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Abstract

In this paper we investigate the Gathering and the Ezploration problems by asynchronous,
anonymous, oblivious robots in an anonymous edge-labeled graph of arbitrary topology.

If the labeled graph is asymmetric the problems can be easily solved; on the other hand if both
the labeled graph and the placement of the robots are symmetric, both problems unsolvable.
As a consequence we concentrate on asymmetric placements.

We focus on the Gathering problem and we prove that & = 2[+1 > 1 robots can gather in any
connected graph with asymmetric placement in finite time. We then turn to the Exploration
problem. We show that, when the team is composed by three robots only, not all graphs
can be explored by giving a characterization of the topologies that can be explored and the
corresponding algorithm. We then prove that k = 2l + 1 > 1 robots can explore any connected
graph with asymmetric placement in finite time. The case of an even number of robots is left
open except for k = 4, for which algorithms are given for both gathering and exploration for
any graph with asymmetric placement.

We conclude giving a complete characterization for rings and trees.
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1 Introduction

1.1 The Problem and its Framework

Consider a team (or swarm) of identical mobile robots located in a given spatial setting that they
can see, each robot operating in a endlessly repeating look-compute-move cycle. Consider now the
following question:

What tasks can such a team perform if the robots do not remember the past and have
no explicit means of communication ¢

This computational question has been extensively studied in the continuous setting - that is, when
the robots operate in two-dimensional space - with respect to a variety of problems, such as Pattern
Formation, Gathering, Flocking, etc. (e.g. see [1, 2, 3, 5, 11, 18, 19]).

The same question has been recently posed also in the discrete setting - that is, when the robots
operate in a network - with respect to two fundamental problems (extensively studied in the past
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in a variety of other models): Gathering (or Rendezvous), which requires all robots to move within
finite time to the same node (whose location is a priori undetermined); and FEzploration, which
requires every node of the network to be visited by at least one robot within finite time.

For the type of robots considered here, the two problems have been studied in a severely
restricted setting, without making any assumptions (except finiteness) on the time elapsed between
successive cycles, and making no assumptions on node labels nor on edge labels; that is considering
asynchronous robots in anonymous networks with unlabeled edges). The focus of the investigations
has been only on two classes of graphs: rings [7, 9, 14, 15] and trees [10]. The difficulty of the
analysis of the question for these well understood classes of graphs has been surprising; furthermore
the problems are sometimes solvable only in very limited cases and the solutions are necessarily
expensive. No results exist for arbitrary graphs, and the outlook is not encouraging.

The natural question is whether the limits, costs and difficulty are inherent to the problem or
rather induced (or amplified) by some of the assumptions (or lack of) in the model. Notice that
the computational weakness of the robots - asynchronous, anonymous, oblivious - is standard for
the continuous case (it is the classical ASYNCH or CORDA model [8, 17]), hence it is meaningful
to maintain it in the discrete case. Further notice that anonymity of the nodes is also a standard
condition when studying computability in networks.

What is not standard is the assumption that the links are unlabeled. Indeed, such a situation is
explicitly excluded from standard models of networks (anonymous or not) in distributed computing.
In fact, the assumption agreed upon is that the links incident on a node x have distinct labels,
called port numbers (it is the standard local orientation assumption). In other words, a network is
modeled as an edge-labeled graph (G, \), where A is the set of local injective labeling functions A, .

Our goal is to investigate the original question under this more standard assumption in graphs
of arbitrary topologies.

1.2 Main Contributions

We investigate both the Gathering and the FExploration problem by asynchronous, anonymous,
oblivious robots in an anonymous edge-labeled graphs (G, A) of arbitrary topology. Let ¥ be the
placement function describing the position of the robots. Let (G, )\, ¥) denote the edge-labeled
graph with the placement of the robots. We say that (G, A\, ¥) is symmetric if there exists an auto-
morphism of (G, A, ¥), when considering automorphisms that preserve the labels and the placement;
asymmetric otherwise.

We first observe that if (G, \, ) is symmetric neither Gathering nor Ezploration can be solved.
Conversely, if (G, \) is asymmetric both Gathering and Ezploration are of simple resolution. Thus,
we analyze the two problems when (G, \) is symmetric but (G, \, V) is asymmetric and shall call
such condition an asymmetric placement. In the following, unless otherwise stated, we assume that
there is such an asymmetric placement.

We focus on the Gathering problem. We prove that k = 2l + 1 > 1 robots can gather in any
connected graph with asymmetric placement in finite time. As for the even case, we prove that
4 robots asymmetrically placed can gather in finite time and we conjecture that any number of
asymmetrically placed robots can.

We then turn to the Exploration problem. We first consider the case when k = 3. Interestingly,
in this case not all connected graphs with asymmetric placement can be explored. We give a
necessary and sufficient condition for the graph to be explorable. Furthermore, we describe an
algorithm that performs the exploration when the condition is verified. On the other hand, when



k = 2041 > 3 all graphs with asymmetric placement can be explored and the exploration algorithm
is based on gathering. We then show that Exploration can be solved in any graph also in the even
case of k = 4 robots with asymmetric placement. The general even case is left as an open problem.

We conclude giving a complete characterization for rings and trees showing that, in these
special topologies, gathering and exploration can be achieved if and only if (G, A, ¥) is asymmetric,
regardless of the number k& > 2 of robots. The only exception is the case of three robots in the tree
where we have necessary and sufficient conditions for exploration to be achievable.

2 Definitions

Let G = (V, E) be an undirected connected simple graph where V' is the set of vertices and E the
set of edges, with |V| = n, let us indicate with N(x) the neighbors of node x. Let A\, : N(z) — L
be a local labeling function that associate a label from a set £ to each edge incident on z in such a
way that A\;(y) = \;(2) if and only if y = 2. Let A = {\, : © € V'} be the global labeling function
and let (G, \) denote the resulting edge-labeled graph. Let Pz, y| denote the set of paths from
node z to node y and let A denote the extension of \ from edges to paths.

The vertices of (G, ) can be partitioned according to the equivalence classes they belong to,
where an equivalence class [vg] of vertices of G is such that for each v € [vg], there exists an
automorphism o of G that preserves the labels such that o(v) = vyg. We say that (G, \) is symmetric
if there exists an automorphism of (G, \) that preserves the edge-labeling A\, asymmetric otherwise.
Note that, in (G, A) the equivalence classes can be ordered using the fact that each identifies a
different “view” of the graph.

Operating in a system (G,\) is a set A of k identical robots; initially there is at most one
robot in each node. During the execution of the algorithms, robots move from node to neighboring
node, and at any time they occupy some nodes of the graph. Let ¥ : A — V be the placement
function returning the position of a given robot. Let (G, A, ¥) denote the edge-labeled graph with
the placement of the robots. We say that (G, A, ¥) is symmetric if there exists an automorphism of
(G, A\, V), when considering automorphisms that preserve the labels and the placement; asymmetric
otherwise. Clearly, also in (G, A\, ¥) the corresponding equivalence classes can be ordered using the
fact that each identifies a different “view” of the graph taking into account also the placement of
the robots.

Each robot operates in Look-Compute-Move cycles, which are performed asynchronously for
each robots. When Looking, a robot perceives a snapshot of the labeled graph with the current
position of the robots (called a view of the graph), when Computing it decides where to move on
the basis of the snapshot, when Mowving it actually moves to the chosen neighboring node. The
time between Look, Compute, and Move operations is finite but unbounded, and is decided by the
adversary for each action of each robot. The only constraint is that moves are instantaneous, as
in [2, 15, 16], and hence any robot performing a Look operation sees all other robots at nodes of
the ring and not on edges. Because of asynchronicity, and thus different delays, robots may move
based on significantly outdated perceptions. We assume that the robots can perceive, during the
Look operation, if there is one or more robots in a given location; this ability, called multiplicity
detection is a standard assumption in the continuous model [2, 15, 16]. We will say that there is a
tower on a node if it is occupied by more than one robot.

Consider a graph (G, \) where k robots are initially located in k distinct nodes. The Gathering
problem consists of gathering the k robots in an arbitrary node in finite time. The FExploration



problem consists of having every node of the graph visited by at least one robot and all robots
entering a quiescent state within finite time.

