Recursive Sorts
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Recursive Sorts

*Recursive sorts divide the data roughly in half and are called
again on the smaller data sets.

This is called the Divide-and-Conquer paradigm.
*We will see 2 recursive sorts:

*Merge-Sort
*Quick-Sort
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Divide-and-Conquer

# Divide-and-conquer paradigm:
= Divide: divide one large problem into 2
smaller problems of the same type.
= Recur: solve the 2 sub-problems.

= Conquer: combine the 2 solutions into a
solution o the larger problem.
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Divide-and-Conquer

# Merge-sort is a sorting algorithm based on the
divide-and-conquer paradigm
# Like heap-sort
= It uses a comparator
= It has O(n log n) running time
# Unlike heap-sort
= It does not use an auxiliary priority queue

= It accesses data in a sequential manner
(suitable to sort data on a disk)
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Merge-Sort

[72|94—>2479]

[7|2—>27] [9|4—>49]

(757) (202) [9-9] [4-4)
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Outline and Reading

#Divide-and-conquer paradigm (§10.1.1)
#Merge-sort (§10.1)

= Algorithm

= Merging two sorted sequences

= Merge-sort tree

= Execution example

= Analysis

#Generic merging and set operations
(§10.1.2)
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Merge-Sort

Merge-sort on an input sequence S with n
elements consists of three steps:
= Divide: partition into 2 groups of about n/2 each
= Recur: recursively sort S, and S,

= Conquer: merge S, and S, into a unique sorted
sequence
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Merging Two Sorted Sequences

# The conquer step merges the 2 sorted
sequences 4 and B into one sorted sequence §

# How: Compare the lowest element of each of A and
B and insert whichever is smaller.

# Merging two sorted sequences, each with n/2
elements and implemented by means of a
doubly linked list, takes O(n) time
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Merge-Sort

Algorithm mergeSort(S)
Input sequence S with n elements,
Output sequence .S sorted
if S.size() > 1
(S}, S,) « partition(S, n/2)
mergeSort(S,)
mergeSori(S,)
S < merge(S,, S,)

Merging Two Sorted Sequences

Algorithm merge(A, B)
Input sorted sequences A and B

Output sorted sequence of 4 U B

S « empty sequence
while !A.isEmpty() A B.isEmpty()
if isLessThan(A.first().el. 1(), B.first().el 1))
S.insertLast(A.remove(A.first()))
else
S.insertLast(B.remove(B.first()))
while !A.isEmpty()
S.insertLast(A.remove(A.first()))
while !B.isEmpty()
S.insertLast(B.remove(B.first()))
return §
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Merge-Sort Tree

An execution of merge-sort is depicted by a binary tree
= each node represents a recursive call of merge-sort and stores
+ unsorted sequence before the execution and its partition
+ sorted sequence at the end of the execution
= the root is the initial call
= the children are calls on subsequences
= the leaves are calls on sequences of size O or 1

[72|94—>2479]

(712527 (914> 49]

(757] [252) [9-59] (44
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Execution Example
#Partition

(729413861 )

Execution Example (cont.)

#Recursive call, partition

(729413861 J
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Execution Example (cont.)

#Recursive call, partition

(729413861 )

___________
I

................................................
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Execution Example (cont.)
#Recursive call, base case
(729413861 J
s ) [ )
12 ) ) ] | ]
'Y,
-7 () CJC) CJCJ CJC]




Execution Example (cont.)

#Recursive call, base case

(729413861 )

(72194 J
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Execution Example (cont.)
#®#Merge

(729413861 J

(72194
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Execution Example (cont.)

#Recursive call, ..., base case, merge

(729413861 )

(72194

______________________

(712527] (94549

2N N
=702 OO O 0

________________________

____________
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Execution Example (cont.)
#®#Merge

(729413861 J

(7219452479

-~ N

712527 [(94->49]

757 (252] [9-59 [4>4
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Execution Example (cont.)

