (af ter  
about 1.5 ~s) and eventually the structure disappers. This rotational structure 
is the basis of the primary method of finding the mean radius, since the rota- 
tion period T ---- 2 ~ / f l c  of a given muon is given essentially by its equilibrium 
radius ~., with negligible corrections for betatron oscillations (see Subsect. 6"3 
below). 

Decay-electron arrival times are sorted into a histogram of 5 ns bins. 
Figure 20 shows the data, collected from several runs, for the first few micro- 
seconds. The very high background rates which occur immediately after the 
proton beam strikes the target in the storage ring make it difficult to get a 
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Fig.  20. - D i s t r i b u t i o n  of decay  e lec t rons  as a f u n c t i o n  of t ime .  A) f r o m  20 to  45 i~s, 
B)  f r o m  65 to  90 ~s, G) f r o m  105 to  130 ~s (upper  scale of t ime) .  T h e  lower  cu rve  
shows t h e  r o t a t i o n  f r equency  of t he  m u o n  as seen a t  ea r ly  t i m e s :  lower  scale of t ime .  
To  o b t a i n  o~ a a m a x i m u m  l ike l ihood  f i t  t o  t h e  d a t a  is m a d e  w i t h  eq. (14). D a t a  a re  
f i t t ed  f rom 20.5 ~s to  189 ~s. 
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clean signal unt i l  about  1.5 ~s af ter  injeetion under  normal  conditions. Also, 
the  rouen sample at  the  s ta r t  contains part icles which will eventual ly  hi t  the  
walls. We must  therefore  ex t rac t  the  muon  distr ibution from the  somewhat  
d i lu ted  da ta  of the  spread out~ par t ia l ly  overlapping bunch.  This is done b y  
a fi t t ing program. The program a t t empt s  to fit  the  observed histogram by  
calculating the  counting-rate  pa t t e rn  generated b y  an assumed distr ibution of 
muon  equil ibrium radii.  The dis tr ibut ion is described b y  the  populat ions of 
t en  overlapping radial  bins. I t  is continuous,  with discontinuous derivatives,  
a nd  falls to  zero at  the  prescribed boundaries.  The  minimum-chi-squared 
problem is solved for the  nine re la t ive  populat ions and for the  injection t ime.  
The  init ial  t ime dis tr ibut ion of the  injected pro ton  bunch is normal ly  assumed 
to  be a square pulse 10 ns long. 

In  the  in te rva l  in which the  fi t t ing is done (generally 1.5 to 5.5 ~s) some 
background is still present .  For  this reason, and also because of the simplifying 
~ssumptions such as square ini t ial  bunch width,  a perfect  fit would no t  be 
expected,  and indeed there  are deviations especially a t  ear ly  t imes.  

10 
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0 . 2  , ~  ,, \ 

�9 " , - " "  , , ~ I P '~  " ' ~ '  ~- 
0 2/*5 248 251 - 254 

equilibrium radii (cm) 

Fig. 21. - lYIuon radius distribution derived from the analysis of the decay-electron 
events at early times. The rouen rotation frequenoy has been analysed from 1.8 ~s 
to 5.5 ~s: - - - - - -  muon distribution derived from rotation frequency, pre- 
dicted muon distribution. 

Figure  21 shows the result ing radial  distr ibution.  I t  is reasonable, and 
the  rouen popula t ion agrees with what  one expects  on physical  grounds, as 
indicated in Subsect. 1"1 and Appendix A. F ro m  the statistics of the input  
da ta ,  one would expect ,  wi th  a correct  hypothesis ,  a determinat ion of the  
m e a n  radius to  be t t e r  t han  one mill imetre.  We expec t  the  t rue  s i tuat ion to  
be  worse, since the hypothesis  cannot  be exact .  To ex t rac t  a more realistic 
e r ror  es t imate  f rom the program we have made two investigations: 
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i) A n u m b e r  of changes in the  assumpt ions  of the  f i t t ing p rogram were 
t r ied  to see whether  the  resul t ing m e a n  radius is s table  agains t  such changes.  
Fo r  example ,  the  t ime  dis t r ibut ion of the  sample  a t  input  was changed, bo th  
in wid th  and  in shape,  the  posit ions of the  boundar ies  of the  t r app ing  volume 
were al tered,  the  n u m b e r  of radia l  bins was changed,  the  in te rva l  over  which 
the  f i t t ing was done was var ied ,  and  an ad jus tab le  amoun t  of background 
(unmodula ted  signal) was subt rac ted .  Such changes,  if reasonably  small,  did 

not  general ly  change the  m e a n  radius  b y  more  t h a n  ~ 2 ram.  

ii) Artificial da ta  were genera ted  b y  a Monte Carlo p rog ram and then  

p u t  th rough  the  f i t t ing p rogram.  I n  this way  m a n y  poten t ia l ly  t rouble-  
mak ing  s i tuat ions were explored,  such as the  effect of nonro ta t ing  background,  
of non-square -wave  inpu t  pulse (we used a Gaussian),  of slow var ia t ion  of 
in tens i ty ,  and  of ve ry  a symmet r i c  distr ibutions.  The results  are s , m m a r i z e d  
in Table  V; the  f i t ted  m e a n  radius is a lways correct  to a few mil l imetres,  b u t  
the  devia t ion f rom the  inpu t  mean  radius is, as expected,  more  t h a n  pure ly  

stat is t ical .  
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Fig. 22. - Fitting results for two unfavourable eases: a) a very asymmetric distribu- 
tion which had a Gaussian-shaped initial time distribution, and b) the same with 
background present: - -  input R = 2474.41 mm; - - - - o - - -  no background, dis- 
tribution found by fitting, R =  2474.48 mm; = with background, distribution 
found by fitting, /~ = 2477.52 mm. 

Figure  22 shows the  f i t t ing resul ts  for two unfavourable  ca se s - - a  ve ry  
a s y m m e t r i c  dis t r ibut ion which had  a Gaussian-shaped init ial  t ime  distr ibution,  

and  the  same wi th  background  present .  The fit is r e m a r k a b l y  good. The 
presence of nonro ta t ing  background  is seen to cause the  addi t ion of a spread- 
out  muon  dis t r ibut ion,  which in tu rn  moves  the  mean  radius toward  the  centre  
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if the  t rue  dis t r ibut ion is a symmet r ic .  I n  this case the  effect was 3.1 m m  out  
of 19 m m ;  in the  six runs  of Table  V case v) i t  averaged  2.1 m m  out  of 4.5 ram.  

I n  the  ac tua l  expe r imen t  the  m e a n  radius was found to be  only 1 m m  
f rom the  geometr ica l  centre  of the  s torage volume.  Thus the  t rue  d is t r ibut ion 
m u s t  have  a m e a n  radius  near  the  centre,  and  the  sys temat ic  effect mus t  be  

less t h a n  the  r a n d o m  error  of 2 to 3 ram.  

TABLE V .  - Summary o/some Monte Carlo tests o] the accuracy o] mean.radius location 
by the ]itting program. 

Test r.m.s, deviation Remarks 
from input 
radius (ram) 

a) Distribution far off-centre 
(19 ram), no background 0.05 

b) Same, with background 3.11 Background causes a system- 
atic shift toward the centre 

c) Distribution similar to that 
observed in the experiment, 
but off-centre by 4.Smm. 
Realistic input pulse and 
background, 6 runs 2 . 2 0  Average shift toward the cen- 

tre was 2.1 mm 

d) All reasonable runs, various 
distributions, background and 
input pulse conditions, 31 runs 2.7 The worst case was 5 mm o f f  

F r o m  these  studies i t  appears  t h a t  a conservat ive  error  to assign to the  

mean-rad ius  de te rmina t ion  b y  the  f i t t ing me thod  is 2.7 ram.  
The m e a n  radius was calculated in this  way  for all runs  wi th  the  resul ts  

given in Table  IV.  We calculated the  m e a n  field B f rom these da ta ,  b u t  

made  several  fu r the r  checks to es tabl ish its val idi ty .  

