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Abstract

Consider a maximum-length binary shift-register sequence generated
by a primitive polynomial f of degree m. Let Cj denote the set of all
subintervals of this sequence with length n, where m < n < 2m, together
with the zero vector of length n. Munemasa [11] considered the case in
which the polynomial f generating the sequence is a trinomial satisfying
certain conditions. He proved that, in this case, C{ corresponds to an
orthogonal array of strength 2 that has a property very close to being an
orthogonal array of strength 3. Munemasa’s result was based on his proof
that very few trinomials of degree at most 2m are divisible by the given
trinomial f. In this paper, we consider the case in which the sequence
is generated by a pentanomial f satisfying certain conditions. Our main
result is that no trinomial of degree at most 2m is divisible by the given
pentanomial f, provided that f is not in a finite list of exceptions we give.
As a corollary, we get that, in this case, C{ corresponds to an orthogonal
array of strength 3. This effectively minimizes the skew of the Hamming
weight distribution of subsequences in the shift-register sequence.

*The authors are supported by NSERC of Canada.



1 Introduction

Maximum-length shift-register sequences are widely used in pseudo-random
number generation and have been shown in [11] to yield orthogonal arrays.
The fewer non-zero terms in the characteristic polynomial, the faster is the gen-
eration of the sequence. However, the number of non-zero terms in multiples
of the characteristic polynomial determines the statistical bias in the sequence,
fewer terms implying more bias.

Let f be a primitive polynomial of degree m over F» and let a = (ag, a1, - -.)
be a shift-register sequence with characteristic polynomial f. Denote by C7
the set of all subintervals of this sequence with length n, where m < n < 2m,
together with the zero vector of length n.

Munemasa [11] investigates the shift-register sequences when f is a trinomial,
that is, a polynomial with three terms. His main result implies that, in the case
of a primitive trinomial f satisfying certain properties, C7 is an orthogonal array
of strength 2 having the property of being very close to an orthogonal array of
strength 3. More precisely, he shows that for most 3-tuples of {1,2,...,n}, the
orthogonal property is satisfied, except at those triple coordinates corresponding
to the exponents of trinomials of the form 2!f and f2. This means that the
third moment of the Hamming weight is small, as desired for less statistical
bias [7, 9].

A natural extension of this work is the study of shift-register sequences
generated by primitive pentanomials, polynomials with five terms. It is known
that primitive trinomials over F, do not exist for every degree (for example,
see [3, 12]). There exists some empirical evidence that irreducible pentanomials
over Fy do exist for every degree [3, 12]. Hansen and Mullen [5] conjectured that
there exists a primitive polynomial of degree m over [, of weight at most 5 for
any prime p (the weight of a polynomial is the number of non-zero coefficients)
and m > 2, and if p is not 2 or 3, then such a primitive polynomial exists with
weight at most four (see also [10]). Pentanomials have the next smallest number
of terms, after trinomials, that is possible in a primitive polynomial over Fs,
allowing a fast generation of a shift-register sequence when primitive trinomials
are not available. In addition, the usage of pentanomials when trinomials do
not exist is in the IEEE standard specifications for public-key cryptography [6].

In this paper, we extend Munemasa’s study of bias in binary shift register
sequences, primitive polynomials and orthogonal arrays. His main result is
based on a theorem about the divisibility of trinomials by trinomials, which we
state next in slightly modified form. Throughout this paper, unless otherwise
stated, we are using the binary field Fs. The reciprocal of a polynomial f of
degree n is defined to be rec(f) = 2" f(L).

Theorem 1.1 (Munemasa [11]). Let f(z) = 2™ + ' + 1 be a trinomial over
Fo such that ged(m,l) = 1. If g is a trinomial of degree at most 2m that is
divisible by f, then g(z) = 2489 f(x), g(x) = f(z)?, or g(z) = 2® + 2t +1 =
(22 +2+1) (23 +2+1) or, its reciprocal, g(x) = 2°+x+1 = (22 +z+1)(z3+2%+1).

Munemasa [11] suggests the extension of his results to polynomials f with



more than three terms. Our main theorem, which is on the divisibility of trino-
mials by pentanomials, is stated next. Note that Munemasa’s result does not
require the polynomial to be primitive or even irreducible although this is the
primary application. Our results will be similar.

Theorem 1.2. (Main Theorem) Let f(z) = ™ + 2! + 2% + 27 + 1 be a pen-
tanomial over Fy such that gcd(m,l, k,j) = 1. If g is a trinomial of degree at
most 2m divisible by f, with g = fh, then

1. f is one of the polynomial exceptions given in Table 1; or
2. m=1mod 3 and f,g,h are as follows
flz) = 14+z4+22+2™342™
1+z4+2)Q 423 +2m?),
h(z) (I+z)+ @ +aY)+ + (@™ + 2™ + 2™,
f@h(z)=g(x) = 1+22™ 84+ 22m 4% or

3. f is the reciprocal of one of the polynomials listed in the previous items.

We observe that the polynomials in the infinite family in case 2. of Theo-
rem 1.2, and their reciprocals, are reducible. We immediately get the following
corollary since the largest degree among the irreducible polynomial exceptions
f in Table 1 is 13.

Corollary 1.3. If f(z) = 2™ + 2! + zF + 29 + 1 is irreducible over Fy with
ged(m, 1, k,7) =1 and m > 14, then f does not divide any trinomials of degree
less than or equal to 2m.

In particular, this is true for f primitive, since primitive polynomials are
irreducible. In addition, it can be shown that for any primitive pentanomial f,
the above GCD condition is satisfied; indeed, if d is a common divisor of m, [, k, j,
then we can show that f divides z42™'*~1) —1, but d(2™/¢—1) < 2™ — 1. Using
these facts, plus Theorems 2.1 and 2.2 (similarly used in [11]), we can now state
a result about the strength of orthogonal arrays given by shift-register sequences
generated by primitive pentanomials.

Corollary 1.4. If f(z) = 2™ + 2! + 2% + 27 + 1 is primitive over Fy and not
one of the exceptions in Table 1 or their reciprocals, then, for m < n < 2m,

1. CI is an orthogonal array of strength at least 3; or equivalently,

2. (CI)*L, the dual code of Cf, has minimum weight at least 4.

The fact that C7 has strength 3 implies that the third moment of the Ham-
ming weight of the shift-register sequence is minimized [7, 9].

In Section 2, we give some basic definitions and results. In Section 3, we
reprove Munemasa’s result on divisibility of trinomials by trinomials, as a way
of introducing our proof method. In Section 4, we divide the problem into
cases (Lemma 4.1 and Lemma 4.2) and sketch the proof of our main result
(Theorem 1.2). The complete proof can be found in the appendix. In Section 5,
we conclude with some open questions.



No. f(x) h(z) | type
1 24+t +2 42241 22 4+224+1|p
2 2+t 422 4+z+1 24+z+1|p
3 i+l +r+1 zt+2+1|p
4 ittt +r+1 2?+z+1|p
5 b+t 43 +1 2+ +1 | r
6 Bt 2 4+2+1 2 +z+1]|i
7 2+t 41 224+z+1|p
8 S +d 422+ 41 O+t +++1|p
9 2+ 42+ +1 22+z+1 |1
10 4+t +2++1 2+r+1|r
11 2T+t 4P 42241 22 4+224+1|p
12 24?4224+ +1 242l P+t 23+ +1 | p
13 R e | Pttt 2?41t
14 B+ttt +r+1 o+ttt ++1|p
15 2+t 2?2 +1 | BT+t 22 4+1 | p
16 242+ 4+1 24+t +22+z+1 |1
17 242"+’ 42241 B4+ +zt+22+1 |1
18 204+ 28 + 2% + 22 +1 2P+t 422 +1 |1
19 P+’ +2t+ 2+ 1 b+t +a2d+1 i
20 P+ +2° +a2?+1 S+ +at+224+1 |
21 0+t + 23+ 22 +1 P+’ +2t+2?+1 i
22 204" 42242 +1 B+t ++1 |
23 e 42"+ 28+ 22 41 BT+t +a22+1 |
24 B+l 42?2+ +1 | 22+ +aS+2t+ 2P+ +1 |
25 | aB+ 20+ + 22 +1 |22+ 2 + a8+ + 2t 422 +1 | p

Table 1: Table of polynomial exceptions: ‘p’ in type indicates that the given
polynomial f(x) is primitive, ‘i’ indicates that f(x) is irreducible and ‘r’ indi-
cates that f(z) is reducible.

2 Shift-register sequences, codes and orthogonal
arrays

Again, in this article, unless otherwise specified, we consider the binary field,
F». A polynomial f of degree m is called primitive if k = 2™ — 1 is the smallest
positive integer such that f divides zF — 1. A shift-register sequence with char-
acteristic polynomial f(z) = z™ + Z:":EI c;x? is the sequence a = (ag,a1,...)
defined by the recurrence relation

m—1
An+m = Z CiQitn,
i=0
for n > 0. We refer the reader to [4, 8] for more information on primitive
polynomials and shift-register sequences.



A subset C of F¥ is called an orthogonal array of strength ¢ if for any ¢-subset
T = {i1,i2,... it} of {1,2,...,n} and any t-tuple (b1, b,...,b;) € FS, there
exists exactly |C|/2" elements ¢ = (¢, ¢a, ... ,cn) of C such that ¢;; = b; for all
1 < j <t. From the definition, if C' is an orthogonal array of strength ¢, then it
is also an orthogonal array of strength s for all 1 < s < 't.

The next theorem, due to Delsarte [1], relates orthogonal arrays with codes.

Theorem 2.1. [1] Let C be a linear code over Fy. Then, C is an orthogonal
array of mazimal strength t if and only if C*, its dual code, has minimum weight
t+1.

The following result (Lemma 5.1 in [11]) describes the dual code of the code
generated by shift register sequences in terms of multiples of its characteristic
polynomial.

Theorem 2.2. [11] Let f be a primitive polynomial of degree m over Fy and
let 2 < n < 2™ —1. Let CI be the set of all subintervals of the shift-register
sequence with length n generated by f, together with the zero vector of length n.
The dual code of C{ is given by

n—1

(€ ={(br,-.. ,bn) : Y biyaa’ is divisible by f}.

=0

It is easy to see that (CJ._,)* is the Hamming code, which has minimum
distance 3, and so, by Theorem 2.1, C{ is an orthogonal array of strength 2, for
all 2 < n < 2™ — 1. Therefore our main theorem together with the above two
theorems give Corollary 1.4.

3 Trinomials dividing trinomials

In this section we give a different proof of Munemasa’s result (Theorem 1.1) in
order to illustrate the technique used for the proof of Theorem 1.2 in the next
section. Before that, we briefly introduce some terminology that is frequently
used in our proofs. To this end, let f(z) = 2™+ 2! + 1 be a trinomial. If g = hf
is also trinomial for some h, then it is clear that h must have an odd number of
non-zero terms. We write

where t is even, ; is the degree of h and i9=0. We often think of the picture in
Figure 1 that illustrates g = hf.

The rows that are labeled ¢s correspond to the three non-zero coefficients of
' f(z) in the sum g(z) = h(z)f(z) = Y.\, % f(x). We refer to the i, — i, 1
as shifts. If g, the polynomial under the sum in Figure 1, is a trinomial, then
there can only be three columns in Figure 1 that have an odd number of boxes
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Figure 1: An illustration of equation g(z) = }"._, % f(z), with f, g trinomials.

in them. In this case, we say that one of the terms in that column is left-over.
Since g is a trinomial, there are exactly three left-over terms including 0 + ig
and m + i;. Also, by stranded, we mean a term that is left in such a position
that nothing can cancel with it. Usually, it is already known that this term can
not be the left-over and so a contradiction is automatic.

When a column has an even number of boxes we write that the terms cancel
(in pairs). Any use of directional terminology up, down, left, above, lower, etc.
is with respect to the layout in this figure. These terms can all be defined
rigorously in terms of statements using m, [, is and relations <, > and <, >.
We use the relations in the equation form, but we also often use the intuitive
prepositional phrases, for clarity. An example of two statements that have the
same meaning is: “the [ in the third row is to the left of the ! in the first row”
and “I+iy > 1+ 1io”.

Next, we reprove Theorem 1.1 using this terminology.

Proof. (of Theorem 1.1)

Let f be the trinomial dividing g, where f and g are the ones given in
the statement of the theorem. Recall that ¢ = fh if and only if rec(g) =
rec(f)rec(h). Thus by taking reciprocals, we can reduce the problem in two
ways: the first is to assume that m > 2] as Munemasa does; the second, which
we use, is to assume that the middle term of g(x) is either an “m” (that is, it
equals m + i, for some s) or it is an “I” from the top ¢/2 rows.

Consider the box diagram for g = fh, as illustrated in Figure 1. The top 0
must cancel and it must cancel down. If it cancels down with an m, using the
fact that iy < m, we get 0 + 4, = m + 4g. Since all 0’s must cancel (with the
exception of the 0 in row i), we get that i, —i,_1 = [ for all 1 < s < ¢t. We have
accounted for the cancellation of all 0’s, all I’s (save the one in row ¢ — 1) and
only a single m. At most one of the remaining t — 1 m’s can be left-over and
two m’s cannot cancel themselves, so we have that ¢ < 3 and its parity forces
t = 2. In this case, it is easy to check that h = f and g = f2.



If the top 0 cancels down with an [ then 0 + iy = [ + i, for some z < t.
We claim that in this case all 0’s must cancel down with I’s. Suppose that
0+ i = m + 14y, for some y < Q@ < ¢t. We can show that the bounds on the
degree of g force y = 0 and Q = ¢ which contradicts our assumption. There
are exactly ¢t — 1 0’s that cancel, which uses all but one [, namely [ + i;, the [
in the top row. Thus we have that iy —is_; = [ for all 1 < s < ¢. Again, at
most one m cancels up with an [ and at most one m can be left-over. This gives
ust = 2. If | + i3 = m + 43 then m —1 = [. The GCD condition gives [ = 1,
m=2and h = f and g = f2. Finally, if 3] = [ 4+ iy = m + ig, then the GCD
condition forces I =1, m = 3 and we get f(z) =1+ 2z + 23, h(z) =1+ 2+ 22
and g(z) = 2° + z* + 1, which is the only exception. Given our symmetry
assumption, we get the reciprocal exception. O

4 Pentanomials dividing trinomials

In this section, we sketch the proof of our main theorem. First, we break our
consideration into cases in a similar manner to our proof of Theorem 1.1. We
separately consider the top-left portion and the bottom-right portion of the box
diagram. The top and bottom portions are independent and the proof combines
each possible top subcase with each possible bottom case. The next lemma,
which considers the top-left portion of the box diagram, states the possible
scenarios for m’s and I’s until the uppermost k enters the picture.

Lemma 4.1. Let f(z) = 2™ + 2! + 2% + 27 + 1 be a pentanomial over Fy with
m >1 >k > j >0 that divides a trinomial of degree n with m < n < 2m
subject to our assumptions. Then, exactly one of the following cases occur and
each one implies the corresponding equations given below:

e Case 1: k+1i; =m+1i, for some 0 < z < t.

— Subcase 1.1: m + iy is the only left-over term to the left of k + i;.
Then,

Iy —Ip_1 m—=1, forz+2<xz<t, (1)
isg1—1, < m-—lL. (2)

— Subcase 1.2: m + iy and l + iq are the left-over terms to the left of
k + i for some z < Q <t. Then, Q =2z+1 and

Ig—tg—1 = m—1, forz+2<gzx<t, (3)
iop1—is > m—lL. (4)

— Subcase 1.3: m + iy and m + iq are the left-over terms to the left of
k + iy for some z+1<Q <t. Then,

ig—ig 1 = m-—1, for Q+2<zx<t (5)
ig—ig—g = m-—1, forz+3<x<Q+1, (6)
igao—1, < m-—L. (7



o Case 2: k+ir=1+1, for some (0 <z <t

— Subcase 2.1: m + iy is the only left-over term to the left of k + is.
Then,

Iy —Ip_1 m—1, forz+1<x<t, (8)
7:2 —7:271 Z m—l. (9)

— Subcase 2.2: m + i, and | + iq are the left-over terms to the left of
k + i for some z < Q < t. This case does not occur.

— Subcase 2.3: m + iy and m + iq are the left-over terms to the left of
k + iy for some z < Q < t. Then,

lg—ty_1 = m—1, forQ+2<z<t, (10)
lg—ig2 = m—=10forz+41<x<Q+1, (11)
iy—t,—2 > m-—1, (12)

21 < Q <t-—1. (13)

o Case 3: k+1; is left-over. Let A be the highest 0, j or k that cancels down
with an m or an [, and let B be its row.

— Subcase 3.1: A+ip =m+i,. Then,

I —ig—1 = m—1, forz+2<z<t, (14)
Z'z-f-l —i; < m-— l7 (15)
ir—i. > m—Fk (16)

— Subcase 3.2: A+igp =1+1i,. Then,

lg —lg—1 = m—1,forz+1<z<t, (17)
ii—i, > I—k, (18)
i, —i,_1 > m—Ek. (19)

Proof. We include here Case 1 only; the other cases are similar and can be found
in the appendix.

Subcase 1.1: m + i; is the only left-over term to the left of k + ;.

The terms m+iy_1,m~+14;—2,...,m~+ 1,41 must cancel up. They cannot cancel
with any 0, j, or k because they are all strictly greater than k + 4;, which is
the leftmost of all the 0, j, and k terms. Thus they all cancel with an [ from a
row at least as high as i,41. Similarly, all of the I’s to the left of k + i, must
cancel down with some m. There must be exactly ¢t — z — 1 I’s to the left of
k+i¢. Thatis, I +i¢y..., 0 +iy42 > k+ iy > 1 4+ iy41. Working from the top
we get Equations 1 and 2. Figure 2 contains the pattern of cancellation for this
subcase.

Subcase 1.2: m+14; and [ +ig are the left-over terms to the left of k+1;
for some z < 2 < t. This is similar to Subcase 1.1 except that we must now
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Figure 2: Pattern of cancellations for Subcase 1.1.

have [ + 14,41 > k + iy so that the number of m’s and I’s which cancel are equal.
Working from the top again we find,

lg — g1 =m—1, for Q+1<z <t

We claim that @ = z + 1. By way of contradiction, let us assume that this
is not the case. Then, since all the m’s and I’s in rows 4,...,ig41 cancel,
there is nothing above for m +iq_1 to cancel with, except k + i;; contradiction.
Furthermore, we have i,41 — ¢, > m — [, proving Equations 3 and 4. Figure 3
exemplifies this case. We always use 2 to represent the row containing the third

left-over term.

[m| 1]
E
[}
[ ]

[1] iz1=ig
[m] iz

Figure 3: Pattern of cancellations for Subcase 1.2.

Subcase 1.3: m + i; and m + iq are the left-over terms to the left of
k +i; for some z < Q < t. There are exactly t — z — 2 m’s to be canceled
to the left of k + 4;. Hence | + 4y,...,0 + 4,43 > k + i;. Working from the
top, l + i = m+44-1,...,1 +igra = m + igy1. Since | + igy1 must cancel



down, igy1 —io < m—1land l +ig1 = m+ig-1,--.,0 +i,43 = m + i 41,
and [ + 4,41 < l+i,42 < k+ 4. We get Equations 5-7. We observe that
I+ i,42 # k + i, since otherwise it would be left-over, but we already have
enough left-over terms. Figure 4 shows this case.

m M

[0 |
Nchln m

[m] ie

Figure 4: Pattern of cancellations for Subcase 1.3.

Figure 5 provides an insight on the cases not covered in this proof. O

In Lemma 4.2, we look at cases 4 and 5, which are not disjoint from the cases
listed in Lemma 4.1 (subcases 1.1 to 3.2). The combinations between these two
sets of cases form the complete case breakdown in the proof of Theorem 1.2.

Lemma 4.2 considers the bottom-right portion of the box diagram. More
specifically, it analyzes the scenarios for the 0’s and j’s until the lower-most
k enters the picture. The m in the top row and the 0 in the bottom row are
left-overs. We make the assumption that the third left-over term is either a k in
the top t/2 rows (since the number of rows is odd and start numbering at 0, ¢
must be even), or an m or an . In the proof of Theorem 1.2 we justify why this
assumption is without any loss of generality. Therefore throughout the paper
the third left-over will not be a j or a 0.

Lemma 4.2. Let f(z) = 2™ + z' + zF + 27 + 1 be a pentanomial over Fy with
m >1 >k >j >0 that divides a trinomial g of degree n with m < n < 2m.
Letting g = fh, with g(z) = 2™ +z* + 1 and t + 1 being the number of terms in
h, further assume that s corresponds to either a k on one of the top t/2 rows
or anm or an l. Then, exactly one of the following cases must occur and they
imply the corresponding equations given below:

o Case 4: j divides k. Then, we necessarily have j + iy = k + 49, for some

10
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[m] [1]
= [
[ ]
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[w] [i]
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Subcase 3.1:
i
A
g
(]
[m] i\

Subcase 2.3:

i\ ]
0]
]
0]
_
Subcase 3.2:

[A]
5

(] ] i

Figure 5: Pattern of cancellations for Subcases 2.1-3.2

1<y<t, and

B

ie = xj, forl<z<y, (20)
k= (y+1)j (21)
iyr1— iy > J, ify #t. (22)

e Case 5: j does not divide k. Then, we necessarily have 0 4+ i, = k + g,
for some 1 <y <t, and

.Z'j,fOTlS.’L’Sy—l,
< g

iz =
by — ly—1
Figure 6 illustrates the cases considered in this lemma and gives an idea of

its proof, which is given in the appendix.

11
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Figure 6: Pattern of cancellations for Cases 4 and 5.

[FHe]

4 5

1.1 z2<y<z+2 z<y<z+1
1.2 Yy==z z2<y<z+2
1.3 z2<y<z+2 z<y<z+3
2.1 y=z-1 z—1<y<z+1
2.3 z—2<y<z z—1<y<z+1
3.1 z<y<z+1 y=z+1

3.2 y=z-1 z<y<z+1

Table 2: Bounds on y by subcases.

SKETCH OF THE PROOF OF OUR MAIN THEOREM (THEOREM 1.2)

The complete proof involves a great number of subcases. The complete case
analysis can be found in the appendix.

Here we provide the main steps and a summary of findings for each case
combination (subcases and cases follow the numbering given in Lemma 4.1 and
Lemma 4.2).

Assume without loss of generality that the third left-over term (other than
the m and the 0) is either a k in the top t/2 rows or an m or /; this assumption
only requires that we later add the reciprocals of the polynomial exceptions
found. Moreover if there exists a constant ¢ with 4, —i,—1 = cforall1 <z <t,
then we can show that ¢ = j thus almost all of the m’s cancel with I’s, 0’s with
j’s and the k’s remain. This forces f to be one of the polynomial exceptions 4,
7 or 9 in Table 1. So for the rest of the proof we assume there exists no such
¢. We then can obtain the bounds given in Table 2 for the value of y for each
possible combination of cases.

For each of the case combinations, we individually analyze the possible val-
ues of y permitted by the table above. For each situation, we either find a
contradiction or conclude that f must be one of the listed polynomial excep-
tions. Tables 3 and 4 provide the polynomial exceptions with their related cases
and the polynomial exceptions indexed by case, respectively.

In order to give a sample of the type of argument involved in the case anal-
ysis, we show some representative cases: Subcases 2.1/5 and 3.2. We also give
a derivation of the bounds on the value of y from Table 2 for these cases.

12



No. f(=x) zly |t Q Case
1 2+t +2° +2?+1 1122 0,1 2.1/5
2 P+ +a?+r+1 011]2 0,1 1.1/4
3 P+ +r+1 112 2 1.2/4
4 P +rt+2®+r+1(01,0|2]2]1,02] {1.1,21,3.2}/4
5 P+’ +at+ 2+ 1 122 0 2.1/5
6 4+t 422441 112 0 2.3/4
7 4+t 43 +1 1122 1 2.3/4
8 P+ +a?+r+1 1|14 2 1.2/4
9 S+t +r+1 022 1 2.1/4
10 T+t +at o+l 112 1 2.3/4
11 2+t +d 422 +1 1122 1 2.3/5
12 '+ +2?+z+1 3|16 5 2.3/4
13 i+ a5+ + a2+ 1 2124 3 2.3/5
14 B +ad+ad+r+1 024 3 1.3/4
15 B+’ + 2+ +1 2126 5 1.3/5
16 b+ 41 11241134 1.1/4
17 242"+ 25 22 +1 2134 0 2.1/5
18 2+t +ad +2%+1 21341234 1.1/5
19 P+ +t+2+1 1|24 0 1.1/5
20 2+ + 2%+ +1 1|34 2 1.2/5
21 | 20+t + ¥+ 2%+ 1 1|24 3 1.3/5
22 20+ 2" 2+ +1 114 3 2.3/4
23 | sl 42" +a8 422 +1 312|4 3 2.3/4
24 | B4+ 2%+ +1 111]6 5 2.3/4
25 | 2B +2%+2% 422 +1 4156 3 1.1/5
Table 3: Table of polynomial exceptions with subcases.
CASE 2.1/5
If 2 # 0, then
m = m=-0)+U—-k) +k
S (lz _izfl)+(it_iz)+7:y
= dp—i, 1ty
< M=ty + iy
Thus i,_; <14, where equality holds if and only if i; = m and
7:2 —1:271 =m-—1. (25)

We observe that if equality holds, then we are also in Subcase 1.1/4 where the
role of z is played by z + 1.