#Recursive call, ..., merge, merge

(729413861 )
(7219452479 (386151386
~ N
712527 [(94->49] Bs>38 (61516

757 [252] (959 (454 [353) [6>8 (66 (1]
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Execution Example (cont.)
#®#Merge

(729413861 512346789]

- -~
(7219452479 (38611386
712527 [(94>49] Bs>38 (6116

757 (252] (959 (44 [353) [6>8 (66 1]
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[98]23]45[14] 6 [67]33]42]
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[08]23[45]14] 6 [67]33]42]

[o8[23]45[14] [ 6 ]67]33]a2]
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|98|23|45|14| 6 |67|33|42|

[o8]|23[a5]14]| [ 6]67]33]a2]

|98|23| |45|14|
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|98|23|45|14| 6|67|33|42|

[08]|23[a5]|14]| [ 6]67]33]a2]

|98|23| |45|14|
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[98]23]45[14] 6 [67]33]42]

[o8[23]a5[14] [ 6 ]6733]a2]

[08]23| [45]14]

I
; Merge !
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[08]23[45]14] 6 [67]33]42]

[o8[23]45[14] [ 6 ]67]33]a2]

[08]23| [45]14]

I
1 Merge!
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|98|23|45|14| 6|67|33|42|

|98|23|45|14| 6 |67|33|42|

[08]|23[a5]|14]| [ 6]67]33]a2]

[o8]|23[a5]14]| [ 6]67]33]a2]

|98|23| |45|14|

|98|23| |45|14|

[98][23] [45] [14]

23] o8]
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[08]23[45]14] 6 [67]33]42]

[98]23]45[14] 6 [67]33]42]

[o8[23]45[14] [ 6 ]67]33]a2]

[o8[23]a5[14] [ 6 ]6733]a2]

[08]23| [45]14]

[08]23| [45]14]

[o8]|23] [45] [14]

[23]5%]
T

[o8]|23] [45] [14]
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|98|23|45|14| 6 |67|33|42|

[o8]|23[a5]14]| [ 6]67]33]a2]

|98|23| |45|14|

[o8][23] [45] [14]

[23]98| [14]as5]
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|98|23|45|14| 6|67|33|42|

[08]|23[a5]|14]| [ 6]67]33]a2]

|98|23| |45|14|

[98][23] [45] [14]

[23[98] [14]45]
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[98]23]45[14] 6 [67]33]42]

[o8[23]a5[14] [ 6 ]6733]a2]

[08]23| [45]14]

[o8] 23] [45] [14]

|23|98| |14|45|
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[08]23[45]14] 6 [67]33]42]

[o8[23]45[14] [ 6 ]67]33]a2]

[08]23| [45]14]

[o8]|23] [45] [14]

|23|98| |14|45|
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|98|23|45|14| 6 |67|33|42|

[o8]|23[a5]14]| [ 6]67]33]a2]

|98|23| |45|14|

[o8][23] [45] [14]

[23]98]| [14]as5]
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|98|23|45|14| 6|67|33|42|

[08]|23[a5]|14]| [ 6]67]33]a2]

|98|23| |45|14|

[98][23] [45] [14]

[23[98] [14]45]

[14]23[45] 98]
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[98]23]45[14] 6 [67]33]42]

[o8[23]a5[14] [ 6 ]6733]a2]

[o8]23| [a5]14]| [6]67]| [33]a2]

[o8] 23] [45] [14]

|23|98| |14|45|

[14]23[45] 98]
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[08]23[45]14] 6 [67]33]42]

[o8[23]45[14] [ 6 ]67]33]a2]

[o8]23| [45]14| [6]67]| [33]a2]

L8] [23] [as] [14] [ & |[67]

|23|98| |14|45|

[14]23[45] 98]
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|98|23|45|14| 6 |67|33|42|

[o8]|23[a5]14]| [ 6]67]33]a2]

|98|23| |45|14| | 6|67| |33|42|

L8] [23] [45] [24] [ 6 |[67]

[23]98| [14]as5]

[14]23[45] 98] :j%%gé]
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|98|23|45|14| 6|67|33|42|

[08]|23[a5]|14]| [ 6]67]33]a2]

|98|23| |45|14| | 6|67| |33|42|

Lo [23] [45] [24] [ 6 | [&7]

[23[98] [14]as| | 6]

[14]23[45] 98] Uﬁgé%;
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[98]23]45[14] 6 [67]33]42]

[o8[23]a5[14] [ 6 ]6733]a2]

[o8]23| [a5]14]| [6]67]| [33]a2]