3 Gathering in Arbitrary Graphs

3.1 Preliminaries

First of all notice that if (G, A, V) is symmetric, the gathering problem is unsolvable. In fact, a
synchronous scheduler would force the robots to perform the same actions thus failing to brake
the symmetry. Because of the impossibility result, from now on we assume (G, A, V) is initially
asymmetric.

Let PATHS (v) = {\y(m) : m € Plv,z],Vo € V — {v}} be the set containing all the shortest la-
beled paths from v to all other nodes, where v is not an articulation point. Let SORT(PATHS(v))
be the set of labeled paths sorted first by the length and then by lexicographic order of their
associated sequences of labels. Given two vertices vy and wv9, we define the following order:
vy < vy if SORT(PATHS(v1)) <jex SORT(PATHS(v2)), where <., denotes lexicographic or-
der. We have:

Lemma 3.1 If (G, \, V) is asymmetric, there is a unique min,{SORT(PATHS(v))}.

We remind that W(a) denotes the position of a robot a € A in the graph. Let SD(v) =
> aca dist(v, ¥(a)) denote the sum of the distances from a node v to all the robots and let code(v)
= (SD(v), SORT(PATHS(v))).

We now introduce the notion of Weber node and minimal Weber node of a configuration
(G,\,0). Recall that [u] denotes the equivalence class of w in (G, ) and does not depend on
the positions of the robots. A Weber node of (G, A, V) is a node u such that SD(u) is minimal
among all SD(v) : v € [u]. A Minimal Weber node of (G,\,¥) is a node u such that code(u) is
minimal among all code(v) : v € [u].

From the definition of code() and from Lemma 5.1, we can derive the following interesting
property of the minimal Weber node:

Property 3.1 If (G, \, V) is asymmetric, for any equivalence class [u], its minimal Weber node is
UNIQUE.

Given an asymmetric configuration with its minimal Weber node w, we can order the robots
as follows. We say that a robot a is closer to w than a robot b if either dist(a,w) < dist(b, w),
or dist(a,w) = dist(b, w) and the label A(Il,) of a shortest path from a to w is lexicographically
smaller (or “weaker”) than the label A(II,) of any shortest path from b to w.

We now show that in an asymmetric configuration with an odd number of agents, there is always
at least one robot that can move towards a minimal Weber node while preserving asymmetry.

Theorem 3.2 In an asymmetric (G, A\, V) with an odd number of robots k, consider a minimal
Weber node ro. If the closest robot from 7o that is not on ry move towards ry, then the new
configuration (G, \, V') is asymmetric and 1o is still a minimal Weber node.



Proof: Let 9 be the minimal Weber node for (G, A, ¥) and let a be a robot not on ro such that
dist(¥(a),ro) is minimal (ties are broken using the label of the paths to r9). We show that a can
always move towards the minimal Weber node maintaining it as a unique minimal Weber node.

Consider first the case when there is no robot on the minimal weber node ry for (G, A\, ¥). Let
m(ro,a) be the label of the path from ry to U(a) after a has moved. Suppose by contradiction that
the movement has created a symmetry and thus there exists an automorphism o of (G, V). This
means that there exists r; # ro € [ro] such that code(r1) = code(rp). Note than after the movement
of a ), dist(r;, ¥(a)) has been reduced by 1 for 79 and by at most one for any other r € R, and
since 79 was minimum before a moved, we have that ) ., dist(r;,¥U(a)) = >, 4 dist(rg, ¥(a)).
Since code(r1) = code(rg), there exists a robot a; such that the path from ry to U(aq) is 7(rgp,a)
and since g # 1 we can ensure that a # a1. Since a; has not moved, the distance between ry and
U(ay) at the previous step was smaller than the distance between ry and a, i.e., code(r1) < code(ry),
which is impossible.

Consider now the case when there is a robot ag on rg. Let a = a1 # ag be the closest robot to rq
that is not on r¢. Let a move towards ry and, by contradiction, let it create a symmetry. Then we
have an automorphism of (G, A\, ¥) mapping rg to the new position W’(a) of a. Indeed, since a is the
closest robot to rg, for the same reasons as in the previous case, there cannot be an automorphism
that maps ro to a vertex different from the new position 71 = ¥'(a) of a. However, since we
have assumed that the number & of robots is odd, we cannot have PATHS(rg) = PATHS(r1).
Otherwise, it would imply that at least for one robot the two paths leading from its position to rg
and to r; have the same label. Thus if £ is odd, the move of a cannot generate a symmetry. O

All the different “views” (i.e., equivalent classes) of (G, \) can be ordered. Let R be the minimum
equivalence class of (G, \) according to an arbitrary predefined order (notice that R might contain
all the vertices, or it could contain a single one in the case of an asymmetric (G, \)). If |R| = 1, the
gathering point is unique regardless of the robots placement or movements. If |[R| > 1 (i.e., (G, \)
is not asymmetric), there is a unique minimal Weber node of R and Theorem 3.2 suggests a simple
gathering algorithm.

Algorithm GATHERING(R)

ro := MINIMALWEBERNODE(G, \, V) in R
Among all robots that are not on rq, let a be the closest robot to ry.
If Tam a then

move towards rg

Theorem 3.3 Algorithm GATHERING (R) terminates correctly, for any odd k = |R| and it termi-
nates correctly regardless of k if (G, \) is asymmetric.

When we have an even number of robots, we always have a minimum Weber node. However,
the simple algorithm GATHERING may not work. For example, in the asymmetric configuration
presented on Figure 1, the minimal Weber node is the node on the cycle hosting a robot. However,
if any other robot move towards it, we obtain a symmetric configuration.

When there are 4 robots, there is always a robot that can move in order to reduce min{SD(v) |
v € R}.

Theorem 3.4 Consider an asymmetric configuration (G, \, V) with 4 robots and no tower and let
ro be the minimal Weber node.



Figure 1: A configuration where no robot can move towards the minimal Weber node without
creating a symmetry

(1) If there is no robot on r¢, the closest robot a to ro can move towards ro without creating a
symmetry.

(2) If there is exactly one robot b on 1o, let a be the closest robot to ro (that is not on ro). Either
a can move towards ro without creating a symmetry, or there exists r1 € [ro] such that b can

move towards r1 without creating a symmetry (this vertex r1 will be the new minimal Weber
node).

In both cases, min{SD(w') | w" € [w]} decreases when the move is performed.

Proof: Let 9 be the minimal Weber node for (G, A, ¥) and let a be a robot not on ro such that
dist(¥(a),ro) is minimal (ties are broken using the label of the paths to 7).
When there is no robot on rq, for the same reasons as in the proof of Theorem 3.2, a can move

towards ro without creating a symmetry. It is easy to see that SD(ry) has decreased. Thus (1)
holds.

Suppose now that there is a robot b on g and let a moves towards rg. Note that such a move
decreases the value of SD(rg). Assume that this move of a creates a symmetry.

Let 1 be the position of @ when it performs such a move. Since it creates a symmetry, for the
same reasons as in the proof of Theorem 3.2, r; € [rg], code(rg) = code(r;) and there exists an
automorphism o7 of (G, A, ¥;) such that o1(rg) = r; and o1(r;) = ro. Let 7 be the label of the
shortest path from rg to r1; by symmetry, « is also the label of the shortest path from r to ry and
(Aw(a)(11); Ary (¥(a))) - 7 is the label of the shortest path from W(a) to ro.

Let ¢ be the robot different from a, b that is the closest to 7o and let 77 be the label of the path
from ¥(c) to rg. Let d be the remaining robot. Since o1(rg) = 71, the shortest path from ¥(d) to
ry is labelled by 7.

Suppose now that a does not move and that the robot b, located on 7y, move towards r; on a
vertex u. Since when a moves towards ro, SD(r1) = SD(rg), it implies that even before any move,
SD(r1) = SD(rp). And thus, when b moves towards ry, it decreases SD(r1) and increases SD(rg).
If such a move does not create a symmetry, the new Weber node is ;.