The condition z # 0 is irrelevant since if z = 0 then all shifts are m —1[, a
situation already considered. We conclude that z — 1 < y.
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Case | No. |z |y | t Q
1.1/4 210112 0,1
1.1/4 41022 1
11/4| 1612|4134
11/5] 18|23 |4] 234
1.1/5 1911124 0
11/5| 25 (4|56 3
1.2/4 31|12 2
1.2/4 8| 1|14 2
1.2/5 201113 |4 2
13/4 14(0]2]4 3
13/5| 15226 5
1.3/5 2111124 3
21/4| 41|22 0
2.1/4 91022 1
2.1/5 111122 0,1
21/5 | 5|1|2]2 0
21/5| 172 |34 0
23/4| 61|12 0
23/4| 71|22 1
2.3/4 100)11]1)2 1
23/4| 123 |16 5
2.3/4 221114 3
23/4| 23(3 |24 3
23/4| 24|1|1]6 5
2.3/5 111122 1
2.3/5 1312|1214 3
32/4| 4]0|2]|2 2

Table 4: Table of polynomial exceptions indexed by subcase.

Since iy —ip— 1 =m—Ilforz+1 <z <tandizg—i, 1 =jforl <z <y-—1,
if z4+ 1 <y — 1 then all shifts are j = m — I, contradicting i, —iy,—1 < j. Thus
we take z — 1 <y < z + 1. This completes the proof of the bounds on y.

Assume y = 2+ 1. Nowm —1 =i,y —i; = iy —iy_1 < j. Also, 0+ =
(0+idy) + (i —i2) + (62 —iy) = k+ (I — k) — (m — 1) <1+1io. That is, 0+ i,
is strictly to the right of all I’s and m’s. What happens to j +4,_1? It cancels
up or down.

Case I: j 4+ i, cancels down. If { > y+1, then since ¢y 41 — iy =i,40—%,41 =
m—I < j, 0+iyq41 < j+iy and hence O+iy41 < k+i4; and cannot cancel any k and
from above, it cannot cancel any [ or m. Therefore i,; cannot exist and y = t.
Note that m—[ =i,,1 —i, = l—k and hence 2(m—1) = (m—0)+(1—k) = m—k.
Because j +i, < j +i,4+1 = k + i1, we consider the following two subcases.
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Case TA: j+i, =m+1i9. Then [ + ig is left-over. If i, — i,y = m — [ then
m — 1 = j, a contradiction. Thus if k¥ + i, cancels down, then since
i, —t,.1 >m—1=1—k, it does not cancel any [. So for some a > 0,
k+i, =m+i, and m—k =14, —i, is a multiple of j. Since j+i; = k+ 13
and j+1i, < j + 1,41, we get that m — k < j which is a contradiction.
Therefore k + i, cancels up. Since the top j’s and 0’s are accounted for,
z=1,y=1t=2. Thus f(z) = 2% +2° +2*+23+1 and we have polynomial
exception 5.

Case IB: j+i, =1+ io. Now k =iy = (iy —iy_1)+ (iy—1) = (- k) + ({1 —j),
since i, —i, 1 = l—k. Hence j = 2(I—k) = 2(m—1) = m—k. Furthermore,
m+ig=(m-—k)+k=j+k=Fk+i(=j+1i). The left-over must be
in this column. Now ! + ¢; must cancel and it can only cancel up with a
k. So iz — i1 cannot be j = 2(l — k), so 2 = y = ¢t. We may deduce that
h(z) = 2 + 2> + 1 and f(z) = 2° + z* + 2 + 2% + 1 which is polynomial
exception 1.

Case II: j + i, cancels up. Then j +iy_1 = 0+ iy4q and j = 4,40 — i, =
2(m —1).

Case ITA: ¢t > y 4+ 2. Consider k +i; = j + iy = 0+ iy42. Now either k + ¢;
is left-over and thus ¢t = 2 (because a left-over k must be in the top t/2
rows) or k + 41 = {l or m} +io. However ¢t > y + 2 > 4 so it must be the
latter. We have 449 > 044 > 044,42 = k441 sono [ or m is available
for k + 41 to cancel with, a contradiction.

Case IIB: t=y+ 1. Since j =2(m — 1) =4, —i, =1l -k, l+io=k+j =
k+i1(=j +1y), so l + ig is left-over. Now m +ig = (I +i9) + (m = 1) =
(4 +iy) + (it —9t—1) = j + 4. We must have m +i,_1 = k + i, or else
one of these will be stranded. Now we deduce l +i,_1 =k +i,. If 2 > 3,
then m + i, _» is stranded since everything above it is accounted except
k 4+ i,_1 which is too far right since m — k > j. So z = 0,1, or 2. The
subcase z = 0 implies every shift is m — [ which was dealt with earlier.
The case z = 1 implies y = 2, ¢t = 3, but ¢ must be even. Thus we may
take 2 = 2,y = 3,t = 4. Now f(z) = 2% + 27 + 2° + 2% + 1 which is
polynomial exception 17.

Assume y = z. We have 0+i4; = (0+4y) + (it — i)+ (i, —3y) =k+({—-k)+0=
I +1p. Either j +1i,_1 cancels up (and hence 4,41 —iy_1 = j) or it cancels down
with the ! or m from i and hence iy11 —iy_1 < j. In the latter case t = y or
t=y+1. Notem—1 =111 —1i, <iyqy1 —iy_1 < j. We divide into cases based
on t relative to z.
Case I: t = z + 1. From z = y > 2, we deduce ¢t > 3. Since ¢t must even, t > 4
and y = z must be odd. Soy =2z > 3.

We easily deduce that m — [ = 4y — 441 = 44 — i, = | — k. Therefore
2(m —1) = (m —1)+ (I — k) = m — k. The only possible term with which
m+1i,_1 may cancel is k+1i,. As well, k414, must cancel down since the j’s and
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0’s from rows 4; and i;_1 = i, are accounted for. Hence we break into subcases
as follows:

Case IA: m+i,_1 =k+i,. Here2(m—1l)=m—k =i,—i,_1 < j. The term
[ +i,_1 has nothing above it with which to cancel. If [+, 1 =m+i, o
then m —1 =4,_1 — 4,0 = iy_1 —Gy_2 = j > 2(m — 1) which is absurd.
If | +i,_1 cancels with an even lower m, say m + i,_q, then (a —1)j =
m — 1 < j, which is a contradiction. We conclude that [ + i,_; must be
left-over. Now we require k +i,_1 = m + i,_o or else one of these will be
stranded, leaving too many left-over terms. Thus m—k =4, 1 —i,_2 =j
contradicting with above.

Case IB: m +i,_; is left-over, [ +i,_1 = k+i,. We must have k +i,_; =
m+i,_o or else one of these will be stranded. Thus m—k =i,_1—i,_o = j.
Hence m+ig = k4141 = j +1i;—1 # 0+ 4; and we have an “extra” left-over
here, a contradiction.

Case IC: m +i,_; is left-over, [ +i,_1 # k +i,. We must have k+i, = m+
iy—2 or else one of these will be left-over. Now j = i,1 —i,_9 = (m —
k) —(iy —i,—1) <m—k =2(m —1). What happens to [ +i,_17 It has
nothing to cancel with unless 0 < z—1 < 1,ie. 1 <z < 2. However,
z =y > 2 must be odd. Thus this subcase falls.

Case II: t = 2z + 2. We have, from before, that j + iy_; = 0+ iy4;. Consider
j+iz41. It cannot cancel up since 0+4; is accounted for. Either it cancels down
with m + 1o or with some k+i, for & > 2. However j+i,y1 = j+(m—1)+i, =
m-0D+k+i1<j+k+ir.

Case ITA: y > 2. In this subcase, j +43 = i3 80 j +i,41 < k+i3 < k+ i,y
for > 2. Thus j + 4,41 = m+ 4. We havel = (44 —i,41) +i,q1 =
(m — 1)+ (m — j) and we may deduce j = 2(m — 1) = | — k. Hence
i,=k=1l—jsok+iy=j+1i, =1+ i9 =0+ i Therefore we have the
left-over in the column with k + iy = (k+ j) + i1 =1+ 141 = j + 4s.
The term 0+ i1 must cancel with j 44,1 because all other possibilities
(lower j’s and [ or k from i or i1) are impossible. Hence 2(m—1) =1—k =
j=tz1—t,m1=(m—=1)+i,—i,1 and 80 i, —i,_1 = m — [. Therefore
there is an extra left-over in the column with m +é,_1 =1+, = k + i,
a contradiction.

Case IIB: y = 2. Clearly t =4. We have j +i4 =1+ and j + 47, = 0 + i3.
When we draw the box diagram, there are five terms unaccounted for (of
which four must cancel with each other): m+ig, m+1i1, k+is, k+i3,j+is3.

Case IIB1: j+izs=m+ig. Now k —j = i3 — i1 < j. So k +i3 =
(k= +@+i3)<j+m=m+i. Hence m+1iy >k +i3 > k+ 12
so we cannot complete the required cancellations.
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Case IIB2: j +i3 #Zm +ig. Since iz — iy = (m—=1)+(k—j) <m —j,
j +1i3 #m +i; and so we must have k — j = i3 — i = m — [. Since
i3 — 11 = 7 — 0 < m — k we cannot have m + ¢; = k + i3. This forces
the left-over to be m + 1. Hence m +ig =k +i3(=j +i4a =1+ 41).
However, now m — [ = i1 — ig = j, contrary to earlier work.

Case III: t > 2 + 3.

Consider 0 4+ iy41 < i =1+ 1i9 < {I,m} + i, for a > 0 and 0+ i,41 =
(m—-10)+i,<j+i, =k+14 and we see that 0 +i,11 = j + i,—1 because all
other options are accounted for or impossible.

Since 4,42 is not the top row, 0 +i,12 < 0+ i =1+ i < {I,m} + iy for
a>0. Also, 0+ i,y =(m—1)+i,41 < j+i,p1. Hence 0+ i,40 = k+ i,
fora>2. (If a=1,then 044,40 =k+14 = j+i, and so k + 41 must be
left-over and 2 < y < t = 2.) That is, tq = i,00 — k = i,42 — i, = 2(m — ).
HOWGVGI“, ia Z i2 = (lg - 11) + il = (l2 - 21) +j > (12 - 11) + (m - l) We
deduce iz —i; < m —1, but no shift is less than m —{ in 2.1/5 with y = z, thus
a contradiction.

Assume y = z—1. Similarly to the above, 0+i; = (0+iy)+ (i —i2)+ (i. —iy) =
k+{—k)+ (m—=1) =m+ip since i, —i,_1 = m — [ from Equation 25. So
i¢ = m,i;_1 = l. Also, we conclude that I +i, = m +i,_1 = k + i and so
the left-over must be in this column. Also, [ +i,_1 = (m +i,-1) —(m —1) =
(k+ip) — (g —ig1) =k +ig—1. Now j+iy 1 < j+iy=k+i <{k,[,m}+i,
for @ > 1. Since m, [, k in iy are accounted for, and since the left-over is already
determined, j + ¢y—; must cancel up. If j +iy_y = 0+ i, for @ > y + 1,
then 0 +4y41 < 0444 = j +4y—1 50 0 + iy4q cannot cancel with anything, a
contradiction. Thus j + iy—_1 = 0+ iy41. In particular, j = (iy41 — iy) + (iy —
Z'yfl) = (m - l) + (Zy - iyfl) >m —1.

Consider k+i; 5 which cannot cancel up since these 0’s and j’s are accounted
for and the left-over is already fixed and to the left of k+i; 5. This k also cannot
be one of k + iy or k + ¢, since these cancel with row ¢y < 4;_».

Case I: k+i;—» <m+iy_1. Here m +4,_; is in danger of being stranded so
we would actually need y —1 < 1 which implies 2 < y < 2 which further implies
y = 2 and z = 3. But there is nothing lower remaining to actually cancel
k + i;—2, so we have a contradiction.

Case II: k +i;_2 > m+iy_1. We require k 4+ t¢_o = m 414y or else k + i;_»
has nothing below with which to cancel. Hence m — k = iy_p —iy—1 = (iy —
iy) — (ig — 44—2) + (iy — iy—1) = (m — k) — 2(m — 1) + (iy — iy—1) implying
2(m —1) = (iy — iy—1) < j. Therefore j = (iy41 — iy) + (iy — iy—1) = (Mm —
D+2m—1) =3(m—=1). So0+4is41 = (lz41 —z) + (i —iz-1) + 01 =
2m -+ iy < j+iy =k +i1 < {k,l,m}+ i, for « > 1 and m,l, k in rows
i1 and io are taken unless z +1 = tort — 1. Since 0+ 4,41 < j + 4, and
O+4,41 > 044, = j+iy_1, then 0+ i,y cannot cancel with any j. Since
0 + i, is already taken, 0 + i, #1 4+ 149y = 0+ 4;_1. Therefore z # t — 1 and
z+1=t—1impliest =2+2. Thusm—k =4 —iy, =3(m—-1) =j =1
implying k+i1 =m +ig =041 :j+iy.
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Ify>3,thenis —is =j=m—Fksok+i2=m+1i =j+ i with no room
for an [ or 0. This triple cancellation contradiction proves 2 < y < 2. Hence
y =2,z =3,t =25, but { must be even. This final contradiction concludes this
subcase.

CASE 3.2

We prove this case by reduction to either Subcase 1.1 or Subcase 2.1. Let us
recall that in this case k + 4; is left-over. The starting point is A +ip =1+ 1,
where A is the highest 0, j, k that cancels with an [, and B is its row. We have

l+izye- = (+12)+ (izpi-B — i) = (A+ip) + (t— B)(m —1)
(A+iB)+(it—iB) :A+it.

By the choice of B maximal, B = t. The case A = k is dealt with in Subcase
2.1.

Assume A = j.

Now [ = (I — ) +j = (ig — i,) + 4y implying m — 1 > iy — (ig — 45 +1i1) = is — i1.
Recall i, —i,_1 > m — 1 for Subcase 3.2, and so if 2 > 2 then m —1 > i, —i; >
1, —i,_1 > m—1, a contradiction. If z = 0 then all shifts are the same and this
was dealt with elsewhere. Thus 2 =1 and i — 41 = 4,41 — i, =m — L.

For either Case 4 or 5, if y > 3 then m — [ = i, — i; = j and actually all
shifts are j = m — [, which has already been considered.

Case I: 3.2/4. If y = 2, then all shifts are j = m — | which was dealt with
elsewhere. If y =2 =1,then m -1 < i, —i,_1 =iy —iy_1 =jbut m—1=
iz41 — I, = ty41 — 9y > J and we have another contradiction. Case 4 implies
that y > 1 so this exhausts the possibilities.

Case II: 3.2/5.

In Case 5,y > 2andsoy = 2. Wehaveis = k,i1 = jsok—j = ia—i1 = m—L.
However k+is = (k—J)+ (j +4:) = (m—1)+ (I +4,) = m+ i, and we are in
Subcase 1.1.

Assume A = 0.
In this case [ = 4; — i, and hence we have

m=m—-10)+1< (=i, 1)+ (s —1,) <m—i, 1

implying i,_1 < 0 which is a contradiction. m|

5 Conclusion

In this paper we extended Munemasa’s [11] results to obtain orthogonal arrays of
guaranteed strength 3. Our main result also implies that shift-register sequences
generated by primitive pentanomials offer less bias in terms of the third moment
of the Hamming weight, than the ones generated by trinomials.

This research gives rise to some questions. Unlike Munemasa’s result for
divisibility of trinomials by trinomials, the choice of the restriction of n < 2m in
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Theorem 1.2 is somewhat arbitrary. It is desirable to have n as large as possible,
as it gives a larger window for which the bias of the shift-register sequence is
small. Can the upper bound on n be increased in Theorem 1.27

Our results guarantee that the orthogonal arrays constructed, C7, have
strength at least 3. What can be said about strength 4? This requires the
analysis of pentanomials dividing tetranomials.

Another question is concerned with generalizations of our main theorem for
polynomials with more than five terms as well as for finite fields other than Fs.
Under which conditions, given t, does there exist a positive integer d such that
if a polynomial f of degree m has precisely ¢ non-zero coefficients and m > d,
then f does not divide any polynomials with exactly s non-zero coefficients and
degree less than or equal to some function of m, for all s < ¢?

We anticipate that approaching the last two questions using the techniques
herein would be impossibly complex and long. We hope that a more global
perspective exists that would make such results more amenable to proof.
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Appendix: complete proofs of lem-
mas and main theorem

6 Full proofs of lemmas in Section 4

Case 1: k+1i =m+1i, for some 0 < z < ¢
Subcase 1.1: m + i; is the only left-over term to the left of k + ;.

The terms m + i;—1,m + 44—2a,...,m + i1 must cancel up. They cannot
cancel with any 0, j, or k because they are all strictly greater than k + 4;, which
is the leftmost of all the 0, j, and k terms. Thus they all cancel with an [ from
a row at least as high as i,41. Similarly, all of the I’s to the left of k + ¢; must
cancel down with some m. There must be exactly ¢t — z — 1 I’s to the left of
k+ i Thatis, I+ 4, ..., 0 +i,42 > k4,0 + 0,01 < k+14;. Working from the
top we have, for z +2 <z <,

im_iz—l = m—l,
bap1—iz < m—L

Figure 2 contains the pattern of cancellation for this case.

Subcase 1.2: m + i; and [ + iq are the left-over terms to the left of
k + iq.

This is similar to Subcase 1.1 except that we must now have l 44,11 > k41,
so that the number of m’s and I’s which cancel are equal. Working from the top
again we find,

by —ig 1 =m—1, for Q+1<z <t

We claim that 2 = z 4+ 1. By way of contradiction, let us assume that this is
not the case. Then, since all the m’s and I’s in rows iy, ...,iq4+1 cancel, there is
nothing above for m + iq_1 to cancel with except k + i;. Furthermore, we have
iz+1 — 9, > m —[. Figure 3 exemplifies this case.

Subcase 1.3: m + i; and m + iq are the left-over terms to the left of
k + iq.

There are exactly t—z—2m’s to be canceled. Hence l+iy,...,l+i,43 > k+i;.
Working from the top, [+ i = m+4i¢—1,...,l+iq+2 = m+iqy1. Since | +iq41
must cancel down, igy1 —ig <m —land l+ig1 =m+ig 1,...,0+i43 =

m + /L'z+1, and [ + 7:2+1 <l + 7:2+2 <k + it. That iS,

iy —ig—1 = m—1, for Q+2 <z <H,
ig —ig_s = m—1I, forz+3<x<Q+1,
iaqo —i; < m-—I,

Q > z+1.
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We observe that | + i,42 # k + 44, since otherwise it would be left-over, but we
already have enough left-over terms. Figure 4 shows this case.
Case 2: k+i; =1+, for some 0< 2z <t

There are three subcases, one of which never occurs. For the other two, i; —
1,0 >m —k.

Subcase 2.1: m + i; is the only left-over term to the left of &k + ;.

The m + 44—1,...,m + i, require exactly t — z I’s. Hence | + i, = m +
T¢—1y---5,0 + 141 = m +1i,. That is,
Iy —tz1 = m-—lforz+1<zx<t,

Z'z—Z'Zfl Z m — 1.

The pattern of cancellations for this case is in Figure 5.
Subcase 2.2: m + i; and [ + ig are the left-over terms to the left of
k+ ig.

There are t — z m’s to cancel and there are exactly t — z — 1 I’s to cancel.
Hence this case is impossible.

Subcase 2.3: m + i; and m + iq are the left-over terms to the left of
k + iq.

We need m +i,_1 > k+i; to ensure enough m’s are available to cancel with
the t — z I’s. Hence

Ig—iz 1 = m—1 for Q+2<zx<H,
ig—lz—o = m-—IlLforz+1<xz<Q+1,
Z.Z—Z.zfz m—l,

>
z—1 < Q <t-—1.

Figure 5 gives the type of cancellation of this case.

Case 3: k + i; is left-over

Let A + ip be the largest 0, j, or k which cancels down with an m or /. Such
an element must exist because [ + 0 must cancel up with something.

Subcase 3.1: A+ig=m+1i,.

There are t—z—1 m’s to cancel up with I’s. Hence we have [+i,,2 > A+ip
and [l + i,41 < A+ ip. Furthermore,

Ig —iz—1 = m-—1Iforz+2<zx<t,
7:2+1_le < m_l7
z < t—2.
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We observe that i —i, =m—A>m—k,s0i; —i, >ig—i, > m—k. Thus
we have

it—iz>m—k.

The pattern of cancellations for this case is in Figure 5.
Subcase 3.2: A+ig=1+1,.

There are t — z m’s to cancel. In this case,
ig —ig—1 = m-—Iforz+1<zx<t.

We note that iy —i, > ig —i, =1 — A > [ — k, where one of these inequalities
is strict.
iw—i, > l—k,

I, —t,_1 > m—Ek.

Figure 5 gives the cancellation for this case.

Case 4: j divides k
We necessarily have j + i, =k + 0, for some 1 < y <t. We have

ig = mj,fOI‘lSmSy,
ko= (y+1)j,
yy1 =iy > ify #t.

Figure 6 provides the cancellation pattern for this case.

Case 5: j does not divide &
In this case, we necessarily have 0 4+ i, = k + 0, for some 1 <y <, and

iy = zj,forl<z<y-—1,
Iy —ty—1 < ]

Figure 6 gives the pattern of cancellation for this case.

For all of the cases dealing with the upper-left cancellations, i;—i,_o > m—k.
For all of the cases dealing with the lower-right cancellations, i¢y11 > k. We
conclude that y + 1 > z — 2. This can be tightened up for particular cases.
We obtain an upper bound for y relative to z by noting that if there is too
much overlap, every shift is m — [ = j and this either leads to a contradiction,
or forces f(x) to be one of the 25 polynomial exceptions. We deal with this
situation now.

Suppose every shift is the same. For both cases 4 and 5, i; = j. That is, we
deal with the situation when i, —i, 1 = j for 1 <z <t¢. All of the 0’s and j’s
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will cancel with each other except for 0 + ig (left-over) and j + 4; (which must
cancel down). If [ + 4; is left-over (case 1.2), then j = iy — ;-1 = m — k. In
this case, all m’s and k’s cancel with each other except m + i; (left-over) and
k + 4o (which must cancel up). We have j + ig, k + ig,! + 10,0 + 91, -, 0 + 41
to cancel. We must have ¢ = 2 and the I’s must cancel up because all the m’s
are already taken. Since k + ¢ has nothing with which to cancel, we have a
contradiction. Therefore we conclude that [ + 4; is not left-over. Furthermore,
l 4 i; cancels with either m + 4;—1 or m + é;_o. So either j =iy — i1 =m — |
or 2 =iy —is—2 = m — . We deals with these situations separately.

If every shift is j = (m —1)/2 (i.e. if m + 4,1 is left-over) then all m’s
and I’s cancel with each other except m + i; and m + é;_1 (both left-over)
and I + 4; and [ + ig, both of which must cancel up with the remaining j +
it, k + 19,k + %1,...,k + 3. We conclude that ¢ = 2 and that k + ig = j + i2,
k+i1 =1+ 19, and k + i2 =1 4+ 41. Thus we have the polynomial exception 7,
fl@)=a8+2t+ 23 +2+1.

If every shift is j = m — [ then all m’s and I’s cancel with each other except
m + i; (left-over) and [ + ip (cancels up). What must still be accounted for?
Jj+ig, L+ ig,k + ig, k + 41,...,k + 7. We must have ¢ = 2 and one of the
k’s is left-over. If k + iy is left-over, then we get polynomial exception 9. If
k + i1 =l + 4o then we get polynomial exception 4. If k + iy = j + i» then we
get the reciprocal of polynomial exception 4.

To summarize, if all shifts are the same, then we must have polynomial
exception 4, 7 or 9. Henceforth, we assume that all shifts are not the same.

7 A few useful lemmas

In this section, we give several lemmas that are frequently used in the proof of
Theorem 1.2.

Lemma 7.1. If 0 +ig = m + iy then

ig =i =m, iq =io=0.