6"2.2. D i r e c t  m e a s u r e m e n t  a t  l o w  i n t e n s i t y .  Dur ing  p a r t  of 
Run  14 the  in tens i ty  was del iberate ly  cut  b y  a fac tor  of 5 b y  pu t t i ng  an  absorber  
in the  p ro ton  b e a m  near  the  PS. This r emoved  the  nonro ta t ing  background 
which is usual ly  p resen t  a t  ear ly  t imes ,  and  which we assume to be  caused b y  
pile-up of small  background  counts.  This clean signal (Fig. 23) allows a direct  
de te rmina t ion  of the  mean  ro ta t ion  f requency and  therefore  m e a n  radius,  in 
the  t ime  ((0.6--1.6)Us)  before the  bunch begins to  overlaps itself. The error 
is g iven b y  the  count ing stat ist ics.  D a t a  for this  run  are given in Table  VI ,  
where i t  can be  seen t h a t  wi th in  the  s ta t is t ical  error of the  direct  determina-  
t ion ( :~2.1 ram) i t  agrees wi th  the  mean  radius f rom the f i t t ing me thod  bo th  

a t  the  lower in tens i ty  and  a t  no rma l  intensi ty .  



4 1 0  

20o 

J .  BAILEY,  W. BARTL~ G. VON BOCHMANN, R. C. A. BROWN, ETC. 

150 

~ 100 

5O 

0 
0.7 

turn 13 
1,0 1.3 1.6 

t(ps) turn 31 

:Fig. 2 3 . -  Reduced-intensity experiment. The muon rotation frequency using one- 
fifth of one-bunch intensity. The analysis of the data has been done, starting from 
0.6 ~s to 1.6 ~s, i.e. before the muon bunch overlapped itself. 

! 
Direct  observat ion also yields To, the  centroid of the  inject ion t ime.  

This  is a f i t ted p a r a m e t e r  in the  f i t t ing me thod ;  i t  is g ra t i fy ing  t h a t  the  two 

values  agree to 2 ns. 

T ~ L E  VI. - Mean radius measurements. The standard method of analysis is compared 
with the direct analysis for rotation frequency at early times with reduced intensity. 
The centre of the aperture is at radius 2493 ram. 

Method Excess count Mean radius Remarks 
factor (ram) 

Standard method, hill inten- 
si ty (1.8--6.0)~s 1.4 at 2.5 ~s 2494.34-2.7 Systematic error from 

Monte Carlo studies 

Standard method, reduced in- 
tensity 1.25 at 2.5 ~s 2492.4-;-2.8 Error from statistics; this 

is now comparable with 
systematic error 

Direct rotation frequency, re- 
duced intensity, (0.6--1.6)~s 3.0 at 1 ~s 2492.5:~2.1 Error from statistics 

6"2.3. C h a n g e  o f  r a d i u s  w i t h  t i m e .  The radius obta ined  f rom the 

ro t a t i on  f requency applies  to the  par t ic le  popula t ion  present  a t  abou t  3 ~s 
a f t e r  injection. However ,  the  ( g - - 2 )  precession is measured  over  a la ter  
per iod,  (20.5--189) tzs, and  we have  a l ready  discussed in Subsect.  5"6 the  25 % 

loss of par t ic les  which occurs be tween  these two periods.  As a result ,  the  mean  
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radius of the  muon  populat ion at  late t imes  m ay  not  be the same as t h a t  meas- 
u red  at  3 ~s. I n  the  worst  case, if 25 % of the  radial  distr ibution of Fig. 21 
were cut  off on one side, the  mean  radius would change by  6 ram. 

To s tudy this  quest ion we have obta ined supplementary  information by  
restr ict ing the  horizontal  aper ture  from the  inside and from the  outside of 
the  ring. The stops are so placed t ha t  they  are unlikely to be hi t  by  pions 
which could usefully inject  a muon into the available aper ture  afterwards.  
I t  is assumed t h a t  the  reduct ion in stored in tens i ty  is due to the elimination 
of muon orbits which intersect  the  stop. 

Le t  the number  of decay electrons observed in a part icuIar  t ime with the 
unres t r ic ted  aper ture  ( ~ a )  be I0, and let  the  corresponding intensities when 
the  aper ture  is reduced by  0.Sa from the  inside and outside separately be I_  
and I+. Then for all reasonable radial  distributions and oscillation amplitudes 
the  mean radius is 

(13) = 5o + C a ( I _ - - r + ) / I o ,  

where the  numerica l  constant  C is 0.5 within a factor  of 2. The results are 
given in Table VII .  

TABLE VII. - Data for run 14. The centre of the aperture was at radius 2492.5 mm. 

Residual total aperture Intensity 

(cm) Early Late 
(2.3--3.4) ~s (20.7--39.9) ~s 

Ful l  7.9 I o 8.3 19.54 

Stop on inside 5.9 I_  2.68 6.36 

(I_/Io) (0.321) (0.325) 

Stop on outside 6.5 I+ 3.95 9.44 

(I+]Io) (0.474) (0.482) 

As the  change in aper ture  was not  the same in the  two cases, i t  is necessary 
to p lo t  I vs. (aperture) a to  establish t h a t  blocking on the inside or the  out- 
side gives the  same effect to ~ 1 0  %. The uncer ta in ty  comes from the i mm 
uncer ta in ty  in the posit ion of the  stops. Applying eq. (13), we then  find for 
late t imes only: 

Run 14: ~(late) ~ (2492.5 i l . 0 )  ram, 

Run  15: ~(late) --~ (2494.3 •  ram,  

agreeing wi th  the  values obta ined for early t imes  b y  the  fi t t ing me thod  

(Table IV). 
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A more precise s t a t emen t  can be made  abou t  the  change of radius with 
t ime by  comparing (I_/Io) for late and ear ly  t imes for the  same runs, and 
similarly for (I+/Io). This is independent  of our exact  knowledge of the  posi- 
t ion of the  stops, and drif ts  in the  monitor .  This gives 

--_ L \ lo ] \ Io]  " " I  I ~, ] ] AQ 
\ I o  ]early 

= (0 -4-1) mm (run 14),  

= ( + 2 . 1  ~-1) mm (run 15).  

Fur the rmore ,  f rom Table VI,  there  is no significant change of radius be- 
tween 1 and 3 9s in spite of the  large drop in ex t ra  counts.  Therefore,  i t  is 
unl ikely t ha t  the  radius changed appreciably a t  later  t imes. 

In  summary,  three  independent  methods  of finding the  mean  radius agree, 
and we have evidence t h a t  the  change of radius wi th  t ime is small. Tal~ing 
into account  the  redundancy  of the  data ,  we adopt  conservat ively an error 
of -{-3 m m  in mean radius for  all runs.  This contr ibutes  an error  of 160 ppm 
in the  value of a. 

6"3. Determination o/ ( g - -2 )  precession ]requency co.. - The modulat ion of 
decay-electron counting ra te  by  the  (g - -2 )  precession is clearly seen in the 
da ta  (see Fig. 20). To obtain o . ,  a max imum likelihood fit to the da ta  is made 
wi th  the  following funct ion:  

(14) _,V(t)-~lqoexp[--t/v](l + E e x p [ - - t / v . ] ) { 1 - - A  cos(coat +q~)}+ B ~ . 

Here  the  symbols N0, z, A, r and r have the  same meaning as in eq. (2), 
bu t  the parameters  E and z. have been added to  take  account  of the  extra-  
counts  a t  ear ly  t imes.  ~ is added to include a possible constant  background.  
The fit t ing programme was carefully checked wi th  artificial data ,  and also 
shown to give results which are independent  of small variat ions in the  t ime 
in terva l  selected for fi t t ing (*); a is calculated via  eq. (4) with 2(1 + e ) =  

3.18342. 
The values obtained by  adjust ing the  eight parameters  in eq. (14) are given 

in Table IV  for seven separate runs fi t ted from 20.5 to 189 ~s. The error 
quoted here  on a includes only the  stat is t ical  error  in the  max imum likelihood 
ad jus tment .  The seven values agree well with each other ,  giving Z ~ =  6.17. 