Suppose that it creates a symmetry, then there exists an automorphism o9 of (G, A\, ¥3) such
that o2(u) = V(a). Since 1 - (A\r (¥(a)), Ay(q)(r1)) is the label of a path from ¥(d) to ¥(a),



N (A (¥(a)), Ag(a)(r1)) is the label of a path from W(d) to u. Thus, (A (¥(a)), Ay (r1)) =
(Aro (1), Au(r0)). Consequently, 7(Ar, (W(a)), Ap(q)(71))-7" for some 7", Thus, (Ay(q)(r1), Ay (¥(a)))-
T = (Aw(a) (1), Ay (P(a))) - (A (¥(a)), Aw(q)(r1)) - 7" is not the label of the shortest path from ¥(a)
to rg, since 7’ is also a path from ¥(a’) to 9. We then have a contradiction and (2) holds. O

The preceding theorem enables us to construct an algorithm when there are exactly four robots.
Corollary 3.5 There exists a gathering algorithm for any asymmetric (G, \, W) with 4 robots.

More generally, we believe that there always exists a robot that can move without creating
a symmetry and such that min{SD(w’) | w’ € R} decreases (the minimal Weber node may be
different before and after the move).

Conjecture 3.1 (Weber node invariance conjecture) In an asymmetric (G, \, V) with at least
3 robots, there exists always a robot such that its movement towards a minimal Weber node w
(called feasible movement) preserves the existence of a unique minimal Weber node w' € [w] with
code(w') < code(w).

In fact, the algorithms we have presented before works because the conjecture is true when
(G, \) is asymmetric, when there is an odd number of robots, or when there are 4 robots. More
generally, if Conjecture 3.1 holds for some k, there exists a gathering algorithm for any asymmetric
configuration with k robots. Thus, if true, Conjecture 3.1 would imply the following conjecture.

Conjecture 3.2 There exists a gathering algorithm for any asymmetric (G, \, 1), regardless of
k> 3.

4 Exploration in Arbitrary Graphs

We now focus on the exploration problem. As for the gathering problem, we consider only asym-
metric placements of the robots otherwise the problem cannot be solved. Interestingly, when only
three robots are available not all graphs can be explored; moreover, the exploration algorithm is
quite complicated. On the other hand, when k is odd strictly greater than three or k = 4 all graphs
with asymmetric placement can be explored and the algorithms are given.

4.1 Exploring with £ =3
In the following we characterize the class of graphs where the problem is solvable and we design an
exploration algorithm when the team is composed by three robots.

4.1.1 Necessary Condition

We now describe the necessary condition for explorability by three robots: there is a node (or
an edge) in G whose removal creates either a graph with a Hamiltonian path, or a graph that is
spanned by two intersecting elementary paths satisfying the conditions listed below.

Theorem 4.1 A graph (G, \) can be explored by three robots starting in any asymmetric configu-
ration only if we are in one of the following cases:



(Case 1) there exists an elementary path P = (z1,...,x) and two neighbors ug,vy both different
from x1 such that:

(A1) ug does not appear in P,

(A2) any vertex v ¢ {ug,vo} appears in P,

(A3) (G, A\, W) is asymmetric where Wy maps a robot to x1, one to uy and one to vy,
(Case 2) There exists two elementary paths Py = (x1,...,z) and Py = (y1,...,ye) and two neigh-
bors ug, vy both different from x1 such that the following conditions are satisfied:

(B1) zk = y1,

(B2) either ug = xy or ug € N(zy),

(B3) ug # x;, for alli € [1,k — 1],

(B4) any vertex v & {ug,vo} appears either in Py or in Ps,

(B5) (G, X\, ¥y) is asymmetric where W maps a robot to x1, one to ug and one to vy,

(B6) for any consecutive vertices y,y’ of P2, and for any vertex x of Py adjacent to ug, there is
no automorphism of (G,\) mapping z to y and ug to y'.

(B7) for any distinct vertices y,y' € Py, there is no automorphism of (G, \) mapping y to y'.

Proof: Consider any initial configuration and an execution of an exploration algorithm A. Note
that as long as no tower is created, the situation cannot become symmetric during the execution.
So, the situation always remains asymmetric and at some point, a tower is created: indeed, if no
tower is created, then any configuration can be an initial configuration where no vertex has been
explored. In the following, a small tower is a tower made of 2 robots, while a big tower is a tower
made of 3 robots.

When a small tower with two robots a and b is created, if @ can move without creating a
symmetry then b can move too (they see exactly the same configuration). Suppose that there is a
small tower of two robots a and b where the two robots can move on a vertex u. If the third robot
¢ is not located on u, then since the execution is asynchronous, it is possible that only one robot,
say a, moves towards u. In that case, we end up in a configuration without a tower, i.e., a potential
initial configuration, and thus the whole graph must be re-explored. If the robot ¢ is on u, if a can
move towards u, then there is an execution where a and b move towards u, i.e., they create a big
tower. Suppose now that a big tower is created and consider a synchronous execution where each
time a robot of the big tower can move on an adjacent vertex, all three robots perform the move
(they all see exactly the same configuration). Since the execution must terminate, we have that at
some point the big tower is located on a vertex v where the robots do not move any more. Since
the robots are oblivious, a tower of 3 robots located on a vertex u will always move to the same
neighbor of u. Thus, if a vertex is visited twice by such a tower, the execution does not terminate.
As a consequence, the sequence of vertices traversed by the tower is an elementary path.

We consider executions where, as long as no tower is created, at most one robot moves at each
step. In the following, we distinguish two cases.

(Case 1) starting from (G, X\, ¥) no execution (satisfying the stated conditions) creates a big tower.
Consider the step of an execution where a small tower is created. As explained above, this tower
does not move (because, either we will go back to an initial configuration, or we will create a big
tower). Consider the graph (G, \) just before the tower is created in some vertex wuy by a robot
in vy moving from vy to ug and let x1 be the position of the third robot. Since the situation is
asymmetric at this point, condition (A3) is satisfied. Moreover, this situation is a possible initial
configuration. Since the tower does not move and since no tower of three robots is created, the
third robot must go through every vertex of V(G) \ {u, v} without traversing u. Since the robot



is oblivious, it cannot go twice through a same vertex. Consequently, the vertices traversed by the
robots form an elementary path. Thus, Conditions (A1) and (A2) are satisfied.
(Case 2) a big tower is created by some execution starting from (G, \, V).
Suppose now that a big tower is created. A first part of the graph may be explored before the big
tower is created (but after a small tower has been created), while the second part may be explored
by the moving big tower. First note that, as explained above, we may assume that the small tower
moves only to create the big tower. We consider an execution, where once in a big tower, the three
robots always stay together (all moves are done synchronously by the three robots). Consider the
step where a small tower is created (since at most one robot moves at each step while there is no
tower, such a step always exists). Assume that a robot a on vy moves to a neighbor ug to create
such a tower with a robot b located on ug. Let 1 be the position of the third robot ¢ at this step.
Consider now the sequence of configurations obtained until a big tower is created. Since we assume
the tower in uy does not move, except to create a big tower, in each of these configurations, robot
¢ moves. Since we cannot go twice trough the same configuration, robot ¢ follows an elementary
path P = (x1,...,2)) avoiding ug where zj is a neighbor of uy and the big tower is created at
the next step. The big tower can be made in two different ways, either robot ¢ moves to ug, or
robots a and b move to zx. In both cases, consider the execution where the three robots move
together until they stop. This tower follows an elementary path P’ = (y1,...,ys). When ¢ moves
to ug, let zp11 = y1 = ug, let Pp = (x1,..., 2k, 2541) and let P, = P = (y1,...,y¢). In the second
case, where a and b moves to zg, let P, = P(x1,...,x;) and let P, = P = (y1,...,ys) where
y1 = x. It is easy to see that in both cases, Conditions (B1), (B2), (B3) are satisfied. Moreover,
since the configuration where « is in wug, b is in vy and ¢ is in 1 may be an initial configuration,
all other vertices must be explored after the tower of two robots is created in ugp: Condition (B4)
holds. Furthermore, the situation where a is in ug, b is in vy and ¢ is in x1 appears in the execution
and thus it cannot be symmetric, i.e., Condition (B5) holds. Suppose now that there exists an
automorphism o of (G, \), a vertex x; € P; and two consecutive vertices y;,y;+1 € P such that
o(ug) = y; and o(z;) = yj41, or o(ug) = y;+1 and o(x;) = y;. Consider the step of the execution
where the big tower is in y;. At this point, following the algorithm, the robots should move to
yij+1. If o(up) = y; and o(x;) = yj41, consider the execution where only one robot moves to y;. If
o(ug) = yj+1 and o(x;) = y;, consider the execution where exactly two robots move to ;. In both
cases, we arrive in a configuration (G, \, ¥;) where there are two robots in o(ug) and one robot
in o(x;). Let (G, A, ¥2) be the configuration where there are two robots in up and one in z;. At
this point we have constructed an execution where we go twice through the same configuration (up
to isomorphism). This implies we can find an infinite execution of the algorithm where the robots
never stop, i.e., the algorithm cannot solve exploration. Thus condition (B6) is satisfied. For the
same reasons, we cannot have an automorphism mapping a vertex y; of P, to another vertex Yy of
Ps: again, it would mean that we can construct an execution where we go twice through the same
configuration (up to isomorphism).

