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Abstract

This paper proposes an algorithm for the construction of an MSC
graph from a given set of actual observations of an existing concurrent
system which has repetitive subfunctions. When a design representing the
current functionality of the existing system is desired, such a graph can
be checked for safe realizability and be used as input to existing synthesis
techniques to construct the design for the system functionality.

I. I NTRODUCTION

A concurrent system consists of two or more processes communicating
among themselves via message exchanges. Each individual functionality
(i.e., intended or actual behavior) of such a system can be viewed as a
sequence of subfunctions. Often, depictions of individualintended behaviors
of a concurrent system are given by designers as Message Sequence Charts
(MSCs) [1], [2]. An individual MSC is a visual description ofa series of
message exchanges among communicating processes in a concurrent system
where the local view of the message exchanges is a total orderwith respect
to each process but the global view is a partial order. A tupleconsisting of a
local view for each process of the message exchanges depicted in an MSC
uniquely determines that MSC. Thus, an MSC represents a partial order
execution of a concurrent system which stands for a set of linearizations
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(total order executions of the system) determined by considering all possible
interleavings of concurrent message exchanges implied by the partial order.

Formal semantics associated with MSCs provides a basis for their anal-
ysis such as detecting timing conflicts and race conditions [3], non–local
choices [4], model checking [5], and checking safe realizability [6]. Safe
realizability is a property that characterizes whether behaviors represented
by a given set of MSCs can be realizable by some deadlock-freeimple-
mentation of communicating processes. [6] shows that if thegiven set of
MSCs is safely realizable then an approach similar to existing synthesis
algorithms can be used to synthesize a deadlock-free design. If it is not, then
unspecified (and possibly unwanted) MSCs that are implied can be detected
and fed back to the design process. While checking for safe realizability of
a given set of MSCs that does not imply any repetitive system subfunctions
can be done in polynomial time [6], that of a given bounded MSCgraph is
EXPSPACE–complete [7].

One of the aims of the reverse engineering [8], [9] is to recover the design
of an existing system from the run time behavior of its implementation.
In this paper, we consider the reverse engineering of designs of existing
concurrent systems from given sets of observations of theirimplementations.
Here, a given set of observations consists of individual linearizations of a
set of MSCs that is not given. We propose an algorithm for constructing
an MSC graph from a given set of observations of an existing concurrent
system as a representation of the system’s design.

We assume that every repetitive subfunction of the system (if any) is
represented in the given set of observations at least twice:once with no
occurrence or one occurrence, and once with two or more consecutive oc-
currences. This assumption stems from the fact that some repetitive subfunc-
tions can be skipped during executions, whereas others cannot. However, in
all the observations in which the repetitive subfunction occurs two or more
times, it must occur exactly the same number of times to simplify the loop
inference algorithms.

When the resulting graph is acyclic, it is guaranteed that thesystem’s
functionality is free from repetitive subfunctions. Otherwise, the resulting
MSC graph is cyclic due to the existence of repetitive subfunctions in
system’s behavior. In either case, the resulting MSC graph may then be
checked for safe realizability and, when found safely realizable, can be
used directly as input to the existing automated synthesis techniques.

An earlier version of this work appeared as [10]. Some solutions for the
same problem, under different assumptions, were presentedin [11], [12].

The rest of the paper is organized as follows: Section II introduces the
terminology and notation used throughout the paper. Section III gives the
formal definition of the problem. Section IV presents the construction of
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an MSC graph from a given set of observations. Section V discusses some
open problems and gives the concluding remarks. The proofs and complexity
analysis can be found in the appendices.

II. PRELIMINARIES

The notation we will be using is directly adopted from [6]. A concurrent
systemP is a set of processesP = {P1, P2, . . . , Pn}, communicating with
each other by passing messages from an alphabetΣ, over infinite slot
(not necessarily FIFO) buffers. An event labeled assnd(i, j, a) denotes
the transmission of a messagea ∈ Σ by the processPi to the processPj .
Similarly, an event labeled asrcv(j, i, a) denotes the reception of a message
a by the processPj , which must have been sent byPi.

We use[n] to denote the set{1, 2, . . . , n}. Let Σ̂s
i = {snd(i, j, a)|j ∈

[n], a ∈ Σ}, Σ̂r
i = {rcv(i, j, a)|j ∈ [n], a ∈ Σ}, and Σ̂i = Σ̂s

i ∪ Σ̂r
i be

the set of send event labels, the set of receive event labels,and the set of
event labels of the processPi, respectively. Then we define,Σ̂s = ∪i∈[n]Σ̂

s
i ,

Σ̂r = ∪i∈[n]Σ̂
r
i , and Σ̂ = Σ̂s ∪ Σ̂r, as the set of send event labels, set of

receive event labels, and the set of event labels, respectively.
A word w over an alphabet̂Σ is a finite sequence of elements from that

alphabet. For two wordsw and w′, juxtaposition of the two words,ww′,
denotes the concatenation ofw and w′. w′ is said to be aprefix of w, if
there existsw′′ such thatw = w′w′′. For an integerk ≥ 0, w(k) denotes
the concatenation ofk copies ofw, wherew(0) is defined to be the empty
word. We will use the notationw⋆ to denote concatenation of 0 or more
copies, andw+ to denote concatenation of 1 or more copies of the wordw.

Given a wordw over Σ̂ and an event labelα ∈ Σ̂, let #(w,α) be the
number of occurrences ofα in w. w is said to bewell–formedif ∀prefixw′ of
w, ∀i, j ∈ [n] and∀a ∈ Σ, #(w′, snd(i, j, a))−#(w′, rcv(j, i, a)) ≥ 0. In
other words, every receive event must be preceded by a matching send event.
w is said to becompleteif ∀i, j ∈ [n] and ∀a ∈ Σ, #(w, snd(i, j, a)) =
#(w, rcv(j, i, a)). That is, every messagea sent by Pi to Pj must be
received byPj , within the word.

Given a wordw and a setK, we usew|K (projection ontoK) to denote
the word that is derived by removing all the elements inw that are not in
K. We use the same notation to denote the restriction of the domain of a
binary relationR onto a setK. That is,R|K is the projection ofR onto
K.