L8] [23] [4s] [24] [ & |[#7]

|23|98| |14|45| | 6|67|

[14]23[45] 98] [Mgé%ﬂ
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[08]23[45]14] 6 [67]33]42]

[o8[23]45[14] [ 6 ]67]33]a2]

[o8]23| [45]14| [6]67]| [33]a2]

L8] (23] [as] [14] [ & [[67] [33] [42]

|23|98| |14|45| | 6|67|

[14]23[45] 98]
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|98|23|45|14| 6 |67|33|42|

[o8]|23[a5]14]| [ 6]67]33]a2]

|98|23| |45|14| | 6|67| |33|42|

L8] [23] [45] [24] [ 6 |[67] [33] [42]

[23]98]| [14[45]| |6 ]67]
[14]23[45] 98] :j@%gé]
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|98|23|45|14| 6|67|33|42|

[08]|23[a5]|14]| [ 6]67]33]a2]

|98|23| |45|14| | 6|67| |33|42|

Lo [23] [a5] [24] [ 6 |[67] [33] [42]

[23[98]| [14]as| [s6[e7] [33]
[14]23[45] 98] :j@%;g}
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[98]23]45[14] 6 [67]33]42]

[o8[23]a5[14] [ 6 ]6733]a2]

[o8]23| [a5]14]| [6]67]| [33]a2]

L8] (23] [s] [24] [ & [[67] [33] [42]

|23|98| |14|45| | 6|67| |33|42|

[14]23[45] 98] fﬁerge:
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[08]23[45]14] 6 [67]33]42]

[o8[23]45[14] [ 6 ]67]33]a2]

[o8]23| [45]14| [6]67]| [33]a2]

L8] (23] [as] [14] [ & [[67] [33] [42]

|23|98| |14|45| |6 |67| |33|42|

[14]23[45] 98]
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|98|23|45|14| 6 |67|33|42|

[o8]|23[a5]14]| [ 6]67]33]a2]

|98|23| |45|14| | 6|67| |33|42|

L8] [23] [45] [24] [ 6 |[67] [33] [42]

[23]98]| [14|a5]| [6[67] [33]a2]
[14]23[45] 98] [ 6|
| __Merge |
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|98|23|45|14| 6|67|33|42|

[08]|23[a5]|14]| [ 6]67]33]a2]

|98|23| |45|14| | 6|67| |33|42|

Lo [23] [a5] [24] [ 6 |[67] [33] [42]

[23[98]| [14]as| [6]67]| [33]a2]
[14]23]45] 98| [ 6 ]33]
| __Merge |
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[98]23]45[14] 6 [67]33]42]

[o8[23]a5[14] [ 6 ]6733]a2]

[o8]23| [a5]14]| [6]67]| [33]a2]

L8] (23] [s] [24] [ & [[67] [33] [42]

|23|98| |14|45| | 6|67| |33|42|

[14]23[45] 98] [ 6 |33]a2]
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[08]23[45]14] 6 [67]33]42]

[o8[23]45[14] [ 6 ]67]33]a2]

[o8]23| [45]14| [6]67]| [33]a2]

L8] (23] [as] [14] [ & [[67] [33] [42]

[23]98| [14]as5| [6]67] [33]az2]
[14]23[45] 98] [ 6 |33[42]67]
| __Merge |
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|98|23|45|14| 6 |67|33|42|

[o8]|23[a5]14]| [ 6]67]33]a2]

|98|23| |45|14| |6|67| |33|42|

L8] [23] [45] [24] [ 6 |[67] [33] [42]

[23]o8]| [14]as| [e]e7] [33]a2]
[14]23]as[os] |6 [33]42]67]
T :
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|98|23|45|14| 6 |67|33|42|

[08]|23[a5]|14]| [ 6]67]33]a2]

|98|23| |45|14| |6|67| |33|42|

Lo [23] [a5] [24] [ 6 |[67] [33] [42]

[23[98]| [14]as| [6]67]| [33]a2]

[14]23]45] 98| | 6 [33]42]67]
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[98]23]45[14] 6 [67]33]42]

[o8[23]a5[14] [ 6 ]6733]a2]

[o8]23| [a5]14]| [6]67]| [33]a2]

L8] (23] [s] [24] [ & [[67] [33] [42]

|23|98| |14|45| |6|67| |33|42|

[14]23[45] 98] [ 6 |33[42]67]

| 6 4]
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[08]23[45]14] 6 [67]33]42]