O

Remark 4.1 Consider two wvertices u,v of (G,\). Since we are considering a graph with port-
numbers, there is at most one vertex t such that there exists an automorphism o such that o(u) = v,
o(v) =t and o(t) = u. If such at exists, then we call it the troublemaker of u and v and we denotes
it by tb(u,v).



Figure 2: On the left, a graph satisfying conditions of (Case 1) of Theorem 4.1; on the right, a
graph satisfying conditions of (Case 2) of Theorem 4.1

4.1.2 Sufficient Condition

We now constructively show that the necessary condition of Theorem 4.1 is also sufficient. We first
describe a procedure SCATTER (ug, vg, 21) that enables to scatter the robots on three vertices u, v, x
such that there exists an automorphism o of (G, \) such that o(ug) = u,0(vg) = v and o(z1) = =z,
provided that {ug,vp} is an edge of G, that z; does not disconnect G and that (G, A\, ¥y) is
asymmetric where Wy maps a robot to x1, one to ug and one to vy.

For any vertex x € [x1], there is an automorphism o of (G, \) such that o(z1) = x; let u(z) =
o(up), v(x) = o(vg). Consider an asymmetric configuration (G, \, V) with three robots. For any
x € [z1], let a be the closest robot from z, let by # a (resp. by) be the closest robot from u(z)
(resp. v(z)) in G\ {x} and let ¢; (resp. ¢3) be the remaining one.

Remark 4.2 Fither ¢y can reach v(z) in G\ {z,u(x)}, or ca can reach u(x) in G\ {z,v(z)}.

If ¢ can reach v(x) in G\ {z,u(x)}, we will distinguish different cases in the algorithm:

- [(Case A)] tb(z,¥(c1)) does not exists, or by can reach u(zx) in G\ {z,¥(c1),tb(z, ¥ (c1))}; and
th(x,u(z)) does not exists or ¢1 can reach v(x) in G\ {z,u(x),tb(x,u(z))}.

- [(Case B)] th(x, ¥(c1)) does not exists, or by can reach u(z) in G\ {z, V(c1),tb(z, ¥ (c1))}; and ¢1
cannot reach v(x) in G\ {x,u(z), tb(x,u(x))}.

- [(Case C)] by cannot reach u(x) in G\ {z,¥(c1),tb(z, ¥ (c1))}.

If ¢1 cannot reach v(x) in G\ {z,u(x)}, then we know by Remark 4.2 that co can reach u(z) in
G\ {z,v(x)} and then, we will consider the same cases up to a permutation of u(x) and v(z) and
a replacement of by and c¢; respectively by bs and co. If we are in (Case B) (resp. (Case C)) and if
by exchanging the roles of b; and ¢, we can be in (Case A) (resp. (Case A) or (Case B)), we will
exchange their role.

Let m(a) be the labeled shortest path from ¥(a) to x in G. In (Case A) and (Case B),
let 7(b1) be the one from b; to u(x) in G\ {z,¥(c1),tb(z,¥(c1))}; in (Case C), let m(by) be
the one from by to u(x) in G \ {z}. In (Case A), let 7(c1) be the labeled shortest path from
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c1 to v(z) in G\ {z,u(z),th(z,u(z))} (or G\ {z,u(x),tb(z,u(x))} if tb(z,u(x)) does not ex-
ists). In (Case B), let m(c1) be the one from ¢y to th(z,u(x)) in G \ {z,u(x)}. In (Case C),
let 7(c1) be the one from ¢ to v(z) in G\ {x,u(x)}. We define route/(z)(|m(a)| + |m(b1)| +
[m(c)l, [m(a)l, A (a)), [m(b1)], A(w(br)), [m(c1)], A(m(c1))). In (Case A), route(z) = (A, route’(z)),
in (Case B), route(z)(B,route/(z)), and in (Case C), route(z) = (C, route’(x))). Given two vertices
x,2" € [x1], we use lexicographic order to compare route(x) and route(z’). If ¢; cannot reach v(z) in
G\ {z,u(x)}, we do the same, but we exchange u(z) and v(z) and we replace b; and ¢; respectively
by bo and co.

Algorithm SCATTER (ug, vg, 21).

Case 1. [There exists x € [x1] such that w(c1) exists.]
Let o € [x1] such that 7(c1) exists and such that route(z) is minimal.
— Case 1.1. [There is a robot on x, a robot on u(x) and a robot on v(x) |
Terminate.
— Case 1.2. [There is a robot a on x, a robot by on u(x)]
/* We know there exists a path from ¥(¢;) to v(z) in G\ {z,u(z)} and that we are in
(Case A) or (Case B)*/
— Case 1.2.1. [ tb(z,u(z) does not exists, or there exists a path from V(cy) to v(x)
in G\ {x,u(x),tb(x,u(x))} ] /*We are in (Case A)*/
¢1 move towards v(z) in G\ {z,u(z), th(x,u(z))}.
— Case 1.2.2 [ ¥(c1) € N(tb(z,u(z))), and z ¢ {¥(c1),tb(¥(b1), ¥(c1))}, where z the
neighbor of x on the shortest path from x to v(u(z)) in G\ {u(z),u(u(z))} |
a move to z in G \ {u(z),u(u(z))}.
— Case 1.2.3 [ ¥(c1) € N(tb(x,u(z))) ]
b1 move towards v(tb(z,u(x))) in G\ {tb(z, u(x)), u(tb(z,u(x)))}.
— Case 1.2.4 [ ¥(cy) ¢ N(tb(x,u(x)))]
¢1 move towards th(xz,u(z)) in G\ {z,u(z)}.
— Case 1.3. [There is a robot a on x and by, the closest robot to u(x) is not on u(x)]
— Case 1.3.1 | route(z) = (A, routé (x)) or route(x) = (B, routé (z)). ]
b1 moves towards u(z) in G \ {x, ¥(c1),th(x, U(c1))}-
— Case 1.3.2[ route(x) = (C, routé (z))]
b1 moves towards u(z) in G\ {x}.
— Case 1.4. [There is no robot on z
a, the closest robot to x in G, moves towards x.

Case 2. The same, exchanging the role of u(z) and v(x) and replacing b; and ¢; resp. by bg, ca.

To examine the termination of the algorithm we first need some Lemmas.

Lemma 4.2 When applying Case 1.2.1., Case 1.2.)., Case 1.3. or Case 1.4. during the execution
of Algorithm SCATTER from an asymmetric configuration, no symmetry is created, mo tower is
created and route(x) strictly decreases.

Proof:

11
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Figure 3: Different cases in Lemma 4.3

e Case 1.4.

For the same reasons as in our Gathering algorithm, if the move of a towards x creates a
symmetry, then z is not the element of [z1] minimizing route’(z). Indeed, since the distance
from a to = has decreased while the other distances (that appears in route(z)) have not been
modified, route’(z) decreases when such a move is performed.

Moreover, if before a moves, the first component of route(x) is A (resp. B), then it remains
A (resp. B). Indeed, this component depends only from z, U(b;) and ¥(cy).

o Case 1.3.1.
Since the first component of route(x) is A or B, b avoids tb(z, ¥(c1)): no symmetry can be
created.

o Case 1.3.2.

Suppose that when b; moves towards u(z), it creates a symmetry. Then it means that by
moves to th(z, ¥(cy)).

Let t = ¥(c1) and s = tb(z,t). Consequently, t € [x;] and there exists o such that o(t) = z,
o(x) = s, o(s) = t. Moreover, if we consider the configuration before b; moves, we have

diSt(Cl, t) =0, distg\{t} (a, u(t))dist(;\{x}(s, u(w))distg\{x} (b1, u(z)) — 1.
Since diStG\{G\{t,u(t)}}(bla v(t)) < dist(;\{w(t)}(s, v(t))+1 = dist(cq, U(LE)) +1, we have route(t)
is weaker than route(z), which is impossible

e Cases 1.2.1. and 1.2.4.