Again, we directly adopt the formal definition of an MSC as introduced
in [6]. A Σ–labeled MSCM for a concurrent systemP is composed of the
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following components1:
(i) A finite set S of send events and a finite setR of receive events. Let
E = S ∪ R.
(ii) A mapping l : E → Σ̂ that maps each event to a label such that
l(S) ⊆ Σ̂S and l(R) ⊆ Σ̂R.
(iii) A bijection f : S → R mapping each send evente with its matching
receive event such that ifl(e) = snd(i, j, a) then l(f(e)) = rcv(j, i, a).
(iv) A mappingp : E → [n] such that ifl(e) = snd(i, j, a) thenp(e) = i,
and if l(e) = rcv(i, j, a) thenp(e) = i. p simply gives the process on which
e occurs. LetEi = {e ∈ E|p(e) = i} be set of events ofPi for i ∈ [n].
(v) For eachi ∈ [n], a total order≤i on Ei, such that when the relation≤
is defined to be

≤, ∪i∈[n] ≤i ∪{(s, f(s))|s ∈ S}

the transitive closure≤⋆ of ≤ is a partial order onE.
The total order≤i on Ei gives a strict execution order of the events of

Pi as seen on the vertical process lines ofPi in the visual representation of
the MSC. The pairs(s, f(s)) ∈ ≤ correspond, in the visual representation,
to the message passing arrows from the process line ofp(s) to the process
line of p(f(s)).

Throughout the paper,Σ andP are assumed to be fixed and all the MSCs
mentioned will beΣ–labeled and defined onP. Let Φ denote the set of all
Σ–labeled MSCs forP.

Let |E| denote the cardinality of the setE. A permutation of the events
E of an MSC ase1e2 . . . e|E| is valid when∀i, j ∈ [|E|], ei ≤

⋆ ej implies
i ≤ j. In other words, the total order induced by the given permutation on
E is consistent with the partial order≤⋆. A word w on Σ̂ is a linearization
of an MSCM if there exists a valid permutatione1e2 . . . e|E| of M such
that w = l(e1)l(e2) . . . l(e|E|). The language of an MSCM , denoted by
L(M), is the set of all linearizations ofM . Two MSCsM and M ′ are
considered to be equal,M = M ′, iff L(M) = L(M ′).

Note that, by definition, ifw ∈ L(M), then w is well–formed and
complete. Further note that,∀w,w′ ∈ L(M), w|Σi

= w′|Σi
. In other words,

the projections of the words inL(M) onto the event labels of a process
is unique. This follows from the fact that all the valid permutations ofM
must respect the total order≤i which is included in≤⋆. In fact, this unique
word, which will be denoted byM |i, is the concatenation of the labels of
the events that appear on the vertical line ofPi in the visual representation
of M . Therefore, as shown in [6], given a well–formed and complete word

1Note that, this definition of MSCs does not include the notionof co–region(the region on
a process line in which the events of the processes are not ordered) in MSCs which is also
omitted in this paper.
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w, there exists a unique MSCM , such thatw ∈ L(M), under a non–
degeneracy assumption (that there is no message overtakingbetween same
labeled events) which we also adopt in this paper. We will denote this unique
MSC by msc(w). We also letw = L(msc(w)).

Due to this fact, an MSC can be characterized by the sequence of se-
quences of the event labels that appear on the processes, i.e. M = 〈M |i | i ∈
[n]〉. Given such a sequence, the actual MSC can be constructed easily as
explained in [6].

Proposition 1: Let M and M ′ be two MSCs.M = M ′ iff for each
processPi, M |i = M ′|i.

Given two MSCsM andM ′, with the set of events respectivelyE and
E′, M ′ is said to be aprefix (resp.suffix) of M , iff:
(i) E′ ⊆ E.
(ii) e ∈ E′ implies ∀e′ ∈ E, if e′ ≤⋆ e thene′ ∈ E′ (resp.e ∈ E′ implies
∀e′ ∈ E, if e ≤⋆ e′ thene′ ∈ E′)
(iii) e ∈ E′ ∩ S implies f(e) ∈ E′ (resp.e ∈ E′ ∩R implies f−1(e) ∈ E′,
wheref−1 is the inverse of the bijectionf )
(iv) S′ = S ∩ E′, R′ = R ∩ E′, l′ = l|E′ , f ′ = f |E′ , p′ = p|E′ , and
∀i ∈ [n], ≤′

i=≤i |E′ .
Let M , Mp andMs be MSCs with the corresponding set of eventsE, Ep

andEs such thatMp is a prefix ofM , Ms is a suffix ofM , Ep∩Es = ∅ and
E = Ep ∪Es. Then,M is said to be thesequential compositionof Mp and
Ms, denoted by the juxtaposition ofMp andMs asMpMs. Given two MSCs
M ′ andM ′′, L(M ′M ′′) = {w|w ∈ w′w′′, w′ ∈ L(M ′), w′′ ∈ L(M ′′)}.

For an integerk ≥ 0, M (k) denotes the sequential composition ofk
copies ofM , whereM (0) is defined to be the empty MSC, i.e. an MSC with
the empty set of events. We will use the notationM⋆ to denote sequential
composition of 0 or more copies, andM+ to denote sequential composition
of 1 or more copies of the MSCM .

While describing the scenarios that a concurrent system mustperform, a
set of MSCs can be used. However, when this set gets large, it is usually
presented in a more structured way by using High Level MSCs, or HMSCs,
which is formally equivalent to an MSC graph given below. An MSC graph
is a labeled transition systemG = (V, v0, vf , T ), whereV is a finite set of
nodes,v0, vf ∈ V are the entry and exit nodes (respectively). The relation
T ⊆ V × Φ × V gives the edges between the nodes with the labels from
Φ. A path in G is a sequence of edges

(v1,M1, v2)(v2,M2, v3)(v3,M3, v4) · · · (vm,Mm, vm+1)

Such a path is said to start at nodev1 and end at nodevm+1. The language
of a path is given by the concatenation of the language of the MSCs that
appear on the edges,L(M1)L(M2) · · ·L(Mm). Given an ordered pair of
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v0 v vf
MCE MCR

MDT

Fig. 1. An example MSC Graph

nodes(v, v′), the language of the pair(v, v′), denoted byL(v, v′), is the
union of the languages of all the paths that start atv and end atv′. The
language of a nodev, denoted byL(v), is L(v, vf ). The language of an MSC

graphG is defined asL(G) = L(v0). We will use the notationv
M
−→ v′ to

denote(v,M, v′) ∈ T .

III. PROBLEM DEFINITION

Each function implemented by a concurrent system can be viewed as a
combination of some subfunctions. For example, in a file transfer function
of a communication protocol, we may have connection establishment (CE),
data transfer (DT), connection release (CR) subfunctions.If one could iden-
tify the subfunctions as they are being executed, then a typical execution
would consist of the following steps:

CE, DT, DT, ..., DT, CR (1)

Based on the size of the data being transferred, the subfunction DT would
be executed repeatedly, as many times it is required to transfer the amount of
data at hand. If we consider how one would start describing such a function
at an abstract level when the system was first built, it is not unreasonable
to imagine that an MSC graph similar to the one given Figure 1 had been
used.