Lemma 7.2. Suppose that m +ig =j+ i, for 1 < 3 < a <t then
ia:it:m, iB:il :j.

Proof. We have

m it

= iy —igtia—ig+is—i1+i1—io

> (it —ta)+m—j+(ig—i1)+]
= m—f—(it—l‘a)—F(iﬁ—’l.l)
> m.
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So equality must hold in all inequalities. O

Lemma 7.3. Suppose that iy —is_ o >m—1,04+ig =1+i, for 0 <a < f and
t—2> [ then

it:m, it_gzig:l, a=0.
Proof. We have

m Z it

it —it—2 +it—2 —ig +ig —ia +ia — o

> m—Il+ (g2 —ig)+1+iq
= m+ (it_z —iﬂ) +ia
> m.
So equality must hold in all inequalities. O

8 Full proof of the main theorem (Theorem 1.2)

After the preliminary assumptions in the sketch of the proof of Theorem 1.2,
we proceed with the complete case analysis given below.

8.1 Case 1.1/4:

Subcase 1.1 implies iy — i, = m — k and case 4 yields ¢y41 > k, since j +i, = k
and typ1 — iy > J. Som <4y —i; +iyp1 <m —i; +iyy1. Hence 2 < y.

If y > 243, then j =iy —iy_1 = m —[. Hence the column m + i, =
l+i,41 = k+ 4 gives a left-over. Now we show that z = 0. Otherwise,
m+i, 1 =1+1i, =k+ i1 gives another left-over. Moreover, if ¢ > y, then
k+io = j+1iy, = 04iy41 gives another left-over. This implies that ¢ = y. In this
case,usingt =y > z+3andl+ig =1+i, = k+i4—1 > k+i4—2 > k+i, = j+1y,
we conclude that k+i;_ o must be another left-over, a contradiction. Soy < z+2.
Therefore z <y < z + 2.

If y = 2+ 2, then we still have j = iy —iy_1 = i,q2 — 9,01 =m—1. A
similar discussion shows that z = 0 and t = y = z + 2. In this case, we have the
polynomial exception 4: f(z) = 2% + 2* +2° + 2z + 1 and h(z) = 2> + = + 1.

For the rest of this section, we consider z < y < z + 1. These bounds on y
imply that m on row i; is the only left over to the left of k on row é;. As a result
of case 1.1, wehavet > z+2, m—1>j, iy —i,=m—k,i;—i;_ 1 =m—1, and
l4+i, =k+i;_1. We will frequently use these facts in the following subsections.

8.1.1 Assume y =z.

In this case, we have j + 4,1 =1+ 49 and j + 9, = m + ip. Indeed, y = z and
case 4 imply that j + ¢, = k +49. Together with i, — i, = m — k, we must have
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j + iy = m+ig. Similarly, we have j +14;_1 = +ig because of k +i;_1 =1 +1,
and j + i, = k + 9. This also shows that 0 + .41 can never cancel down with
an [ or an m. With the previously stated symmetry assumption that the third
left-over term must be an m or an ! or a k from the top half rows, 044,41 must
cancel down with a k, so we consider the following two cases.

Case I: 0 +i,4; cancels down with a ¥ on row ;. In this case, 2j = (k +
il)—(k—j) :iz—i-l —iz Sm—l

Case IA: m — [ =2j. In this case, k+ it =l +i,01 =m+i,. Som—+i,_1
must cancel up with j + 4;. Hence we have z = 1. Also 044,41 = k + i1,
J + iz4+1 is another leftover unless t = 2+ 2. Butt = 2+ 2 and z =1
contradicts the parity condition.

Case IB: m — 1 > 2j. We consider the following cases.

Case IB1: z > 3 and ¢ > z + 2. We first show that m —1 = i,41 —i,_1.
Indeed, because z > 3, case 0 +1i,41 = k4141 and the fact io — i1 = j
imply that iz = k + iy. Since i3 — i = j and T2 — Gp41 =
m—1I > 2j, k+i3 must be a left over. Hence m+i,_; must be canceled
up. Using i, —i,1 =7 <m-—I,1+i, =k+i1_1,and m+ig = j+1y,
we obtain that the cancellation must be m +i,_1 =1+ i,41. Hence
m—l=1d,41—%, 1= (lo41—9z)+(@.—%,_1) = 2j+7 = 3j. Moreover,
z>3andi, —i, o =2j forcethat m+i, o >1l+i, =k+4;_1 and
thus m + i,_» is another left-over, a contradiction.

Case IB2: z >3 and t = 2+ 2. The fact t = z + 2 implies | — k = 2j
and thus k +i2 = | + i9. Because t = z + 2, we have j + i,41 =
j+it—1 =1+ i9 =k + iz. This shows that we have a left-over term
from the column j +i,41 =1+ ip = k + i2. Hence m + i,_; must
be canceled up. Moreover, we must have m + 4,1 =l + 4,41 and
thus m — [ = 3j by using a similar argument as in case IB1. Then
l+i3=m+ iy =j+i.,2 gives another left-over, a contradiction.

Case IB3: z2<2and ¢t > 2+2. If z = 1, then k¥ = 2j. The fact that
m — 1 > 2j implies that I + 49 = j + ;-1 is to the left of ¥+ 4,41 and
0+ 4,42 is to the left of & +i,41. Then both k+ 4,41 and j + 4,41
can’t cancel out with anything, so they are leftovers, a contradiction.
If z =2, then k — j = 2j. The fact that [ + i, =k +4;—1, J +i4—1 =
l+ip and j + 4y = m + i implies that [ 4+ i,41 can not cancel up.
It must cancel down with m + i,_1 = m + 41 or it is a left-over.
Consider the case that [ + 4,41 = m + 4,1, then m — [ = 3j. Then
041y = k+1it—1 =1+ ia gives a left-over. Moreover, [ + i1 is another
left-over, a contradiction. Consider now the case that [ 4+ 1,41 is a
left over. Then the fact that I + i, = k + i4—1, m + 49 = j + i,
and i, —i,_1 = 92 — 4, = j implies that m + i,_; is to the left of
l+i, = k+ i;_1, which shows that m +i,_1 is another left-over, a
contradiction.

26



CaseIB4: 2 <2andt=2+2. Notel -k =2j. If z=1,thent =3
and thus it contradicts the parity condition. If z = 2, then k—j = 25
implies that j+i,4+1 = k+14,. Moreover, j+i,41 = J+4-1 =l +1p.
Hence j+i,41 = k+1%, = [+ gives a left-over. But [ +14; is another
leftover, a contradiction.

Case II: 0 +i,41 cancels down with a ¥ on row i, with p > 1.

The fact that [—k = l+it—(k+it) = m+z’t_1—(m+iz) = it_l—’iz Z iz+1—iz,
j+i, =k+i; 0+i,41 =k + i, with p > 1 implies that k¥ + 4; must be a
left-over. Moreover, p = 2. Otherwise, both k + 41, and k + i are left-overs
because j + i;—1 = + ig is to the left of j 4+ i,41. In this case, z > 2. Using
that k + i; is a left-over and z > 2, we can show that m — 1 = i1 — i,-1.
Since 0 + 9,41 = k+i2 and j + i, = k + 9, we have i,41 — i, = 37. Hence
m—l=i,41—1,-1 =4j. If 2 > 2, then m—1 = 47 implies that m+1%,_2 is to the
left of I + i, = k +4;_; and thus m + i,_5 is another left-over, a contradiction.
Therefore we have z = 2. Moreover, t = z + 2, for otherwise, k + i,42 is a
leftover. Using z = 2, ¢t = z + 2 and m — [ = 4j, we have that [ 4+ ¢; is to the
right of 0 + 4; and thus [ + 41 is another left over, a contradiction.

8.1.2 Assumey=2z+1

Case 4 and y = z+ 1 imply that 4;41 —i; =jforany 0 <i<zand j+i,41 =
k+1io9. We also have m+ig > j+i; because iy —i, = m—k and j+i,41 = k+1o.
Similarly, I 4+ 49 > j +i;—1 because iy_1 —i, =l —k and j +1i,41 = k + 9. With
the previously stated symmetry assumption that the third left-over term must
be an m or [ or a k from the top half rows, 0 + 4,42 must cancel down. Hence
m+1i9 > j+i and [ +49 > j +4¢—1 imply that 0+ 4,42 can never cancel down
with anl or an m if t > 24+ 2. If t = 2 + 2, then 0 + 4,42 could cancel down
with an [ or a k, but not an m. We consider the following two cases.

Case I: t=2+2. In thiscase ]l —k = 4,1 —i, = j. Because i,49 —i,41 =
m-—Il <m-—-—kand k+iy = j+ i1, we have m > k +i,40 — 41 =
J+ i1 +iz42 —iz41 = J + iz42. This means that m + ig is to the left of
J+izg2-

Case IA: 0+ i,49 = k+ i, for some 1 < p < z. Since m + g is to the left of
j+iz+2, 0+iz+2 = k+ip = l+ip_1 andj+iz+2 = k+ip+1 = l+1p give
two left overs, a contradiction.

Case IB: 0+ i,42 =k +iy41. In this case, 0+ 4,40 =k +i,41 =1 + i, gives
a left-over. Since l — k = j, we have j + i,40 =1+ iy41. If 2 > 1, then
m + g is another left-over, a contradiction. If z = 0, then &k — j = j.
Hence k£ = 25, I = 37, and m = 5j. From the greatest common divisor
condition, we have j = 1. Hence we obtain the polynomial exception 2:
f@)=2°+23+22+z+1and h(z) =23+ 2+ 1.

Case IC: 04,49 =1+, for some 1 <p<z. In this case, | — k = i,41 —
iz = j. Moreover, m—1 =i 42—i,41 = (I+ip)—(k+io—j) = (p+2)j. We
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now consider all possible values of p. If p > 2, then m — [ > 45. Together
with m+i9 > j + 1, we conclude that both m+i,_; and m+14,_o are left
overs, a contradiction. If p =1, i.e., 044,40 =I+i1, then m—1=35. We
show that z < 1. Indeed, if z > 2, then both m+i,_ 1 and m+i,_» are left-
overs, a contradiction. Since z = 1 contradicts the parity condition, we
conclude further that z = 0. In this case, j = 1, k = 2, = 3, m = 6, which
implies j+1; is a leftover, contradicting the symmetry assumption that the
third leftover is an m or an [ or a k. Finally if p = 0, i.e., 044,42 = [ + 1y,
then m — 1 = 2j. Sol—k = j implies that k 4+ i1 =1 4+ i9g = 0 + 7,42,
which gives a left-over. Moreover, if z > 2, then k+141 =1 +1490 =0+ 14,42
and [ — k = j imply that k + 42 =1+ 41 = j + i,42, which gives another
left-over, a contradiction. Hence z < 1. Since z = 1 contradicts the parity
condition, we must have z = 0. In this case, we have the polynomial
exception 2: f(z) =2 +2® +2?+z+1and h(z) =2° + 2 + 1.

Case II: t > 2z + 3.
We note that 0 + i,2 can’t cancel down with an [ or an m as explained
earlier.

Case ITA: 0+ i,42 cancels down with k£ on row i;.

To prove that t < z + 3, we assume that ¢t > 2+ 4. Then | — k =
(t—2—=2)(m—1)4+7>2(m—1)+j. In this case, m =l =i,4p —i,41 =
k+i1— (k‘—]) = 2j. Moreover, 0+14; = (it—it_1)+(it_1 —iz) - (iz+1 —iz)+
ey =(m-D+(1=k)—j+(k-j)=2j+1—-k)—j+(k—j) =1=1+io.
Therefore j +i; =1 + ;.

If z is very small (say, z +1 < 2(t — 2z — 2) ), then there is at least 1
left-over j or 0 from row 7,,s to row 4; 1 (those j’s or 0’s can only be
canceled down with £’s from row is to row 7,11 and we don’t have enough
k’s). This contradicts our symmetry assumption that the third leftover is
not a 0 nor j.

So z>2(t—z—1) —1> 3. In this case, the column m +i, o =1+1, =
k + 4,1 gives a left-over. Consider the column of 0 + 4, = [ + 4. If there
was a k + ip in this column, then there would be a left-over from this
column, a contradiction. On the other hand, if there was no k + i, in the
column of 0 + i, then j +4;_1 = k + i, for some a > z + 1 because each
shift is either a j shift or 2j shift. Hence k +i4,41 = j + 4 =1+ i1 gives a
left-over.

Therefore the previous discussion gives t = 2+3. Thenl—k = (m—1[)+j =
3j and 0 4+ i,43 =l +ip. It is easy to use parity condition to exclude
z=0and z = 2. If 2z =1, then we have the polynomial exception 16:
fl@)=28+28+2°+z+1and h(z) =28 +2* + 22 + 2+ 1. If 2 > 3, then
O+i43 =k+is =1+igand j+i,43 = k+1i4 = [+14; give a contradiction.

Case IIB: 0 +i,5 cancels down with k¥ on row ¢, with p > 2.

Since t > z+2, we have [ —k > (m—1)+j. In this case, k on row 4, is left-
over. We claim that 0+i.4 2 cancels down with k on row i5. Suppose p > 2,
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then k +4,—1 can only be canceled down with [ + i, for ¢ < p — 2. Hence
0+i,42 = k+1ip =l +i.41 and thus we have two left overs. Therefore, we
must have p = 2. This implies m —1 =i,,9 — 4,41 = k+ia— (k—j) = 3j
and z > 1.

We show that ¢t = z + 3. Assume that ¢t > 2z + 4. Note that z > 1 and
l—k=@t(—2—-2)m—-0)+j>7j. f 2> 3, using m —1 = 3j, one
get 0+i.qy2 = k+id> = (z+4)J, j+ix42 = k+i3 = (2 +5)j, and
0+ i,y3 = (24 7)j. This implies that k +i4 = (2 +6)j < 0+ 4,43 and
thus k£ on row 44 can not cancel up with a 57 or 0. Moreover | — k = 75
implies that k£ on row ¢4 can not cancel down with an [ or m. Hence k
on row i4 must be another left-over, a contradiction. If z = 2, then 0 on
row i,43 must be a left-over, a contradiction. If z = 1, then j on row ¢,
must be a left-over.

Therefore t = z 4+ 3. In this case, | —k =4j and m — | = i,49 — i,41 =
k+i2—(k—j) = 3j. If 2 = 1, then 04 i40 = k4 iy = k+iz+1
implies that k = 4,42 —i,41 =m — 1 =3j. Usingl — k > m — [, we have
I+io > (k+io)+(m—1) = (j+i,41)+ (G242 —%241) = j+i.42. Hencel+ig
is to the left of j + 4,42 and j + 4,42 is another left-over, a contradiction.
Note that z = 2 is excluded by parity condition. If z > 2, then we have
O+i,43=10+4 and j+i,43=101+1iy by usingi,y3 —i,420 =m—1=3j,
Il—k=4j,and 0+ 4,42 =k +iz. Because 0 +4; =0+ i,43 =1+4; and
jH+ig=73+i,43=1l+icand m+i, 1 >1+i, =k +i;_1, we must have
m+i,_1 =l+4,41. In this case, m—1 =i,41 —%,-1 = 2j, a contradiction.

8.2 Case 1.1/5:

First suppose that y < 2 —1. Then m > 4y = g — i, +i; — iy + 1y — i =
m—k+ (i, —iy) +k—0>mis a contradiction. On the other hand if y > z+2
then j =4i,y1 —i, <m—Ibut m—-1=14, —i,_; < j which is a contradiction.
We break into two initial cases.

8.2.1 Assumey =2z

First we note that in this case z =y > 2 and ¢t > z 4+ 2. With this in mind and
mZitZit—iz+iz—i0 =m—k—|—k‘—0=m, Weget that it =m, it—l =l,
m+ig=04is, l+ig=044—1, m+i1 =j+ig, l+i1 =j+is—1, k+i1 = j+is,
and k +4;—1 =1+ i,. Also we can determine what cancels with j +i,_q. If it
canceled down then since k+1¢; = j+¢, > j+1i.-1, it would have to cancel with
l + ig or m + 49, the cancellation of these has been accounted for. Therefore it
must cancel up with 0+ ¢,. If @ > 2z + 1 then the 0 + i,41 must cancel down.
Againsince k+i9 =0+1i, <O0+i,401 <04+ipg=7+i, 1 <j+i,=k+10
it can only cancel down with [ 4+ ip or m + ig implying that ¢ = z + 1 or
z + 2. By the assumption that & > z + 1 we have that t = a@ = 2 + 2. Then
O+is42 = J+i,21 = m+ip and since k+4, = j + i, > j+ i,—1 there
is nothing else to cancel in this column. Thus one of these must be left-over
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and by assumption it must be m + 49. So fg = h = 1+ 2™ + z2™. We have
j+it=m+1i1 sol +i,y; must cancel down with m =4i,_; and j = 2(m —1).
Now considering [ +4, 1 > m+1i, o sol+i, 1 must cancel up with k+14,, and
m—1=2(—k). Wehave j =4(l — k), m—1=2(l—k),m=zj =4z(l — k)
andk=m—-(m-0)—(I-k)=4z(1-k)+2(l—-k)+(—k) = (42+3)(I - k), so
by the GCD condition, I — k=1, m — 1 =2 and j = 4. Similarly we have that
k + i,—1 must cancel up and so we can conclude that z = 2. This gives k = 5,
Il =6 and m = 8. But now fg is pentanomial which is a contradiction.

So j+iy—1 =0+i,41. If either 2 = 2 or z > 2 we have accounted for the
cancellation of j +¢;. We will make good use of the fact that we have found all
the cancellations of all the elements on rows 0, 1, t and ¢t — 1 (except | + 4;—1
when t = z + 2).

What cancels with [ +i,41. Since k+id¢—1 <l+i,41 < k+irand z2+1 > 3,
it cannot cancel up (unless it cancels up with & +4; but this is the same as being
left-over) so it must cancel down with an m or be left-over.

Case I: [ + i,41 is left-over. We ask what does j + 4,41 cancel with.

Case TA: j+i,p1 =1+1iq Or j+i,401 =m+iy. If 044 =m+ i, then j +
it = m + ¢1. This is therefore the only possible cancellation of an m and
ajsoa =1 Similarly if 04+ 4,y = [ +ip then j +i;_1 = [ + 11 we
also get that @« = 1. In either case this implies that ¢ = z + 2. Now
0+4i,41 =7+ i1 =1+ ip so this must be the left-over term. But this
contradicts fact that [ + 4,41 is left-over.

Case IB: j 4+ 4,41 = 0+ i,. In this case we will have that m — [ divides j.

Case IB1: a > z + 2. We consider 0+i,42. It must cancel down but all
j’s below it are taken. If z > 2then k+is = k+i1+j=j+i,+7 >
J+iz41 > 0+ i,yo so the only k available is k + is if 2 = 2. Other
wise it cancels with an [ or m.

Case IBla: 0+ i,y9 =k +i,. We have z = 2. We have m = 4; =

U —lpq1 +lz41 = 2j+(t—z—1)(m—l) =0t —lyq + 42 =
2k + (t — z — 2)(m — 1) so we have j, 2k, | and m divisible by
m—I[. The GCD condition gives 2k—2j =m—1=2. Ifa > 243
then 0 + 4,43 must cancel down with an [ (m is impossible by
the parity of t). This givest =6, j =3(m —1) =6, k=7 and
f=1+2%42"+2% 428 and h = 142+ 27+ 22 4214+ 216 4218
and g = fh is not a trinomial.
If o = z+3then j+i,41 = j+is = 0+i5. Now j =2(m—1) =4
and k =5. Wehave k+i,41 =5+8 =13, but for 8 > z+1
all 0+ ig and j + ig are even. All m’s and I’s below i,y are
accounted for so k + i,41 = k + i3 is left-over. But [ + 4,41 has
nothing to cancel with and must be left-over too. Thus fg is not
a trinomial.

Case IB1b: 0+ i,y» =1 +ig. In this case t = z+ 3 and § = 0.
We have j +i,41 = 044,43 = m +ig so j = 2(m — ) and we
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must have another thing to cancel in this column. It can only
be k but since k is not divisible by j it must be k + i,. We have
m=2k=(2+1)j =2(z+1)(m — ). The GCD condition now
givesthatm—Il =1, =2, m—k =2(m—1)+i,1—1, =2+1=3,
k=3,1=5,m =26, and t = 5 which is a contradiction.

Case IBlc: 0+ i,42 =m +ig. In this case t = 2+ 2 and 8 = 0.
But this contradicts the assumption that j +i,41 = 0+ 74 and
a>z+2.

Case IB2: a = z + 2. In this case we have m — [ =i,45 —i,41 = j and
I + i.41 being left-over implies that m + i, 1 must cancel up with
something else and the only possibility forces z = 2 and m+1iy = j+i;.
We can also conclude that 0 + 4,1 = j+ 2 =1 +49p = k +ig
for some . The fact that j does not divide k forces 8 = z. So
2k =k +is =1+ 149. We have k — j < j since i, —i; < j. We also
have that iy s —is = k — j < j = m — [. This implies that i;_o = i3
which violates the even parity of t.

Case IC: j 44,41 = k+ iy, @ < z. In this case we get that k = j + 4,41 — 4
is a multiple of 7 which cannot happen.

Case ID: j+i,y1=k+ig,a=2. Now k —j = i,41 — i, < j SO z = 2,
and k = 3j/2. We now examine 0 + i,42. It must cancel down and if
t —1> z+ 2 =4 we have nothing below to cancel with. So ¢ < 5 and by
parity t =4, 1 =25 and 0+ 43 = j + 491 =l + o but none of these can be
left-over.

Case II: [ + 4,41 = m +4,_1. Now we have that m — = j and so the cancella-
tion of all m’s, I’s, j’s and 0’s is accounted for. We have j+i; =l +izs = m+1;
and 0+ 431 = j + 442 = I +ig. At most one of these can furnish the left-over
term, so we must have k +ig = [ 4+ 99 or m + ¢;. If B is not z then ig is a
multiple of j = m — | and we have k as a multiple of j which cannot happen
in case 5. So we must have k = i, =l —kork =i, = m—k+ j. In ei-
ther case j divides 2k and so the GCD condition gives that j = 2. Because
we know the cancellations of all m’s, I’s, j’s and 0’s, the only k’s that appear
are the ones already accounted for and possibly one left-over, thus 4 < ¢ < 6
and even. If t = 4then 2 =2, f =14+22 +23+2* +285 and h = f so
fh = g is not trinomial. If t = 6 and z = 2, f = 1 + 22 + 2% + 2% + 2'° and
h=1+2?+2%+2*+ 2%+ 2%+ 219 and g = fh is not a trinomial. Similarly
if t = 6 and z = 4 which is just the reciprocal case. If £t = 6 and z = 3 then
f=14+224+2°+28+20% h=1+22+ 2+ 2° + 25 + 28 + 2'° and again
g = fh is not trinomial.

Case ITI: I+ 4,41 =m+iq, a<z—1.

In this case we have that m+1i,_1 = j+4; thus z =2 and m+i,_1 = m+1;.
Also, l+i,41 =1+i3 = m+ip = 0+4;. But nothing else cancels in this column
since k+1i;—1 = l+1i, <I+i41. So one of these is left-over (by our assumptions
it is either the [ or m). Since 7,41 —i9 = m—I, we have that m—0 = (t—2)(m—1),
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m — 1 = 2j. Since i,42 — i;41 = m — [ > j we can conclude that j + i,4; must
cancel down and either with k + 4, or with [ 4+ 4; (in which case ¢ = 4 since
l+i0=0+4,1). k—j=rt,41 — i, then j =2(k—j) and we have k — j =1
by the GCD condition and j =2, k=3,l=4(t—3) and m =4(t —2). If t > 4
then 0 + 44 is left-over which is a contradiction.

Ift=4then f=1+a?4+2°+a*+28, h=14+22+28+2* +2% and g = fh
is pentanomial.
Case IV:l+i,y1 =m+iy, a<z—1and m+i,_; is left-over.

In this case we have that m — [ = 4,41 —ig = Gy41 —Gy-1 + 11 — iq =
J+iz—1 —iq > j S0 j+i,41 cannot cancel up. There are three cases

Case IVA: j+i,11 =k +ig. If B < z—1 then we can show that k is divisible
by j,s0 8 =2. Now k —j = i41 — iy < iz41 —iy—1 = j SO 2 = 2 and
2(k — j) = j and k = 35 /2. Now 0 + i, must cancel down.

CASE IVA1: 044 =k +4,. The only possible yis 3 and k—0 = m—1
and j + ¢4 also cannot cancel up. There are no available k’s below
s0 it cancels with an [ or m and we get t = 4 (we use parity forbid
t=5). Wehave f =1+2%2 + 2%+ 2 +27, h = f and thus g = hf
is not trinomial.