In Case 1.2.1. (resp. Case 1.2.4.), the first component of route(z) is C' (resp. A) before and
after ¢;’s move. Since ¢ does not ends up in tb(z, u(x)), the next configuration is asymmetric.

Moreover, in all these cases, it is clear that route(x) decreases and that no tower is created. [
Lemma 4.3 When a is on x, by is on u(x) and when ¢y is on a vertex in N(tb(x,u(x))) and cannot
reach v(z) in G\ {x,u(z),tb(x,u(z))} , then either a can move towards v(u(x)), or a can move

towards v(tb(z,u(x))) without creating a tower or a symmetry. Moreover, min{route(z)|x € [x1]}
decreases strictly.
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Proof: Suppose that we are in Case 1.2.2. or 1.2.3., i.e.,, a is on z, by is on u(x) and ¥(c;) €
N (tb(xz,u(z)). Let denote tb(x,u(z)) by t(x) and let s(x) = ¥(c1). Let z(x) be the first vertex on
a shortest path from #(x) to v(z). Let p = Ay (t(z)) and ¢ = Ay (2(7)). Given y € [z1] and
an automorphism o such that o(z) = y, we denote o(s(z)) (resp. o(t(x)), o(z(x))) by s(y) (resp.
t(y), z(y))-

First suppose that z(x) ¢ [x1] or that s(x) ¢ [x1]. In the first case, z(u(x)), z(t(x)) € [z(z)] #
[z1]. If z(u(x)) # s(z), a can safely move to z(u(z)) without creating a symmetry. In the new
configuration, let consider 2’ = u(z): by is on 2’ = u(x), th(z’, ¥(a)) does not exists, ¢; can reach
u(z') = t(z) in G\{2', ¥(a)} and a can reach v(z’) in G\{2/, u(2’), tb(2’,u(z"))} = G\{z, u(z),t(z)}.
Consequently, the first component of route(z’) is A while the first component of route(z) was B.
Thus min{route(x) | € [r1]} has strictly decreased. If s(x) = z(u(x)), then z(¢t(x)) ¢ [z1] and
z(t(x)) # s(x) and by can safely move to z(t(x)) and for the same reasons as before min{route(x) |
x € [11]} strictly decreases.

Suppose now that s(z), z(x) € [z1]. Since s(z),t(z), z(z) € [x1], for any y € [z1], there are two
ports labeled by p and ¢ at y and these two ports lead to vertices of [z1]. Consider the path m
starting at s(x) and obtained by taking alternatively ports p and q. We know that this path m
contains only vertices of [x1] and thus there exists p’, ¢’ such that for any consecutive vertices a, b in
71, either (04(b),0p(a)) = (p,p’) or (64(b),0s(a))(q,¢"). Consequently, this path ends up in s(z). If
the path 71 avoids x and u(x), then by can use 71 backwards to reach z(z) in G\{x, u(x), tb(x,u(x))}
and thus b; can also reach v(z) in G\ {z,u(z),tb(x,u(zx))}, ie., we are in Case 1.2.1. We now
suppose that = appears in m; and u(z) does not, or that x appears before u(z) in m. Let £ be
the length of m; between t(x) and x. Since the situation is symmetric, we can find a path m
(resp. m3) of length ¢, starting in = (resp. u(z)) obtained by alternating ports g and p. Let y be
the vertex appearing just before x in 71: in the following, we will distinguish two cases: either
Ay(z) = p, or \y(z) = ¢q. If \y(z) = p and s(x) = z(t(z)) (See Figure 3, left), a can move to
z(u(x)). Suppose that the resulting configuration is symmetric. Since the neighbor of z(u(z)) by
port p hosts a robot, then ¢(x) must also hosts a robot, which is wrong. After such a move of a, by
is on u(x), ¢; can reach t(z) = u(u(x)) in G \ {u(z), ¥(a),tb(u(x),¥(a))} and a can reach v(z) in
G\{u(z),t(x), tb(u(x),t(x))}. Consequently, after the move of a, the first component of route(u(z))
is A, while the first component of route(x) was B before. If \,(z) = p and s(x) # z(t(x)) (See
Figure 3, right), then b; can move to z(t(x)). Indeed, the distance between z(t(x)) and s(z) along
73 is £ — 2, while the distance between s(z) and x along 7y is £+ 1 (in both cases, we start by port
p); consequently, the configuration is asymmetric. For the same reasons as before, we can see that
after such a move, the first component of route(t(x)) is A, while the first component of route(x) was
B before by moves. If A\y(x) = ¢, then a can move to z(u(x)). Suppose that such a move creates a
symmetry. Let denote the vertices of w1 by (s(z) = ag, t(z) = a1,2(x) = ag,...,ap_1,as,ap11 = ).
Since the distance along 79 between z(u(x)) and u(z) is £—1, the distance between s(z) and z(u(x))
along m; must be £ — 1. This means that z(u(x)) = ay_1. However, since d,(x) = dq,(ar+1) = g,
da,_,(2(u(z)) = q and thus z = a;_9, which is impossible. For the same reasons as before, we can
see that after such a move, the first component of route(u(x)) is A, while the first component of
route(z) was B before a moves. If u(x) appears in 71 and z does not, or if u(x) appears before z in
71, we can show by similar arguments, that either a or b; can move, resp., to z(u(x)) or z(¢(z)). O

From Lemmas 4.2 and 4.3, we have that:

Theorem 4.4 Any execution of Algorithm SCATTER correctly terminates.
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In order to use Procedure SCATTER in our algorithm, we need the following lemmas.

Lemma 4.5 Given a graph (G, \) satisfying the conditions of (Case 1) of Theorem 4.1 for some
vertices ug, vy and some path P = (x1,...,x), we can assume that x1 is not an articulation point

of G.

Proof: Suppose that x; is an articulation point. Since P is an elementary path and since vy €
N (up), the connected components of G\ {z1} are {z2,..., 2z} and {ug,vo}. Thus, x ¢ N(vp) and
consequently, xp # tb(ug,vg). Then replacing P by P’ = (xg,...,x1), conditions of (Case 1) still
hold and z} = x) does not disconnect G. O]

Lemma 4.6 Given a graph G that does not satisfy the conditions of (Case 1) of Theorem 4.1, if
the conditions of (Case 2) are satisfied by some vertices ug,vy and some paths Py = (x1,...,Tk)
and Py, we can assume that x1 is not an articulation point of G.

Proof: Suppose that x; is an articulation point. Since P; is an elementary path and since zp €
N(ug) U{up}, it implies that wug is in the same connected component as x;, i € [2,k] in G \ {x1}.
Since vy # x1, v is also in the same connected component as ug.

If 21 # y; for all j € [1,4], all y;s are in the same component as ug. Thus, there exists
p € [1,¢ — 1] such that y, = z;.

Let Pl = (Yo, Yo—1s- -+ Yp, T2, ..., Tx) and Py = (y1,Y2,...,Yp—1). We show that conditions of
(Case 2) still holds.

Since we are not in (Case 1), & > 2 and since G \ {z1} is disconnected, p < ¢ and for any
j€lp+ 1,4 and any i € [2,k], y; # z;. Consequently, P| and Pj are elementary paths. It is easy
to see that conditions (B1, B2, B4, B7) still holds.

Moreover, condition (B3) holds because if uy = y; for some j € [p+1,¢], G\ {1} is not
disconnected. If condition (B5) is not satisfied, it implies that there is an automorphism ¢ mapping
ug to vy and vy to y; for some j € [p+1,¢]: thus, there is an edge between uy and y; and G\ {1} is
not disconnected. Since ug has no neighbor in {y; | j € [p+1,¢]} and since condition (B6) initially
holds, condition (B6) is still satisfied.

Therefore, we can always find vertices ug, vg and paths P;, P, satisfying conditions of (Case 2)
such that G\ {z1} is connected. O

We are now ready to describe the algorithm that enables three asymmetrically placed robots
to explore any graph satisfying conditions of Theorem 4.1.