(*) In previous publications (3.4) we reported ~oa-values obtained from a five-parameter 
fit using eq. (2) which does not allow for the extra-counts. In this case the value of e% 
depends slightly on the starting point of the data selected for fitting. In particular, 
the value of a reported in 1967 was later found to be too high because of this effect. 
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For  6 degrees of f reedom t h e  expected value is 5.4, and the  probabi l i ty  of 
finding 6.17 or more is 42%.  

The weighted mean  value of the  anomalous momen t  is 

(15) a = (116621 + 23)-10 -s . 

The  error  of the  mean  is 23.10 -s, bu t  this should be increased b y  (6.17/5.4) �89 
to  take  account  of the  un}nown random errors which have apparent ly  inter- 
vened  to make  g~ slightly larger. (In effect, we calculate the  error f rom the 
spread of the  da ta  in Table IV.) This brings the r andom error to 25.10 -s 
(215 ppm).  

We now add in quadra ture  the  error corresponding to  a •  m m  uncer- 
t a i n t y  in mean  radius discussed above,  which is 19.10 -8 (160 ppm), to give 
the  final overall  error,  31-10 -s (270 ppm). 

Corrections. We must  also consider a number  of small corrections to the  
result ,  as follows: 

i) Due to  the  slight nonl inear i ty  of the field B vs radius 0, the field 
averaged over a dis t r ibut ion of equil ibrium orbits differs slightly f rom the 
field B(~) a t  the  average radius of t ha t  distribution.  I f  the muons populate  
the  available phase space uniformly,  

(16) AB1 B - -  B(~) 1 a s dn  
B -- B --  2 0 - ~ o . ~ - - ~ =  + 2 5 p p m ,  

where Q0 is the  radius a t  the  centre  of the  aper ture .  
A calculation using the  actual  field map and a theoret ical  orbit  distr ibution 

gave + 34 p p m  which we adopt .  

ii) Vertival oscillations of the  par t ic le  about  the  median plane have three 
effects: 

a) an increase in /],  because the  field near  the poles is greater  t han  
in the  median  plane.  This is propor t ional  to d~B]dz ~ ( = - - d ~ B ] d ~ ) ;  

b) a slowing down of the  ro ta t ion  f requency due to the  longer pa th ;  

c) the  pi tch correct ion (1~) to the  spin mot ion which in effect r e d u c e s / ]  
by  the  factor  (1--v~/ez) �89 

For  ver t ica l  semi-aper ture  b, and a rouen popula t ion  which fills the  ver t ical  
phase-space uniformly,  we find t h a t  the  magnetic  field obtained f rom the  rota- 

{14) G. R. HENRY and ft. E. SILVER: -Phys. Rev., 180, 1262 (1969}. 
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tion frequency must be further corrected as follows: 

(17) 
AB, l l b ~ ' [  dn } 

+ " ' - "  ' 

where the three terms correspond, respectively, to a), b) and e) above. With 
b =2.1  cm, n----0.13 and ~ddn/d~)=--2 .2 ,  the three terms give respectively 
--19.8, +0.15 and ~1 .2  ppm corrections. 

iii) Horizontal oscillations of the particle about its equilibrium orbit may 
be analysed as follows. For a particular equilibrium orbit Qu, let the oscilla- 
tion in radius be described by e~ so tha t  ~ = ~ + q~. Expanding the field 
about ~,,, we get 

B(~)) : B,t -}- Q1 s '  Jr gQla o l  2 0 n  , 

where B,, = B(e,,), B ' =  dB/d 0 ------nBo[eo and B " =  d~B/de2 =--(Bo/Oo)dn[do. 
Then 

(as) __-- ! R "  

In  addition, the oscillation changes the rotation frequency, particularly if 
the oscillation is nonlinear ( B " r  0): 

~_ 2 2 0 = fle/e (fie/o,)(:- ode, + �89 

On averaging over many orbits to get o~, this gives an apparent radius 

1 
o.o. = o, + g.  + ~ e ,  { ( 0 , ) ' -  ~}, 

so the field is apparently 

(19) 

giving 

B~p = B, + B'O, -f- (B'/2~,){(0,)2-- ~} + IB"(Ol)', 

B--  B'DP B ~ _  (~,)2 { 201 dn ue } = n + 0, ~ �9 

For an oscillation of amplitude A, ~ ---- �89 2, while ~,.~ 0. To estimate A 2 we 
assume that  the available horizontal phase space is uniformly populated with 
muons, and then make the weighted average over all available values of 0,- 
For horizontal semi-aperture a, 4 2 ----0.3a ~, so finally 

(20) 
B = B ---- 40~o ~ n-}-  Co" �9 
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With  a----3.8 cm, n----0.13 and ~odn/d~ ~ - - 2 . 2 ,  this gives a correction of 
~- 35.9 ppm.  

The effect of ver t ica l  and horizontal  oscillations on ( / ~ - - B ~ )  has also 
been evaluated  b y  a computer  simulation of the  par t ic le  orbits in the  measured 
field of the  magnet .  In  a s tep-by-step integrat ion,  the  orbit  is followed for 

10 turns  (a whole number  of horizontal  oscillations), and the t rue /~ ,  and B.pp 
calculated from the  ro ta t ion frequency,  are evaluated.  Including bo th  hori- 
zontal  and ver t ica l  
~-29 ppm,  agreeing 
~- 15 p p m  es t imated  
effect of noneircular 
---- ~ 29 ppm.  

oscillations, this gives an average correction to B of 
reasonably well with the net  oscillation correction of 
above.  The computed  shift  also takes  into account  the 
equil ibr ium orbits on /~, and so we adopt  AB~ ~-AB3-~ 

iv) The change ol radius, due to the  dependence of the  muon lifetime on 
radius,  gives a f te r  t ime t a re la t ive change in / ]  of --n(t/v)[(~l--Qo~/~]. 
With  the  dis tr ibut ion of equi l ibr ium radii  of Fig. 21, (~n--~o)2~--2 (cm) ~. Also 
i t  can be  shown t h a t  the  weighted average age of the  muons which contr ibute  
to the  measurement  of ~ ,  is 3~/2 af ter  the  s ta r t  of the  analysis (20.5 ~s). Thus 
t/~ ~ 2.2. The correct ion is AB~ = - - 9  ppm.  

v) We mus t  now consider the  1 ~ loss of part icles per  muon lifetime, 
which continues th roughout  the  period used for f i t t ing the  (g - -2 )  f requency 
(see ee I. (26) below). This could give rise to a progressive change of phase 
in eq. (14), and so lead to  an  error  in the  f i t ted frequency.  The initial  phase 
of the  ensemble of muons which contr ibute  to the  da ta  includes the mean 
muon spin direction (referred to t ime zero) together  with the mean emission 
angle 0~, in the  muon rest  f rame of the  detected electrons. I f  some muons 
are lost, these mean  values can change. 

We es t imate  f rom Figs. 2 and 21 t ha t  a 1 ~/o loss of muons could change 
the  mean  radius by  at  most  4-10 -~ cm, and the  muon spin angle b y  at  mos t  
0.6 mrad.  A progressive phase shift  of this magni tude  every 27 ~s would 
change o~a by  12 ppm.  Calculations of the  electron trajectories  f rom muons 
at  different radi i  show the  change in 0e~ ~ wi th  muon radius is negligible. 
Hence,  if the losses correlate with radius, the  m a ~ m u m  correction to oJ~ is 
12 ppm,  which can be neglected. 

All these corrections are small, and we know of no other  which can signi- 
f icantly affect the  result .  The  combined correction from i), ii), iii) and iv) 
is -b 54 ppm in B. Therefore,  if we apply  a correction of - -54  p p m  to eq. (15), 
the  final resul t  of the  exper iment  is 

( 2 1 )  a~x D ---- ( 1 1 6  6 1 6  -4- 3 1 )  . 1 0  - s  . 
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7. - C o m p a r i s o n  with theory.  