CASE IVA2: 0+ i4 =1 +4,. In this case the parity of ¢ forces t = 4
and 0 +i4 =1+ 47 = j + i3 which is a contradiction.

CASE IVA3: 0+ iy =m+i,. Inthis caset = 4, and 2j = 04143 = I+
and so [ + ig is left-over which is a contradiction.

Case IVB: j + i1 =1 +ig. Considering the 0, j and m, | cancellations on
top two and bottom two rows we get ¢ = z + 2 and f = 1. This implies
that 0 + 4,41 = j +4,—1 = [ +49. One of these must be left-over which
contradicts the assumption that m + i, is left-over.

Case IVC: j +i,41 = m +ig. Considering the 0, j and m, [ cancellations on
top two and bottom two rows we get the contradiction that ¢ = z + 1.

8.2.2 Assumey=2z+1

In this case we have z > 1 and t > z+2. Also 0+14; < m+1ig so 0’s never cancel
with m’s. We first split into three cases depending on the position of 0 + i,42.
Case I: 0+ i,40 < j+i,.

We have that 0 + i,42 must cancel down with [ + 4. If ¢ > z + 2 then
m > 4 = &g —lz42 + izq42 —tog > m — 1 +1—0 = m which is impossible so
t = z+ 2. Now j + i, must cancel down with m + ip and m = (z — 1)j,
izp2—isp1 =l—k=m—1. Wehavej = j+i,41—(f+i.)+j+is—(0+iq2)+
0+ i42 — (0 + iz+1) =yp1 — by + M+ 0o — (l + io) F i —lsp1 = 3(l - k?)
Thus we have that j/3 divides j, k, I and m so the GCD condition gives that
j=3, m—-Il=1-k=1 k+i,42 =1+i,41 = m+ i, and there is nothing
else in this column so the left-over is here. Thus if 2 > 1 the m +4; must cancel
up with something. Since m + iy > j + i,42 it must cancel up with a k, but if
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z > 1 then m + 41 < k + i3, so we can conclude that z = 1. This gives ¢t = 3
which violates parity.
Case II: O+ i 40 =j + iy

Here j =i 40 —i,=m—1l+1i,4.1 —i, >m —1sol+i,1 either cancels up
or is left-over.

Case ITA: [ 4,41 cancels up. Since [ +i,41 > 1+ i, = k+ i1 we get
that l +i,41 = j+ 4 or I +i,41 = 0+41. In the later case we get the
contradiction m > iy = fg— i1 +isq1 — iy +i,—G0 = I+ (iy41— ;) + 25 >
I+ (iz41 —%2) + m — 1 > m. In the former case a similar consideration
gives that z = 1. Since l+is =j+is=k+ir— (k—j) =m+i1— (k—7),
ia—iy=m-—Il—k+jand wehave j =iz —is+is—i1 =2m—2l—k+j
so k = 2(m —1). Since t is even and it is at least z +2 =3 we have t > 4
and this gives | + 49 = j + t4—2, 0+ 4y = k+ 9;—2 and j + 4;—1 = m + ig.
Nowk—j=k+ip1—(G+it—1) =l4+i1—(m—ig) =1l+j—mso
2j =k+m—Il=3m—-Il)andm = j+iz_1 = j+(t—-1-2)(m—=1)+ir = j+
(t—=3)(m—1)+k = 3(m—1)/2+(t—3)(m—1)+2(m—1) = t(m—1)+(m—1)/2.
The GCD condition now gives that m —1 = 2, k = 4, j = 3. We have
04144 < j+ i3 and either ¢ =4 or j + i3 < 0+ 45 so j + i3 must cancel
down with an [ or m, but we know all cancellations of m and [ on the first
three rows. So we can conclude that ¢ < 5 which implies that t = 4 and
f=14+23424 42" +2°, h=14+23+a*+254+28 and g = fh = 1427+ 27
which is polynomial exception 19.

CASE IIB: | + i, is left-over. We consider m+1, 1. This must cancel up.

Wehavei,—i, 1 =j>m—Isol+i, >m+i,_qandl+i, = k+i;_q. If
m+i,_1 = j+iqgand z > 2thenm > 4y = t4—ig+iqg—t,—1+i,—1 = tt—ig+
m—j+j > m so we have that z =1. Now 2(m—1) > m—I+i,41—i, =]
so a =t or t — 1. If the latter then where does j + i; cancel? We have
k—j<j<2m-—1)sosincet>4=z+3, k+i; o<j+i;andj+i;
has nowhere to cancel. So we have m + iy = j + 4; which contradicts
m+ir=m-+i, =k+ i
So we can conclude that m +i, 1 = k+ip, a <t—2. f a <t -2
then we consider k + i;_o. It has nothing to cancel down with so it must
cancel up. It cannot cancel up with a 0 since this would imply that
0+4; > m+i,_1. It must cancel up with a j. Iff k +d;_0 = j + @41
wegetm—1l=41—4 o=k—jbutk—j=1i,41—1, <m-—1,so
k+ig o =7+1i giving k— 7 =2(m —1). If 2 > 1 we have m > i; =
it—tg o+t o—latia—t, 1+t 1 = k—j+(ir_2—ta)+m—k+(z—1)j >m
so z =1. We now have that k—j =i,41 —i, <m—land k—j = 2(m 1)
which contradict each other.
So we can conclude that m + i, 1 = k + i;_». This gives that 2(m —
)=k+i—(k+i—2) =m+i, — (m+i,—1) = j which implies that
k—2zj =iy41 —iy = m—1[1. The GCD condition now gives that j = 2,
m—-Il=1k=2z+1,l=t+zandm=t+2z+1.
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Ift >2z+3then 044,43 = j + i,41 = k + 41 but none of these is left-
over so they also equal [ + 49, which in turn forces t = 2+ 3,1 =22+ 3
and m = 2z + 4. Now if z > 2 then m + i, _» must cancel up with a j
which forces z = 2, t = 5 which cannot happen. If z = 1 then ¢t = 4,
f=1+22 423 +a25+2% h=14+22+2°+2*+2°%and g = fhisnot a
trinomial.

So we have that t = 2z + 2, ] = 22+ 2 and m = 2z + 3. By parity
z is even so must be at least 2 and [ + i,_; must cancel up with a j.
Since 0 4+ 4 < m + i,—2 we must have [ + 4,1 = 7 +4;. Thus z = 2,
f=14+22+25+25+2", h=1+22+2*+2° + 2% and g = fh is not
trinomial.

Case ITI: O+ i 40 > 5 +iy «

We ask what j + i, cancels down with. If j + i, = m + ip then we have
M >0 > dg—lpqatispo—iyz+i, >ig—tyqot+j+m—7>msoj+i,=1+1ig.
But 0 +4; < m + 4o implies that 0 + 4,1 < I+ = j+i, < 0+ P42, SO
t —1 < z+ 2 which gives that ¢t = 2+ 2. Now 0+ {49 cancels down with either
akorl.

Case IITA: 0+ i,42 = k+iq. If @ > 2 then what does k + iz cancel with? It
must cancel down with [+41 or m+1ig or be left-over. If k+is = m+ig then
we get the contradiction that 044,49 > m+ip. So we have l — k = i3 — 41
This combined with | — k =14i,41 —i, < j forces z =1 and ¢t = 3 violates
the parity of ¢.

So 0+ i,42 = k + i2 and we get that m — [ = 2j. We have that k =
2j+iz—1—i,=2j+1—k, 1 =(2+1)j and thus j divides 2k, I, and m so
the GCD condition gives that j =2, m -1 =4,1=22+4+2, k= (22+1)
and m =2z +46. One of [ +i,41 or m + i,_1 must cancel and it must be
up with a j. If m+1i,_1 = j + i; this implies k — j = j. Alternatively if
l+i,01=j+i thenk—j <m—1I. Ineithercase k—j<3. Ifk—j5=1
then z = 1 and ¢t = 3 is the wrong parity. If £k — j = 2 then j divides &
which is a contradiction. So k —j = 3 and f = 1 + 22 + 2° + 28 + 210,
h=1+z?+ 2* + 2% + 2° and their product is not trinomial.

If k& + iy does not cancel and is left-over then t = 4 and 0 + iy = k + i3.
This gives that k = m — [. Now [ + i is not left-over but cannot cancel
up because if it did we would have [ + i, = j + i; implying [ +ig = 0+ ¢,
contradicting j + ¢, = [ + ip. Thus it must cancel down with m + 49 and
this gives kK = m — [ = j which is a contradiction.

Case ITIB: 0+ 4,42 =1+ i4. If @ > 1 then [ + i1 is left-over or must cancel.
If it cancels it must be down with m + iy or up with a k.

Case ITIB1: [ + 41 = m + ig. In this case m — | = i1 — i9p = j and thus
0+ iy42 = j + 0,41 contradicting j + 4,41 = k + 1.

Case IIIB2: [+, =k +ig. Wehavel—k =1+io— (k+io) =j+i,—
(0+’iz+1) Zj—(’iz+1—7:z) <j.Soif z>2thenl+1i; < k+i2 and
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there are no k’s with which to cancel. So z =1 which gives t = 3 in
violation of ¢s parity.

Case IIIB3: | + 4, is left-over. If & > 2 then [ + i3 must cancel. If
z > 3 then | +is < k + i3 and there are no k’s with which to cancel
up. If z=2thent =4,04+i =1+i5,l =m—1,1=3j, m =6j
and 2k = k+i,41 = +i, =1+ 25 = 5j. The GCD condition now
givesthat f =1+22+2°+ 25+ 22, h=1+22 +2* +2° + 2! and
g = fh is not trinomial.

We can now conclude that | + i5 must cancel down. If with m + i1
this gives the contradiction that j = m—1 > j. If [ +is = m+io then
m—1 = 2j. This implies that 0+i,12 = 0+i,41+2j = k+2j = k+io
which cannot possibly be equal to [ + i, as we are assuming here.
Now we have that 044,42 =l +1¢2. Now k 4142 cannot cancel up and
so must cancel down with m +4¢; or m +4g. If the former we get that
m — k = j which contradicts m — [ > j. If the latter we have that
m—k =27 and then 0+i,40 =044, + (i,42—%,) =0+i,+m—Fk =
0+i,+2)=j+1i,+j=1+1i+j =1+ i, which is left-over by
assumption.

Case ITIB4: 0+ i,49 =1+ i1. Wehave O+ 4,40 =1+ i1 =1+ j and
l—j =19, thus m —k = i,40 —i, = 2j. We also have that 2k =
k+i,p1=1+i,=(2+1)j+2j =(22+1)j. The GCD condition
now gives that j =2,k =22+ 1,1 =22+ 2 and m = 2z + 5. Now if
z>4, 1414, 1 and [ + i, 5, cannot cancel down with an m because
below i, all m’s are opposite in parity to all I’s. Only one can be
left-over so one must cancel up, giving that k—j = k+i;— (§+14;) <
m+i,— (l+i,-2) =m—1+2j=7. This translates to z < 4, and by
the parity of ¢, z must be even. If 2 = 2 then f = 14224+ 254+ 28429,
h=14+2?+z*+25+2% and g = fh = 14+2'942!7. Thisis polynomial
exception 18.

Ifz=4then f=14+22+2°+20+ 28 h=1+22+2* + 26+ 28 +
22+ 22 and g = fh = 1 + 2% + 225, This is polynomial exception
25.

8.3 Case 1.2/4:

Ifz24+2=0+1<ythen all shiftsare j =m —1. fy=2+1then m -1 <
Top1 — 0y =8y —ty—1 = J <lyy1 — by = G242 — b.41 = m — [, which is ridiculous.
Hencey < z. Nowm = (m—k)+(k—j)+j = (it—i;)+(iy—io)+j < m—iz+iy+j.
Thus i, <iy+4j < iy+ (iys1 —iy) = iyt1. Therefore 2 < y+1 and we conclude
y = z. Furthermore, m +ig =4y — i, + ¢y +J = j + is.

Suppose t > z + 3. Then since iy — 441 = m —1, j + i1 =1 +ip and
k+i;-1 =1+ 1i,. What happens to k + ;7 It must cancel up since the m,l
in row 4o are taken. To prevent 0 + ¢yy1 from being left-over, we must have
k+i1 = 0+ iy41. Hence iy —iy = (k+7) — (k—j) = 2j. Now consider
m + i, 1. If it cancels with a k, then we deduce m + i, 1 = k + i;_o or
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else k + i;_o is stranded to the left of anything with which to cancel. Hence
j:iz—z’z_l-l-(m—k)—(m—k) :7:2_7:2—1+(7:t_7:z)_(it—2_7:z—1) =
b — bg_og = 2(m—l) Now 041,420 <0+41<7+01 =1+ 19 so 04,40
cannot cancel down with an [ or m. Also, 0+ 4,42 > 0+ 4,41 = k + 41 and
k4+ia>k4+i1+j=0+4,414+7>0+0401+(m—1)=0+1i,42 and so
0 + ¢,42 cannot cancel with a k or j. This is impossible and so we deduce that
m+1i,_1 cancels with a j. This forces z = 1 since m +1ig = j +4;. In particular,
k=j+4+14 =2j. Now j +ia = 0+ i3 (m,l,k in rows ig,41 are accounted for)
and som — 1 =i,490 —iy41 =i3—i2=j. If t # 2+ 3 then t > z + 5 since z is
odd. In this case 0 + 441 = j + i4—2 = k + i;—3 and there cannot be an m or [
to complete a quadruple cancellation in this column. Therefore t = z + 3 = 4.
We get polynomial exception 8.

Suppose t = z+2. Now consider m—+i;_3. Since t is even, t—3 is not zero and
hence m +14;_3 cannot cancel with a j. Since no m cancels a 0 in Case 1.2/4 and
since the only [ or k unaccounted for in rows i¢,4;—1, Or 43—2 is k+i;_o, we must
havem—k =i4;_9—i4_3 =i,—14,_1 = j = i1. Therefore k+i; = m+ig = j+ iz
but there is no room to complete a quadruple cancellation.

Finally, suppose t = 2+ 1. The term [ +¢;_; must cancel and there are only
two possibilities: m + 4;_2 and 0+ 4;. In the former case, m — 1l =14; 1 — iy o =
1, — 1,1 =J. S0l+1iy =m+ig. Every m and [ will cancel in consecutive rows
to form a “staircase”, as will the j’s and 0’s. We require some k below j + i,
to complete the quadruple cancellation with m + ig, [ + 41 and j + i;. But now
we have accounted for this &, along with k + 4; and k + ¢, so there can only be
three rows, i.e. t = 2. But now there are not enough rows for the quadruple
cancellation. This contradiction leaves only the case where [ + i;_1 = 0 + .
Thus m —k = iy —ig—1 =, andsom —1 = k. I k+i;—1 = m + iz_o,
then m — k = 7:15_1 _7:t—2 = iz—iz_l = ] So k = m—j = it—io. i.e.
0+i; = k+1i9 = j+1i., a contradiction. Now since m + i;_5 doesn’t cancel down
with k+414;_1, it will be stranded unless t = 2 and m+i;_o = j+14;. We conclude
k+ii=Il+igandl—k=j=k—j,m—1=2§. So f(z) =2+ 23+ 2>+ +1,
h(z) = 2* + z + 1 which is polynomial exception 3.

8.4 1.2/5

We note that m on row i; and [ on row i,41 are only two left-over terms on the
left of k+iy. fy—12> 242, ie.,y > 2+ 3, then j = m—1[. On the other hand,
iy —iy—1 =m — 1 < j, a contradiction. Hence y < z + 2. Note k +4; = m + 4.
Hence m = k+ i — 4, =iy + %9 — i, < m+1iy —i,. Hence y > 2. Therefore
z<y<z+2

8.4.1 Assume y =z.

(From ¢, —i,_1 < j, we know that (y —1)j < k < yj. Note k+i; =m +i, and
0+ i, =k + ig, we obtain that 0 + i; = m + io.

Case I: t=y+1.

36



In this case, 0+iy41 = m+1ig and j+1i, = k+4; follow that j+iy_1 = {+1o.
Thenl=yjandm—k>m—-1=m—yj.

Case IA: m + iy = k + iy. In this case, | + 4y = j + iy41.

First we have m = 2k — (y — 1)j < 2yj — (y — 1)j = (y + 1)j. Next
l—j=iyt1 —iy =m—k <m— (y—1)j implies that m > 1 + (y — 2)j.
Hence | < 3j5. Because l = yj, we have y < 3. Note y — 1 > 0, we have
y = 2. In this case, t = 3, a contradiction.

Case IB: m +iy_1 =1 +iy. Hencem—1 =14, —4,_1 < j. Because [ on row ig
cancels up with j on row 4,_1, m and k on row 4; cancels up with j on row
iy+1 and ¢, respectively. Hence ! on row i; cancels up with a k. If this k is
on row iy, thenl —k =k —j. Sincel —k < j, wehave k —j =i, —i; < j.
Hence z = 2 and t = 3, a contradiction. If this k is on other rows, then
[ —k is a multiple of j. Since [ is a multiple of j, then k must be a multiple
of j, a contradiction.

Case IC: m +1iy_1 = j +iyt+1. Inthis case, m—j = iy41—iy—1 =m—(y—1)j
follows that y = 2, a contradiction.

Case II: t >y + 2.
Ift =y +2, then 0+ d¢—1 =1+ ip implies that j +4,_; is a left-over.
Let t > y+3. So0+44y41 =7 +iy—1, m+io =044, I +io = 0441,
J+i =m+iq, l+iy =k+ii_1. Moreover, m—1< iy+1—iy < iy+1—iy_1 =7J.

Case ITA: m +i,_; cancels up with a j. In this case, y = 2 because m +
i1 =17J + ;.

Case ITA1: suppose iy —iy_1 =m —[. We have 2(k—j) =2(m—1) <
m — 1+ iy — iy = j. Hence k + 14y is to the right of j + 4,4, and
thus k + 4, is a left-over, a contradiction.

Case IIA2: suppose iy —iy_1 <m—1I. Thatis, k—j<m—-1 Ift >
z + 4, then 0 + 7,42 is to the right of j + .41 (because m —1 < j)
and thus O+ 4,42 =k +i,. Then m — 1l =i,y9 —i41 =2(k—j), a
contradiction. Hence ¢t = 2z + 3 and thus ¢t = 5, a contradiction.

Case IIA3: suppose iy —iy,_1 >m —1. Sowehavem - <k—j <j.
Ift > z+ 4, then 0 +i,,5 is to the right of j +4, = k+ 4,1 and
it is a left-over, a contradiction. If ¢ = z + 3, then ¢t = 5, another
contradiction.

Case IIB: m + iy_; cancels up with a £ or l. Soiy—iy_1 > m—Il. Wehave
Gy+a—ly = dyt2—ly1Fiyp1 —ly = m—I+iypr —iy <dy—iy—1+iyp1—iy <
j. Hence 0 + i,42 is to the right or above of j+i, =k +i1. If t > 244,
then 0 + i,42 is a left-over, a contradiction. If ¢ = z + 3, then t = 5,
another contradiction.
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8.4.2 Assumey=2z+1.

We have 4,40 —t,01 =m—1l,m—1<i,41 —i,<j,and i, —i, 1 =j. From
case 5, we have j + iy, = k + 1y, i.e., j on row i,4; cancels with k on row 4;. If
t =z + 1, then j on row 4, must cancel with [ on row 4. Because m — k < j,
m on row ig is to the right of k on row i;. This m is left-over, a contradiction.

Let t > 2z + 1. Note that the 0 on row 4,44 is to the right of j on row i,41.
Because t > z+ 1, we have l — k > m —[. Hence 0 on row 4,42 is to the
right of bottom [. So 0 on the row i, must cancel down with j on row 4.
That is j = (m — 1) + (iz41 —i,). We observe that in this case we also have
l—k> (iz-i—l - iz)-

Case I: I -k < j.

To cancel the bottom I, we need a 0 on row i,43. Therefore t > 2z + 3
and | — k = 2(m — ) (from the distance of 0’s on row i,,.3 and 4,,1). But
l—k > 2m—1) when t > z + 3 (from the left-top corner — case 1.2), a
contradiction.

Case II: [ -k > 5.

That is, the bottom [ is to the left of k¥ on row 4;. In this case, t = z + 2.
Otherwise, 0 on row i,y3 is to the right of j on row i,41 because 2(m — 1) <
(m—1)+(i,4+1—1i,) = j and this 0 must be a left-over, a contradiction. Consider
t=2+4+2. Hence m—k = j = (m—1)+ (iz41 — ). This contradicts to l—k > j.

8.4.3 Assume y=2z+2.

We note that j =iy_1 —9y_2 =i,41 —i; >m—1.
Case I: t = 2 + 2.

Then j +i,41 =1+ io. Note that k on row i; cancels up with j on row i,a,
[ on row ¢; must cancel up with a k. It can not cancel down with m on row g
because in that case we have a contradictionm—k=1—-k+j>l—-k+m—-1=
m — k. Then | — k = i, — i1 must be a multiple of j. And [ is a multiple of j,
we conclude k is a multiple of j, a contradiction.

Case Il: t > 2z + 2.

We have | — k > j. Hence the bottom [ is to the left of k¥ on row i;. Then
O+i,43=7+0z41. Hence j=2(m—1). lf t > 2+ 3, then 0+i,44 = j+i,42 =
k + i1, a contradiction. If t = 2+ 3, then I — k = (m — 1) + j. Note that
k—j=m-1)+2zjand m —k = j+2(m —1) = 2j, we have | = (2 + 3)j.
That is, the bottom [ cancels with the top j. Hence | — k = 2j — (m — ).
Consider [ on row i3, it cancels up with a k or it it a left-over because it can
not cancel down with a m nor up with a j (all j’s are accounted). If [ + ¢; is
a left-over, z+1 =1 and t = 3, a contradiction. If [ + ¢; cancels with a k, k
must be on row ¢,42. Otherwise, k is a multiple of j. If [ + i3 = k + i,42, then
l—k=(+1)j+m—1—j=zj+m—1. Hence z = 1. This is the polynomial
exception 20.
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8.5 Case 1.3/4:

If z>y+1thenm >4y — i, +i; —iyp1 +iyp1 — 4y + 4y — io > m so we have
z<y. lfy>z+3then2j =4y, —iy o >m—Ibut2j =i.40—i, <m—1Is0
we have y < z + 2. We note that t > @ > z and further, t > 2z + 3 otherwise
I+ i,42 to be another left-over term to the left of k + i,42.

8.5.1 Assume y = z.

Case I: O <t—1.

Thenl+i, =k + i1, l+iz+2 =m+i,_1 . Note that [ +iy = j +4;—1 and
m+1ig = j+i4;. It follows that 044,41 = k+41 and thus i, —i, =25. If z > 4,
then l+1i,41 = m+i,_o and m+1i,_3 must be a left-over because i1 —i, = 2j.
If z :3, then m — [ :iz+1—7:1 =k :4_7 But 0+Zt :k+it_1 = l"r?:z,
a contradiction. If z = 2, then | +i,40 = m+ i, 1, j +1i = m + ig, and
l+i,41=0+14;. Hencem —1l =14, —i, 2+ 7+ 4,41 —%, =5j. Thus it follows
that i, —4, 1 iseither 3jor2jforall z4+1 <2 <Q+1. fQ <t—2, then [+,
must be a left-over because m —1 > j, l+i2 =k + 4,1 and [ +ig = j + i4—1.
IfQ=t—-2 thenl+1i; = k+ iq and thus 4;_; —i;_2 = j, a contradiction. If
z =1, then one of I + 4,41 and [ + i,42 must be left-over.

Case II: Q =t —1. Wehavel+i, = k+i;_o, [+ig = j+is—2 and m+ig = j+i;.

Case ITA: z=0—-2. Sot—2=2+1,0+4,41 =k+irand ]l — k = 2j.
Hence 4,41 —i, = 2j. Note that [ +4,,0 =m+i, 1. We have i, —4; 1 =
To41 — 1z = 3J.

Case ITA1: k£ —j > m — 1. In this case, l +i,42 = m +i,_1. It follows
that it — it—l = iz+1 — iz_l = 3] Consider l+ iz+1.

Case ITAla: [ +i,41 =k + 441 Sincel—k = Typ2—lzql = bzp1 —
i, =27, wehave m — [ =44 — 442 = 1,43 —i,41 = 5j. Hence
z = 2 or otherwise, m + i,_o is a left-over. This implies that
k—j=2j <m—1, a contradiction.

Case ITA1b: [+ i, is to the left of k + 4;_1. In this case, z >
3,1+ lep1 =M+ iy_2 and k+4;_1 =m+i,_3. Hencem —1 =
iz41 — bz—2 = 2§ + j + j = 45. Therefore i;—1 —i;—2 = j. Hence
z=4andk—j=m—1=4j. Inthiscase, j+i;_1 = k+1i,_1 =
[ + i1 gives a left-over, a contradiction.