[o8[23]45[14] [ 6 ]67]33]a2]

[o8]23| [45]14| [6]67]| [33]a2]

L8] (23] [as] [14] [ & [[67] [33] [42]

[23]98| [14]as5| [6]67] [33]az2]
[14]23[45] 98] [ 6 |33[42]67]
T
ol __Merge |
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|98|23|45|14| 6 |67|33|42|

[o8]|23[a5]14]| [ 6]67]33]a2]

|98|23| |45|14| |6|67| |33|42|

L8] [23] [45] [24] [ 6 |[67] [33] [42]

[23]98]| [14|a5]| [6[67] [33]az2]
[14]23]45] 98| | 6 [33]42]67]
[ 6 |14[23]33]
ool __Merge |
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|98|23|45|14| 6 |67|33|42|

[08]|23[a5]|14]| [ 6]67]33]a2]

|98|23| |45|14| |6|67| |33|42|

Lo [23] [a5] [24] [ 6 |[67] [33] [42]

[23[98]| [14]as| [6]67]| [33]a2]

[14]23]45] 98| | 6 [33]42]67]

[ 6 |14[23]33]a2]
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[98]23]45[14] 6 [67]33]42]

[o8[23]a5[14] [ 6 ]6733]a2]

[o8]23| [a5]14]| [6]67]| [33]a2]

L8] (23] [s] [24] [ & [[67] [33] [42]

|23|98| |14|45| |6|67| |33|42|

[14]23[45] 98] [ 6 |33[42]67]

|6|14|23|33|42|45|
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[08]23[45]14] 6 [67]33]42]

[o8[23]45[14] [ 6 ]67]33]a2]

[o8]23| [45]14| [6]67]| [33]a2]

L8] (23] [as] [14] [ & [[67] [33] [42]

|23|98| |14|45| |6|67| |33|42|

[14]23[45] 98] [ 6 |33[42]67]

[ 6 [14]23]33]42[a5]67|
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|98|23|45|14| 6 |67|33|42|

[o8]|23[a5]14]| [ 6]67]33]a2]

|98|23| |45|14| | 6|67| |33|42|

L8] [23] [45] [24] [ 6 |[67] [33] [42]

[23]98]| [14|a5]| [6[67] [33]az2]

[14]23]45] 98| | 6 [33]42]67|

| 6 |14[23]33]42[45]67]08|
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|98|23|45|14| 6|67|33|42|

[08]|23[a5]|14]| [ 6]67]33]a2]

|98|23| |45|14| | 6|67| |33|42|

Lo [23] [a5] [24] [ 6 |[67] [33] [42]

[23[98]| [14]as| [6]67]| [33]a2]

[14]23]45] 98| | 6 [33]42]67|

| 6 |14[23]33]42[4a5]67]08|
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[98]23]45[14] 6 [67]33]42]

\ 4

| 6 |14]23[33]42[45]67 (o8]
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Analysis of Merge-Sort

# The height & of the merge-sort tree is O(log n)
= at each recursive call we divide in half the sequence,
# The overall amount or work done at the nodes of depthiis
O(n)
= we partition and merge 2/ sequences of size n/2
= we make 2! recursive calls
# Thus, the total running time of merge-sort is O(n log n)

depth#seqs size
0 1 n ( )

1 2 a2 ( ) ( )

ioo2 o C ) C 3 C 33 C 3

CASIVASEEASYIAS
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Generic Merging

# Generalized merge of two sorted sequences 4 and B

# Template method genericMerge
# Auxiliary methods

= alsless

= bIslLess

= bothAreEqual

# Runs in O(n,+ny) time provided the auxiliary
methods run in O(1) time

Generic Merging

Algorithm genericMerge(A, B)
§ « empty sequence
while !A.isEmpty() A B.isEmpty()
a < A.first().element(); b < B.first().element()
ifa<b
alsLess(a, S); A.remove(A.first())
elseif b <a
bIsLess(b, S); B.remove(B.firs())
else {b=a}
bothAreEqual(a, b, S)
A.remove(A.firs()); B.remove(B.first())
while !A.isEmpty()
alsLess(a, S); A.remove(A.first())
while !B.isEmpty()
bIsLess(b, S); B.remove(B.first())
return §
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Set Operations
# We represent a set by the sorted sequence of
its elements
# By specializing the auxliliary methods, generic
merge algorithm can do:
= union
= intersection
= subtraction
# The running time of an operation on sets 4 and
Bis O(n +np)
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Set Operations Examples