First, suppose that conditions of (Case 1) of Theorem 4.1 are satisfied for some vertices ug, vo
and some elementary path P = (x1,...,x%). We know that x1 # tb(ug,vo) and from Lemma 4.5, we
can assume that z; does not disconnect the graph. The idea is to first apply SCATTER(ug, vg, Z1).
Then the two robots that are on ug, vy (up to isomorphism) create a small tower on the node uy,
and then the third robot performs the exploration following the path P until it reaches the last
node xy, of this path.

Suppose now that (Case 1) does not apply but (Case 2) does for some vertices ug, vy and two
elementary paths P, = (z1,...,2%) and P» = (y1,...,y¢). From Lemma 4.6, we can assume that
1 does not disconnect the graph. Using the algorithm SCATTER if necessary, we can assume that
there is a robot on wug, a robot on vy and a robot on z1. Then the two robots that are on ug, vy (up
to isomorphism) create a small tower on the node g, and the third robot moves along the path P;.
Then, a big tower is created on y; and this big tower moves along P, until it reaches the last node
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ye of this path. Note that the tower might break on the way due to asynchrony, it will however
recompose itself along the path.

Algorithm EXPLORATION-3 (for robot a).

Case 1. [ There exists ug,vg and a path P satisfying conditions of (Case 1) of Theorem 4.1 |

Case 1.1. [ There is a tower of two robots on u and a robot on xp(u) ]
Terminate.

Case 1.2. [ There is a tower in u € [ug] and V(a) = z;(u) ]
move to x;41(u). /* in this case, i < k: we continue the exploration */

Case 1.3. [ there is a robot on u € [ug], a robot on x1(u) and ¥(a) = v(u)]
move to u. /* in this case, we make a tower in u */

Case 1.4. [ there is no tower in the graph and there is no u € [ug] such that there is a robot
in u, a robot in v(u) and a robot in x1(u) ]
SCATTER (ug, vg, T1).

Case 2. [There exists ug, v and two paths Py, Py satisfying conditions of (Case 2) of Theorem 4.1]

Case 2.1. [ There is a tower of three robots on y € [yy]]
Terminate.

Case 2.2. /* The robots are moving along P, together*/

— Case 2.2.1 [ There is a tower of three robots on ¥(a) € [y;]]
move to next(¥(a)).

— Case 2.2.2 [ There are two robots on V(a) =y € [y;] and a robot on next(y)]
move to next(¥(a)).

— Case 2.2.3 [ ¥Y(a) =y € [y;] and there are two robots on next(y) |
move to next(¥(a)).

Case 2.3. /* We create a tower of three robots when xy # ug*/

— Case 2.3.1 [ There are two robots on V(a) = u € [ug], a robot on yi(u) = xp(u)
and u # xp(u)]
move to xg(u).
— Case 2.3.2 ¥(a) = u € [ug], there are two robots on yi(u) = xk(u) and u # i (u)
move to xg(u).
Case 2.4. [ There are two robots on u € [ug] and ¥(a) is on x;(u), i < k |
move to z;41(u). /* the robot a is moving along P;*/

Case 2.5 [ There is a robot on u € [up], a robot on x1(u) and ¥(a) = v(u) ]
move to u. /* we create a tower in u */

Case 2.6. [ There is no tower in the graph and there is no u € [ug] such that there is a
robot in u, a robot in v(u) and a robot in x1(u) |
SCATTER (ug, vg, T1).

Since we proved that Algorithm SCATTER is correct it is easy to check the correctness of the
above exploration algorithm for a team of three robots.

Theorem 4.7 Any execution of Algorithm EXPLORATION-3 correctly terminates.
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4.2  Exploring arbitrary graphs with four robots

We show that with four robots all graphs can be explored, as long as the initial placement of the
robots is asymmetric. The algorithm is however slightly involved. We actually need to describe
two versions depending on the existence of structures called pseudo-neck and neck. If there exist in
G two vertices v,v’ of degree 1 with a common neighbor u, we say that (v,v’,u) is a pseudo-neck.
A neck (ny1,n2) in G consists of two neighbors nj,ne € V(G) such that after removing them and
their adjacent edges from G the resulting graph is connected. It is easy to see that:

Claim 1. If a graph does not contain any pseudo-necks, it contains at least a neck.

The general idea of the algorithms is a combination of the the cases of k = 3 and k£ > 3 odd.
Here however we use a pseudo-neck (or a neck) to create the tower, and we identify a unique
spanning tree in the rest of the graph. Two robots move to the pseudo-neck (or to the neck) while
the third and fourth occupy the first two leaves of the spanning tree, without creating symmetries.
The graph is then explored in a way similar to the one described in Section 4.3.

4.2.1 Graphs with a pseudo-neck

We start by describing the algorithm when the graph contains a pseudo-neck.

We explain how to make a tower on two nodes of the pseudo-neck and how to have a robot move
on the first leaf. Note that a pseudo-neck is necessary asymmetric (since there is a port numbering
and the port numbers of u break the symmetry). If there is more than one pseudo-neck in the
graph, we assume they are ordered from weakest to strongest by an arbitrary predefined ordering
and whenever we select a pseudo-neck (or an equivalence class of pseudo-necks) we do choose the
weakest. Given a pseudo-neck (v,v’,u), let T'(v,v’',u) be a spanning tree obtained by a depth-
first traversal starting in u. Let f1(T(v,v',u)), fo(T (v, u)),..., fx(T(v,v’',u)) be an ordering
of its leaves different from v,v’. We construct these trees in such a way that fi(T(v,v',u)) =
h (T(’Ul’ U, ’LL))

The algorithm (GATHERING-WITH-PSEUDO-NECK) is described by listing six possible cases. A
robot checks the cases in order and follows the first that applies to the observed configuration.

Algorithm GATHERING-WITH-PSEUDO-NECK

e Case 1. There is a pseudo-neck (v,v',u) with a robot in u, a robot in v and there is a robot

m fl .
If I am the robot in u: move to v creating a tower in v.

e Case 2. There is a pseudo-neck (v,v',u) with a robot in v, a robot in v' and there is a robot

m fl-
If I am the robot in v’: move to u.

e Case 3. There is a pseudo-neck (v,v',u) with a robot in v, a robot in v’ and there are no
robots in f1(T(v,v",u)) = f1(T(V,v,u)).
Let a be the closest robot to f1(T'(v,v',u)) in G\{v,v'}. If I am a: move toward f1(T'(v,v",u)).

e Case 4. There is a pseudo-neck (v,v',u) with a robot in v, and robot a in wu.
If T am a: move to v'.
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e Case 5. There is a pseudo-neck (v,v',u) with a robot in v, no robot in u nor in v'.
Among all the necks like that, consider the weakest such that min{dist(a,u) | U(a) # v} is
minimal. Let a be the closest robot to v in G that is not in v. If I am a: move toward wu.

e Case 6. Any other situation.
Apply the gathering Algorithm by choosing a gathering point in the following class: nodes of
degree 1 which have another node of degree 1 at distance 2.

Lemma 4.8 No movement can create a symmetry during the tower formation on a neck with
Algorithm GATHERING-WITH-PSEUDO-NECK.

Proof: Case 1. The tower is created which means that we are in an asymmetric configuration
Case 2. If the movement creates a symmetry, it means that f1(7(v,v’,u)) is of degree 1 and that
it has a neighbor z that has another neighbor y such that (f1(7(v,v’,u),y,x) is a neck. Since the
situation is symmetric, f1(T((f1(T(v,v',u),y,z)) = u and then, we would be in Case 1 and not in
Case 2.

Case 3. Suppose there is an automorphism 7 after the movement of a. Wlog, assume 7(f1(T'(v,v',u))) =
v and let y = 7(v'). It means that a was on the unique neighbor z7(u) of 7(v) = f1(T'(v,v",u)) be-
fore the move and that (7(v),y,x) is a neck. Since the situation is symmetric, f1(7(7(v),y,2z)) = v
and thus, f1(T(y,7(v),z)) = v: we would be in Case 1.

Case 4. Since we are not in any of the previous case, there is no robot in f1(7'(v,v',u)) or in v'.
Consider now the movement of a to v'. If it creates a symmetry, it means there exists a pseudo-neck
(y,vy',z) with a robot in y and a robot in ¢/, i.e., we would be in a previous case.