Case ITAlc: | +i,y; is to the right of k + 4, 1. In this case, |+
i1 =m+i, zand k+14; 1 =m+i, 2. Sol—k = j, which
contradict tol — k =i,41 — i, = 2j.

Case ITA2: k£ — j <m —[. Note that j+i; = m+149, we have [ +i,45 =
m +i,_1. Consider m + i,_».

Case IIA2a: m + i, » cancels up with [ +i,,;. Hence m —1 =
iz+1 — iz,2 = 4J So ’iz+2 — iz+1 = it,1 — it,Q = j Since
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k—j<m-—1, k—jis either 2j or 3j because k — j # j. If
k—j=3j, then k+1i;_1 is aleft-over. If k—j = 2j (i.e., z = 2),
then we must have j+i; =k +4; 1 =1+ 4,41 = m+ip. Then
0+ 4;_1 is a left-over.

Case ITA2b: m + i, 5 cancels up with £+ 4, ;. Hence m—k =
141 —1, 2 = 1 — i, and it follows that i; —4; ;1 = 2j, contradicts
to it - ’L't,1 = 3]

Case ITA2c: m + i,_5 cancels up with j + i;. We have that z =
2 so t = 5 is odd which is a contradiction.

Case IIB: z < 2 — 2. we consider two cases depending on the relationship be-
tween k — j and m —[.

Case IIB1: k—j > m —[. Consider [ + i 42.

Case IIBla: [ +i,490 =k +4;—1. In thiscase, l +i,41 =m +i,_1.
Hence m—I = 3j. Sincei,—i,_1 = j, m+i,_o must be a left-over
if z>2. If 2=2, then k—j =2j <m — [, a contradiction.

Case IIB1b: [ +i,40 =m+i,_1. Wehave 0+i,41 = k441 which
implies that i,41 —i, = 2j. We now consider 3 cases for [ +i,41.
Case I1IB1bi: [+ 4,41 = k+ ;1. This case is impossible be-

causem —l =i 40 — iy, 1 > Q41 — iy, = 2.

Case 1IB1bii: [+ i, is to the left of £+ i;_;. In this case,
l+i,p1=m+i, 1andk+i; 1 =m+i, o. Thusm—1=
iz41 — 0,1 = 4j and z = 4. That is, k —j = m — | = 4j.
Moreover, i,42 —t,41 = 47 — 35 = j. Hence 0 4+ i,4o0 =
J+ i1 =k + iz gives a left-over.

Case IIB1biii: | + i,4; is to the right of k£ +i;_;. We have
l+i,y1=m+i, 2andk+i;—1 =m+i,_1. Hencem—1 =
iz41 —tz;—3 = 5j. Note that k —j > m — 1, m + i,_4 must
be a left-over, a contradiction.

Case IIB2: £ — j < m —1. Since j + iy = m + ig, z is at most 4.

Case IIB2a: [ +i,49 = j + ;. In this case, we must have z = 1
and j4+i =k+4 1 = l+7:z+2 =m + i9. Hence iy —i; 1 = J.
Now 0+t = j+it—1 = L+ 14,41 gives a left-over, a contradiction.

Case IIB2b: [+ i,42 =k +i;—1 and [ + i,42 # j + ;. Let uscon-
sider the position of j + i = m + ig.

Case 1IB2bi: j+i; = m+ig is to the left of [4+i, 0 = k+i;_1.
Again, z = 1 follows that i,40 — 4,41 = j and 4,41 — i, = 2j.
Hence m —1 > 4j. If m — [ > 5j, then 0 + 4; is to the left or
above k +i;_1 =l + 1,42 and thus a left-over. If m — 1 < 53,
then 0 + 4; is to the right of k +4; 1 =1+ i,42. But from
k — j = j it follows that 0 + 4; is left-over.

Case IIB2bii: j + iy = m + ip is to the right of [ +i,,» =
k+i; 1 and to the left of [4+4,,1. In this case, z = 1. Note
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that Top1 — iz =27, 044, J+9¢—1, 0+ 441, and l+7:z+1 are
to the left of k +4;_o = [ +1i,. None of these can be left-over
so0+4; =7+41 and O+4; 1 =l +1i,41. This implies that
14 — 141 = j = i3 — i2. The fact that ¢ must be even now
gives that i, — i, 1 = 7 for all z > 3. We have m —[ = 2j
but m—7 =t =1 —t4—1 +4¢—1 —iz+1 +iz+1 — 1 :l+4j.

Case IIB2biii: j +i; = m + 4 is to the right of [ +i,.1. In
this case, { + 4,41 =m+i,_1 and 2 = 2. Hence m — 1 = 3j.
Then k — j = 2j and thus 0+ 4 = k + é;—2 =l +4,. Note
l+ 4,42 is to the left of I + 4,41 and i, — i, 1 = 7, we have
ig—iy1 < j. Hence 044y = k+14;_o =1+, gives a left-over,
a contradiction.

Case IIB2c: [ +i,40 =m +1i, 1. Again, we consider [ +i,,1.

Case 1IB2ci: [ +i,41 =k+4; 1. f Q =243, thenl — k =
iz43 — G401 = m — [l contradicts to | — k = i,40 — i, <
fggy2 —tz 1 =m—01 IfQ>2+4+3and 2 — 2 = a is odd,
thenl—k = it—l - iz+1 = ((Ol - 3)/2)(m - l) + iz+3 - iz+1 =
itz — iz = (@ = 3)/2)(m —1) + iz42 — iz but ioq3 —ioq1 >
m—1> lpq2 — Gz
IfQ>z243and Q—z=aiseven, thenl —k =11 —iy41 =
((@=2)/2)(m=1) +izy2 —iz1 = ip—2—1iz = ((—2)/2)(m—
I)+i,41 —i, and it follows that i,40 — 4,41 = G401 — %, = 27.
Hence m — 1 =i,49 —i,-1 = 5j and 44 — 441 = 3j. It then
follows that 0 + 4; is a left-over.

Case IIB2cii: [ + 4,41 is to the left of k +i;_1. We consider
the position of j + i; = m + 4o.

Case IIB2ciil: j+ i = m +ip is to the left of [ +4,4;.
In this case 0 + 4y =l 4+ i,41 and &k + ;1 is a left-over, a
contradiction.

Case 1IB2cii2: j +i; = m + i is to the right of [+,
and to the left of k¥ + 4;_;. In this case, I +i,41 =
m-+i,—o and 0 +4¢ = k +4—1. Hence m — [ = 45 and
thus i,42 — 4,41 = j. Moreover, z = 3 and k — j = 3j.
Hence k =4j. But k =45 =44 — i1 < m—101=14j, a
contradiction.

Case IIB2cii3: j+i; = m+ig is to the right of k+1i;_1.
In this case, z = 4, l + 4,41 = m+i,_o and k +i;_1 =
m+i,_3. Notem —1=14d,41 —i,_ 2 =4j and z = 4, we
have k — j = m —1 = 45, a contradiction to k —j < m — 1.

Case 1IB2ciii: [ + i 41 is to the right of k£ + 4;_;. Similar to
the above we have

Case IIB2ciiil: j+i; = m+ig is to the left of k + ;1.
In this case, we must have z = 2, 0+ 4; = k + ¢;_1, and
j+it—1 =1+1i,41. Hence 0 + ;1 is a left-over.
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Case IIB2ciii2: j + i = m + iy is to the left of [ + 4,41
and to the right of k£ +4;_;. In this case, z = 3 and
k+i-1=m+1i, 2,and 0+4 =1+ i,41. Hence iy —
141 =1, — i, o = 2j. Therefore j + i; 1 is to the left of
l+i, =k+1i_- and it is a left-over.

Case 1IB2ciii3: j+i; = m+ig is to the right of [ +i,;.
In this case, 2 =4, k+ 41 =m+i, 2 and [ +i,41 =
m+i,_3. Hence m—I[ = 5j. Hence 0+4; = k+is_o = [+,
gives a left-over.

8.5.2 Assume y=2z+1.

Case I: 0 =z +1.

In this case, it =m—2jand [ +ip=m+ig—(m—1) =i, +2j— (m—1) =
it—1 + 2j. Hence 0 + i42 = k + 1. That is, 4,42 — i,41 = 2j. Therefore
O0+ig=m+i,_1. Soz=1. In this case, | +i,41 is a left-over.

CaseII: t —1>0>z+ 1.

Similarly to the previous case, I + ig = is—1 + 2j. If l + 4,49 = j + ¢, then
7:z+2_7:0 :it_it—l =m—1. Hence z = 1 andj+it = l+iz+2 = m+i0,
a contradiction. Hence [ +i,42 # j+ 4 and | + 4,42 = m + i,_1. Because
0+i,42 =Fk+141,wehavei,jog—i,41 =25. Hence m —1 =i,40 —i,1 = 4j.
Therefore j + iy = m+i, o and 044 =1+ 4,41 = m+i, 3if z > 3. This
implies that z = 2. However, l+is =k+i; 1, +i9 =7+ 1,and k—j =25
imply that Q@ =t —2 and [ + 41 = k 4+ iq. But ig41 — ig = 2j, a contradiction
to i2 - il = j
Case III: Q =¢— 1.

We consider two cases:

Case ITA: 2 =Q — 2. Weknow thatt =2+4+3andl+i, =k+i,41. If 2=0,
then we have an even number of rows. Hence z > 1 and then k — j > 2j.
So j+i; #1+i;_1. Otherwise, k— j on row i; is less than the distance (j)
of m’s onrow i, and i, 1. Hence we have [ +4; 1(=1+i,12) =m+i, 1.
We know that I —k = j, 441 — 4,41 > j and ¢y — 4;_1 = 2j. From this we
get that k+i;—1 =m+i,0 and I + 4,41 < k+it—1. All k’s below row
z + 1 cancel with I’s. Thus we have accounted for the cancellation of all
k’s, all I’s except I +i,41 and all 0’s and j’s except O+ ¢, 5 + 44, 0 + 41—
and j + ;1. But iz = m — 2j so all m’s are to the left of all 0’s and j’s
leaving at least four left-over terms.

Case ITIB: z < ) — 2. Note that [+ is to the left of j+i; 5. Hence 0+i 42 =
k+i, and j+i,42 = k+i2. Sol—k > 3j. Consider m +i,_1. We know
that j + i # m + i,_1 because j + 4; is to the right of m + iyp. Also
k+i;-1 # m+i, 1. Otherwise, ;1 — 92 = 3j and thus m — [ = 5j.
This contradicts to that all j’s and 0’s between row i;_o and row i,,o are
canceled with k’s. Again, we have [+i,40 =m+i,_1 and m—1 =4j. So
iz+3 —iz+1 = 27 and all the distances between two consecutive rows above
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are 2j. Hence [—k = (2(t—2—2)—1)j. Also we have k+it—1 = m+i,_».
Thus j+ i =1+44i,41. f2>3thenj+is=1+i,01 =m+i,_3isa
contradiction.

If 2z=2then 0+iy = k+ 42 = | +i,, a contradiction. If z = 1
then ! + i,41 = 0+ 4;. The even parity (because they must cancel in
pairs) of remaining terms between k + 4; and k + i;—» and the fact that
0+4i—1 < k41412 give that j + i1 < k + i;—2 also. Four terms remain
but k& +i;—1 < j + i < m + ig so at least two are left-over.

Finally if z = 0 then 44 —i; 1 = 2j = 4;_1 — i;_o. We obtain the contra-
diction 0 + Z't,1 =k + ’L't,Q =1 + 7:0.

8.5.3 Assume y=2z+2.

We note that t > z + 3 and ¢y = m — 3j. What does 0 + i,43 cancel with?
Case I: 0+ i3 =m +iq -

Lemma 7.1 gives that t = z + 3 and a = 0. In this case I 4 79 must cancel
up with a k. Since k + 41 is not left over we must have [ + iy = k + i;. But now
iy43 —lyp2 = m — k+ j > m — [ which cannot happen in case 1.3.

Case II: 0+ i,43 =1+ 14 -
Lemma 7.3 gives us that ¢t < z + 5.

Case ITA: t = z + 5. Lemma 7.3 gives us that a =0, Q = 2+ 4 and i, = m
which contradicts ¢ = m — 3j.

Case IIB: t =z +4. If @ <2+ 2, then a =0 and i,4+4 = m. Now we get the
contradiction that m—k =i,y4a—i, =m—-Il+1l—-k+j+2j =m—-k+3j.
So we assume that Q = z + 3.
Now we have that m —k = i,44 —i, =m —1+42j. Since k+1i1 <l+1ip <
I+ i, =0+ i,43 we have the contradiction that k + i; must be left-over.

Case IIC: t =2+ 3. If Q = 2+ 1 then we have that m — k = 4,43 — i, =
m — 1+ 2j. This gives k +141 <l +ip <I+14iq = 0+ 4,43 we have the
contradiction that k + 41 must be left-over.

So we assume that = 2+ 2. If 2 > 1 then m + i,_; must cancel up with
something. It can only be j = i,43 or [ + i,42. The former implies that
k = 2j and thus z = —1 and the later implies that m — 1 = 3j. This gives
0+ i,43 = k+ i1 = [ +ip with nothing else in this column but none of
these are left-over.

Thus z = 0, but then ¢t = 3 violates parity.

Case ITI: 0+ i,q03 =k +iq -

If a > 2, then we ask what does k+1; cancel with. There is nothing available
above it so it must cancel down with m =i or [ 4 ig. The former implies that
04 i,+3 > m+1i¢ and the latter gives that 0+ i3 also cancels with an [. This
was covered in Case II.
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S0 i+ iy43 =k + 1. We now break into two cases depending on the value
of Q.

Case ITTA: Q=2+ 1. Here m — 1 = 4,43 — 4,42 = 2j and m — k = 25 +
t—2—-—2)(m—1) =2t —2—1)j. Now we get the contradiction that
k+ i =14 i,42 =m+ i, but none of these may be left-over.

Case IIIB: Q > 2+ 1. Herem —1l =i,43 — 4,41 = 3j. Also iy =4z — i, + i, —
iz42 + @402 — o = m — 35 = [. We also note that all shifts above z + 3
are j, 25 or 3j and thus the GCD condition gives that j = 1. What does
[ + is cancel with? Not with an m since [ + iy =1+ 2§ < m + 4. Not j
or 0 since j +14; =l +141 < I+ so it must cancel with a k +ig since it is
not left-over. If ig —ig_1 = 1 then j 4+ iy = k +ig_1 =1 + 41 but none of
these can be left-over. This gives that 8 > z + 3.

Ifig —ig_1 =2 then 0+ = k+ig_1 =l + i but none of these can be
left-over so we must have that ¢; — ¢;_; = j which implies that @ =¢—1
and t and z are the same parity. Now if 8 > 2z +4 then 0+4;—1 = k+1ig_2
but j +4:—2 > k +ig_3 but it cannot be left-over and thus we have that
B =2z+3. In this case | =2k — 1, m = 2k + 2.

Now if t > 2+ 4 then 0+ 4,44 = j + i,43 = k + i2 but none of these
are left-over so 0 4+ i,,4 = [ + ig This gives f = 1 4+ = + 2° 4+ 2° + 28,
h=14+z+224+2*+2° and g = fh =1+ 2'2 + 2'> Which is polynomial
exception 14. Lastly, if ¢ = 2 4+ 3, then [ — k = 1 implying k¥ = 2 and
z=-—1.

If iﬁ_iﬁ—l =3then 8 > Q+2. Now iz —i;_1 = 3 and j+i;—1 < k+7:,3_1 <
0 + i¢ which contradicts the fact that k 4+ i3_; cannot be left-over.

8.6 1.3/5

Ify<z—-1,thenm>i =d;—i,+i,—i, 1+i, 1—ig>m—k+i,—i, 1+k>
m — k + k = m, a contradiction. Hence y > z.

Assume that y > z + 3. We assume that iy, —i,_1 = j — € < j for some
small positive number € by case 5. If Q@ > 2+ 2, then i,42 — i, =25 <m —1.
But i,43 —i,41 = m — [ is either 2j or 2j — ¢, a contradiction. If Q = 2z + 1,
then iy42 —i, =2 <m —1. But 4,43 —i,42 = m — 1 is either jor j —¢, a
contradiction. Hence y < z + 2.

Therefore z < y < z + 2.

8.6.1 Assumey=2z+2.

Using k 4+ 4y = m +i,, 0+ i = k + 49, i,42 — i, > j, we conclude that
m +ig > j + i;. Hence m + ig is to the left of j + .
Case I: QO <t—1.

Since @ < t—1, we have | +i, = k +14;_1. If 2 = 0, then we must have
l+i,42 =j+irand l+i,41 = 0+4;. SO4,42—1i,41 = J, a contradiction. If z = 1,
then l+i,,0 =m+i, 1 and l+i,49 = j+4;. Therefore 0+4;, =1+i, = k+i; 1

44



gives another left-over, a contradiction. If z > 2, then | + 4,42 = m +i,_; and
l+i,41 =m+i,_o by using the fact that m + iy is to the left of j +i;. Hence
m—1=14,41 —1, o=3j contradicts tom — 1l =4i,42 — i, 1 < 3j.
Case II, 0 =t¢t—1and Q> 2z +2.

Here l—k =144 92—, > i,40—1i, > j implies that j+i,41 = 0+i.43. Hence
m—1 :iz+3 —le+1 :J

Assume that 2z =0. Usingm—Il=jandl—k =it_o—i, > it—2—lyq2+j =
Tg— T4 > bp—1—lzq2, WE obtain that l+iz+2 > k+i;_1 and thus l+iz+2 = J+1.
Moreover, I + i,41 = k+ 4—1. Using 442 — iy, =1l — k = 441 — i,41 and
iz41 — iy = j, we have 441 — i;_2 = j, contradicts to iy —i;—2 = m — 1 = j.
Hence z > 1. Then m+i,_1 =1+, =k+1i4—2. Usingj =m—1 =14 —4;_2 and
k — j > j, we conclude that k + i;_o can not cancel up with any one of 0 + i,
j+ii—1 and 0 +i;_1. Hence m + i,y =1+ 1, = k + i;_o gives a left over, a
contradiction.
Case III: Q =t—1and Q =2+ 2.

In this case, we have k +i,43 = m+ i, and k+ 4,41 =1+ i,. Sol—
k = i,41 — i, = j. This implies that j + 4,49 = k + 41 = [ + 4. Hence
O+i,43=J+ti42=k+1i1 =1+1i9. Moreover,z>1land [ +i,1 =m-+i,_1
imply that 2j < m —1 = 4,494 — 4,1 < 3j. Sol+i,41 > m+i, 5. Since
foq4o2 — i1 <j=1l—k,wehavel+i,y; > k+i; 1. This implies that [ + 4,1
must be a left-over if z > 2. If 2 =1, then l +4,,1 = j + i;. But then k +4; 1
is a left-over because k + iz 1 >k + i 2 =1 +1,.

8.6.2 Assumey==z+1.

In this case, we have j+i; > m+ig > 041i¢ because i, 41 —i, < j, k+is = m+i,,
and 0+ 4,41 = k + i9. That is, j + 4 is to the left of m + i and m + iy is to
the left of 0 + 4;. This also implies that z > 1.

Case I: Q <t—1.

Since it —i;_1 =m—land k+is =m+i,, wehavel+i, =k +i;_1. In
this case, t > 2+ 3. Usingl —k =4; 1 — i, > i,42 — i, and 0+ 4,41 = k + g,
we conclude that [ 4+ 49 > 0 + i,42. Since j + i,41 = k + 41, we must have
O+4d,42=7j+1, tocancel j+i,. Thatis, 1,40 — ¢, = j.

Case TA: m — [ > j. In this case, we note that [ 4+ i,2 cannot cancel up with
0 + 44, nor cancel down with m + i, such that p < z — 1. Indeed, in both
cases, j + 4; has to be canceled down with m +4,_;. Then k — j = (m +
iy)—(m+i,_1) = j, a contradiction. Hence we have either [ +i,19 = j+1i;
orl+ ley2 =M+ 1,_1.

In either case, 044,42 = j+i, becausel—k > m—1 > j. If [+i,10 = j+1i4,
then [+i,.1 = m+i,_1. Otherwise, m+i,_; can only cancel up with 0+,
a contradiction. Since 0+ 4,40 = j + 4., we obtain 4,40 — 4, = i3 — ;1 +
it—l —iz—(it—’iz+2) = (m—l)+(l—k) —(l—j) = m—l—k+] = ] Hence
m—1 =k and thus z = 1. Then 0+4; = k+14;—1 = [+ 141, a contradiction.
Ifl+i,40 =m+i,_1, then m—1=2j. Herel+i,1 cannot cancel down
with an m + 4, with p < z — 1, for otherwise, m —1 = i,41 — i, > 2j, a
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contradiction. Also [+ 4,41 can not cancel up with 0 + 4;, for otherwise,
Jj +4; must be cancel down with some m + 4, and thus k —j =i, —i,is a
multiple of j, a contradiction. So we have | +i,,1 = j + 4;. Hence z =1,
otherwise, m + i, o is right below | + i, = k + i;_1, a left-over. Hence
j+ig=1l4+14i,41 <l+i,42 = m+i, 1 =m+ip, which contradicts to
m+ig > J + it

Case IB: m — [ < j. In this case, l +i,40 =7+ 4 and [ + 4,41 = 0+ 44 imply
that m — [ > j, a contradiction.

Case II, O =t—1and Q> 2+ 2.

In this case, I +i, = k+ 4 9. Usingl —k =49 — i, > i,49 — i, and
044,41 = k+ 49, we conclude that [ +49 > 0+ i,2. Moreover, since j+i,41 =
k + i1, we must have 0 +i,42 = j + i, to cancel j +i,. That is, i,40 — i, = J.

Case ITA: m — 1 > j. We consider seven cases for | + i,5.

Case ITA1: [ +i,42 = m+i,_1. In this case m — [ = 2j. We claim that
z = 1. Otherwise, suppose z > 1, then m + i,_o is right below
l+i, = k+i4_o and j + 9;_1 must be above | + i, = k + iz_o.
Indeed, k +i;_o # j +4; because iy —ig_o =m —1=2j # k—j and
k+i; o # 0+ i because iy —i;_o = m — [ = 25§ < k. Moreover, since
k>m —1, oneof j+ 4, k+4;1 and I + 4,3 must be a leftover, a
contradiction. Therefore z = 1. So j + i; = k + i;_1 must be to the
left of m+i, 1 =1+1i,42. Using 2 = 1 again, we have k —j < j and
thus j +4;_1 is to the left of 0+ ;. This implies that j +i;_; cancels
down with [ + i,41. But £ < m — [ implies that 0 + i; is a left-over
because 0 + i; is to the left of k + i;_o = [ + i,, a contradiction.

Case ITA2: [ +i,4,9 =k +i; 1. Inthiscase, i; 1 —i; 9 =ti,42—1, = J.
Note that m + i, 1 < I + i,42, for otherwise, m + i, 1 must be
canceled up with j + ¢;. This implies that &k — j = j, a contradiction.
Therefore j < m —1 < i,49 — 4,1 = 2j. This also implies that
i¢ — 141 < J because iy — ;-2 =m —1 < 2j and 431 — ty—2 = J.

Case ITA2a: m+14, 1 #1+i,1. Again, we know that j + i; #
m + i,_1, for otherwise, k — j =i, —i,_1 = j, a contradiction.
Hence we have j + iy = [ 4+ i,41. Since i —i;—1 < j, we must
have j 4141 = m+1i,_1. Therefore k — j < i 42 —i, = j, which
implies that z = 1. Since ¢t must be even and z = 1, we should
havei,43 —i,42 < jand i,42—1%,41 = J, this contradlcts to that
7/z+2 Zz+1 < 7/z+2 - lz - .7

Case ITA2b: m+ i, 1 =1+ i,p1. fk—j <m—1I,theni, 1 —i; <
ig41 —iz—1 and thus z = 1. But j+iy > m+ig =m+i,_1,
j+ 1y is a left-over, a contradiction. Hence k —j > m —[. Again,
k—j=isp1—i1 =izqp1—tsm1+(lzm1—01) = (M=) +(i,-1—01) =
m—1+ (i, —iz). This shows that j+i; =j+m—Fk+i, =1+1»
and thus j + ¢; must cancel down with [ + i5. Hence z > 3.
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Since all j’s must be to the right of [ +i2 = j + iz and m +i,_»
is to the left of [ + 92, we must have m +i,_o = k + i;_3. So
m—k=14; 3—1, o. Sincei, —i, o =27 and m+i, =k + i,
we have i; — i;_3 = 2j. Together with 4, 1 —i; o = j, we
have iy — 441 = 442 —it-3 = j/2. Hence m —1 = 3j/2. If
t — z is odd, then i,y3 —i,42 = j/2 and i,42 — 1,41 = Jj, which
contradicts to i,42 — i, = j. Consider the case that ¢t — z is even.
Assume that t — 2z = 4. Then |l — k = i,42 — i, = j and thus
k+i,=14+14,-1. If 2> 3, then m + i,_3 is a left-over by using
m4+i,_o=k+i_3= k+’£2+1 and m+i,_3 > 14143 = j + iy,
a contradiction. If z = 3, then k 4+ i3 = [ + i3 = j + i¢ gives
another left-over, a contradiction. So t — z > 6. In this case, we
still have k+i;_3 =m+i,_oand k+ds_g =m+i,_3. If 2 > 3,
then { +i,_1 > m+i,_3 >1+1iy and thus I +i,_1 is a left-
over, a contradiction. Let z = 3. Using j + i, =1 +ia =1 + 27,

-l = 3]/2, and it_it—l = ]/2, we then havej-i—it_l = m+i0,
contradicts to k + i;_4 = m + 1o.