# Set union:
n alsLess(a, S)
S.insertLast(a)
n  bisLess(b, S)
S.insertLast(b)
u  bothAreEqual(a, b, S)
S. insertLast(a)
# Set infersection:
n alsLess(a, S)
{ do nothing }
n  bIsLess(b, S)
{ do nothing }
n  bothAreEqual(a, b, S)
S. insertLast(a)
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Quick-Sort

(74962524679 |

(42524

] (29129

(252) |

) ] B=9)
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Outline and Reading

# Quick-sort (§10.2)
= Algorithm
= Partition step
= Quick-sort tree
= Execution example

# Analysis of quick-sort
#® In-place quick-sort
# Summary of sorting algorithms
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Quick-Sort

# Quick-sort is a randomized
sorting algorithm based on
the divide-and-conquer
paradigm:

= Divide: pick a random element
x (called pivot) and partition
S into
+ L elements less than x
+ E elements equal x
+ G elements greater than x
= Recur: sort Land G
= Conguer: join L, E and G

DHDHHD
Oog o H

—— 5

L E

DDDHDH
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Algorithm partition(S, p)
Input sequence .S, position p of pivot
Output subsequences L, E, G of the
elements of § less than, equal to,
or greater than the pivot, resp.

L, E, G < empty sequences
X < S.remove(p)
while !S.isEmpty()

y < S.remove(S.first())

Partition

# We partition an input
sequence as follows:

= We remove, in turn, each
element y from S and

= WeinsertyintoL,E or G,
depending on the result of
the comparison with the
pivot x

. . ify<x
# Each insertion and removal L.insertLast(y)
is at the beginning or at the else if v = x
end of a sequence, and Ey (Last(y
hence takes O(1) time 1 ).m>ser} ast(y)
4+ Thus, the partition step of eseG‘Jf ,xtL 1)
quick-sort takes O(n) time -insertLast(y
return L, E, G
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Quick-Sort Tree

# An execution of quick-sort is depicted by a binary tree
= Each node represents a recursive call of quick-sort and stores
+ Unsorted sequence before the execution and its pivot
+ Sorted sequence at the end of the execution
= The root is the initial call
= The leaves are calls on subsequences of size 0 or 1

(74962 524679)

(42 5214) (z9579)

-2 [ ) [ ) (=9
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Execution Example

#Pivot selection

(72943761 ]
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Execution Example (cont.)

# Partition, recursive call, pivot selection

(72943761 )
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Execution Example (cont.)

#Partition, recursive call, base case

(72943761 J

____________

____________
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Execution Example (cont.)

#Recursive call, ..., base case, join

(72943761 )

(243151234

~ N
(1>1] (43-34 1 10
454
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Execution Example (cont.)

#Recursive call, pivot selection

(72943761 J
~
(243151234 (792 )
(-1] (42534 . ]
44
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Execution Example (cont.)

#Partition, ..., recursive call, base case

(72943761 )

(243151234 (792 J

(1o>1] (4334 u 959
] &3

7/7/2005 11:54 PM Recursive Sort 79

Execution Example (cont.)

#Join, join
(72943761512346779)
- ~
(243151234 (792> 729 ]

(1o1] (4334 u 959
] &3

7/7/2005 11:54 PM Recursive Sort 80




Another example

7/7/2005 11:54 PM Recursive Sort

81

7/7/2005 11:54 PM

Recursive Sort

82

83

7/7/2005 11:54 PM

84




D)
)

A
'\i/'\ 10
/ e S

.

oo
-
~ . ~
. . .
by s S
TETTITT TN 47 P
v T [
L TR Vo feat
£
i "
/ ‘
- =
LY s
I
ot -

pe-r
4 \
.
= P
'
Ih. » [ 85
7/7/2005 11:54 PM 87

A i3
7/7/2005 11 ! :': .’:__“, 86
C
(If:
Eﬁ 4
( (8) (o 9)
S G
s ~
C ) @& 9
l‘
7/7/2005:6 é (:_‘)‘: 88