In the context of reverse engineering, several attempts appeared in the
literature to recover the design of an implementation from agiven set of
observations [13], [14], [15], [16], [17], [18]. However, if the sequence
given in (1) is reverse engineered with the current techniques, the existence
of repetitions of DT will cause problems. In general, it is not possible to
decide if the repetitions of DT in (1) are due to a repetitive subfunction (say
a loop) or due to the sequential appearance of DT in the design. Current
techniques favor the latter and therefore, do not attempt torecover a design
with the repetitive subfunctions. In this paper, we will introduce a method
that will help recover designswith repetitive subfunctions.

As observations, we consider the execution logs (logs of message trans-
missions and receptions of the processes) of an implementation Imp of a
concurrent system. In other words, ifΣ is the set of messages used for
the communication between the processes ofImp, then an observation is
a well–formed and complete word overΣ̂. We assume that an observation
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w ∈ Σ̂⋆ corresponds to a complete execution of a single function ofImp,
and the functions are assumed to start from the initial system state, and end
back at the initial system state, without going through the initial system
state. That is, ifw is an observation and the system is at the initial state,
then after performing the message exchanges given inw (in the order they
appear inw), the system goes back to the initial state right after the last
member ofw (which must be a reception sincew is complete) is realized.
Furthermore, at no point inw, the system must be in the initial system state,
since otherwise the prefix ofw up to that point would be considered as a
separate observation.

Suppose that we are given a set of observationsO. In Section II, it is
shown that a well–formed and complete word corresponds to a unique MSC.
Consider the MSCmsc(w) corresponding to an observationw ∈ O, and
a word w′ ∈ L(msc(w)) but w′ /∈ O. Since the individual processes are
behaving, from their local point of view, exactly in the sameway for bothw
andw′, although not given as an observation,w′ must also be an observation
of Imp. Only the interleaving preferences between the processes change
from w to w′. Therefore, the given set of observationsO, together with
these implied observations, actually corresponds to a wider set which is:

O =
⋃

w∈O

w =
⋃

w∈O

L(msc(w))

Since each given observation inw ∈ O actually corresponds to an MSC
msc(w), we consider our input to be the set of MSCsM = {msc(w) | w ∈
O}, and we will consider an observation to be an MSC from now on unless
stated otherwise.

To be able to infer a loop in the design by looking at observations, we
demand some evidence. We do not readily accept that a repeated pattern
seen in a single observation is due to a loop. However, if the same pattern
is seen different number of repetitionswithin the same context, then we
assume this is a sufficient evidence for the existence a loop.Below is the
formal definition of the notion of this evidence.

Definition 1: An MSC M is said to bethe basic repetitive MSCof MSC
M ′ if M ′ = M (k) for somek ≥ 2 and there does not exist a basic repetitive
MSC of M .

Definition 2: Two MSCsM1 andM2 are said toinfer M to be repetitive
within the contextMp–Ms if all the following are satisfied:
(i) M does not have a basic repetitive MSC;
(ii) M1 = MpM

(k)Ms for somek ≥ 2;
(iii) M is not a suffix ofMp;
(iv) M is not a prefix ofMs;
(v) eitherM2 = MpMs (in which caseM is said to bewhile–repetitive) or
M2 = MpMMs (in which caseM is said to berepeat–repetitive).
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Note that Definition 2 captures the essence of two different repetitive sub-
functions, one which can be skipped, whereas the other cannot be skipped
during the execution of the system. In order to differentiate these two
different types, we call them aswhile and repeat repetitive respectively,
by using an analogy to standard programming loop types.

What we require in observations to infer a loop is that, there must be an
observation in which the loop is iteratedk ≥ 2 times, and there must also
be another observation in which the same loop iterated the least possible
number of times (which is 0 for a while loop, and 1 for a repeat loop).
Furthermore, these two observations must have exactly the same prefix
before the iterations ofM , and exactly the same suffix after the iterations
of M , that is they must appear within the same context. Under suchan
evidence,M will be assumed to be generated by a loop in the design,
or more precisely, by the matching loops (sending and receiving matching
messages) in the processes.

It is also important to note that, an iteration of a loop in an observation is
allowed only to provide the required evidence to infer a loop. Moreover, each
repetitive subfunction is inferred only once using the given observations.
Further, an outer loop cannot start with an iteration of an inner loop, and
cannot end with an iteration of an inner loop. Furthermore inorder to
establish the relative ordering of two or more loopsl1, l2, . . . , ln in an MSC
graph, if in an observation there arek ≥ 2 iterations ofli, then for anylj
such thatj < i, a nonzero iteration oflj must also occur beforek ≥ 2
iteration ofli in the same observation. In case of nested loops, in this order
we assume that the outer loop starts before the inner ones. Note that, this
requirement will be satisfied iflj is a repeat loop, or iflj is an outer loop
of li. Therefore, this requirement must only be enforced iflj is a while loop
and li is not an inner loop oflj .

IV. PROBLEM SOLUTION

When a pair of MSCsM1 andM2 is identified within the given setM,
such thatM1 andM2 infersM to be repetitive within the contextMp–Ms,
then M1 and M2 will be represented in the output MSC graph by using
either one of the following templates, depending on whetherit is while–
repetitive (left) or repeat–repetitive (right).

v0 v vf
Mp Ms

M
v0 v v′ vf

Mp M Ms

M

The MSCM representing a repetitive functionality will be calledthe loop
body(or body of the loop). We will also split the contextMp–Ms into two,
and callMp the left–contextandMs the right–contextof the loop.
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An algorithm that will find such pairs of MSCs, must identify the context
part, i.e. common prefixMp and the common suffixMs, and must also
check if the part remaining in the middle has a basic repetitive MSC. Before
presenting such an algorithm, we need to introduce the following notions
on MSCs. Acommon prefixof two MSCsM1 andM2, is an MSCM , such
thatM is a prefix of bothM1 andM2. Themaximal common prefixof M1

andM2 is a common prefixM of M1 andM2 with the largest number of
events. Similarly,M is said to be acommon suffixof M1 andM2 if it is a
suffix of bothM1 andM2. The common suffix ofM1 andM2 with largest
number of elements is called themaximal common suffixof M1 andM2.

Suppose thatM = MpMs. GivenM andMp, it is trivial to find Ms, by
simply removing all the events inMp from the first part ofM . Similarly,
when we are givenM andMs, removing all the events inMs starting from
the tail of M will give Mp. In both of these algorithms, we need to match
the labels of the events. Let us assume that these algorithmsare called as
“remove prefix” and “removesuffix”, respectively.