Case 5. Due to our choice of the neck and since we are not in Case 1 nor Case 4, it cannot create
a symmetry.

O

It is easy to see that this algorithm terminates and thus we have the following theorem.

Theorem 4.9 Algorithm GATHERING-WITH-PSEUDO-NECK terminates correctly.

4.2.2 Graphs with a neck

We now consider the case when a pseudo-neck does not exist and thus a neck exists.

Graphs with a neck: tower creation. We first introduce some notation. A block in a graph is
an inclusion-maximal 2-vertex-connected component (possibly reduced to one edge). Two blocks
of G are either disjoint or share a single vertex, that is an articulation point. Any graph G admits
a block-decomposition in the form of a rooted tree T: each vertex of T is a block of G, pick any
block By as a root of T, label it, and make it adjacent in 7" to all blocks intersecting it, then label
that blocks and make them adjacent to all nonlabeled blocks which intersect them, etc.

We describe how to have two robots move on a neck and create a tower. We identify four
situations and for each we sketch the algorithm followed by the robots.

Algorithm ROBOTS-ON-NECK

e Case 1. G is 2-connected.
In this case any edge is a neck. Consider a class [ug] of vertices of G and execute the gathering
algorithm until there is a robot a in one vertex u € [up] and a robot b in a vertex v incident
to u. Then a and b are on a neck.
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e Case 2. Any leaf B in the block-decomposition of G is of size 2.
Note that, since there does not exist any pseudo-neck, it implies that there exists a vertex wg
of degree 1 adjacent to a vertex vy of degree 2. In that case, execute the gathering algorithm
until there is a robot a in one vertex u € [ug] and a robot b in a vertex v incident to u. Then
a and b are on a neck.

e Case 3. There exists a leaf By in the block-decomposition of G, whose articulation point is
wo such that there exists a vertex ug € B at distance 2 from wqy in G.
Note that any edge (ug,v) € E(G) is a neck. In this case, execute the gathering algorithm
until there is a robot a in one vertex u € [up| and a robot b in a vertex v incident to u. Then
a and b are on a neck.

e Case 4. In any leaf B of the block-decomposition, the articulation point is adjacent to all
vertices of B.
In this case, consider a leaf By of the block-decomposition of size at least 3. Let wgy be
its articulation point and let ug be a vertex of By distinct from ug. Execute the gathering
algorithm until there is a robot @ in a vertex u € [ug] and a robot b in a vertex v incident to
u. If v € [wp], b can safely move to a neighbor ¢ ¢ [wy] of w.

Lemma 4.10 In Algorithm ROBOTS-ON-NECK two robots move on the two nodes of a neck without
creating symmetries.

Proof: Cases 1,2,3 are asy to see. Consider now Case 4. If v ¢ [wg], then a and b are on a neck.
If v € [wp], let ¢ be a neighbor of w distinct from v. Since u € [ug], u belongs to a leaf B of the
block-decomposition isomorphic to By and thus, v and ¢ are incident. Thus b can move from v to
t without creating a symmetry. Indeed, since v is the only articulation point incident to u and ¢,
since an articulation point is mapped to an articulation point by an automorphism, and since there
is a port-numbering, v and ¢ are not in the same class. Thus, if it creates a symmetry, it implies
that there is another robot ¢ in «’ € [ug] and a robot d on a naighbor ' € [tg] of ¥/, i.e., there was
already two robots on a neck. O

Graphs with a neck: rest of exploration. Once two robots are on a neck, we now describe
how to have another robot move to the first leaf. The subsequent exploration proceeds like in
Algorithm EXPLORATION of Section 4.3.

Given a vertex u, let T'(u) be a spanning tree of G obtained by doing a depth-first traversal
(DFT) starting from w. If (u,v) is a neck, let T'(u,v) be a spanning tree obtained by a DFT starting
from u and using (u,v) as a first edge, i.e., T'(u,v) \ {u} is a DFT of G\ {u} starting in v. Given a
spanning tree T'(u,v) of G, consider an ordering of its leafs f1,..., fr such that distf; is as far as
possible from u (using the labels on the paths from u to f to break the symmetry) in G \ {u,v}.
Given a neck (ni,mg) with some robots on n; and ny, we now have two cases: symmetric and
asymmetric neck.

Draft of Algorithm EXPLORE-WITH-SYMMETRIC-NECK. Assume that the neck is symmetric,
i.e., there is an automorphism o of G such that o(n1) = ny (note that there is at most one such
o due to port numbers). Let T = T(ny,n2) and T" = T(ng,n1). Let a and b be two robots
that are not on the neck. Wlog, assume that dist (n, n,) (P(a), f1) < min {diste , 1m0} (¥(a), f1),
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distcn fny .m0} (W(D), f1); disten (g mo} (¥(D), f1)} and that if there is an equality, the label of the short-
est path between U(a) and f; is “weaker” than the label of the other shortest paths (since the
situation is asymmetric, even if o is an automorphism). In this case, let a move in ¥'(a) towards
f1in G\ {n1,ns} if it does not creates a symmetry. Otherwise, let b move to ¥’(b) = ¥’(a) towards
f1 otherwise.

Lemma 4.11 With Algorithm EXPLORE-WITH-SYMMETRIC-NECK, a robot reaches fi without cre-
ating any symmetry.

Proof: Suppose that distc 5, no} (¥(a), f1) < distey fnyn0) (P(D), f1). Then, after a moves, dist(¥'(a),
U(b)) > 2. Thus, it cannot creates a symmetry such that ¥'(a) is mapped to ¥’(b) and n; to no (be-
cause that would be o, but then we should have dist (n, 0o} (P'(a), f1)diste (ny no) (P(D), f1), which
is impossible). Note that ¥’(a) cannot either be mapped by an automorphism to n; (resp. ns),
since it would imply that dist(¥'(a), ¥ (b))dist(n1,n2) = 1. Consequently, if distc (, no} (¥ (a), f1) <
disten (ny mo} (U (D), f1), @ can always move towards fi.

Suppose that diste n; n.} (@), f1)diste fny no} (P(D), f1) and that when a moves in W'(a), it
creates a symmetry. It cannot creates a symmetry such that ¥/(a) is mapped to ¥(b) and ny to ns
(because that would be o, but then we should have distq\ (n, 5,3 (' (a), f1)dist fn, 03 (Y (D), f1),
which is impossible). Thus, there is automorphism 7 such that 7(¥'(a)) = ny (resp. 7(¥'(a)) = ns)
and 7(¥ (b)) = ng (resp. 7(¥(b))ny ). Since o(ny) = ng, it implies that A\, (n2) = A\p,(n1) = £ and
thus, ¥'(a) and W(b) are neighbors and Ag/(q)(¥(b)) = Ay (¥'(a)) = L.

Consequently, it implies that Ay/(q)(¥(a)) # ¢, and thus b can move in ¥'(a) towards f; without
creating a symmetry. O
Draft of Algorithm EXPLORE-WITH-ASYMMETRIC-NECK. Assume now that the neck is asym-
metric, i.e., there is no automorphism o of G such that o(ny) = no. Using an arbitrary predefined
order, we assume wlog that ny is “weaker” than ny. Let T' = T'(ny,n2) and let a and b be two
robots that are not on the neck. Wlog, assume that distc (n, n,} (Y(a), f1) < disten fny ma} (P(D), f1)
(using labels to break symmetry). In this case, let a move in ¥/(a) towards f1 in G\ {ni,no} if it
does not creates a symmetry. Otherwise let b move to ¥'(b) = ¥’(a) towards f; otherwise.

Lemma 4.12 With Algorithm EXPLORE-WITH-ASYMMETRIC-NECK, a robot reaches fi without
creating any symmetry.

Then the overall exploration algorithm is the following:

Algorithm GATHERING-WITH-NECK.

ROBOTS-ON-NECK

If neck is symmetric then
EXPLORE-WITH-SYMMETRIC-NECK

else
EXPLORE-WITH-ASYMMETRIC-NECK

Theorem 4.13 Algorithm GATHERING-WITH-NECK terminates correctly.
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4.3 Exploring with £ > 3 robots

When the set of robots R is such that |R| = 2] + 1 > 3, the algorithm (EXPLORATION-MANY(R))
is considerably simpler and we draft it in the following.