The anomalous  m o m e n t  of the  muon  a t  the  new level  of accuracy is influ- 
enced b y  m a n y  smal l  effects. As a resul t ,  the  theoret ical  value has  been  
evolving,  bo th  dur ing the  exper imen t  and  af ter ,  as detai led for example  in recent  
review art icles (~.1~). Fo r  q u a n t u m  elec t rodynamics  alone the  predict ion is 

(22) a ~  = a/2~ + 0.7658~2/g ~ + (21.8 -4-1.1) ~3/za = (116 581 •  -~ , 

where  the  f ine-s tructure  cons tan t  a is t a k e n  (~e) as a -~ ---- (137.03608 •  ppm.  
I n  eq. (22) i t  is assumed t h a t  the  e lec t rodynamie  coupling of the  muon  

is ident ical  to t h a t  of the  electron. The four th-order  a2-term (17) includes the  

effect of electron loop inser t ion in the  second-order muon  ve r t ex  (1.0943a2/~ 2) 
which augments  the  anomalous  m o m e n t  of the  muon  re la t ive  to the  electron. 
The s ix th-order  t e r m  consists of: a) an  e s t ima te  of the  coefficient which is 
va l id  for both  electron and  muon,  0.55a3/~ a, ob ta ined  f rom two specifically 
calculated t e rms  (ls.~a) plus a dispersion-theoret ical  e s t ima te  of the  others (~o) 
(0.13a3/ga); and  b) the  effect of inser t ing electron loops in second-order and  
four th-order  d iagrams which m a k e s  ath.o ~ different  f rom t h a t  of the  electron. 
All t e rms  in b) have  now been  calculated (2~), including the  pho ton-pho ton  
scat ter ing d iagrams (~9) which cont r ibu te  (18.4 •  3. This last ,  surpris-  
ingly large t e r m  was only known in 1969, a f t e r  our resul t  (eq. (21)) had  been 
published,  and  has  b rought  the  theory  into accord wi th  our measu remen t s  ('). 

(15) J.  BAILEY and E. PIeAsso: Progr. •ucl. Phys., 12, 43 (1970); S. J.  BRODSKY and 
S. D. DRELL: Ann. Rev. Nucl. Sci., 20, 147 (1970); B. LAUTRUP: Phys. Lett., 32B, 
627 (1970). 
(le) B. N. TAYLOR, W. H. P~LRKER and D. N. LA~GENB~.RG: l~ev. Mod. Phys., 41, 375 
(1969). 
(17) A. PET~,R~A~: Helv. Phys. Acta, 30, 407 (1957); Fortschr. Phys., 6, 505 (1958); 
H. SumcA and K. WICH~AN~: Phys. Rev., 105, 1930 (1957); C. M. SOMMERFIELD: Phys. 
•ev., 105, 1931 (1957). 
(is) j .  A. MmNACO and E. REMIDDI: ~r~rvO Cimento, (~A,  519 (1969). 
(19) j .  ALDINS, T. KI~OSHITA, S. J. BRODSKY and A. DUFNER: Phys. l~sv. Lett., 23, 
441 (1969); Phys. Rev. D, 1, 2378 (1970). 
(20) S. D. DRELL and H. R. PAGP.LS: Phys. Rev., 140B, 397 (1965); R. G. PARSONS: 
Phys. Rsv., 168, 1562 (1968). 
(21) T. KINOSHITA: NUOVO Cimento, 51 B, 140 (1967); B. E. LAUTRUP and E. DE RAFAEL: 
Phys. Rev., 174, 1835 (1968); l~uavo Cimento, 64 A, 322 (1969); B. E. LAUTRU~, 
A. PETERMAN and E. DE RAFA~L: NuOvo Cimento, 1A, 238 (1971); B. E. LAUTRUr: 
Phys. Zett., 32B, 627 (1970). 
(*) s added in proo]s (May 1972). - All terms in a) have now been calculated by 
M. LEWNE and J.  WRIGHT (Phys. Bey. JSett.,2B, 1351 (1971)) and we have amended 
eqs, (22) et seq. accordingly. F o r  a recent review see B. E. LAUTRUI", A. PET~.RMAN 
and E. DE RAFAEL: Phys. Rep., (1972). 
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To the  pure  QED va lue  of eq. (22) m u s t  be  added the  effects of inser t ing 
hadron  loops in to  the  pho ton  p ropaga to r  in the  basic  second-order ve r t ex  

d iagram.  These effects are g rea t ly  enhanced b y  the  existence of the  1-  vector-  
meson  resonances (~): P, co and  ~. Es t ima te s  have  var ied  in step wi th  the  

expe r imen ta l  in format ion  on the  wid th  and  s t reng th  of these  states .  Using the  
l a tes t  Orsay measu remen t s  (~a) the  contr ibut ions  of the  three  resonances (24) are 
(5.4, 0.61 and  0.50).10 ~ ,  respect ively,  giving a to t a l  Aa " t ~ -  (6 .5~0 .5) .10-L  
I t  should be no ted  t h a t  the  cont r ibut ion  of each hadronic  s ta te  is a lways posi- 
t i ve  (35), so while the  influence of mass ive  s ta tes  decrease roughly as 1/M 3 
a n d  a significant cont r ibu t ion  f rom unknown  regions of the  hadron  spec t rum 
is unlikely,  i t  cannot  be  excluded. The ra the r  direct  connection be tween the  
hadronic  p a r t  of the  anomalous  m o m e n t  of the  muon  and the  cross-section 
for  e+e - annihi la t ion to hadrons  (35.3e) should enable  this  p rob lem to be  clar- 
ified. 

The influence of the  weak  in terac t ion  becomes significant only if i t  is 
med i a t ed  b y  an  in te rmedia te  boson W ~. I n  this  case, ~ can t u rn  v i r tua l ly  
into (W ~ -F v~), changing the  anomalous  m o m e n t  (~7) b y  abou t  - -  2 -10 -s. This 
is much  smaller  t h a n  the  expe r imen ta l  error  and  m a y  always be  masked  b y  
the  unce r t a in ty  in Aa " t ~ .  

Adding the  hadronic  cont r ibut ion  to eq. (22) gives the  cur ren t  theoret ica l  
~ralue 

(23) atheo ~ ---- (116 588 -{-2)-10 -s . 

W h e n  we comple ted  our expe r imen t  the  theoret ica l  va lue  was lower b y  23-10 -~, 
and  we repor ted  (5) a d iscrepancy a,xp--ath,o~= (450 •  Now wi th  
t he  calculat ion of the  pho ton-pho ton  scat ter ing te rms ,  the  ag reement  has 
become v e r y  sat is factory.  F r o m  eqs. (21) and  (23) we have  

(2~) ar ~ = (28 4-31) .10  -8 = (240 •  

This resul t  sets l imits  on the  var ious modifications to the  theory  of q u a n t u m  
e lec t rodynamics  and  on new couplings which have  been  proposed,  pa r t l y  in 

(22) C. BOUCHIAT and L. mICHEL: Journ. Phys. Radium, 22, 121 (1961) ; L. DURAND I I I :  
Phys. Rev., 128, 441 (1962). 
(2a) J. E. AUGUSTIN, J. C. BIZOT, J. BUON, J. HAISSINSKI, D. LALANNE, P. I~ARIN, 
H. NGUYEN NGOE, J. PEREZ-Y-JORBA, F. RUMPF, E. SILVA and S. TAVERNIER: Phys. 
Lett., 28B, 503, 508, 513, 517 (1969). 
(24) M. GOURDIN and E. DE RAFAEL: iVucl. Phys., 10 B, 667 (1969). 
(35) H. TERAZAWA: Phys. Rev., 177, 2159 (1969); Progr. Theor. Phys., 39, 1326 (1968). 
{36) j .  BELL and E. DE RAFAEL: 2~rUcl. Phys., U B, 611 (1969). 
(aT) S. J. BRODSKY and J.  D. SULLIVAN: Phys. Rev., 156, 1644 (1967); T. BURNETT 
and M. J. LEW~E: Phys. I~ett., 24B, 467 (1967). 