We can now present an algorithm that can check if two given MSCs
identify a repetitive MSC. Without loss of generality, we assume thatM1

has more events thanM2.
Recall that, in order to inferM to be repetitive fromM1 and M2, we

must haveM1 = MpM
(k)Ms and eitherM2 = MpMs or M2 = MpMMs.

The maximal common prefix ofM1 and M2 will be consisting ofMp,
followed by an optional single occurrence ofM . In either case,M ′′

2 in
Algorithm 1 given in Figure 2 must be empty (line 7). At line 10and
11, we check ifM ′′

1 has a basic repetitive MSC, by using the algorithm
“basic repetitive MSC”, which is explained in Section IV-A. For the time
being, assume that it returns the basic repetitive MSC of itsinput MSC,
if there exists one, or returns the empty MSC otherwise. If such an M
does not exist, we may still infer a repetitive MSC. This corresponds to the
case whereM1 = MpM

(2)Ms andM2 = MpMMs. In this specific case,
the maximal common prefixMmp would be MpM . Line 12 checks this
singularity, and the correct left–context is calculated atline 13.

However, if M ′′
1 has a basic repetitive MSCM , then we decide if it

is while–repetitive or repeat–repetitive, between the lines 18–23. Note that
when M is found to be repeat–repetitive (line 19-20),M will be a suffix
of the maximal common prefix ofM1 andM2. In order to find the correct
left–context, line 19 extracts this common suffix fromMmp.

For a while repetitive subfunctionMb within a contextMa–Mc, i.e.
MaM∗

b Mc in the actual system, we assume thatMb andMc do not have a
nonempty common prefix, andMb andMa do not have a nonempty common
suffix. Similarly, for a repeat repetitive subfunctionMb within a context
Ma–Mc, i.e. MaMbM

∗
b Mc in the actual system, we assume thatMb and
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1: Mmp = maximal common prefix(M1, M2);
2: M ′

1 = remove prefix(Mmp, M1);
3: M ′

2 = remove prefix(Mmp, M2);
4: Ms = maximal common suffix(M ′

1, M ′
2);

5: M ′′
1 = remove suffix(Ms, M ′

1);
6: M ′′

2 = remove suffix(Ms, M ′
2);

7: if M ′′
2 is not emptyor Mmp is emptyor Ms is emptythen

8: M1 andM2 do not infer a repetitive MSC
9: else

10: M = basic repetitive MSC(M ′′
1 );

11: if M is emptythen
12: if M ′′

1 is a suffix ofMmp andM ′′
1 6= Mmp then

13: Mp = remove suffix(Mmp, M ′′
1 );

14: M1 andM2 infer M ′′
1 to be repeat–repetitive within the context

Mp–Ms

15: else
16: M1 andM2 do not infer a repetitive MSC
17: end if
18: else if M is a suffix ofMmp andM 6= Mmp then
19: Mp = remove suffix(Mmp, M );
20: M1 and M2 infer M to be repeat–repetitive within the context

Mp–Ms

21: else
22: M1 and M2 infer M to be while–repetitive within the context

Mmp–Ms

23: end if
24: end if

Fig. 2. Algorithm 1 – Checking ifM1 andM2 infers an MSCM to be repetitive

Mc do not have a nonempty common prefix, andMb andMa do not have a
nonempty common suffix. These assumptions are required to beable to infer
the repetitive functionality uniquely. For example, when awhile repetitive
subfunctionMMb within the contextMa–MM ′

c occurs in the actual system,
there may be two observations to infer this repetitive subfunction in the form
MaMM ′

c and Ma(MM ′
b) . . . (MM ′

b)MM ′
c. However based on such two

observations, one can either inferMM ′
b to be repetitive within the context

Ma–MM ′
c, or infer M ′

bM to be repetitive within the contextMaM–M ′
c.

We also assume that for a loop bodyMb, there does not existM such
that Mb = M (k) for somek ≥ 2.

Proposition 2: When M1 = Ma(Mb)
kMc (for somek ≥ 2) and M2 =

MaMc are given as two observations to Algorithm 1 given in Figure 2, it
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will infer Mb to be while repetitive within the contextMa–Mc.
Proposition 3: When M1 = MaMb(Mb)

kMc (for some k ≥ 1) and
M2 = MaMbMc are given as two observations to Algorithm 1 given in
Figure 2, it will inferMb to be repeat repetitive within the contextMa–Mc.

Proposition 4: If for two MSCs M1 and M2, Algorithm 1 given in
Figure 2 infersM to be repetitive within the contextMp–Ms, then either:
(i) M1 = MaMb(Mb)

(k)Mc (for somek ≥ 1) andM2 = MaMbMc; or
(ii) M1 = Ma(Mb)

(k)Mc (for somek ≥ 2) andM2 = MaMc

for someMa, Mb, andMc.
We explain four elementary functions and the algorithm basic repetitive MSC

referenced in Algorithm 1 in the following subsections.

A. Finding the basic repetitive MSC

In this subsection, we explain how to check the existence of and find the
basic repetitive MSCM of a given MSCM ′.

Recall thatM |i denotes the sequence of event labels of processPi in the
MSC M . If M ′ = M (k), it is obvious that for each processPi, we have

M ′|i = M |iM |i · · ·M |i
︸ ︷︷ ︸

k times

In other words, we must see these repeating patterns in the events of the
processes as well. Checking if a wordw′ consists of repetitions of another
word w is a well–known and well–studied problem (e.g. see [19]) in pattern
matching and text processing. Ifw′ = w(r), thenr is calledthe power ofw
in w′ (we are only interested in integer powers, although the general theory
of repetitions in words considers rational powers as well),andw is called
a root of w′. If w cannot be written as a repetition of another word, then
it is called asprimitive. Linear time algorithms exist to find the primitive
root of a word. Note that a word is always a root of itself with power 1.

Proposition 5: Given an MSCM ′, let ri be the power of the primitive
root of M ′|i, wherei ∈ [n], and letr = gcd(r1, r2, . . . , rn). M ′ has a basic
repetitive MSC iffr ≥ 2.

B. Functions on maximal common prefix–suffix, and prefix–suffix removal

Finding the maximal common prefix of two words is trivial, andbased
on scanning and comparing the elements of the words startingfrom the
beginning and stopping when a difference is seen.

Finding the maximal common prefix of two MSCs is not as trivialas
the case of words, since we require the prefix to be an MSC as well. Let
M ′ and M ′′ be two MSCs. Consider again the sequence of event labels
M ′|i andM ′′|i of processPi on M ′ andM ′′. Note thatM ′|i andM ′′|i are
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P1 P2 P3

m1m2

m4

m3 m5

msc M
′

P1 P2 P3

m1m2

m4

m3

m5

msc M
′′

Fig. 3. Two MSCs

words. Letwi be the maximal common prefix of the wordsM ′|i andM ′′|i.
Note that the sequence of event labels〈wi | i ∈ [n]〉 does not necessarily
characterize an MSC.