)

9

(8) (10

_d
T ’ »
) o0

(@

75 &5

D)

_ @( 10

+ J(5)(Ce

/

N
C

90

-
o~ A
HE T
' L)
- v
- '
A l
s =,
- '
PN
. Moo
Yoo
=
- ~~

e &5 &5

) C&:

(10
) (10
S

L]

.
£
:

92

Recursive Sort

.
)
= Pl
) o
= Vo

N\
) QOF

RNk

C

OO

S &5

«.. ol
- "/ p—
\_ =/ A e
o
@
= (o
- &
. { _— ]
N A Al
s [T 1 i
=) - 2
=1 1 s - H v
' ¥ P
s [ D= [
/ o = -
1 y — 3
A i
N N (o] 3
v v ! =1 oA
ot -
/ —

N

/)
6005

O L0
4/@ ,LJ/O :
1 NVVOI | NOE
o
J U ol U Ro:
\Y R = =
vt
3
IS
=
N
>
—
z i -
P \A \f
HE A B i oS
= W g
=1 1 < -
1 ¥
(- b
b a |
7 i 7.r ml
.W\_ _m T e e
—~ et 4 S
1 : 4
— I \I/ e
— -

/)
messh &y & &




... Finally
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Worst-case Running Time

# The worst case for quick-sort occurs when the pivot is the

unique minimum or maximum element

One of L and G has size n— 1 and the other has size 0

The running time is proportional to the sum
n+mn-1+..+2+1

# Thus, the worst-case running time of quick-sort is O(n?)

i

depth time
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Expected Running Time

Consider a recursive call of quick-
sort on a sequence of size's

= Good call: the sizes of L and G are
each less than 3s/4

= Bad call: one of L and G has size
greater than 3s/4

# A call is good with probability
1/2

expected height

# Hence, for a node of depth i, l

we expect that

= i/2 parent nodes are associated
with good calls

= the size of the input sequence for
the current call is at most (3/4)"2n
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Expected Running Time

# Thus, we have

= For a node of depth 2log,;n, the
expected size of the input sequence
is one expected height

= The expected height of the quick-
sort tree is O(log n)
® The overall amount or work done
at the nodes of the same depth i
of the quick-sort tree is O(n)

# Thus, the expected running time
of quick-sort is O(n log n)
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total expected time:  O(n log 1)




In-Place Quick-Sort

In the partition step, we use replace operations to
rearrange the elements of the input sequence
such that

= the elements less than the pivot have rank less than i

= the elements equal to the pivot have rank between i and
k

= the elements greater than the pivot have rank greater
than k

# The recursive calls consider
= elements with rank less than i
= elements with rank greater than k
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In-Place Quick-Sort

Divide step: | scans the sequence from the left, and r from the right.

85 24 63 45 17 31 9% 0
1 r

A swap is performed when | is at an element larger than the pivot and
r is at one smaller than the pivot.

N

85 24 63 45 17 31 96 50
1 r

31 24 63 45 17 85 9 50

7712 g ; 98

In Place Quick Sort (contd.)

(n 4 63 45 17 8 % %)

(i r
(31 24 17 45 6 8 9% )
r l

A final swap with the pivot completes the divide step

31 24 17 45 50 83 9% 63
T 1
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In-Place Quick-Sort

Algorithm inPlaceQuickSort(S, I, r)
Input sequence S, ranks / and r
Output sequence S with the elements of rank between / and r

rearranged in increasing order
ifl>r

return
i < arandom integer between / and r
X < S.elemAtRank(i)
(h, k) < inPlacePartition(x)
inPlaceQuickSor«(S, I, h — 1)
inPlaceQuickSort(S, k + 1, r)
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Summary of Sorting Algorithms

Algorithm Time |Notes
. # in-place
- 2
selection-sort 0(%) # slow (good for small inputs)
o 5 # in-place
- 2
insertion-sort O(*) # slow (good for small inputs)
# in-place, randomized
quick-sor"r On log m) # fastest (good for large
expected inputs)
h o ol # in-place
ot (nlogn) |, fast (good for large inputs)
- tial dat
merge-sort T ) sequential data access

# fast (good for huge inputs)

7/7/2005 11:54 PM

Recursive Sort

101