28 - I1 Nuovo  Cimento A .  
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an  effort  to el iminate the  divergences in QED,  and pa r t l y  in order to under- 
s tand the  b t - -e  mass difference. A list of the  different cases for which the 
modification Aa to the  anomalous momen t  has been calculated is given by  
BArT,Eu and PICASS0 (~5). We ment ion  here some of the  principal  conclusions, 
all to two s tandard  deviations (95 ~ confidence), assuming t h a t  each effect 
is operat ing alone and t ha t  there  are no accidental  cancellations: 

i) A convent ional  cut-off (38) for  the  pho ton  propagator  a t  high q3, or 
negat ive metr ic  photons  (3~), would lower the  theoret ical  resul t  b y  Aa/a 
=- -2m~/3A ~, making the discrepancy in eq. (24) greater  and implying 

A > 5 GeV. 

if) Similarly,  if an  a rb i t ra ry  form factor  (3o) is applied to  the  muon 
ver tex ,  F(q 2) ~ ( 1 -  q3/A~)-~, we require A > 7 GeV. 

iii) The  exper iment  pu ts  l imits on new fields (sx) coupled to the  muon.  
For  example ,  for a vector  field of mass M with coupling constant  p-~g~/4~, 
Ag/g----(1/3~)(p/M3)m~ implying ]3/M3 ~6.10-4/M~r where M ~  is the nucleon 

mass. 

iv) I f  fermions exist  with mass n~ in termedia te  between electron and 
muon,  t h e n  corresponding loops mus t  be inser ted  in the  pho ton  propagator  
of the  second-order diagram leading to an increase (s3) in ath.on" F ro m  the  
absence of this  effect i t  follows t h a t  m~/m.>~32 (95% confidence), and ~5 0  
(65 % confidence). 

8 .  - L i f e t i m e  o f  t h e  m u o n  in flight. 

The  theoret ical  value  of the  muon  lifetime is calculated from the  l ifet ime 
a t  res t  (s3) with the  s tandard  relat ivist ic  t ime-di lat ion obtained from the 

(2s) V. B. BERESTETSKY~ 0. N. KROKHIN and A. K. KHLEBI~IKOV: ~ltrn. Eksp. Teor. 
Phys., 30, 788 (1956) (English translation in 8ov. Phys. JETP, 12, 993 (1961)). 
(sg) T.  D .  LEE and G. C. WICK: •ucl. Phys., 9B,  209 (1969); 1 0 B ,  1 (1969). 
(a0) B. DE TOLLIS: ~Vuovo Cimento, 16, 203 (1960). 
(ax) j .  SCnw~GV.R: Ann. o~ Phys., 2, 407 (1957); I. Yu. KOBZAREV and L. B. OKU~': 
~urn. ~ksp. Teor. l~iz., 41, 1205 (1961) (English translation: 8ov. Phys. JETP, 14, 
859 (1962)); S. NAKAMURA, H. ~ATSUMOTO, N. NAKAZAWA and U. UGAI: 8~ppl. Progr. 
Theor. Phys., extra number, 422 (1968); S. J. BRODSKY and E. DE RAFAF.L: Phys. 
t~ev., 168, 1620 (1968); R. SUGANO: Progr. Theor. Phys., 28, 508 (1962); K. M. CAS~.: 
Phys. Rev., 76, 1 (1949). 
(33) This remark was made by J. S. BELL: private communication. We are grateful 
to P. GODDARD and L. M. LEDERMAN, and independently to P. K. KABIR, for evalua- 
tions of the integral (ref. (17)) giving the vacuum polarization as a function of the 
ratio (m~/ma). 
(3s) See, for example, G. FEI~BERO and L. M. L~D~R~A~: Ann. l~ev. lgud. 8ci., 13, 
466 (1963). 
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known magnetic field and the mean radius as determined by the rotation 
frequency: 

(25) 7 ---- (1 - -  v21c2) -�89 = ~(1 + a)-~(~Jo~t),  

the overall error in %h being -4-0.15 ~ .  Here it  is assumed that  no special 
correction is necessary when the orbit is deflected by a magnetic field, and 
that  the decay rate of the particle in its rest system is not altered by the accel- 
eration experienced. 

The lifetimes obtained from the maximum likelihood fit to the data for the 
individual runs are given in Table IV. Comparing with theory we find for the 

weighted mean 

(26) %,~--  *tr,o, ---- - -  (0 .30 -{- 0 .03)  ~zs ---- ( - -  1.1 -+- 0 .1)  % .  

We interpret  this as evidence for a slow loss of muons from the ring due 
to a gradual blow-up of the beam excited by small irregularities in the mag- 
netic field. A computer simulation, in which we follow particles by means 
of a step-by-step integration in the measured magnetic field over many turns, 
shows losses of the same order. A similar result is obtained if the orbit sta- 
bility is analysed with the Sehoch theory (34). Further  details are given in 

Appendix C. 
Whether these losses exist or not, eq. (26) shows tha t  the time dilation 

of special relat ivity is verified to within 1.1% for 7----12. I t  is emphasized 
that  this experiment involves muons travelling in a circular orbit, simulating 
the out-and-return journey often discussed (3~) in connection with the twin 
paradox. This result removes any lingering suspicion tha t  some unsuspected 
effect associated with acceleration would compensate the time dilation in 
a circular or out-and-return journey; the clock-paradox is established as an 
experimental fact associated with the time keeping of radioactive material 
in direct comparison with standard laboratory t ime scales. Several indirect 
checks of the relativistic transformation of t ime in accelerated motion, at 
at somewhat lower velocities, have already been established (as). Unpublished 
evidence for muon time dilation in circular orbits at 7 ~ 1 . 2  was also obtained 
by C~AnPxKetal .  (a) in an earlier (g--2)  measurement at CERN, and the 
interpretation of the experiment has been further discussed by BAILEY and 

PIcAsso (~). 

(34) A. SCHOOl: The Theory o] ~near and ~onlinear Perturbations o] Betatron Oscilla- 
tions in Alternating Gradicnt Synchrotrons (Geneva, 1957), CERN 57-21. 
(ss) A. EINSTEIN: A~n. der Phys., 17, 89 (1905); H. BO~DI: D/scovery, 18, 505 (1957); 
R. P. FEYNMAN, R. B. LEIGHTON and M. SANDS: The .s Lectures o,~ Physics, 
Vol. 1, Sect. 16.2 (London, 1964). 
(36) R. V. POUND and G. A. I~EBKA jr.: Phys. Rev. •ett., 4, 274 (1960); C .W.  SHERWIN: 
Phys. ~ev., 120, 17 (1960). 
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APPENDIX A 

Detailed calculation of the muon intensity. 

A'I.  The stored rouen intensity (*). - The muon capture yield per available 
proton of given energy will be a function of the method of injection and of 
the ring parameters. These are: the semi-aperture of the storage region (a) in 
the horizontal plane, b) in the vertical one), the radius of the ring ~, the 
magnetic field B, and the field index n. 

I t  is difficult to express the influence of all these parameters in a general 
formula. However, for a given injection system and inside a limited range 
of the parameters, one can accept the following expression: 

f .  baS. ba s 

where Y~ is the muon capture yield; 17~ is the yield of pion production (per 
GeV]e and steradian)--which is a function of the proton and the pion momenta; 
and ] or ]1 are factors depending on the chosen injection system. 

The expression given above can be explained as the product of the angular 
acceptance in the vertical plane (b/~) n�89 the angular acceptance in the hori- 

(*) We are indebted to F. COMBLEY, G. PETRUCCI and W. WORDEN who contributed, at 
different stages of the experiment, to our understanding of the injection mechanism. 
In particular F. COMBLEY wrote part of this Appendix. 
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zontal plane (a/~)(1--n)�89 the momentum bite of the pion (a/e)p=(1--n), 
and finally the acceptable fraction of the muon momentum spectrum 
,~ ale(1 - -  n). 

In ]~ ]1 the decay probability of the pions and the losses due to the =~ decay 
angle must be included; in fact these losses might be rather high when the 
angular acceptances of the ring are comparable to the decay angles. 

A'2. Catvulation o] trapping effiaieney. - A computer program is used to 
calculate the number of captured muons properly. The program starts with 
a given pion source distribution (in vertical and horizontal phase-space, and 
momentum), and calculates the trapping efficiency for muons as a function 
of pion momentum and horizontal injection angle. Together with the stored 
muon intensity, the program calculates the radial and longitudinal polariza- 
tions of the muon, and how far the pions go before hitting something. 