For example, when we consider the two MSCsM ′ and M ′′ given in
Figure 3, we have

w1 = snd(1, 2,m2)snd(1, 2,m3)
w2 = snd(2, 3,m1)rcv(2, 1,m3)snd(2, 3,m4)rcv(2, 1,m2)snd(2, 3,m5)
w3 = rcv(3, 2,m1)

Obviously, the sequence〈w1, w2, w3〉 does not characterize an MSC.
However, this problem can be solved by removing some of the suffixes of
wi’s. Recall the procedure explained shortly in Section II, for building an
MSC based on a sequence of event labels. This procedure can beadapted
to eliminate the problematic suffixes inwi’s while finding the maximal
common prefix in the following way. Initially, all the event labels inwi’s
are unmarked. Then perform a scan on eachwi starting from the beginning.
For each send event label of the formsnd(i, j, a) in wi, find the first
unmarked event label of the formrcv(j, i, a) in wj . If such an unmarked
event could be found inwj , mark bothsnd(i, j, a) andrcv(j, i, a) instances
under consideration, and proceed to the next send event inwi. When we
mark two such events, they are called as marking pairs. It is necessary to
remember this association since, if and when one of them is removed, the
other will also be removed in the second phase of this procedure. If no such
an unmarked event could be found inwj , then leavesnd(i, j, a) and all the
remaining events inwi as unmarked. After this marking phase, we have
an iterative suffix removal phase. For eachwi, the suffix ofwi that starts
with the first unmarked event label is removed. Note that, some of the event
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Path types Path labels

v0 · vf MpM
⋆Ms

v0 · · vf MpMM⋆Ms

v0 vf M

Mp
M

Ms

Mp M
M

Ms

M

Fig. 4. Three different path types

labels in such a suffix may be marked. While removing such a marked event
label, the mark of its marking pair (which must also be present in somewj

as marked) is removed. This iteration continues until all the event labels in
all the wi’s are marked. The remaining event labels characterize an MSC
which is the maximal common prefix. Finding the maximal common suffix
of two MSCs can be performed in a similar way, by adapting the approach
in the procedure explained above.

Given an MSCM and a prefixM ′ of M , removing the prefixM ′ can
be performed by removing the event label sequenceM ′|i from the first part
of M |i for each processPi. Similarly, the removal of a suffixM ′ of M
would be performed by removing the event label sequenceM ′|i from the
last part ofM |i for each processPi.

C. Forming the final MSC graph

Algorithm 2 given in Figure 5 is used to produce an MSC graph based
on a given set of MSCsM. It has two phases. The first phase considers
every pair of MSCsM1 and M2 in M and checks whetherM1 and M2

infer a repetitive MSC. The output of the first phase is an MSC graph with
a special structure. For each pair of MSCs that infer a repetitive MSC, a
separate subgraph, that is disjoint with the rest of the graph except atv0

andvf , is created. Such a subgraph has a different structure depending on
whether the inferred MSC is while— or repeat–repetitive, which are shown
in Figure 4 at the top and in the middle, respectively. If an MSC M does
not infer a repetitive MSC by pairing with another MSC, then asubgraph
which consists of only(v0,M, vf ) is created, as shown at the bottom in
Figure 4. We will call these subgraphspaths. These paths will be referenced
using their labels which are constructed by concatenation of the labels of
the edges in the paths. The labelM of a self-loop edge in such a path
will be represented by usingM⋆ in the path label. The second column of
Figure 4 gives the label template associated with each path type.
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As an example for the execution of the first phase, let us suppose that
initially we have three MSCs

Ma = M1M2M2M3M4M5,
Mb = M1M2M2M3M4M4M5,
Mc = M1M3M4M5.
Ma andMb infer M4 to be repeat–repetitive within the contextM1M

(2)
2 M3–

M5. Hence
Md = M1M

(2)
2 M3M4M

⋆
4 M5 is inferred as a path inG. Similarly, Ma

andMc infer M2 to be a while-repetitive within the context ofM1–M3M4M5.
So

Me = M1M
⋆
2 M3M4M5 is inferred as a path inG.

Note that the subgraph generated fromM1 and M2 is guaranteed to
represent bothM1 and M2, i.e. the language ofM1 and M2 are included
in the language of the generated subgraph. Thus,M1 and M2 are marked
for deletion since we generated a new path from them. However, if for
an MSC M1, there does not exist an MSCM2 which infers a repetitive
MSC, thenM1 will simply be put intoG and left unmarked. At the end of
the first phase, there is no other repetitive subfunction left to be inferred.
However, all possible relative positions of these repetitive subfunctions must
be represented in the final MSC graphG′ which is constructed in the second
phase of Algorithm 2.

The MSC graphG constructed by the first phase can be nondeterministic.
In other words, there may be two different paths with a nonempty common
prefix. In general, there is no guarantee that the system state is the same
after the execution of the same prefix along these different paths, since the
observations only give the message exchanges, and the localactions within
the processes are hidden from the observer. There needs to besome evidence
in the observations that allow some paths to be merged. Especially when
a given observationM is used in the generation of two different pathsp1

andp2 with labelsM1 andM2 respectively, the execution ofp1 andp2 also
corresponds to the execution ofM . Hence the system state alongp1 and
p2 that correspond to the execution ofM must be same, and thereforep1

andp2 need to be merged.
The following is clear from Definition 2 and the constructionof graph

G.
Proposition 6: Algorithm 2 in Figure 5 infers all the repetitive subfunc-

tions for which the required evidence is given inM.
The second phase of Algorithm 2 performs the merging of pathsusing

Algorithm 3 given in Figure 6. Since we need to know the actualobser-
vations from which a pathp is generated, the first phase of the algorithm
associates this information to the generated pathp by src(p).