Case ITA3: l+iz+2 =j+l't. Then m — 1 = /L't — it_Q = (lt — iz+2) +
(ba42 — @z) — (l4—2 — i) = 1 —j+j— (Il — k) = k implies that
044 = k+1i,_o =l +1i,, which gives an additional left-over because
m + ig is to the left of 0 + i, a contradiction.

Case ITA4: [+ i,42 = 0+ 4;. In this case, j+i; either cancels down with
k+1isq or an m + i, with p <z — 1. If j 4+ iy = m + i, with some
p < z—1, then k — j =i, — i, is a multiple of j, a contradiction. If
j+it=Fk+it_1, then m+i,_1 is to the left of 0+ i =1 +i,42 as
iy —is 1= <k S0j=iy—is1=k+i,— (j+ir_1)=2(k—j).
Hencei,—i,—1 = k—j = j/2and z = 1. Moreover, iy12—iyr1 = j/2.
Since t is even, we have i;_1 —i;—2 = j/2. Using z = 1, we also obtain
I+4,01=0+14_1. Hence 4y — 431 = G40 —f,01 = ]/2 Therefore
m —1 =7, contradicts tom — 1 > i, —i,_1 =J.

Case ITAS5: [ +1i,1» =m + i, for some p < z — 1. In this case, z > 2.
Since iy < m, m + i,_1 can not cancel up with a 0. It must be
canceled up with a j or k. Again, m + i,_1 # j + i; for otherwise,
k—j=1,—1,_1 = j, a contradiction. Alsom +14,_1 # j + %41,
for otherwise, j + iy = k+it—1. So j = iy, —iy1 = 2(k — j),
contradicts to z > 2. Hence m + i,_1 = k + 4;—1. This implies that
i —l4g—1 =4y —i,—1 = j. We now claim that p = z — 2. Otherwise,
m + i, must be a left-over. So m —1 = i,49 —i,—2 = 3j. Using
this and #; — ¢;_1 = j, we conclude that i, — zw 1 is either a j or 25
for any = > z + 2, which contradicts to i,4.0 — i, = j.

Case ITAG: [ + ’lz+2 = ] + Zt—l- Usmg l—] = lt_l—lz+2, I-k= ":t—2_7:z7
and iz+2 - iz = j, we have it—l - it_z =k.So0 + it—l =k+ 7:t—2 =
I +1i,. There must exist an m + i, with p < z such that 0 + 4,1 =
k+it_o =1+i, = m+ip. Hence m—1is a multiple of j. This implies
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that [ +1,41 can not cancel down with an m. Hence [ +i,41 = 0+14.
Therefore iy > iy — ;41 +i; —ip = L+ (m — 1) = m, a contradiction.

Case ITAT7: [ +i,42 =044, 1. In this case, [ + i,; must be canceled
down with some m + i, with p < z. S0 ¢ > 4—1 —t42+ 41 —ip =
I+ (m —1) = m, a contradiction.

Case IIB: m — [ < j. In this case, m + i,_; is to the right of [ + 4, and 0 + 4;
is to the right of m +1i,_1.

Assume Q =t—1 = z+3. We note that j+i; can not cancel with k+i;_1,
for otherwise, one of [ +i,42 and [ + i1 must be a left-over. Hence j + i
cancels down with [ + 4,49 or I +4,41. In either case, k —j <m —1 < j.
But Kk —j =i,41 —i¢1. Hence 2 =1 and t is odd, a contradiction.

Assume Q =t—1>2+3. Hencel — k=14, 93—, >i,40— i, = j. Since
l+i,42 and l +i,4; must be canceled up, either j +4; or j +i;—; cancels
down with one of { 4+ 4,42 and I + i, (recall that 0+ 4; is to the right of
m +1g). Using m+i, =k +i; and | + i, = k + 4,2, we must have that
k—j<m-1<j. Hencez=1. If k+i4_1 =1+ i,42, then j +i;1 is to
the left of k+ 4o =1+i,. ¥ k+it—1 =1+ i,41,thenk—j=i,41 — i,
implies that j + 41 = k + ¢4—2 = | +i,. In both bases, 7 +4;—1 is a
left-over.

Case III: QO =¢t—1and Q =2+ 2.
In this case, we have t = z + 3 and [ + 441, k + i;_1 are to the left of
l+i, =k+i,41. Moreover,l — k < j.

Case IITA: m — [ > j. We first note that [ +¢,42 can not cancel up with 0+,
nor cancel down with m + ¢, with p < z — 1. Because in both cases, j + i;
must be canceled down with an m + 4, with ¢ < z. This implies that
k—j =1, —14 is a multiple of j, a contradiction. Therefore we have either
I+i,qo=m+i;_gorl+io=7+1i,43.

Let I +i,42 =m+iy_1. (i) Assume that k+i,40 =j+is and [ +iyqq =
m+i,_o. Sincem—1 = Topl —fy—2 = lpyp2 —0z—1, W€ have Tpg2—bot1 = J-
Hence 0+ iy42 = j + isy1 = k + i1, a contradiction. (ii) Assume that
k+ Tpqpo = l + Q41 and j+is =m+i,_o. Ifl+ Tpq41 = k+ T242, then
-k = Tog4a —lzq1 < J and 0 + Th1 = k + ig imply that 0 +izq2 =
I +i9. Therefore j + i, is a left-over, a contradiction. (iii) Assume that
k+i,y2 =m+i, o and j+i; =1 +1i,.1. A contradiction similar to
(ii) because .40 —i,41 <l —k < j. (iv) Assume that k +i,42 = 7+ i;
and [ + iz+1 = J + itfl. Using iz+2 - Z.zfl =m-1= iz+3 - iz+1 and
iz43 —tz42 = k — j, we conclude that i,4; —¢,_1 = k—j and thus z = 2.
Then t is odd, a contradiction.

Let Il +i,42 = j+i,43. Wehave m+i, 1 =1l +i,00 0orm+i, 1 =
k + i 42 because 0 + i,43 is to the right of m + ig. In the former case,
m-—1l=101—k+j < 2j. Using k‘+l'z+3 =m-+iz J+ i43 :l+iz+2,
and m+i, 1 =l+4+4,41, wehave k —j < i, —i, 1 = j. Hence z = 1.
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Moreover, m — 1 = k. So 0+ i,42 = k +i,41 = [ + i, gives a left-
over, a contradiction. Now we assume that m +i,_1 = k + i,42. Using
m—k=14;—14, =1%_1—1%, 1 and i, —i, 1 =j, we have [ — j = 7 and also
044 = j+i;1. Hence z = 1. Therefore we have the polynomial exception
21. Thatis, f =24+ 2t + 28 + 22+ 1land h=2° + 27 + 2° + 2% + 1.

Case IIIB: m — [ < j. In this case, [ +4; 1 = j+iand | + 4 2 =k +iz_1.
Alsol —k <m —1< j. Sol+ iy can not cancel up with 0 + ;. Hence
0+i,43 =7+, Thatis, m—k=j. Som+ig=Fk+1i1 =j+i,41 gives
a left-over, a contradiction.

8.6.3 Assume y = z.

We must have 0 + i, = m + ig and j + 9, = m + ;. Moreover, z > 2.
Case I: Q <t—1.

In this case, we have [ + i, = k+4;—1 and 0+ ¢,47 = 7 + i,—1. Because
0+4 = m+i and j + 4 = m + i1, we have [ + i,y2 = m +i,_1 and
l+iy41 =m+i,_o. Hence z >4 and m —1 =1i,41 —i,—2 = 2j. Moreover,
ig42 —izy1 = j. It implies that i, — i,y =jforall 24+2<2<Q+1.

Note that all I’s below row z and above ¢; cancel down with m’s. Then there
must be left-overs in columns j+14; = l+1i3 = m+14; and 0+4; = [ +iy = m+ip.
So there exists k£ on row a such that j+i; = k+io = l+i3 = m+i;. fa > 241,
then k—j = iy — i, is a multiple of j, a contradiction. If a < z, then there exists
B <z—1suchthat k+ig =044 =1l+1is =m+ig. Hence [ —k = ig — iy must
be a multiple of j, which contradicts to that | — k = i;_1 — i, is not a multiple
of j.

Case II: Q=t—1and Q > 2 + 2.
In this case,t > z+4. Som +i9g =044 and [ +i9g =0+ i—2 > 0+ i 0.
Hence 0+ iy41 =7 +02-1.

Case ITA: Q = z + 3. Note that m—1 > j. Otherwise, one of k+4¢—1, [ +i,41
and [ + i 42 is left-over because j + iy = m +i1.

Case ITA1: m—1>j and k— 35 > m — 1. We consider [ + i ;2.

Case ITAla: [ +i,40 =m+i,_1. Notel —k =id,40 — i, <m—1.
Hence k+i;_1 is to the left of [+i,41. Since k—j > m—I, we have
k+ii1=m+iz oandl+i,1 =m+i,_3. Because 0+i,41 =
j +i,-1, we obtain that m — [ = 3j5. Hence 4,42 —i,41 = 2j.
Note that all I’s from row i,_1 to row 74 cancel down with m and
k — j is not a multiple of j, k + 4,41 is a left-over if k — 5 > 55
and j +i; =1+ 14 = m + i1 gives a left-over if 3j < k — j < 57.

Case ITA1b: | 4+ i,490 =k +i;—1. In this case, | +i,41 =m +1i,1
and thus m — 1 = j. Since i,42 —i,4y1 <m—Il=jand i, —i1 =
k — j is not a multiple of j, k+ 4,41 is a left-over if £k —j > 2j. If
k—7 < 27, the only possible situationis z =3 orz=2. If 2 = 3,
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the ¢ is odd, a contradiction. If z = 2, the j + iy = m + 4, =
m+iy-1 =1+41i,41 gives a left-over, a contradiction.

Case ITAlc: [+ i,y0=m+ i, 2, m+i,_1 =k+4_1. S0z >4.
We have m — k = ":t—l - iz_l = iz+3 - iz_l = iz+3 - iz+1 +
Tzl —lz—1 =m-Il+j. Sol—k=13j. Using i,42 — 4, =1-k,
we obtain that 0 +i,42 = j +4, = k+ 141 = [ + ip. This implies
that ;40 — 4,41 = ¢, —i,—1. Moreover, m — [ = 4,49 — 1,1 =
(izt2 = dzt1) + (fzg1 — Gom1) + (f5m1 = G52) = Goy2 —Gpp1 +
2] =i, —4,-1+2j. Sol+i, = m+i,_3. Ifz=4, then
j4ig=1+i, =k+i,42=m+1; and thus [+, is a left-over,
a contradiction. If z > 4, then k+i,10 =144, = m+1i, 3 gives
a left-over, a contradiction.

Case ITA2: m —1 > j and kK —j <m — . Note that j +4; =m + i1, 2
is at most 5 to cancel k +4; 1, [+ 4,49 and I +4,49. But 2 =5 is
impossible because t is not odd. Hence z < 4.

Case ITA2a: [ +i,40 =m+i,_1. Inthiscase, | —k =1i,40—1, <
iz42—ty—1 = m—1. Then k+i;_1 must be to the left of | +i,41.
We must have k+14; 1 = m+1i, 2. Moreover, if [4+i,41 = j+i;1
implies that ¥ — j < 25 and thus z = 3, a contradiction. Hence
l4+i,41 =m+i, 3. Therefore z = 5 in this case. However, we
have a even number of rows , a contradiction.

Case ITA2b: [+ 4,49 =k +4;—1. In this case, 2 < 2. Otherwise,
l+i,41 =m+i,1 and thus m -1 = 4,41 — 7,1 = j. But
k—j < m—1=j, contradicts to z > 3 (i.e. k—j > j).
Hence z = 2 and [ + i,41 = j + 44—1. That is, we must have
l+iz+2 = k+iz+3 and l+iz+1 =j+iz+3. Som —1 =l—j
and thus iy — 441 =(m—-0—-(0-k)=(1—-j)—(I—-k)=k—].
This means j + i = k 4+ 4t—1 = [ + 4,42 = m + i;. Hence
iz+2 —lm1=m—1= iz+3 - iz—i—l = z.z—i-3 - iz+2 + iz+2 - iz—i—l =
l—k+iz+2—iz+1. On the other hand, Teg2—lz—1 = lz42—tz41+7,
we have | — k = j. Then m — 1 = iy —i;_» = k. That is,
0+i = k+i; 2 =101+1i, = m+ig. In this case, we have
the polynomial exception 15: f(z) = % + 2% + 2° + 22 + 1 and
h(z) =2 + 2" +2° + 2t + 2° + 22 + 1.

Case ITA2c: [ + leq42 = J + 9—1- So k+is—1 = m+i,_; and j+i; =
m + i,_s. Hence z = 3, a contradiction.

Case IIB: Q > z + 3. We also have m — [ > j. Moreover, t > z + 4.

Case IIB1: m — [ > j and k — j > m —[. We consider | +i,2.
Case IIBla: [+ 4,49 =m +i,_1. Consider [4+i,41, we have 3 cases:

Case I1IBlai: | +i,41 =k +ii—1. If Q — 2 = « is odd, then
l—k=ti41—is41 = (a—1)(m—1)/2, a multiple of m — [,
but | —k =i;_9 — i, < (& — 1)(m —1)/2, a contradiction.
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IfQ—z=qaiseven,l—k =is_1 —i,41 = a(m—1)/24i,42—
izprandl—k =4 2—i, = a(m—1)/2+i,41 —i, follow that
Top2 —lpp1 = lpq1 — 0y < J. Because j +i, = k+ 11, 0+iz40
must be a left-over because i,4o — i, < 2j and [ — k > 2j, a
contradiction.

Case 1IB1laii: k + i;—1 is to the left of | + i,;;. We note
that K+ i1 = m+i,_9 and [ +i,41 = m +i,_3. Since
Tz41 —%z—1 = J, we obtain m—1 = 3j and thus i,42 —i,41 =
2j. S0 iy —iz—1 =2j or jfor all z > z+3. Since i, —i4 is not
a multiple of j and 4;_o—4;_3 = 2j or j, j+is = [+ig = m+iy
gives a left-over.

Case IIB1laiii: k + i;—1 is to the right of [ +i,11. In this
case m — [ = i,41 — 4,1 = 2j and thus i, — i, 1 = J
for all x > z 4+ 2. Since i, — 74 is not a multiple of j and
i49— 1 3=17J,J+is =1+ iy =m + i, gives a left-over.

Case IIB1b: [+ i,42 =k +i; 1. In this case, [+ i 01 =m +1i, 1
and thus m — 1 = j. Note that iy —i;—3 < jand [ — k >
m—1=j. If k—j > 2j, then k + i;—3 must be a left-over. If
j < k —j < 24, then the only possible situation is z = 2. So
j+ig=m+ir =m+i,_1 =l+17,41 implies that k —j < m —1,
a contradiction.

Case IIBlc: [+ 0,42 =m + i,_2. In this case, k+i;—1 = m+i,_1
and [+ i,41 =m+i,—3. Som—1=14,41 —i,—3 =3j and then
Tz4+2 —tz41 = J. This implies that ¢y —4;—1 is j or 27, contradicts
t0 4 — 41 =0y — 1,1 < ]

Case IIB2: m — 1 > j and k — j < m — [. Similarly, z < 5.

Case IIB2a: [ +i,40=k+i; 1. f Q—2z=aiseven,thenl—k =
i1 —dz42 = (@ —2)(m —1)/2 contradicts to ] —k =iy o —i, =
(a=2)(m—=10)/2+1i,41 —i,. f Q— 2z = ais odd, then a similar
argument follows that i,43—4i,42 = i,42—1,. Note 0+i; = m+ig
and j + 4 =m + 41, we have 2 caseson [ +4,41.

Case ITIB2ai: [+ 4,41 = m+i,_1. Hence m —[ = j. Because
k—j<m-—1=j, we know z = 2 as well. Hence j + i; =
I+ i,41 =m+ i1 gives a left-over.

Case IIB2aii: [ +i,41 = j + ;-1 and z = 2. This is the case
such that j + i; is to the left of [ +i,41. Using £ — j < j,
we have k — j = i, —i,_1. Also from z = 2 it follows that
04+ig=k+i_o=1+1, =m-+i9g and m — [ = k. Hence
'iz+2 —iz+1 = m—l—j = k—] and then iz+3 —iz+2 =_7 In
general, we have i,45 —i,4,—1 is k—j if z is even and j if x is
odd. Because Q2 —z = a is odd, we have i; —i;_; = k— j and
it—l —it_g = j Because iz+3 —iz+2 = iz+2 —iz, iz+2 —iz =j
and then 0 +i,42 = j + i, = k + 41, a contradiction.

Case IIB2b: [ + i,42 = m +4,_1. Same as the case IIIB1ai, we have
I+i,p 1 #k+is 1.
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Case 1IB2bi: k + i;_; is to the left of [ +i,,1. Note 2 < 5
in this case.

Case IIB2bil: Assume j+i; = m+1; is to the right of
l+’iz+1- Then we have k+4;_1 = m+14,_5 and l+iz+1 =
m + i, 3. Since 4,49 — 4, 1 = j, we obtain m — [ = 3j.
But £ —j < m —1 follows that m — I > 3j, a contradiction.

Case I1IB2bi2: Assume j + iy = m +4; is to the left of
l+i,41 and to the right of k +4; 1. Then k + 141 =
m+i, oandl+i,41 = j+i; 1. In this case, z = 4. Note
that k—j = i, —i1 > 2j implies that 0+4; = m+ig is to the
left of j+4;—1 = l+i,41. Hence iyqo—i,qp1 =m—1—j > j.
Hence j + i,41 can’t cancel up with 0 4+ i,42. Of course,
j + iz41 can’t cancel down with k + ia, SO j + i,41 is a
left-over.

Case IIB2bi3 Assume j + i; = m + i; is to the left
of kK +4;_1. Then k + ¢;_, must be a left-over because
0+ it =m+ io.

Case 1IB2bii: k£ +i;—1 is to the right of [ +i,;1. If j + 4,
is to the left of [ +i,41, then I + 4,1 must be a left-over. If

J + 4 is to the right of | + 4,41 and to the left of k + i;—1,

then k + i;_1 must be a left-over because 0 +4; = m + 4. If

j 41 is to the right of k444 1, thenl 44,1 =m+i, o and

k+ii1=m+1i, 3. Sok—j=1i,—1i, <m—1Ifollows that

m — 1 > 3j, it contradicts tom — 1 =i,41 — i1 = 2j.

Case IIB2c: [+ i,00 =m+i, 2, k+i; 1 =m+1i, 1. We obtain

z > 4 because j+i; = m+i;. Using m—k = 441 — i, 1
and m — k = 44 — i,, we have iy —i4;_1 =i, —i,_1 < j. Since
m-—1= Togo — Gy = lz40 —bpp1 +2J andm—1= Tz43 — G241,
we have i,43 — i,42 = 2.
If 2 = 4, then j +t = m + i1 must be to the left of I + i, 41,
moreover, | +i,y1 = j+4;—1. Hence k —j = (m +i,-1) — (I +
iz41)=m—1—jand thusm—1=k. Thenl+i9 =0+ 142 =
k+i¢—4. Using 35 < m—Il =k < 4jand i,y3—i,42 = 2j, we have
that either ¢;_o—i;_3 = 25 or j < 4z_2—1¢—3 < 2j. In both cases,
we have [ +ig =0+ 4, o =k + 44 # j + i;_3. Hence we have
a left-over, a contradiction. If z = 5, then [ +i,41 =m+1i,_ 3 is
to the left of j + iy =m +1i1. Som —1=3j and i 49 —i,41 =
iy—2 —iy_3 = j. Bach i, — i, for any © > z + 2 is either j or
2j. In particular, iy — 4;—1 = 27 because t is even. This shows
that oneof m+i; =l+is=j+i;and m+ig=101+1i3 =0+ 14
gives a left-over, a contradiction.

Case III: Q =t—1and Q = 2 + 2.
In this case, [+, = k+iz41, 0+iyq41 = l+ig, and I+i— 1 = m+iy_y (I+ip—1
can’t cancel up with j + i; because j + i =m+i1). Hence 0+ iy00 =5+ 1,1
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and m —1 = j. All I’s below row z — 1 are canceled with m’s. Then we have
k+ii—1 = l4+i;—o. Becausel—k < j,z=3and j+i; = k+i, = l+i,-1 = m+i,_2
(in this case, t = 6 and z = 3). Otherwise j + i, = [ + i2 = m + i1 gives a
left-over, a contradiction. Hence | — k = j/3 and k — j = 45/3. Therefore
k+1i, 1 =k+i- is a left-over, a contradiction.

8.7 Case 2.1/4:

Here we assume t > y and z > 0. Otherwise all shifts are the same and
this has been dealt with producing polynomial exceptions 4 and 9. If y > =z,
then j < dy41 —dy =m—1lbut j =iy, —d,_ 1 >m—1. If y < 2—2, then
M >0 =0 —t,+%; =91+ 91 — byt Flyp1 —ly+iy—to > —k+m—1+
(i2-1 —iy41) +J +k — j > m. So we can conclude that y = z — 1.

We consider what cancels with 0+4,. Since t > z+ 1, Lemma 7.1 gives that
it cannot cancel with an m. It cannot cancel with an j because iy41 — iy > j in
subcase 4.

Case I: 0+i, =1 +i,4.

Since i,41 — iy = m — [, Lemma 7.3 gives that « = 0, 4 = i,4+1 = m and
we get | — k =m — 1. We also have that j +i, =141, 0+ 4,41 = m + 49 and
J+ 1,41 = m+i1. We now consider what cancels with k& 4+ i;. We know that
j+i, =144 >k+i >k+i9=7+1i,—1. Thus it can only be in the same
column as 0+, =l 4+ 49 or 0+ i,4.1 = m + ip, and thus it is left-over. This
implies that ¢/2 < 1 since left-over k’s must be in the top half of the diagram.
But this implies that y = 0 which cannot happen.

Case II: 0+, =k + i4.

Case ITA: a > 2. We consider k+ ;. Since j+i, >0+, > k+i1 > k+ig =
j+i,-1 > 0414, it cannot cancel up. Thus it must cancel down or be
left-over. Again if it is left over then ¢ = 2 which is incompatible with
t>z+landy >1. If k+4; =1l+ig,then m > 044,41 =0+i,+m—1I1=
k+igo+m—1>k+ii+m—1=1+ig+m—1 =m which is a contradiction.
Ifk+ir=m+ig,thenm>0+i,=k+iy,>k+i1=m+ig=misa
contradiction.

Case IIB: a = 1. We start with two cases depending on the size of y.

Case IIB1: y = 1. We consider the relative positions of j + i, and 0 +
Tpt1-

Case IIBla: 0+ i,41 < j+i,. First notethat m—1=1i,,1 -1, <
j. If 044,41 = m+ig then ¢t = 3 which violates parity. k4142 =
k+i, >j4+i; >04+4,41 >0+4+4, =k +i1. So we must
have 0 + i,41 =1l +1ig, f# = 0,1. If 5 = 1 then 0 + i3 =
l+i =1+4+1iy—2j = k+ i —2j = 0+ iy which implies the
contradiction that ¢t = 3. So 8 =0 and 0+ i,41 = [ + ip and
by Lemma 7.3 and parity we have that t = z + 2 = 4. We
have 0 +i4y = m +ip < J+iz = I+ andj+i4 =m++ 1.
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We can account for the cancellation of everything except j + iz,
k + i and k + i3. No pair of these can cancel which produces a
contradiction.

Case IIB1b: 0 +i,41 = j +i,. Here we have m — [ = j and thus
j+iy = k+i;_1 = m+i1 and nothing else cancels in this column.
So one of these (the k or the m) must be left-over. Since ¢ > 4,
we have 0+ i =5+ 41 = k+44_2 =1+ 43 = m + i but none
of these can be left-over.