A'3. Phase-space representation. - In  a weak-focusing field, consisting only 
of dipole and quadrupole terms9 the trajectory of any particle can be repre- 
sented as a circle in phase if the vertical scale factor is chosen appropriately. 
The complete turn corresponds to one betatron oscillation in the focusing 
ring. Examples of this representation in horizontal and vertical phase-space 
are shown in Fig. 24. 

( 
a) 

Z ~ 

Z 

Fig. 24. - In a weak-focusing field the trajectory of any particle can be represented 
as a circle in phase space, if the vertical scale factor is chosen appropriately, a) In the 
horizontal plane circles are centred on the x-axis at the position of the equilibrium orbit, 
b) in vertical plane circles are centred at the origin. 

A'4. Vertical phase-space. - The region of acceptance of the stored muons 
is represented by a circle with its centre at the origin and with radius equal to 
the semi-aperture. In order to produce a stored muon, a pion must decay 
when the point representing its motion in vertical phase-space lies within 
the above cirlce. To simplify the calculation, the muon circle has been dis- 
placed on the angular axis by  a distance equal to the vertical ~ decay angle. 

In vertical phase-space, the pions are initially uniformly distributed along 
a line representing the target. As the injected pions travel round the ring, 
so the pion distribution in vertical phase-space rotates. Each point repre- 
senting a pion moves on a circle; the pion is lost if the circle intersects the 
aperture limits. At a given time, the number of pions tha t  can give stored 
muons is proportional to the length of the line representing the pion source 
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/ 
/ 

/ 

J 

Fig. 25. - At a given time, the pions are distributed in vertical phase space along 
the line OT. The circle, which represents the vertical ~cceptance region of. the stored 
muon, is displaced vertically by 0~ (vertical decay angle). 

(see Fig. 25). This factor,  toge ther  with the  decay probabil i ty,  is used to deter- 
mine  the  muon  b i r th  ra te  as a funct ion of t ime  and ver t ical  decay angle. To 
obta in  the  number  of s tored muons, t he  muon  b i r th - ra te  is in tegra ted  between 
the  limits set b y  the  t ra jector ies  in horizontal  phase-space (see below). 

A'5. Horizontal phase-space. - The  pion t ra jector ies  originate f rom a line- 
source distr ibution,  as indicated in Fig. 26; t h e y  are defined b y  the  pion 
m o m e n t u m  (which gives the  posit ion of the  equilibrium orbit),  and b y  the  
angle of inject ion.  Therefore,  in horizontal  phase-space the  t rajectories  of the  

muo f }  
circte 

[ 
pion 

~r ectory source 

.g 

D/on 
equibbrium 

orbit 

Fig. 26. - In horizontal phase-space a pion trajectory originates from a line-source 
distribution; it is defined by the pion momentum and by the angle of injection. A 
pion can give a stored muon of momentum pg only when it is within the displaced 
circle, which represents the horizontal acceptance region of the stored muons displaced 
vertically by e~ (horizontal decay angle). 
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injected pions are represented by circles centred at the position of their equi- 
librium orbit; this position is not restricted to within the aperture limits, 
although the pion is considered lost at the point where its trajectory crosses 
the  boundary limits of the aperture. The region accessible to muons of a 
given momentum is represented by another circle, tangential to the geomet- 
rical limits of the storage region. Referring to Fig. 26, we see tha t  a pion 
produced at the target with a momentum p ,  and an injection angle x~ 
can decay with a horizontal decay angle Oh to give a stored muon of mo- 
mentum p~ only when it is within the circle, which represents the accept- 
ance region of the stored muons displaced vertically by Oh. The heavy line 
shows the part  common to the pion trajectory and the muon acceptance. The 
two points C and B on the pion trajectory represent the two points in time 
between which the muon birth-rate is to be integrated. Some pions may com- 
plete more than one horizontal betatron oscillation and so pass through the 
muon circle again. In this case, the integration has to be repeated over these 
later time intervals. 

So far, to explain the main line of the  program, i t  has been assumed tha t  
the trajectories of pions in phase-space are circles. However, this assumption 
is only true for particles of given momentum, and the scale factor has been 
chosen so tha t  particles with equilibrium orbits in the centre of the storage 
region move in a circle. The approYimation tha t  the trajectories of pions are 
given by circles in phase-space is not good for particles with momentum that  
is more than 10 % larger than the momentum of the stored muons at the centre 
of the aperture. I t  can be shown tha t  in general a trajectory can, in both 
horizontal and vertical phase-space, be represented by an ellipse. In the 
program used to evaluate the stored muon intensity, the corrected pion trajec- 
tories in phase-space have been considered. 

A'6. Ca$vulation o] polarization. - The ~ decay angle is determined by 
the pion and muon momenta, but  the orientation of the decay plane about 
the pion momentum vector is random. If  we denote this orientation by ~, 
then the horizontal (Oh) and vertical (0~) components of the decay angle are 
given by 

(A.2) 0h ~- 0 cos 

and 

(A.3) 0~ =- 0 sin ~ ,  

where 0 is the angle between the pion and muon momenta in the laboratory. 
The initial angle between the mnon spin and momentum is expressed as 

the difference between the rest-frame (pion) and laboratory-frame decay angles. 
The initial longitudinal polarization is therefore the cosine of this angle and 
the initial radial polarization is the sine multiplied by cos ~. The positive 
direction for radial polarization is towards the centre of the ring. 

A'7. Resumd o] basio ]ormuIae ~sed in the stored muon intensity program. 

A'7.1. l~or t h e  r i n g .  Betatron wavelength: 

2n 
(A.4) ~tH ~-- 2 ~ ( 1  -- n)-�89 ~ 0.3--B p (1 -- n)-�89 (p in GeV/e, B in Wblm'), 

2g 
(A.5) ~tv ---- 2~n-�89 ~ 0.3B pn-I ,  (p in GeV/c, B in Wb/m 2) . 
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Equilibrium orbit: 

(A.6) 
A~ _ Ap 

(1 - - n )  -1 . 
~o Po 

Angular acceptance of the ring: 

(A.7) ~,,~ ---- :J: a(2~/2~t) -~ , 

(A.8) ~ ,  ---- ~ b(2v/2xt) -~ , 

a. and b being the semi-apertures, horizontal and vertical, of the chamber. 

A'7.2. F o r  t h e  k i n e m a t i c s  of 7:~t d e c a y .  

(A.9) 
p* --~ 30 l~IeV/e, 

pa ~ p=(0.79 A- 0.21 cos 0"), 

pion mass = 139.6 MeV, muon mass ---- 105 .6  MeV.  
The decay distribution being isotropic in the centre of mass of the pions, 

the probability of decay is constant as a function of cos 0", and the differential 
momentum spectrum of the muon is flat. The probability of decay inside 
the momentum bite Ap~ is then 

(A.10) A I =  Ap~ 
0.42p= 

for O.58p=<~p~<p,~ (otherwise A f =  0). 

A'7.3. F o r  t h e  p o l a r i z a t i o n  of t h e  s t o r e d  m u o n  b e a m .  The 
radial polarizaf~m (Pr) of the muon is defined to be the component of its 
spin transverse to its laboratory velocity, as measured in its rest flame, or 

(A.11) p ,  = 7=fl= sin 0* 
7~/~ ' 

where 0* is the muon angle in the pion rest flame, y= = E=]m= and fl~ is the 
muon velocity in the laboratory. Expressed in terms of laboratory quantities~ 
the above formula becomes 

sin 0 
(A.12) P" = si~-n-0~ ' 

where 0 is the muon laboratory angle and 0~a= its maximum laboratory angle: 

(A.18) 0~,-~ arc sin ~('m~-- m~.)/ 
/ 2 p - ~  J 

(p~ is the pion momentum). 
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The  longitudinal  polarizat ion of the  muon  is the  component  of its spin 
along the  direct ion of i ts mot ion,  measured  in i ts rest  f rame,  or 

(A.14) p~  = u - -  [ (m~lm$) (1  - -  u)] 
u + [ (m~/m$) (1  - -  u) ]" 

The  p a r a m a t e r  u is defined b y  the  following relat ion:  

u = (E~-- E~) / (E~=- -  E~,.) = cos~ (0*/2), 

where  Ea  is t he  mRon energy in t he  laboratory,  

2 ffttt 
E~,= _~ ~ E,~ = 0.58E= for 0* = 

71$~ 

and 

~ =  ~ E,~ for O* = 0 .  