In the example above, after the first phase, MSCsMa, Mb and Mc are
marked and thus removed, and we have the paths correspondingto Md and
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1: /* phase 1: infer repetitive subfunctions and formG*/
2: initially all the MSCs inM are unmarked
3: generate the initial and the final nodesv0 andvf in G
4: for each pairM1,M2 ∈ M do
5: if M1 and M2 infers an MSCM to be repetitive within a context

Mp–Ms then
6: mark bothM1 andM2

7: if M is while–repetitivethen
8: generate a new pathp in G given below, wherev is a new node

p = {(v0,Mp, v), (v,M, v), (v,Ms, vf )}
9: else

10: generate a new pathp in G given below, wherev and v′ are
new nodes
p = {(v0,Mp, v), (v,M, v′), (v′,M, v′), (v′,Ms, vf )}

11: end if
12: let src(p) = {M1,M2}
13: end if
14: end for
15: for each unmarked MSCM do
16: generate a new pathp = {(v0,M, vf )}
17: let src(p) = {M}
18: end for
19: /* phase 2: merge paths and formG′ */
20: let G′ be an empty graph
21: obtain a partitionΠ of the set of paths such that two pathsp, p′ are in

the same subsetP of Π iff ∃ a sequence of pathsp1, p2, . . . , pk such
that p = p1, p′ = pk, and for1 ≤ i < k, src(pi) ∩ src(pi+1) 6= ∅

22: for all P ∈ Π do
23: insertmerge(P ) into G′

24: end for

Fig. 5. Algorithm 2 – Building the MSC graph based on a set of MSCs M

Me added toG. In the second phase, there are two pathsMd and Me in
G. Since the sources of these two paths have a nonempty intersection, they
will be in the same partition, which is actually the only partition of paths in
this example. Hence, the for loop at lines 22–24 in Algorithm2 will iterate
only once, and will insert the merging ofMd andMe into G′.

In Algorithm 3, we consider every path as a set of three edges :(v0,Mp, v1),
(v1,M, v1) and (v1,Ms, vf ). Mp, M and Ms will be referred to as the
prefix, loop and the suffix labels of the path, respectively. Note that, if the
path is generated for a repeat repetitive subfunctionality, then we consider
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1: let p be a path inP whose prefix label is the shortest among other paths
in P

2: let pm = p
3: let src(pm) = src(p)
4: let P = P − {p}
5: while P is not emptydo
6: let p be a path inP such thatsrc(p) ∩ src(pm) 6= ∅ and the prefix

label of p is the shortest among other such paths inP .
7: src(pm) = src(pm) ∪ src(p)
8: P = P − {p}
9: trace the prefix labelMp of p in pm (by skippingε edges)

10: if during this traceMp ends in the middle of an edge(v1,M
′, v2) in

pm then
11: remove the edge(v1,M

′, v2)
12: insert a new nodev in pm

13: insert the edges(v1,M
′
1, v) and (v,M ′

2, v2) such thatM ′ =
M ′

1M
′
2, and trace ofMp ends inv

14: insert a new edge(v,M, v) in pm whereM is the label of the self
loop edge ofp

15: else
16: {the trace ends at an already existing node inpm}
17: let v be the node at which the trace ofMp has ended
18: let (v,M ′, v′) be the edge which is not used during the trace of

Mp

19: remove the edge(v,M ′, v′)
20: insert a new nodev′′ in pm

21: insert a new edge(v′′,M ′, v′)
22: insert a new edge(v, ε, v′′)
23: insert a new edge(v′′,M, v′′)
24: end if
25: end while
26: return (pm)

Fig. 6. Algorithm 3 – Merging paths in a partitionP

the first iteration of the loop as embedded in the prefix label.
Note that,G′ produced by the second phase will effectively have the loops

in G placed in their relative order, which also includes placinga loop into
another, i.e. nesting of the loops. Deciding the relative orders of the loops in
different paths in the merged path is based on having a commonobservation
used in the generation of these paths. For instance, see the example given
above.
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Note that, Algorithm 3 depends on tracingMp in pm (which is actually
an MSC graph) accumulated so far. Given an MSCM and an MSC graph
G, it is known that deciding ifM ∈ L(G) is NP–complete [20], [21].
However, in our case this trace can be found in linear time. This is due to
the fact each node inpm corresponds to the start of a loop. Since we never
allow two loops to start at the same node, for each node inpm there will
be exactly two outgoing edges. One of these edges will be corresponding
to the (beginning of the) loop’s body, and the other will be corresponding
to the (beginning of the) loop’s right–context. Since for a loop, the body
and the right–context of the loop do not have a non–empty common prefix,
we will always have a unique edge to proceed with the trace.

V. CONCLUSION

We have presented an algorithm to derive an MSC graphG′ from a given
set of observations of an existing implementation of a concurrent system.
This algorithm is based on inferring repetitive subfunctions from a given
set of observations. The language of the MSC graphG′ derived consists of
all the given observations and the inferred observations, in which the loops
and their relative positions are all explored. And thus, thelanguage of the
MSC graphG′ is a design representation of the existing system.

As a proof of concept, we have developed a prototype tool to implement
the technique introduced in this paper. The tool accepts a set of observations
of an existing implementation and produces an MSC graph by applying the
algorithms proposed in this work.

An interesting problem that remains open is the following. When the
evidences of some loops are missing in the given set of observations, gen-
erated subgraphs may provide these missing evidences. For example, as-
sume that initially we have three MSCsMa = M1M

(2)
2 M3M5, Mb =

M1M
(2)
2 M3M

(2)
4 M5, and Mc = M1M3M

(3)
4 M5. Ma and Mb infers M4

to be while–repetitive within the contextM1M
(2)
2 M3–M5. HenceMd =

M1M
(2)
2 M3M

⋆
4 M5 is generated. AlthoughMc does not infer any repeti-

tive subfunctionality withMa or Mb, it infers M2 to be while–repetitive
within the contextM1–M3M

(3)
4 M5 when it is considered together with

Me = M1M
(2)
2 M3M

(3)
4 M5 which is obtained by instantiating⋆ by 3 in

Md. However, these new repetitive subfunctions must be confirmed by the
observer. Hence the question is, can and how an MSC graph, which is
a design representation of the existing system, be generated under such
missing evidences. It will also be interesting to consider the effects of a)
the number of occurrences of repetitive subfunctions in thegiven set of
observations to be a fixed value, and b) some apriori knowledge of the
structure of the communicating processes on the derivationof an MSC
graph.
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APPENDIX

A. Proofs

Proof of Proposition 1:
The proof follows from the fact that MSCs are fully characterized by their
projections onto the event labels in the processes as explained above.

Proof of Proposition 2:
Based on the assumption that a loop body cannot have a nonempty com-
mon prefix with the right–context of the loop,Mb and Mc cannot have a
nonempty common prefix.

Therefore, the maximal common prefix ofM1 and M2 is Ma, hence
the algorithm will find Mmp = Ma, M ′

1 = (Mb)
kMc, M ′

2 = Mc. The
maximal common suffix ofM ′

1 and M ′
2 is then obviouslyMc, and hence

the algorithm will findMs = Mc, M ′′
1 = (Mb)

k, andM ′′
2 = empty.