Case IIB1c: 0+ 4,41 > j+i,. Inthiscasem -1 =14,41 — i, > j.
We ask what j+is cancels with. It must cancel down. If it cancels
down with an m then m >4, =044 >0+ i,41 > 7 +i2 > m.
Ifj4+is=I0+4+i,thenl—k=j=m-0DEt—2)>j{t—2)>7,
a contradiction. So j +iy =1+14g. If t > 2+ 2 then m > iy =
04+ =0+4_1+m—I>j+ic+m—-Il=l+ig+m—-1=m.
Finally if t < 24+ 1 = 3 we get an immediate contradiction.

Case I1IB2: y > 2. We have j + i, = k + i2. We consider 0 + i,41.
If 04+ 4¢,41 = m + 4, then Lemma 7.1 gives that ¢; = .41 = m
andm—Il=10l—-k Nowm—-k=m—-1l+1—k =2(m—1) and
m—Il=ti,1—i,=m—(k+j)=m—-k—j=2m-=101)—j
implying that m —l =1—-k =j. So0+i, = k+ i1 =1+ i and
O4iy41=Jj+14, =k+ia =144 = m + ip but we cannot have a
left-over in both of these.

So we can break into three cases.

Case IIB2i: 0+ i,41 =1 +ig. Lemma 7.3 gives that either t = 2+
lorf=0and t =2z + 2.
In the first case m —l =l —kand | —0 = i, —ig =1 —
k+2j+ (y—B)j and since k = j(y + 1), we get 3 = 1. Also
m—I1<i,—1i, 1 = 25. We now consider [ +iq. If it cancels it can
only cancel up with a k. If it cancels up with k¥ 44, with v >3
then each of the three cases v >3,y =z2=3 andy=3 < 2
gives that 2 > m —1 =1 —k = iy —i9 > 3j. Therefore we
can conclude that ! 4 i is left-over. Now m + 4, must cancel
up and the only available cancellation is m + iy = k +4,. This
gives that m — 1 =1 — k = j. We know the left-over is | + i¢ but
0+is=j+1i,=k+is =141 = m+ip ans so something must
cancel in this column too. Thus fh = g cannot be a trinomial.
In the later case we have 0 + 4,11 =1+ ip and iy = i,42 = m.
We can calculate that [ —k =2(m —1),l-0=m—1+2j+k—j
and thus m — [ = j This givesl = k+2j, m = k+3j. The GCD
condition givesthat j =1, k=y+1,l=y+3 and m =y + 4.
Ify>3 Ify>3thenk+i, =101+i,_1 = m+i, o and
O04iz42 =7 +is41 =k+i3+1+4i1 = m+ip. But both of these
columns cannot have a left-over. We can therefore conclude that
y = 2 which implies the parity contradiction that ¢ = 5.
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Case IIB2ii: 0 +4,41 =k +ig. Since 2j =i, —i,_1 > m —1 we

get that if § = z then m — [ = 2j. Similarly if y > 8 > 3, then
m—1>2jandm—1=2j. Thusm+i, 1 =1+1i, =k+1i
is left-over. The GCD condition now gives that j = 1. We
consider m + i, _o. It is not left-over and must cancel up. But
k+i,=1+1i,>m~+i,_o>1+1i,_1 = k+i;_1 so it must cancel
up with a 0 or j in row t.
If with a 0 then m+1i,_5 = m+i9 = 0414, and j+1i; has nowhere
to cancel. So m + i,_2 = j + i;. This implies that k =2, z = 2.
Now 044y = k+44—1 = [ +14,_1 but these are not left-over which
is a contradiction.

Case IIB2iii: 0+ 4,41 =7 +4,. If it cancels with j + i, = k + iz
then there is either something else in the column or k + iy is
left-over. In the former it must be an | and we are in Case 11B2i.
Thus &+ isis left-over and ¢t < 4. Considering that ¢t >z >y >0
we see that ¢ = 4 and also that m—[ = [—k = j. This gives fh =
1+z+2+2t +2°) 1+ z+ 22+ 2 +2°) = 1 +at +25 + 28+ 210
is not trinomial.

8.8 Case 2.1/5:
If 2 # 0, then

m = m-0D+({—-k)+k
< iz —iz1) + (g —iz) + iy
= iy —ia1 iy
< m—iy1 + iy

Thus i,—; <14, where equality holds if and only if i, =m and
iz—iz_l =m-1.

We observe that if equality holds, then we are also in Subcase 1.1/4 where the
role of z is played by z + 1.

The condition z # 0 is irrelevant since if z = 0 then all shifts are m — [, a
situation already considered. We conclude that z — 1 < y.

Since iy —i, 1 =m—Ilforz+1<zx<tandiz—i, 1 =jforl <z <y-1,
if z4+ 1 <y — 1 then all shifts are j = m — I, contradicting ¢, — iy_1 < j. Thus
we take z — 1 <y < z 4+ 1. This completes the proof of the bounds on y.

Assume y = 2+ 1. Nowm -1l =i,41 —i;, =iy —iy_1 < j. Also, 0+ =
(0+idy) + (i —iz) + (b2 —iy) = k+ (I — k) — (m — 1) <1+1ip. That is, 0+ i,
is strictly to the right of all I’s and m’s. What happens to j +4,_1? It cancels
up or down. Because j + i, < j + 4,41 = k + i1, we consider the following two
subcases.

Case I: j 4+ i, cancels down. If { > y+1, then since ¢y 1 — iy = i,40 =941 =
m—I < j,04+iy41 < j+iy and hence 0+iy41 < k+4; and cannot cancel any k and
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from above, it cannot cancel any ! or m. Therefore i,41 cannot exist and y = t.
Note that m—1 = i,41 —i, = l—k and hence 2(m—1) = (m—-0)+(—k) = m—k.

Case TA: j+ i, =m+ig. Then [ + ig is left-over. If i, —i,_; = m — [ then
m — [ = j, a contradiction. Thus if k + i, cancels down, then since
iy —i,—1 >m—1=10—k, it does not cancel any /. So for some a > 0,
k+i, =m+i, and m —k = i, — i, is a multiple of j. Since j+i; = k+ 1,
and j + i, < j +iy41, we get that m — k < j which is a contradiction.
Therefore k + i, cancels up. Since the top j’s and 0’s are accounted for,
z=1,y =t=2. Thus f(z) = 2°+2° +2*+2%+1 and we have polynomial
exception 5.

Case IB: j+i, =1+ 1i. Now k =iy = (iy —iy—1) + (iy—1) = (= k) + (1 — ),
since iy —i, 1 = l—k. Hence j = 2(I—k) = 2(m—1) = m—k. Furthermore,
m+ig=(m—k)+k=j+k==k+ii(=j+is). The left-over must be
in this column. Now [ + 4; must cancel and it can only cancel up with a
k. So iz — iy cannot be j = 2(I — k), so 2 = y = ¢t. We may deduce that
h(z) = 23 + 22 + 1 and f(z) = 2° + 2* + 23 + 22 + 1 which is polynomial
exception 1.

Case II: j + i, cancels up. Then j+iy_1 = 04 iypq and j = 4,40 — i, =
2(m —=1).

Case ITA: ¢t > y + 2. Consider k + iy = j + 4y = 0+ iy42. Now either k +4;
is left-over and thus ¢t = 2 (because a left-over k must be in the top t/2
rows) or k + i3 = {l or m} + io. However ¢t > y + 2 > 4 so it must be the
latter. We have [ +ig > 0+t > 04 iy42 = k4141 so no [ or m is available
for k + 41 to cancel with, a contradiction.

Case IIB: t=y+ 1. Since j =2(m —1) =4, —i, =1l -k, l+io=k+j =
k+i1(=j+1iy), sol+ g is left-over. Now m +ig = (I +1o) + (m —1) =
(4 +iy) + (it —9¢—1) = j + 4. We must have m +i,_1 = k + iy, or else
one of these will be stranded. Now we deduce l +i, 1 =k +i,. If 2 > 3,
then m + i,_» is stranded since everything above it is accounted except
k + i,—1 which is too far right since m — k > j. So z = 0,1, or 2. The
subcase z = 0 implies every shift is m — [ which was dealt with earlier.
The case z = 1 implies y = 2, ¢ = 3, but ¢ must be even. Thus we may
take z = 2,y = 3,t = 4. Now f(z) = 2% + 27 + 2° + 22 + 1 which is
polynomial exception 17.

Assume y = z. We have 0+4; = (0+4y) + (3¢ — i)+ (i, —4y) =k+({—-k)+0=
I +1p. Either j +i,_; cancels up (and hence 4441 —iy—1 = j) or it cancels down
with the { or m from 4 and hence iy41 — éy—1 < j. In the latter case t = y or
t=y+1. Notem—1 =111 —1i, <iyy1 —iy_1 < j. We divide into cases based
on t relative to z.

Case I: t = z + 1. From z = y > 2, we deduce ¢t > 3. Since ¢ must even, t > 4
and y = z must be odd. Soy =2z = 3.
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We easily deduce that m — 1 = iy — 441 = iy — i, = | — k. Therefore
2(m —1) = (m—1)+ (I —k) = m — k. The only possible term with which
m + i, 1 may cancel is k + i,. As well, k + ¢, must cancel down since the
7,0 from rows 44,4, 1 = i, are accounted for. Hence we break into subcases as
follows:

Case IA: m+i,_1 =k+i,. Here2(m—1)=m—k =i, —i,_1 < j. The term
[ +1i,_1 has nothing above it with which to cancel. If [+, 1 =m+1i, o
then m — 1l =i, 1 —i, o =iy 1 —iy o =j > 2(m — 1) which is absurd.
If I +i, 1 cancels with an even lower m, say m + i, 4, then (a —1)j =
m — | < j, which is a contradiction. We conclude that [ + i, 1 must be
left-over. Now we require k& +i,_1 = m +i,_» or else one of these will be
stranded, leaving too many left-over terms. Thus m—k =i, 1 —i, 2 =J
contradicting with above.

Case IB: m + i, is left-over, [ +i,_1 =k +i,. We must have k +i,_1 =
m+i,_o or else one of these will be stranded. Thus m—k =i,_1—i,_2 = j.
Hence m+ig = k+141 = j +1i—1 # 0+14; and we have an “extra” left-over
here, a contradiction.

Case IC: m +i,_; is left-over, [ +i,_1 # k +1i,. We must have k+i, = m+
i,_o or else one of these will be left-over. Now j =i, 1 —i, o = (m —
k) — (i, —i,_1) <m —k =2(m —1). What happens tol +i, 1?7 It has
nothing to cancel with unless 0 < z—1 < 1,ie. 1 < 2z < 2. However,
z =y > 2 must be odd. Thus this subcase falls.

Case II: t = 2 4 2. We have, from before, that j +iy,_1 = 0 +4,41. Consider
Jj+i.+1- It cannot cancel up since 0+4; is accounted for. Either it cancels down
with m + 4o or with some k +1, for a > 2. However j+i,.1 =j+(m—1)+i, =
m-D+k+i1<j+k+i.

Case ITA: y > 2. In this subcase, j + 41 =250 j +i,41 < k+ 12 < k+iq4
for a > 2. Thus j + 4,41 = m +149- We have I = (iy —i,41) + 201 =
(m — 1)+ (m — j) and we may deduce j = 2(m — 1) = | — k. Hence
i,=k=1l—jsok+i =j+1i, =1+ i9 =0+ i;. Therefore we have the
left-over in the column with k + iy = (k+ j) + i1 =1+ 141 = j + 4y.
The term 0+ .41 must cancel with j 414, 1 because all other possibilities
(lower j’s and [ or k from 4 or 41) are impossible. Hence 2(m—1) =1—k =
j=tsy1—tzm1=(m—1)+1i,—4,—1 and s0 i, —i,—1 = m — . Therefore
there is an extra left-over in the column with m +é,_1 =1+, = k + iy,
a contradiction.

Case IIB: y = 2. Clearly t = 4. We have j +i4 =1 +4; and j + 41 = 0 + i3.
When we draw the box diagram, there are five terms unaccounted for (of
which four must cancel with each other): m+ig, m+1i1, k+iz, k+is, j +is3.

Case IIB1: j+i3=m+i9. Now k—j = i3 — i1 < j. So k +i3 =
(k=N+@+i3)<j+m=m+i;. Hence m+1iy > k+i3 >k + s
so we cannot complete the required cancellations.
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Case IIB2: j +i3 #Zm +ig. Since iz — iy = (m—=1)+(k—j) <m —j,
j +1i3 #m +i; and so we must have k — j = i3 — i = m — [. Since
i3 — 11 = 7 — 0 < m — k we cannot have m + ¢; = k + i3. This forces
the left-over to be m + 1. Hence m +ig =k +i3(=j +i4a =1+ 41).
However, now m — [ = i1 — ig = j, contrary to earlier work.

Case III: t > 2 + 3.

Consider 0 4+ iy41 < i =1+ 1i9 < {I,m} + i, for a > 0 and 0+ i,41 =
(m—-10)+i,<j+i, =k+14 and we see that 0 +i,11 = j + i,—1 because all
other options are accounted for or impossible.

Since 4,42 is not the top row, 0 +i,12 < 0+ i =1+ i < {I,m} + iy for
a>0. Also, 0+ i,y =(m—1)+i,41 < j+i,p1. Hence 0+ i,40 = k+ i,
fora>2. (If a=1,then 044,40 =k+14 = j+i, and so k + 41 must be
left-over and 2 < y < t = 2.) That is, tq = i,00 — k = i,42 — i, = 2(m — ).
HOWGVGI“, ia Z i2 = (lg - 11) + il = (l2 - 21) +j > (12 - 11) + (m - l) We
deduce iz —i; < m —1, but no shift is less than m —{ in 2.1/5 with y = z, thus
a contradiction.

Assume y = z—1. Similarly to the above, 0+i; = (0+iy)+ (i —i2)+ (i. —iy) =
k+{—k)+ (m—=1) =m+ip since i, —i,_1 = m — [ from Equation 25. So
i¢ = m,i;_1 = l. Also, we conclude that I +i, = m +i,_1 = k + i and so
the left-over must be in this column. Also, [ +i,_1 = (m +i,-1) —(m —1) =
(k+ip) — (g —ig1) =k +ig—1. Now j+iy 1 < j+iy=k+i <{k,[,m}+i,
for @ > 1. Since m, [, k in iy are accounted for, and since the left-over is already
determined, j + ¢y—; must cancel up. If j +iy_y = 0+ i, for @ > y + 1,
then 0+ 4y41 < 044 = j +4y—1 50 0 + iy41 cannot cancel with anything, a
contradiction. Thus j + iy—_1 = 0+ iy41. In particular, j = (iy41 — iy) + (iy —
Z'yfl) = (m - l) + (Zy - iyfl) >m —1.

Consider k+i; 5 which cannot cancel up since these 0’s and j’s are accounted
for and the left-over is already fixed and to the left of k+i; 5. This k also cannot
be one of k + iy or k + ¢, since these cancel with row ¢y < 4;_».

Case I: k+i;—» <m+iy_1. Here m +4,_; is in danger of being stranded so
we would actually need y —1 < 1 which implies 2 < y < 2 which further implies
y = 2 and z = 3. But there is nothing lower remaining to actually cancel
k + i;—2, so we have a contradiction.

Case II: k +i;_2 > m+iy_1. We require k 4+ t¢_o = m 414y or else k + i;_»
has nothing below with which to cancel. Hence m — k = iy_p —iy—1 = (iy —
iy) — (ig — 44—2) + (iy — iy—1) = (m — k) — 2(m — 1) + (iy — iy—1) implying
2(m —1) = (iy — iy—1) < j. Therefore j = (iy41 — iy) + (iy — iy—1) = (M —
D+2m—1) =3(m—=1). So0+4is41 = (lg41 —z) + (i —iz-1) + i1 =
2m -+ iy < j+iy =k +i1 < {k,I,m} + i, for « > 1 and m,l, k in rows
i1 and ip are taken unless 2 +1 = tort — 1. Since 0+ i,41 < j + 4, and
O+4,41 > 044, = j+iy_1, then 0+ i,y cannot cancel with any j. Since
0 + i, is already taken, 0 + i, # [ + 49 = 0+ 4;_1. Therefore z # t — 1 and
z+1=t—1impliest =2+2. Thusm—k =14 —iy, =3(m—-1) =j =1
implying k+i1 =m +ig =0+ 14 :j+iy.
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Ify>3,thenis —is =j=m—Fksok+i2=m+1i =j+ i with no room
for an [ or 0. This triple cancellation contradiction proves 2 < y < 2. Hence
y =2,z =3,t =25, but { must be even. This final contradiction concludes this
subcase.

8.9 Case 2.3/4:

Ify <z—2theni; > 44 —i,+i,—i,—o+i,_o—ty+iy—io > l—k+m—I+j+k—j=
m gives a contradiction. Now suppose that y > z. Then if = z — 1 then
j=dzqp1—t,=m+lbut j =4, —i, 1 <m-—-10 IfQ>z—-1>0 then
2] =td,41 —t, 1 =m—1lbut 2j =i, —i, o >m —1 gives a contradiction. The
only remaining cases to check are 2 > z —1and 2 =1,0. If z =0 then [ +;
has nothing to cancel with since all & j and O are to its right, all the m are to
the left. If 2 = 1 and © > 0 then y > 2 and it can easily be verified that all
shifts are either j or 2j. In particular m —1 = 2j and [ — k = i; — i, is a multiple
of j. The GCD condition now gives that j = 1 and since 4,41 — iy is the first
shift strictly larger than j we have that Q =y — 1. [ 4 ip must cancel up with a
k,jor0. But k+i; =1+41,l+91 =1+1i0+jand unless t =y, iy — 441 = 2j
so all remaining k, j and 0 are to the right of I + ig.

Ift=y,thenj=1Lk=y+1l-k=y—-1,1=2y,and m =2y + 2. If
t > 2 then k + 41 has nothing to cancel with and so ¢t = 2. This is polynomial
exception 7.

From now on we can assume z — 2 < y < z. Also we know that that the
left-overs are two m’s to the left of [ + 4, and the 0 +iy. We use this frequently
to derive contradictions from £’s or I’s having nowhere to cancel.

8.9.1 Assume y=1=z

First 4, =4y —i, +i, —io=1—k+k — j =1 — j so the bottom [ cancels with
the top j

fQ>2z—1>0then2j =4, —i, o >m—Ilbutm—10>i, —i,_1 > 2j.
IfQ>2—1=0thenk=2j. f Q<t—1then iz —i;—y =m—1> 25 and
so 0 + i¢ cannot cancel with any k or j. Neither with m nor [ since m + ig >
l+ip=74+4 >0+4. SoQ =t—1and 0+i,41 = k + i, is forced, so
igp1—lz=k=2jandm—1l=1i,41—i,—1 =3jand so iz —ip 1 =m—1—5>j
ifrisevenand jifzisodd, 1 <z <t So0+i; =k+14_1 and m —1 = 3j.
l—j =1 —i0=(t/2)(m —1) = 35t/2 and thus all m, [, k are multiples of j so
j=1k=2,1=(3t/2+1) and m = (3t/2 + 4). Thus

f = 1+z+22+2m™ 3 42™
= (I+z+2°)(1+2"3+2m7?)
h = 1+2)+@+2)+---+ @™ " +2m % £ 2m 1
fh=g = 1+2*™ 6421
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where m = 1 mod 3. This is the only infinite family of exceptions and all these
f are reducible so not primitive. Exceptions 10, 22 and 24 are members of this
family.

Thus we can now assume that Q@ = 2 —1, i, — 4, 1 = m —1 > j for
z4+1<zx<ti,—i, 1 <m-—landif z>2then 2j =14, —i, o >m—1.

If z = 1 then we condition on the size of m — [ with respect to j. k + i1
must cancel with 0+ i, since everything else in i; and ig is accounted for. Thus
m —1 =27 then | — k = 2(¢t — 2)j and the GCD condition gives j = 1, k = 2,
I=2(t—2+4+1)=2tand m = 2(t+1). j + 4> must cancel down with [ + ¢; since
l+ig=74+14. Sod=j+1is =1+1i9 =1 This gives

f = 1+z+224+2*+28
= l+z+2°
fh=g = 1+2%5+2°

Which is polynomial exception 6.
Finally if z > 1, then 2j > m —1> j. So k4141 > 0+44y41 and 0 +iy41 must
cancel down with an m or an . However 0+iy41 < j+i; = l4+io < {m,I}+i Vo

8.9.2 Assumey=2z-1

First, ¢, —i,_1 = 4yq1 — 4y <m—land i, —i, 2 =49, —4,_1+J >m—1L
IfQ=2z—1theni, —i,_ 1 <m-—1land if Q > 2—1then i, —i, 1 <
iz41 — i1 =m —1 so in either case m — 1 > j. Also since i, —i, 1 < m —1,
=0 —lg=19t —ty+iy—ty1+i1—to<Il—k+m-Il+k—j=m-—j
We condition on what 0 + 7, will cancel down with. If 0 + i, = m + i, then
Lemma 7.1 implies that 4; = i,, but this contradicts the fact that t > z. If
0+4, =1+ iy Then Lemma 7.3 gives that ¢ < z + 2 and if equality is achieved
then 4y = i,42 = m, which contradicts iy < m —j. So it = i,41. f @ > 0
then I +ig =k +1ig, 8 > 1. If 8 > 1 then k + 41 has nothing, up nor down, to
cancel with. So f=1landl—k =j <m —1 gives that Q = 2, 1,41 — i, = J,
iz — 1,1 =m—1[—j and all other shifts are by j. Som —1 =i, —i,_o >m—1
So we may conclude that & = 0. If ] — k > j then k + 4; has nothing to cancel
with since 0 +4, > k 4+ ¢ > j +1iy. We also consider where k + i1 cancels when
l—k < j. It can only cancel down with m +14¢ but this contradicts the fact that
m —1[ > j. So it must cancel up. Since j +1i, > k+141 > j +i,_1 it must cancel
with 0+ i,41. Now i1 =k +j,l—k=ti,01—i,=k+j—landl —k=j/2.
Nowm —1l =i,y1 —i, 0ri,pq —iy, 1 som—1=j5/2or 25 In either case j/2
divides k, | and m so the GCD condition gives that j =2. f m — [ =j/2=1
then i, — i, ; < m — [ is impossible. Otherwise j =2,k =2y + 2,1 =2y + 3,
m=2y+7and Q =2 Ify>2then j+i; =j+i,q01 =k+ix < k+i3and
m+i9 =1+1iy < k+1i3 < m+ 14 sok + i3 has nothing to cancel with. This
implies that y = 1,2. The former is impossible because t = z + 1 = y + 2 must
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be even. We get

= 1+22+25+27 + 2
1+22+2*+ 27 + 28
1+ 2 + 219,

Q@ >
Il

fh=

This is polynomial exception 23.

So we may finally assume that 0+i, =k +i,. f @« > 1 then k414, =1+ g
and j=l—-k. Ift>z2z4+20ort=z4+1land Q=z—1thenl—-k>m—1>j.
Sot=z+4+1,i,01—0,=75,Q=z,andm—1l=t,41 —iy1 =iy —i,2>m—1

Now we may assume that 0 + i, = k + i; and therefore that i, —i,_; = 2j.
If y = 1 then j 4+ i2 could cancel down with an m or [ and up with a 0. If j + o
cancels with an m, then since j + i = m + 4y, ¢ = 2 and this j cancels with
bottom m. But then z <1 and so y < 0.

Ifj+io=10+i, and a =1 then 0+ iy = k + 41 =1 + 99 and so one is not
canceled. If j+iy = [+ig then | —k = 2j and m+ip = m~+i,_o < l+i, =1+3j
som—1<3j. i,41—i, <it—iy=10—k =27 and so 0+ i,4; will have nothing
to cancel with. Thus j+14, must cancel up with 0+44. If @ > 241 then 044,41
must cancel down with anlandl—k < 2j. If t—2 > z+1, then Lemma 7.3 gives
m = i, contrary to m — j = 4;. Thus ¢ < 2z + 2 and parity givest =z +2 =4
and this gives that | — k = j which leaves one of 0 + 14, = k+iy, =1+ 4
left-over. Thus j+i, =0+44,41 and m —1 = 4,41 — i, = j, which is impossible
Or iy41 —iz—1 = 3j. Now m + i,_o = [ + i, which is not permitted.

Thus y > 1 and j + i, = k + ia. Now we condition on where the 0 + 4,41
cancels. If with an m the Lemma 7.1 tells us that t = z + 1, i,41 = m but
iy < M.