APPENDIX B 

Trajectories of electrons from muon decay in the ring. 

The  program takes muon  decays at  par t icular  azimuthal  positions, b u t  the  
radial  posi t ion and decay angles are chosen at  random, weighted according to  
the i r  expected  distributions.  I f  t he  electrons have an energy greater  t han  some 
min imum energy, t hey  are t racked  out  of the  r ing step b y  step unt i l  t hey  
reach  a specified radius. 

Consider an electron emi t t ed  in the  muon  rest  f rame at  angle O* to the  
direct ion of the  muon  in the  labora tory  f rame,  and with a m o m en tu m  

(B .1 )  x = po / p  . . . . .  

The  values of x are weighted according to the  spectral  funct ion n ( x ) .  
tually,  one has 

(B .2 )  n ( x )  (Ix = 2x~(3 - -  2 x ) d x .  

Ac- 

Af ter  having genera ted  a value  of electron momen tum in the  muon rest  f rame 
according to  eq. (B.2), one computes  t he  electron m o m en tu m  Pe in the  labora- 
t o r y  f rame:  

(B.3) Pe ---- ](x, cos 0")  �9 

Equat ions  (1), (2) and (3) specify the  mot ion  of the  electron in the  muon  
res t  f rame and in the  labora tory  frame. The labora tory  emission angle of the  
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electron O is given by 

1 sin O* 
(B.4) tg O ~ - -  

y.  ~./~* + cos 0"" 

The values of cos O* are chosen at  random in the range A-1 to --1. 
The azimuthal angle of the decay ~ is chosen at  random in the range 

between 0 and ~ radians (see Fig. 27). Then the final emission angles of t h e  
electron in the horizontal plane (u) and in the vertical plane (v) are given by 
the following: 

(B.5) tg u -~ tg O sin r 

( B . 6 )  tg v = tg O cos ~ cos u .  

Fig. 27. - Direction of the decay electron momentum in the muon rest frame and 
that of the momentum in the laboratory frame. The azimuthal angle of the decay 
is chosen at random in the range between 0 and g radians. 

The set of relations tha t  we have written specifies the electron momentum and 
the emission angles in the laboratory as functions of three random variables 
(the spectral function, the zenith angle and the azimuth angle in the mnon rest 
frame). We then compute the electron trajectories, taking into account the 
horizontal and vertical distributions of muons. 

The radial and vertical positions of the muons follow a cosine distribution 
law if we take into account the betatron oscillations around their equilibrium 
orbits. 

The magnetic field gradient has been considered constant (n ~ 0.13) through 
all the muon storage ring aperture, but a flinging field has been put in to 
compute the motion, both in the horizontal and vertical directions, of the decay 
electrons leaving the storage ring. 

Until now the electron emission has been treated as isotropic. I t  remains 
to compute, for the particles" falling in a particular energy angle box, the 
average asymmetry coefficient, and the muon-spin angle corresponding to the 
maximum intensity. 

Suppose the muon spin direction is specified by unit  vector k. The intensity 
of emitting an electron in any direction k can be written 

(B.7) I ---- 1 -k A . k ,  

where A is the asymmetry vector of length equal to the asymmetry coefficient, 
which is a function of the electron energy in the muon rest frame, and direc- 



PRECISe. MEASUREMENT OF THE ANOMALOUS MAGNETIC MOMENT OF THE MUON 

tion parallel to the  electron emission O* considered. Over m decays the average 
intensity is therefore 

(B .S )  i = 1 +  1 ~ A , . ~ = l - b A . k .  

The quanti ty .4 is the vector average of the individual asymmetry vectors ~4~, 
The modulus 1,41 determines the mean asymmetry coefficient for any group 
of decays. The condition kl]A determines the spin direction which gives a 
maximum counting rate for this group. In computing A we sum up the hori- 
zontal projections of each A o parallel and perpendicular to the muon velocity�9 
The individual asymmetry coefficient ]A~ I is a function of x ~  (p~ . . . .  )~. 

2x~ - -1  
(B.9) A~(x) ---- ]A~ I = 3 ~ 2 x ~ "  

The components of A~ in the horizontal plane are given by  the following rela- 
tions: 

(B.IO) 
(A, ) ,  = A, (~ )  cos O* 

(A~)~ ---- A~(x) sin O* cos ~ .  

The component of ~l~ perpendicular to the median plane is given by  

(B.11) (At)o = A,(x) sin O* sin ~ .  

(A,), + (A,)• (A,)o,, = we Being interested only in an effective value of A~: 2 ~ 
determine the average asymmetry coefficient Aa~ for m decays going into a 
particular energy-angle box in the laboratory frame: 

The muon spin angle O,*~ which corresponds to the m a ~ m u m  intensity is 
given by  

sin O* cos 
(B.13) 8 '*~f=tg- l [  ~ A , ( x )  cosS*  ]" 

In  Table VI I I  we give a typical output showing the number of decays vs. the 
l~boratory electron energy and the angle of emergence. In Table IX  we give 
an output showing the asymmetry coefficient Aeff vs. the laboratory electron 
energy and the angle of emergence. These results have been obtained by 
following 5.104 decay electrons. I t  is possible that  electrons produced at cer- 
tain angles and energies in the laboratory frame may be lost; in fact the field 
tends to bend the electrons inwards towards the counters, so that  electrons 
emitted outwards from the ring are still detected, bu t  some others may be lost 
due to vertical defocusing. 

About 50% of the decay electrons hit the magnet poles and are lost. 
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TABLE VII I .  - 5Vumber o] decay electrons incident on the counters. 

-~ Energy (MeV) 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 0 0 0 0 

0 0 0 0 1 34 127 242 

11 92 195 316 492 460 386 196 

576 521 369 206 60 1 0 0 

(D 

o ~  
cD 

117 lO 0 0 0 0 0 0 

Energy interval  60 MeV, maximum energy 1.14 GeV. 

TABLE IX.  - Asymmetry eoe//ieient Aeft.10 -a. 

-+ Energy (MeV) 

0 0 0 0 0 0 0 0 0 

0 0 0 0 O 0 0 0 0 

~ 0 0 0 0 0 0 0 0 0 
.,..t 

~ 0 0 0 0 1967 2048 2401 2836 3141 : 

o ~ 593 1172 1316 1571 1839 2166 2547 2772 3109 i t 

~ 981 1079 1371 1711 2022 9933 0 0 0 

1026 3730 O 0 0 0 0 0 0 

Energy interval  60 MeV, maximum energy 1.14 GeV. 

A b o u t  5 . 1 0  -4 of t h e m  wi l l  b e  s t o r e d  in  t h e  r i n g ;  o w i n g  to  s y n c h r o t r o n  r a d i a -  
t i o n  t h e y  wi l l  s p i r a l  i n w a r d s .  

T h e  g e o m e t r i c a l  e f f ic iency v a r i e s  w i t h  t h e  e n e r g y  a n d  t h e  ang le  of  e m e r g e n c e  
of t h e  e l e c t r o n .  T h e  h o r i z o n t a l  a p e r t u r e  w a s  d i v i d e d  i n t o  f o u r  r eg ions ,  each  
of  2 c m  h o r i z o n t a l  w i d t h ,  m a d e  u p  of  t w o  e q u a l l y  p o p u l a t e d  s t r i p s  of 1 c m  
w i d t h .  T h e  v e r t i c a l  d i s t r i b u t i o n  i n  each  ca se  is  t h e  u s u a l  cos ine  d i s t r i b u t i o n .  
T h e  v a r i a t i o n  of  t h e  ef f ic iency in  t e r m s  of ~VA~ f r o m  t h e  i n s ide  to  t h e  o u t s i d e  
r eg ions  is  a b o u t  20~o ;  

APPENDIX C 

Calculations of  muon  losses due to beam blow-up. 