Then the algorithm will arrive at line 10, and it will findM = Mb since
Mb, a loop body, cannot have a basic repetitive MSC. The algorithm will
then check ifMb is a suffix of Ma or not at line 18. However, due to
our assumption that a loop body and the left–context of the loop do not
have a non–empty common suffix, this check will fail. Hence the algorithm
will reach to line 22 and inferMb to be while repetitive within the context
Ma–Mc, i.e. Ma(Mb)

⋆Mc.

Proof of Proposition 3:
Based on the assumption that a loop body cannot have a nonempty com-
mon prefix with the right–context of the loop,Mb and Mc cannot have
a nonempty common prefix. Therefore, the maximal common prefix of
M1 and M2 is MaMb, hence the algorithm will findMmp = MaMb,
M ′

1 = (Mb)
kMc, M ′

2 = Mc. The maximal common suffix ofM ′
1 and

M ′
2 is then obviouslyMc, and hence the algorithm will findMs = Mc,

M ′′
1 = (Mb)

k, andM ′′
2 = empty.

Then the algorithm will arrive at line 10. There may be two cases de-
pending onk:
Case 1 (k = 1): Then the algorithm will findM as empty. However, since
M ′′

1 = Mb is a suffix ofMmp = MaMb, it will infer (at line 14) Mb to be
repeat repetitive within the contextMa–Mc, i.e. MaMb(Mb)

⋆Mc.
Case 2 (k > 1): Then the algorithm will findM = Mb, and since it is a
suffix of Mmp = MaMb, it will infer (at line 20) Mb to be repeat repetitive
within the contextMa–Mc, i.e. MaMb(Mb)

⋆Mc.

Proof of Proposition 4:
Algorithm 1 will infer a repetitive MSC only at lines 14, 20, 22. Line 10
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has to be reached for all these inference lines. When the algorithm reaches
to line 10, we must have:M1 = MmpM

′′
1 Ms, andM2 = MmpMs.

Case 1 (inference is made at line 14): In order to reach line 14from line 10,
M ′′

1 must not have a basic repetitive MSC, but it must be a suffix ofMmp.
Hence in this caseM1 = MpM

′′
1 M ′′

1 Ms, andM2 = MpM
′′
1 Ms, which is

case (i) withk = 1 given in the proposition.
Case 2 (inference is made at line 20): In order to reach line 20from line
10, we must haveM ′′

1 = M (k) for somek ≥ 2, andMmp = MpM . Hence
in this caseM1 = MpM(M)(k)Ms, andM2 = MpMMs, which is case (i)
with k > 1 given in the proposition.
Case 3 (inference is made at line 22): In order to reach line 20from line
10, we must haveM ′′

1 = M (k) for somek ≥ 2. Hence in this caseM1 =
Mp(M)(k)Ms, andM2 = MpMs, which is case (ii) withk ≥ 2 given in
the proposition.

Proof of Proposition 5:
Assume thatM ′ has a basic repetitive MSC, i.e.M ′ = M (k) for some
M andk ≥ 2. Since the projections onto the processes must be the same,
M ′|i = M |

(k)
i . Therefore,ri = kr′i wherer′i is the power of the primitive

root of M |i (note thatM |i is not necessarily primitive). Thereforek is a
common divisor ofr1, r2, . . . , rn, and hencer = gcd(r1, r2, . . . , rn) ≥ k ≥
2.
For the proof of the reverse direction, assume thatr ≥ 2. Consider an MSC
M , whereM |i is the first|E′

i|/r event labels inM ′|i. Note thatM ′ = M (r),
since processwise projections are the same, and also note that M formed in
this way must be a (well–formed) MSC, since otherwiseM will have a send
(receive) event which is not matched by a receive (send) event, which in
turn would imply thatM ′ also has unmatched events, henceM ′ would not
be well–formed. It remains to show thatM does not have a basic repetitive
MSC. In fact this must be true, since ifM = M ′′(r′) for somer′ ≥ 2, then
we must haveM ′ = M ′′(rr′). However in this case,rr′, which is strictly
greater thanr would be a common divisor ofr1, r2, . . . , rn, contradicting
with the fact thatr = gcd(r1, r2, . . . , rn).

B. Analysis of the Algorithms

1) Maximal common prefix and maximal common suffix of two MSCs:
Analysis of Algorithm 4: At line 2, given two wordsw′ and w′′, it takes
O(min(|w′|, |w′′|)) time to find the maximal common prefix ofw′ andw′′.
Since this line is iterated for each process, the total time taken by the loop
on lines 1–3 can be considered as

∑

Pi∈P
O(min(M ′|i,M

′′|i)) = O(
∑

Pi∈P
min(M ′|i,M

′′|i))
= O(min(|M ′|, |M ′′|))
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1: for all Pi do
2: wi = maximal common prefix (M ′|i,M

′′|i)
3: end for
4: let G be an empty graph
5: for all wi do
6: for all eventse in wi do
7: insert a nodene into G as an unmarked node
8: end for
9: end for

10: for all wi do
11: for all eventse in wi do
12: if e is not the last event inwi then
13: insert the edgene → ne′ in G wheree′ is the event inwi that

immediately followse
14: end if
15: end for
16: end for
17: for all wi do
18: for all eventse in wi in the order they appear inwi do
19: if e = snd(i, j, a) then
20: let e′ be the first event inwj such thate′ = rcv(j, i, a) andne′

is unmarked
21: if e′ can be foundthen
22: mark ne andne′

23: insert the edgesne → ne′ andne′ → ne in G
24: end if
25: end if
26: end for
27: end for
28: unmark all the nodes inG that are reachable from unmarked nodes
29: remove the unmarked nodes inG

Fig. 7. Algorithm 4 – Finding maximal common prefix ofM ′ andM ′′

Between the lines 4–27, we form a graph which actually corresponds
to the partial MSC represented bywi’s. The only difference to a standard
partial MSC is that, the message arrows are bidirectional. Forming this graph
can be performed inO((

∑
wi)

2) = O((min(|M ′|, |M ′′|))2) time.
Line 28 is a standard graph reachability problem which can besolved

in O(V + E) time, whereV and E are number of nodes and edges in
the graph. In our graph, we havemin(|M ′|, |M ′′|) nodes. Since each node
has at most two outgoing edges (one going along the process line, and
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1: for all Pi do
2: wi = primitive root (M |i)
3: ri = |Ei|/|wi|
4: end for
5: r = gcd({ri})
6: if r ≥ 2 then
7: for all Pi do
8: M ′|i = first |Ei|

r
events ofM |i

9: end for
10: else
11: return empty MSC
12: end if

Fig. 8. Algorithm 5 – Finding basic repetitive MSCM ′ of a given MSCM

1: for all Pi do
2: wi = remove prefix(Mp|i, M |i);
3: end for

Fig. 9. Algorithm 6 – Remove a prefixMp of an MSCM

optionally – if it is matched – another one going to another process line),
E = O(min(|M ′|, |M ′′|)). Therefore, line 28 takesO(min(|M ′|, |M ′′|))
time as well.