We start by applying the gathering algorithm of Section 3 after choosing an equivalence class
[v] of vertices where v is not an articulation point as possible gathering points. The algorithm is
executed until £ — 3 robots have gathered in some vertex r. We call a robot “free” if it does not
belong to a tower. We now define a unique spanning tree 7" (for example a Depth-First Spanning
Tree) rooted in 7 such that r has only one neighbor in T'. Let fi,..., fx be the ordered leaves of T
met in some predefined traversal of T' (for example depth-first). We let the robots move sequentially
with the following idea: the closest robot to fi; (among the three remaining free robots) moves to
f1. The closest robot (not on fi nor on r) now moves to r. Once it reaches r, we have a tower and
two free robots one of which is in f;. At this point the two free robots collaboratively explore the
graph by moving on the spanning tree placing on consecutive leaves f; and f;11, and having the
robot on the smaller leaf f; move to f;1o until the last leaf is reached.

Finally we have:

Theorem 4.14 Any execution of Algorithm EXPLORATION-MANY(R) correctly terminates for any
odd k.

5 Special topologies: rings and trees

The tree and the ring are the only topologies studied in the literature in this weak model, with
the additional restriction of not having labels on the edges [7, 9, 10, 14, 15]. In the following, we
assume the standard assumption of local orientation and we sketch our results.

5.1 Gathering and exploration in rings

Consider a ring R of n nodes, ug, u1,. .., u,—1 where u; is connected' to both wu;_; and ;4. The
indices are used for notation purposes; in fact, the nodes are anonymous (i.e., identical). The edges
of the ring are labeled with a local orientation A. Let 7q,...,rp_1 denote the k robots in clockwise
order starting from an arbitrary one. Note that the ring is not necessarily oriented; we consider
the robots in a clockwise order for ease of description only. Let d;(t) denote the distance between
robot 7; and robot ;41 (where the operations on indices of robots are modulo k).

We now introduce some more notation to describe the gathering algorithm for & > 2. Given a
robot r;, we denote by 6/ (¢) the string of distances given by 677 (t) =< d;(t) dj41(t) ... djsx—1(t) >,
and by 677 (t) the sequence 677 (t) =< d;(t) dj_1(t) ... dj__1)(t) >. Let AT(t) = {6H7(t) : 0 <
j<k—1}and A=(t) = {677() : 0 < j < k—1}. Let A*I(t) denote the sequence of labels
from r; in clockwise order AtI(t) = < Ay, (W), wj1)s Aujiy (W5 Wi1), oo s Ay (Wj—ky U (k—1)) >,
and A*/(t) in counter-clockwise order: A77(t) =< Ay, (uj, uj—1), Ay, (wj—1,uj-2)... >. More-
over, let AJ(t) = min{A*/(t),A=7(t)}. We will denote by &,in(t) the lexicographically minimum
sequence in AT(t) U A~ (t). Note that there can be at most two robots r; and r; such that
min{AT (), A7 (t)} = min{ATH(t), A7 ()} = Spmin(t)

"Here and in the following, all operations on the indices are modulo n.
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Given a robot 7; let NEXT(r;) denote 71 if Spmin(t) = 017 (), ri_1 if Smin(t) = 577 (). With an
abuse of notation, given a tower ¢ we will denote by NEXT(¢) the robot following the tower in the
direction of the minimum string departing from ¢.

The idea of the algorithm is the following. When a robot r observes the environment, it identifies
the robots from which the lexicographically minimum string of distances starts. It is easy to see
that there are at most two such robots. If two of them are identified, ties are broken by considering
the one from which the lexicographically minimum string of labels starts. This robot s is unique.
If r follows s in the minimus string of distances and if its movement towards s would preserve the
asymmetry of (R, A, ¥) then s moves towards r. Otherwise r moves towards s.

GATHERING IN THE RING
If there is a tower t and I am NEXT(t) then
move towards t;
else
R = set of robots such that min; {617 (), 677 (t)} = dnin(t);
If |[R| =1 then let R = {r};
If |[R| = 2 then let R = {r;,7;};
let m =ming{A/(t): f € {i,j}};
If Tam r,then
move towards NEXT(7,);

Lemma 5.1 Let R be the set of robots {r;} such that min;{6%7(t),677(t)} = Omin(t). We have
that |R| < 2. Moreover, if R = {r;,r;} and m = ming{A/(t) : f € {i,j}}, then 1, is unique.

Lemma 5.2 Algorithm GATHERING IN THE RING creates a tower in finite time.

Proof: By Lemma 5.1, when a robot r observes at time ¢, it identifies a unique robot s = r;.

Let t be a time when some robots can move after their observations. Let S(¢) be the set of
robots that observes at time ¢ and let M (t) the set of the ones that can move after the observation.
By definition of the algorithm we have that |M(¢)] = 1: only s can move And the only possible
movement for s is to move towards » = NEXT(s). None of the other robots can move.

We want to show that after a movement, (R, \, ¥) is still asymmetric, the distance between r
and s has decreased, and the unique robot identified by the algorithm in the next observation will
be still be s.

Let s = r; and, wlg = rj;1. Before the movement we have that: §,,in(t) =< dj,dj41,. ..,
djyr >. Notice that, by definition of lexicographical minimum, d;;; > d;11 otherwise < dj, d; iy
ydjyk—1...,djr1 > would be smaller. After the movement of s = r; towards rj;1 we have a new
string of distances from s: < d; —1,dj41,dj42,...,dj1 +1 >. Clearly the distance between s and
r has decreased. Moreover, since dj +1 > d;i1, we have that < d; —1,d;11,dj12,...,djqp+1>
<lex < dj —1,dj4p + 1djip—1,...,dj41 >. Since d; — 1 was not present as a distance at time ¢ we
can conclude that < d; —1,dj41,dj42,...,dj1; +1 > is the new lexicographically minimum string
and is unique.

O

After the tower is created, by definition of the algorithm the robots join the tower one at a time,
and we have:
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Theorem 5.3 Algorithm GATHERING IN THE RING terminates correctly when executed on an
asymmetric (T ,\, W) for k > 2.

Consider now the exploration problem. For k = 2 exploration is impossible, we then consider
first the case of three robots. Using an algorithm similar to the gathering algorithm the three
robots are placed on 3 consecutive nodes. Two of them form a tower choosing as a location for the
tower node x such that the label of the edge incident on x in the direction of the third robot is
smaller than the one in the opposite direction. Such a tower indicates a direction for the ring that
can be agreed with the third robot. Once the tower is formed, the third robot explores the ring
and termination occurs when the single robot is next to the tower in the direction of the larger of
the two labels. When there are more than three robots, the idea is to perform gathering until a
tower containing k — 2 robots is formed. The presence of the tower provides an orientation to the
ring (say clockwise) that can be agreed by all the robots. At this point the two remaining robots
move to the two consecutive nodes adjacent to the tower in clockwise direction; only now the one
closest to the tower joins it and the other explores the ring. Termination occurs when there is a
tower and a single robot next to it in counter-clockwise direction (which indicates that exploration
has terminated).

We can then conclude that:

Theorem 5.4 FEzploration in the ring can be performed in any asymmetric (R,\, V) for k > 2.

5.2 Gathering and Exploration in trees

Let 7 denote a tree and consider an asymmetric (7, A, V). Consider the following simplified
gathering algorithm. If the tree has a unique center, let it be the gathering point and the robots
can move there independently (just making sure not to create other towers). If instead the tree
has two neighboring centers, one of the two is selected exploiting the asymmetry of the robots
placement. We apply Algorithm GATHERING where the initial set of robots R for the routine
GATHERINGPOINT contains the two centers. It is easy to see that:

Theorem 5.5 The GATHERING algorithm terminates correctly when executed on an asymmetric
(T,\,0) fork > 2.

Consider now the exploration problem. Notice that Theorem 4.1 indicates quite a restrictive
class of trees where exploration might be performed by three robots. It is easy to see that such
trees can indeed be explored. As for the case of k > 3, a simplified version of the general algorithms
described in sections 4.1, 4.1, 4.3 can be applied for any k& > 2 (because gathering can be done for
any k > 2). We can then conclude that:

Theorem 5.6 For k = 4, exploration can be performed in any asymmetric (T, )\, V) satisfying the
condition of Theorem 4.1.

Theorem 5.7 Exploration can be performed in any asymmetric (T ,\, V) for k > 4.
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