S m a l l  i m p e r f e c t i o n s  in  t h e  m a g n e t i c  f ie ld of t h e  s t o r a g e  r i n g  a n d  v a r i a t i o n s  
of  t h e  m a g n e t i c  f ie ld  c a n  c a u s e  p a r t i c l e  losses  d u e  t o  g r a d u a l  b l o w - u p  of t h e  
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rad 

0 0 0 0 0 0 0 0 62 0.05 

0 0 0 0 0 16 116 101 119 0.10 

16 123 231 257 217 140 60 1 0 0.15 

278 214 80 0 0 0 0 0 0 0.20 

0 0 0 0 0 0 0 0 0 0.25 

0 0 0 0 0 0 0 0 0 0.30 

0 0 0 0 0 0 0 0 0 0.35 

Total rad 

0 0 0 0 0 0 0 8865 8865 0.05 

0 0 0 0 6378 6740 7303 8012 7312 0.10 

4286 4718 5201 5648 6129 6676 7955 0 5265 0.15 

4314 4583 6105 0 0 0 0 0 3426 0.20 

0 0 0 0 0 0 0 0 2024 0.25 

0 0 0 0 0 0 0 0 1022 0.30 

0 0 0 0 0 0 0 0 383 0.35 

beam. Two methods  have been used to s tudy  the  trajectories of particles in 
the  magnet ic  field of the storage ring. 

C'1. Particle t r a v i n g . -  This method  (lo) is a computer  simulation in which 
we follow particles by  means of a s tep-by-step integrat ion of the equation of 
mot ion  over m a n y  turns.  The me thod  is to analyse the  sets of measured values 
of the  to ta l  field Bo and skew gradient  dBJdz ,  at  each of the  288 azimuthal  
measur ing points  in the  field map.  The analysis fits coefficients As,  B~, to a 
solution of the  two-dimensional  Laplace equation for a magnet ic  potent ia l :  

6 
(G.1) V = ~ (Anr  n sin n~o + Bnr ~ cos n~0). 

F r o m  these coefficients the  field a t  any  point  in the  magne t  apei~ure m a y  
be calculated, with precision up to decupole components  of the  field for 
H : 5 .  

The equations of mot ion of the  particle in the  magnet ic  field are now 
in tegra ted  stepwise by  the  Runge -Ku t t e  method,  substi tuting,  a t  each step, 
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field values calculated from the coefficients of the field. In  this manner it is 
possible to study nonlinear oscillations of the particle trajectories in the meas- 
ured magnetic field. By Monte Carlo methods we inieet a population of par- 
ticles into this model of the field in order to study beam blow-up and losses 
due to resonance. We conclude from these studies that :  

i) Due to beam losses, the stored beam intensity after 100 orbits is 
only 80 % of tha t  expected from a conservative calculation of the magnet 
acceptance. 

ii) There is no significant radial asy~mmetry in the beam losses. 

iii) Beam losses after 100 turns appear to be small. ~esonance oscilla- 
tion amplitudes appear to reach a stable level after a few hundred turns; slow, 
continuous blow-up has not been observed. 

Using the same particle tracing technique we have examined the time- 
averaged field experienced by a particle executing betatron oscillations about 
either circular or noncireular closed orbits in a nommiform field. Averaging 
over a Monte Carlo injected population of particles representing the real popula- 
tion of the storage ring, we find tha t  the mean time-averaged field is 29 ppm 
higher than the mean field measured around a circular orbit at the mean radius 
of the particle population. This time-averaged field shift must  therefore be 
applied to the fields measured on circular orbits as tabulated in the field 
maps. 

(If the program is set to calculate field shifts for particles oscillating about 
circular equilibrium orbits, the resulting shift is in agreement with analytical 
calculations.) 

C'2. Resonance analysis .  - The efficiency of the particle-tracing method 
is not very high for investigating particle losses at times later than 100 turns. 
We used a second method to study rouen losses at  later times (37) by analysing 
the stability of the betatron motion of particles in terms of a formalism proposed 
earlier by Sc~ocH (8~). 

Resonances of the betratron motion of particles in a storage ring occur if 
a resonance condition 

(C.2) aQ~ ~ bQ~ = v 

is fnlfiHed. The numbers a, b, v are integers, and Q~ and Q~ are the numbers, 
of betatron oscillations per revolution for the horizontal and the vertical motion. 

If  the condition (C.2) is satisfied, small imperfections of the magnetic 
field of the storage ring can induce large variations of the betatron amplitude. 
Figure 28 represents the resonance lines up to the fifth order in the (Q~, Qz)" 
plane. In  the rouen storage ring, the field index lies between 0.10 and 0.15. 

We use the analysis of the magnetic field of eq. (C.1) and determine, for 
each resonance separately, the amount of particle losses it  can produce. In 
general, resonances of higher order _h r--- a ~- b (with a and b as from eq. (C.2)) 
are less dangerous. Taking into account the muon distribution in the storage 

(s~) G. yon B0CHMAN~: Diplom-Thesis at Lehrstuhl, Prof. MEYER-BERKHOUT, Univer- 
sity of Munich (1968). 
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r ing and the  var ia t ion  of the  field index with the  radius~ we find t h a t  the  largest 
cont r ibut ion  to  the  losses of muons more  than  100 turns  is due to  the  fourth-  
order  resonance Q~ ~-3Q~-~ 2, t he  influence of the  o ther  resonances being com- 
parably  small. 

0.5C 

0/,5 

0.40 

035 

030 

0 . 2 5  I | I I )~ 
0 .~  0.90 0.95 Qx 1.00 

resor~nce b'nes 

Fig. 28. - Resonance lines up to the fifth order in the (Q=, Qz) plane. In the muon 
storage ring the field index lies between 0.10 and 0.15. 

There  are two impor t an t  approximat ions  which enter  into the  resonance 
analysis of muon  losses: 

i) only long-term stabi l i ty  is considered (losses a f te r  100 turns  and more),  

ii) we assume t h a t  t he  different  resonances ac t  independent ly .  

We conclude f rom the  resonance analysis t h a t  there  are part icle losses 
of ( 4 . 0~  ~ % of the  to ta l  in tens i ty  a t  t imes la ter  t han  5 ~s (100 turns) and 
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losses  of  {1 .~+1.5~ o/ �9 v - l . o l / o  a t  t i m e s  l a t e r  t h a n  20 t~s (400 t u r n s ) .  T h e  e r r o r  on  t h e s e  
n u m b e r s  is  d u e  t o  t h e  u n c e r t a i n t i e s  of t h e  f ie ld  coeff ic ients  t h a t  a r e  r e s p o n s i b l e  
f o r  e x c i t i n g  t h e  r e s o n a n c e  in  q u e s t i o n ,  a n d  w h i c h  a r e  d e t e r m i n e d  f r o m  t h e  
m e a s u r e d  m a g n e t i c  f ie ld  m a p  t h r o u g h  t h e  coeff ic ients  An a n d  Bn of eq .  (C.1). 

�9 R I A S S U N T O  (*) 

Si ~ misurato fl momento magnetieo anomalo a-- :  �89  del muone nell 'anello di  
aeeumulazione di muoni del CERN. I1 r isultato ~ (116616~31) -10  -s in eonfronto al 
valore teorieo (116588-4-2)-10 -s con lm aceordo di (240•  par t i  per  milione. Si 

t rovato  c h e l a  v i ta  media dei muoni ehe si muovono su un 'orbi ta  circolare con ~ = 12 
r  con la dflatazione del tempo prede t ta  dalla relat ivi t~ r i s t re t ta  entro 1.1%. 
Si espongono i det tagl i  del magnete dell 'anello di aceumulazione, della s t rumentazione 
e dell 'analisi  dei dati .  Si diseutono le implieazioni teoriehe dei r isul tat i .  

~*) Traduzione a cura della Redazione.  

ToqHoe ll3MepelEe aHoMa~l lo ro  Mal~[rl l0rO MOMelITa MIOOlla. 

Pe3IOMe H0 IIOJIT'~0HO. 