Line 29 can also be handled inO(min(|M ′|, |M ′′|)) time.
The overall execution time for Algorithm 4 is therefore,O((min(|M ′|, |M ′′|))2).
Note that a very similar algorithm can be used to find the maximal com-

mon suffixes. The only difference would be to take the maximalcommon
suffixes at line 2, and the edges inserted at line 13 would be reversed.
Therefore finding maximal common suffix of two MSCsM ′ andM ′′ takes
O((min(|M ′|, |M ′′|))2) time too.

2) Basic repetitive MSC of a given MSC:Analysis of Algorithm 5:
Finding the primitive root of a wordw at line 2 takesO(|w|) time. The
total time spent between lines 1–4 will beO(|M |) (where|M | is the total
number of events in the MSCM ), since the loop will be iterated for each
process. In the worst case,r = 2, hence we will need to copy|M |/2 events
in total at line 8. Hence the total time for Algorithm 5 isO(|M |).

3) Removing a prefix and a suffix of an MSC:Analysis of Algorithm 6:
SinceMp|i events will be removed from the beginning ofM |i, the total
time spent in this algorithm will beO(|Mp|).

Note that, removing a suffix can be performed by using a very similar
algorithm. The only difference will be that we will remove|Mp|i| elements
at the end ofM |i. Hence it will also takeO(|Mp|) time.
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1: M = Min, v = vin

2: while M is not emptydo

3: let v
M ′

→ v′ be the outgoing edge fromv such thatM andM ′ has a
common prefix

4: if M ′ == M then
5: return v′

6: else if M ′ is a prefix ofM then
7: M = M − M ′

8: else
9: /* M is a prefix ofM ′ */

10: insert a new edgev′′

11: remove the edgev
M ′

→ v′

12: insert the edgedv
M
→ v′′ andv′′ M ′−M

→ v′

13: return v′′

14: end if
15: end while

Fig. 10. Algorithm 7 – Given an MSC graphpm, a nodevin in pm, and an MSCMin,
find the nodev in pm whose label is equal toM

4) Analysis of Algorithm 1:Note that we assume|M1| ≥ |M2| for
Algorithm 1
Line 1: O((min(|M1|, |M2|))

2) = O(|M2|
2)

Line 2: O(|Mmp|) = O(min(|M1|, |M2|) = O(|M2|)
Line 3: O(|Mmp|) = O(min(|M1|, |M2|) = O(|M2|)
Line 4: O((min(|M ′

1|, |M
′
2|))

2) = O((min(|M1|, |M2|))
2) = O(|M2|

2)
Line 5: O(|Ms|) = O(min(|M ′

1|, |M
′
2|) = O(min(|M1|, |M2|) = O(|M2|)

Line 6: O(|Mmp|) = O(min(|M1|, |M2|) = O(|M2|)
Line 10: O(|M ′′

1 |) = O(|M1|)
Overall: O(|M2|

2 + |M1|)
5) Tracing an MSC within an MSC graph:Analysis of Algorithm 7:

It is known that the problem of ”deciding whether a given MSCM is in
the language of a given MSC graph” is NP–complete. However, since we
assume that at each branching point there will be a single branch that can
be followed, the complexity of Algorithm 7 isO(|Min|).

6) Analysis of Algorithm 3:Let |P | be the number of paths in the subset
of the partition being handled.
Let eP be the total size of the paths (the total number of events in all the
paths inP ).
Line 1: O(|P |)
Line 2,3,4: constant
Line 6: For all iterations of the enclosing while loop, it takesO(|P |2) time
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Line 9: O(|Mp|), where |Mp| is the size ofMp. Since the line will be
executed for all the MSCs in the subset of the partition beinghandled, it
takes time linear with the total size of the MSCs, i.e.O(eP ).
Other lines in the while loop: constant
Overall: O(|P |2 + eP )

Note that the Algorithm 3 could be modified and its complexityreduced
by changing the way we construct the graph. Under our assumptions, it is
possible to create a total order on the paths, from the shortest to the longest,
each path having a strictly shorter prefix than its successorin the order.
Thus, instead of tracing the prefix from the beginning each time we select
a new path (line 9) we could simply continue our tracing from the current
node by selecting line 6 the next path in this total order. This improvement
would however not change to final complexity of the system, asshown in
Appendix B7.

7) Analysis of Algorithm 2:Lines 1–14: Assume that we have sorted
the MSCs with respect to their sizes inO(k lg k) time (wherek = |M|),
hence we have

|M1| ≥ |M2| ≥ · · · ≥ |Mk|

For line 5, we will be executing Algorithm 1 for each combination of
MSCs inM. Hence the total time taken at line 5 will be

O(
∑k−1

i=1

∑k

j=i+1(|Mj |
2 + |Mi|)) = O(

∑k−1
i=1 (k − i)|Mi| +

∑k−1
i=1 i|Mi+1|

2)

Other lines within the for loop between line 4 and line 14 takes constant
time, hence the total time taken by this for loop is:

O(k2 +

k−1∑

i=1

(k − i)|Mi| +
k−1∑

i=1

i|Mi+1|
2) = O(k2 + ke2

M
)

whereeM is the total number of events in all the MSCs inM.
Line 21 can be handled by producing a graph in which we have a node

for each path, and there is an undirected edge between the nodes of two
pathsp1 andp2 iff src(p1)∩ src(p2) 6= ∅. Then, the partition wanted is the
set of connected components. With this approach, line 21 canbe handled
in quadratic time in the number of paths. Since, under our assumptions, the
number of paths is comparable tok, line 21 will be done inO(k2).

The for loop on the last three lines makes a call to Algorithm 3, whose
complexity for a partition subsetP is O(|P |2+eP ), where|P | is the number
of paths inP , andep is the total number of events in all the paths inP .
Therefore the total time will be

∑

P∈Π O(|P |2 + eP ) = O(
∑

P∈Π |P |2 +
∑

P∈Π eP )
= O(k2 + eM)
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Overall:
Initial sorting: O(k lg k)
Lines 4–14:O(k2 + ke2

M
)

Lines 15–18:O(k)
Line 21: O(k2)
Lines 22-24:O(k2 + eM)
And finally: O(k lg k + k2 + ke2

M
+ k + k2 + k2 + eM) = O(k2 + ke2

M
)