If0+i,41 =1+ 1iq. Lemma 7.3 gives that t < 2+ 2. If t = z + 1 then
l—k=i,01—i,=1+aj—(y+2)j,a=1and [ + ip must cancel up with a
k+ig, 8>3 Thusm—-I>1—-k>3jbut3j=i,—i,_2>m—1L

Ift=2+4+2,i,00 =0, +l—k=I1+jandi, 1 =l+aj. Soa=0,i,402 =1+7,
i,+1 =l and we have 044,49 = j+i.41 = [+i; but none of these can be left-over
so there must be m + g or k + ig to cancel with. If the m then j =m —1> j.
If j+i,41 = k +ip then j divides | — k and so all shifts are divisible by j and
this implies that m — [ is divisible by 5 so j = 1 but then it is impossible that
m+z—2=m+(2—2)j = m+i,_o—iog =m+i,—2 <l+i, <m+i,—1 =m+z—1.

Finally, if 0 + 4,41 = k 4+ i, with @ > 3 and y > 2 then k + i3 cancels down
with an [ or an m. If an m then 0+ 4,41 > k+4d3 > m. So k +1i3 =l +ig with
=012 Butl—k=14—i,>i,y1—%,>3jandl—k=1i3—ig = (3—)j so
l—k=3j,a=4and 0+ i,41 =+ and this case has been previously dealt
with.

IfO0+i,p1=k+isandy=2,thenk=3j,i, =4j,i,41 =7j. HQ=2-1
then m — 1 = 3j and m +i,_» = [ + i, which is a contradiction. If Q > 2 then
m—1=25j and m+14,_2 > 1+ 1, which is a contradiction.

So00+i,41 =k+izandy > 3. We have 0+4,41 = k+3j and i,41 —1, = 25.
But i, —i,_2 =3j >m —1. Hence 2 # z—1. Thus m+i,_1 =1+ 4,41 and
som—1I=4j. Thenm+i, o,m+i, 3, m+i,_4>1+1i, 1 sothese m’s must
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cancel up with a 0, j, or k. But 44 < m — j implies these three m’s must cancel
with k’s. However iy — i;_o > m — [, so at most k + i;_; is available to cancel
these m’s, so we have a contradiction.

8.9.3 Assumey=2z-2

First m —1 < i, —i,c0o =m—1+0, m > i —i, +6, — iy +9y —ig =
l—-k+m—-Il+d+k—j=m+J—jand 6 < j. We will first condition on
what m 414, cancels up with. Lemma 7.2 precludes the possibility of it canceling
up with a j or a 0 except j + ;. We will also examine what 0 + ¢y41 cancels
with. Lemma 7.1 and fact that ¢ > z + 1 imply that it cannot cancel with an
m. Lemma 7.3 shows that if it cancels with an [ then i,41 =i, =m, i,_1 =1,
Q=t—1=zand § =j.
Case I: m+ iy =1+ iq.

Since l +4, >m +i, wehavethat a =y+1=2—-1,%,1 —i,_0 =m —
and i, —i,—1 = § < j. We now condition on what cancels with 0 +4,_;.

Case IA: 0+i,-1 =1+1ip. Recallthat i,41 =it =m,i,_1 =1, Q=t—-1=12%
and § = j. Sincey > 1, j+i,-1 =1 +i;. Since j+i, o < k+1i; <
Il +41 = j+iyp1 = 044, the only thing that can cancel with k + 4; is
m+ig. In this case m — k = j which contradicts fact that m—k > m—1[ =
lop1 —lz+ 1, —1 21 > .

Case IB: 0+, 1 =k +i,. If @ > 1 then k + 4, must cancel down with [ + ¢
or m —ig. If m then we calculate that i,_; — 49 > m which is impossible.
If k441 =1+ig then m > iy > Tag1 > m—Il+i, 1 =m—I+k—0+i, =
m—1l+k+ (a—1)j+1—k > m, which is a contradiction.

Soa=1landi,_ 1 =k+j,i,_0 =k—jand m—1 = 2j5. We break into
two cases:

Case IB1: y=1. We have y = 1, k = 2j, m — [ = 2j. Where does
j + 4,1 cancel. If it cancels down to [ + 41 then [ + 49 = 0+ i,
and by Lemma 7.3 we get that ¢ = 5 which violates t’s parity. If
j+i,—1 =m+ig then [ = k which is not allowed. If j+i,_1 =+ 1ig
then | = 45, m = 6j, j = 1 and consider what 0 + ¢, cancels with.
This forces i, = m but t > z.

So this j cancels up, j +49.—1 =044, 8> 2. If B > 2 then 0+,
must cancel down. Lemma 7.1 shows that it must cancel down with
an /. If 044, = [+, then [4+ig has nothing to cancel. If 0+i, = [+1ig
then i, = I. No matter the value of 2, i,41 —i,_1 > j and there is
Il00+7zﬂ :j+izfl.

Thus we may assume that j+i, 1 =0+i, =4j. k+i; =1+,
implies that 0+ ¢ =1l —k+1i, =1—2j+ 45 =1+ 2j = m. We have
j+is =m+1iy =1+41i,_1, but none of these are left-over so we must
havea k+ig =j+i, 2 < B <t. Thefact that iy —¢z_ o >m -1l =k
forces =t —1and iy —i;—1 = k — j = j which in turn implies that
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Q=t—1. Also, 44_1 —tg—o =m—1—j = j S0 iy —iy_1 = j for all
z+ 1 <z <t. The fact that 0+ i,41 < k + i, but still must cancel
means that 0+ 4,11 = m+1ig, [ +141 or [ +4g. In the former two cases
l 4+ 49 has nothing to cancel with. In the latter all m = 75, [ and k
are divisible by j and we have

f = l+z+2>+2°+27
h = 1+z+28+2* +2°+ 25 +427
fh=g = 1+ 2 4 2t

which is polynomial exception 12.

Case IB2: y > 1, j+i,_; = k+is. We ask what 0 + i, cancels down
with. Lemma 7.1 gives the contradiction of t =z if 0+, = m + i4.
If0+i, =1+i3,0< B <z—1. Lemma 7.3 gives that t < z+2. We
split into three cases

Case IB2a: 0+, =1+ 1ig and t = 24+ 2. From Lemma 7.3 we get
that 4,400 = m, G,y —t, = m—-I1l=1—-k =25, 041, =
I+ i, @ = z+ 1. From this we obtain that j = 1. Now
k+i,41 =1 +i,-1 = m+i,_2 but none of these is left-over
S0 j+iz42 = k+i,41 and by Lemma 7.2, y = 1. But this gives ¢
an odd parity and contradicts the assumption of Case IB2 that
y> 1

Case IB2b: 0+i, =l+igandt=2z+1. fQ =2—1theni, 4 —

i, =m—1=1—k =25 and Lemma 7.3 gives that 0+, = [ +1o.
The GCD condition gives that j =1, k =y + 1,1 =y + 3 and
m = y + 5. Recall since 2z —2 =y > 1 then m + i, 4 is well
defined and m+i,_4 =1l+i,_5 = k+1i,_1 but none are left-over.
Recall that j+i, =1+41. Som+i,-4 =J + iy41, 0r 0+ i 41.
Ifm+i,_4=0+i,41 then t = 2+ 1 = 5 which violates parity.
Som+i, 4=j+i,41 and Lemma 7.2 gives j =1, k=4,1=6
and m = 8 but then 0 + 4,41 has nothing to cancel with.
Q=2 0+i, =1+ig and § > 0 then the fact that | — k <
m — 1 = 2j gives that | + 49 < k + 42 and ! + 49 has nothing to
cancel with. So # =0 and 9,41 = k + 3j = 2] — k. This implies
that j/2 divides k,l and m and we get j =2, m—1=4,1 = k+3,
g1 = k46,0, =k+3, i1 =k+2, i, = k— 2. We must
cancel k + 7,1 with something.
Ifk+i,_1 =7+1i, then k—j = 1 but k is a multiple of 2.
Ifk+i,1=0+i,thenk =1 Ifk+i,—;y =0+i,41 then
J + 4,41 has nothing to cancel with. If k+4,_1 = j + 4,41 then
k = 6 but 0+ 4,41 has nothing to cancel with. These are all the
possibilities since canceling down is impossible: I+i, o < k+i, 3
andm+i,_g <k+4+i,—1 <m-+i,_3.

Case IB2c: 0+4, =k +ig. First 8 > 3 and if 8 > 3 then k + i3
must cancel down with [ +4,. An adjusted ( to take into account
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the extra i, — i3 shift) application of Lemma 7.3 gives t = 2 + 1
and 3j =1 —k = dy41 — iy < fgy1 — i1 =m—1=2j. So
0+i,=k+isandm—-1=2j=4,—1i, 1 <m—1[ whichis a
contradiction.

Case IL: m + iy =k + i,.
Here we break into two cases

Case ITA: m+iy =k +4,_1. We have i,y = m — j, j +i.-1 = m + io,
l—k+4+i,—iys1 =06 <jand !l —k < j. We condition on what 0 +4,_;
cancels with.

Case ITA1: 044, ; =1+ig. Lemma 7.3 gives that i,41 = &z = m,

fg41 —lzm1 = m—1 = j, 0+1i,_1 = |l +i9. The only avail-
able cancellation for k + 4; is 0 + i,. We need to find something
to cancel with [ +i,_1. Up with a k is the only possibility since
l+is1 >k4+i, 1 =m+i,—o>m+iy =j+4. Sol+i,—1 =k+i,
and we get 2(I — k) = j which implies by the GCD condition l—k =1
andsoj=2,k=2(y+1),l=2y+3 and m =2y +5.
Ify=1then fh=(1+22+2* +2°+2")1+22+2° +25+27 =
14 28 + 2° 4+ 23 4+ 2'* which is not a trinomial.
If y > 1, we look for what cancels with k& + i,_2. Nothing down is
available since | + 9,3 < k+i,_0o < m +i,_3 = [+ i,_o and if
z >4, m+i,—4 =1l+i,_3. The only things available above are
jtizand j+ip. M j+ip =k+i, o thenk =35+ (ig +i,2) =
j+(+l—k+j) = 3j+1 =7, but k should be even. If j+i, = k+i,_s,
theniy =i, 2 =j—k+i,=j—k+k+i1 = j+141 =42 which gives
t = 5 which violates parity.

Case ITA2: 0+ i, 1 =k +ig. Wehave § >1butl—k < jsol+iphas
nothing to cancel with.

Case IIB: m + iy, = k + i, o > z. Again we condition on what cancels with
0+id,-1.

Case IIB1: 0+, =1+ ig. Lemma 7.3 gives that i = i,41 = m,
iz+1—iz = l—k, ’iz+1 —iz_l = m—l, l'z—iz_z = m—k, and
O0+4,_1=0+1%. Thusl—k=jand 0+i,_y = k+1i; =1+ but
none of these can be left-over.

Case IIB2: 0+4, 1 =k+ig. f 3> 1thenk+i1 =144, -k=7]
and so k +ig = [ +ig_1 but there cannot be an m here (0 is not
at the top because z — 1 # t) and j’s below i,_; are accounted for.
Thus f=1,4i,_1 =k+j. Also j > i —is. We break into two cases
Case IIB2a: y > 2. We have j +i,_1 = k + i3 and examine what

0 + i, cancels with. m is impossible by Lemma 7.1.
Case IIB2ai: 0+ i, =1+ i,. Lemma 7.3 gives that ¢ < 2+ 2.
If equality holds then i,y o =m, i,40 —i, =m —1=1—k,
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0+i, = l+i9. Wehave k+i,41 = l+i,_1,s0if o = 241, then
m+i,_o9 = l+i,_1,and we arein case IA. Som+i,_s = k+i,
andm—k=i,—i, o=1l—k+j. Thusl—k=m-—-1=7,
butnow 0+, =1l+igy=k+41 =044, 1 and soi, = i,_1.
We may assume t = z+ 1. If Q = 2 —1 then 0+, =1 + 7o,
m—l=1l—k=1t,41—1z, 0,41 =m. Wehavem+i,_o = k+i,
thenm—k=2(l—k)=l—-k+jandl—k=m—1=jbut
then iz = iz—l-

Thus we may assume that = z. Again m +i,_o =k + 1,
and i, = m —j. If v > 0 then [ + iy cancels up with a &
givingl—k >jand i1 =i, +l—k >m. So0+1i, =1+1ip.
But now [ —k = 4,41 — i, < m—m —j = j gives that
0+i, =014+ <k+ip+j=k+1i =0+4+1i¢,_1 whichisa
contradiction.

Case IIB2aii: 0+ 4, = k +4,. Similarly to case IB2c, v > 3
givest =z+1,3j =l —k =ipqy —is <lsp1—is1 =m—L.
We have m+i,_s = k+i, and m > Lol —lptiy—lz—2tis—2—
io=3j+m—k+k—j=m+2j. Soy=3and 0+i, = k+is.
If « < t—2 then k + i;_1; must cancel up with 0 + é; or
JHigand m >4 — 41 + 91 —lq +ia —lz—2 + i 2 — i >
k—j‘i‘(it,l —ia)+m—k+k—j >m. Som—+i,_ o =k+isq
and i —4; 1 < j. Since 2j =i, —i, 1<m-—-0LifQ<t-1
then iy — 4,1 =m —1 > j. So we have Q2 =t — 1. General
considerations give [ +i,_1 > m + 1,2 = k + 4;—1 and so
I +1i,_1 must cancel up with {4,0} +4;. So 4y —i,—1 >1—7,
Got — Gy = 2j, iy = yj. Hy > 2 then iy — i,y = 2j
(since 0 +i, = k +43) and thus 4j =i, —i,_o > m — [ and
m >4 > (I —7)+2j+3j =1+4j > m, a contradiction.
Hence y = 2,4, —i,-1 = k = 3j, and so i, — i,_o = 5J.
Furthermore, j > iy —4;—1 = (k‘ +it) - (k +’I:t_1) = (l +’I:Z) -
(m+iz—2) =55 —(m —1). We deduce 4j < m — [ and the
shifts above i, alternate between j <i,41—i, = (m—1)—3j
and i, —i,—1 = 3j. In particular, since ¢ and z are both
even, iy —iy_1 =1, —i,_1 = 3j. But we also have i; —i;_1 =
(I—k+i,)—(m—k+i,_2) = (i,—%,—2)—(m—=1) = 5j—(m—1I)
implying m —1 = 2j contrary to the earlier deduction m—1 >
4.

Case ITB2b: y = 1. We break into two cases depending on what

cancels with 0 + .

Case IIB2bi: 0+, # j+i,-1. )+i, cannot cancel down with
an m, by Lemma 7.1. If 044, = [+, then the contrapositive
of Lemma 7.3 gives that t = 2+ 1 =4. If O = z then fh =
(1+z+22 43t +2°) 1+ + 23+ +2°) = 1+28 +at +2° + 210
which is not a trinomial. If @ = z — 1 then fh = (1 +z +
2?2 4+ 2 + 28)(1 + z + 23 + 25 + 27) which has i; > m. So
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041, =1419,375 <land j <l—k. Lemma 7.3 gives that
t < z+ 2 and parity forcest =z+1, m+i, o2 =k + i, and
iy=l=m—j.Butm>i,p1 =i, +1—k>m.

Case I1IB2bii: 0+ i, =j+i,_1. Wehavej =iz—is <m—I[<

i3—i1=3j. fa<t—2thenm > i — iz o+ it 9 — i+
ia—i1+i1—i0zm—l—}—(it,Q—ia)—}—m—k—}—j>m,so
m+i; =k + 1.
Ifi; —d4_1 =m—1then m > iy — g1 + 441 — 91 + 01 —
io=m-Il+m—-k+k—37>m. SoQ =t—1. Since
tand z + 1 are even, 4 — i1 = G,q41 — Iy = m —1 — J.
m>4—t 1+ 1—t1+i1—to=m—-Il—j+m—-k+k—j
gives that m — [ < 2j. We also have that m — [l +1—k =
m—k=td 1—i; 0 =% 1=, +i;—l; 2 =% 1—9,+3j =
l—k—(m—1-7)+ 3j which gives m — [ = 2j. Once again
we have that m +4,_o = [ +i,_1 which is Case IB1.

Case IIL: m + iy = j + iq.

First, j >l +i,—m+iy =k+i; — (j +ia) > k+i — (j+ i) > j which
implies that m + i, = j +4%;. Lemma 7.2 gives that y =1, 2 = 3 44 = m and
0=js0ti,—i, a=m—1+].

If t > z + 2 then there exists an z < a < t such that iy — i, = m — [ and
thus 044, =l +i9. Further, we get that j+io, =1+4+141. Thus 0+i,_1 =k+4;
implying that 4,1 —4,_2 = 2j and thus ¢, —i,_1 =m —1—j. So j + 4,1 has
nothing below to cancel with. Thus j +4¢,_1 =0+, and m — [ = 2j.

Som+i, 2 =14+1i,_1 =j+ i;. Since none of these is left-over, there must
be a k in this column. But k + i, = 0+ i; < j + i; implying that o = ¢ — 2.
This in turn gives that 0 + ¢y = j +4;—2 = [ + ;1 which is a contradiction.

We now know that t = 24+1=4. If Q = 2 —1 then 0+i, = [ +ip and
j+1i, =1+ i; which forces 0+ iy = k£ + i1. We have found cancellations for all
except k + 13, j + 42, k + 2 and [ + i3 but clearly at least two of these must be
left-over which is a contradiction.

Finally we know that 2 = z. This implies that i; = j, i =1, i3 = k+ j and
i4 = m. But we also have that m — [ = 2(I — k) which implies k—j=1—-k =
and the contradiction now that iy = 3.

8.10 2.3/5

fy<z—-2,thenm>i >4 —i,+9, —im0+i,0—iy+iy > (I —k)+(m—
D+i,o—iy+k>m. Soy>z—1

Ify > 242, then iy, —iy—1 = j for 1 <z < y—1implies that i, —i,_o = 2j for
1<z < z+1. Inparticular, i,41 —4,—1 = m—1I = 2j. (Indeed, if @ = z—1, then
iz41—1y =m—1=jand thus m+i,_; =1+i, = k41, a contradiction. Hence
Q> z—1and thus i,41 —i,—1 = m—1 = 2j.) Consider z: we have either z > 2
or z=1. When z > 2, we have k+i; =1+ 1, = m +i,_2, a contradiction. Let
z=1IfQ=2-1,then m—I =1i,41—i, = j and thus k+i; = [4+i1 = m+ig, a
contradiction. If @ =t—1,theniy_1—iy s =m—I=2jbutiy—iy s =m—-I<
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24, a contradiction. If z—1 < 2 < t—1, then from m—1 = 4,41 —i,_1 = 2j and
iz41—1, = j we have that | — k = (it —i,41) + 9241 — i, is a multiple of j. This
means that each shift above i, is either j or 2j, contradicting to iy, —i,_1 < j.
Hence y < z + 1.

8.10.1 y==2-1

Case I: O = > —1.

We observe that z —1 > 2 (i.e.,, 2 > 3) and j + 4,1 = k + 41. We have
iz—l - Z-z—2 S k _j-

We note that [ + i,_; can only be canceled with 0 + iy, j + 4z, or m + i,_o.
Indeed, because m —1 =iy — i1, k+it—1 =l+i, —(m—1) <l+i,_1, k+it—1
must be to the right of [ +4,_1. Ifl+i,_1 = 0+ iz, then m +1i,_2 = j + 4.
Theni,—1 —i,—2 = m+i,_1—(m+i,—2) > k—j because m+i,_1 is to the left
of k + iz, a contradiction. If [ +i, 1 = j + is, then either m + i, > is a left-over
Ori, 1 —iz 2a=m+i, 1 —(m+i, 2)>k—j, acontradiction.

Let l+i, 1 = m+i, . Sincem—1=14, 1 —i, 2 < j, m+i, 3=
m—Il+l+i,3<j+l+4+i,-3=ty2—0,3+1+14i,_3 =1+1,_2 and thus
m+i,_3 is to the right of [+i,_». Since k+i;_1 is to the left of [+i,_o, j+1i; must
be to the left of [+i, 5 and j+i; = k+i; 1. Hence k—j =i;—i; 1 =m—1 < j.
If 2> 4, then k—j =14, 1 —1i; > j, a contradiction.

Let z = 3; we split the analysis into 2 cases:

Case IA: Assume t = 4. In this case we have m — [ =1 —k = 4; — i;_1 and
izm1—lzo=m—=Il=dy—i1=k—j. Hencem—-Il=1-k=k—j <j.
Then 0+4, = j +4,—2. Moreover, 0+ ¢; must be canceled with [+ iy and
J + 4—1 must be canceled with m + i¢. In this case, we obtain m = 3j,
=3 and k = 2j. This contradicts to k — j < j.

Case IB: Assume t > 4. Sincel+i, <m+i, 1, wehavei, —i, 1 <m—1I1<
l—k=4d4—14;. So0+i,<l—-k+i,_1 =1—-k+1iy =141 and thus
0 + i, is to the right of I + 9. We have 0 +4, = j +1i, o = j +i;. Again,
m—Il=k—j=1i, 1—4, 2 <j. Therefore i,491 —i, =m—-1=k—j.
Now, since ¢, — 4,2 = jand 4,1 — i, 2 = i,41 — i, = m — [, we have
0+4iy41 =J+is—1 = k+i,_2. Moreover, [ +ip must be in that column or
we have too many left-overs, thus [ +ig =04 i,41 = j+i,-1 =k +i,_o.
Hencel—k =1i,—i,_0 =j,80]) = k+iy_o0—i, 1 =m—Il+j+i,_o—i,_1 =
m—1Il+i,—i,—1 <2(m—1). Wenowhavel+i, o =k+i,=j+ i1
and they are to the left of m + ig and j + i, = 0 + 44, a contradiction.

Case II: t — 1> Q > 2.

If m -1 < j, then 0 + 4,41 is a left-over because I — k > m — [ and
J +iy—1 = 04 ., a contradiction. Hence m —1 > j. We observe that
j4ir1 = k+i and m+i,_9 = j+ i (because k + i;—; is to the right
of m + i, 2). If 2 >3, then k—j = 4,1 —41 > j. This contradicts to
k—j<m+i,_q —(m+iz_2) :’iy—iy_l <jJ. If 2 = 3,then k —j =i — 13
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which contradicts to k —j <m +i,_1 — (M +i,-2) =iz —i1.

Case III: Q) = ¢ — 1. We consider two cases.

Case ITTA: Assume t > 2+ 1. Thenl—k>m—1. Let m—1<j. Ifl—k >
m—1 = iy41 —iy-1, then 0+ 4,41 is a left-over, a contradiction. If
l—k=m—1,thent=2+4+2and m —k > i; —i,_; implies that m + g
is to the left of 0 + ;. Moreover, I +i9 =0+ 4,41, j +i,—1 =1 + ig, and
l—k=m—1<jimply that 0+ 4,2 is a left-over, a contradiction.

Let m—1>j. Thenl—k >m—1 > j. Since j+1i, o =0+1,, we
have m +i, o > 1 +1i, = k 4+ 4;. Then m + i, 5 is another left-over, a
contradiction.

Case ITTA: Assumet=2+1. Then Il —k < m —1. If m —1 < j, then
04,41 =J+0,-2 and 0+, = l+14g (if0+iz+1 =l+ipand O+i, = j+i,_o,
thenl—k =i,41—%,-1 > i,41—1i, = |—k, a contradiction). Since m—I < j,
m+ig <l+j=1+14. Also, 0+, = [ +1ig implies [ +1i1 = j+1i, and thus
m+1ig is to the right of [ +41 = j+1i,. If z > 3, then m +i¢ must be a left-
over because | —k <m—1 < j. If 2 =3, then m+ig = k+i,_1 = k+i2. In
this case, m+i; # j+i4 because m+ia—(m—+iy) = k—j. fm+iy = l+io,
then j+i4 = k+i3 and thus k—j =l — k. Therefore m—Il=k—j=1—k
which contradicts tol —k <m—1. f m+1i; = k+1i3, thenm—k =1—j.
Hence i3 — i3 =1 — (m — k) = j, contradicts to i3 — iz < g — i1 < J.
Now we assume that m — [ > j. In this case, we have m+1i,_» = k+ 41
(otherwise, k — j < iy—1 —iy—2). Hj4+i, 2o =0+1i,, thenm—k=j,a
contradiction to m — 1 > j. Hence we have j +i,_5 =1+ 149. Now, 0+ i,
cancels either with [ 4+ 41 or k + i2. In the former case, i, =1 +iy =1+
and j + i,—9 = I + ip imply that m — k = i, —i,_» = 2j. Because
iy —iy—1 =2(l—k)and j =iy, —iy_1 +1—k, we have | —k = j/3 and thus
iy —iy—1 =2§/3,1, —i,—1 = 4j/3. Moreover, m — [ = 5j/3, m — k = 2j,
and m+ig is to the left of 0+1i;. Because y > 2, k+i5 is always a left-over,
a contradiction. In the latter case, that is, 0+14, = k+12, we first consider
z > 4. Since 0+ i, = k + iy, we have i, — i, 1 = 2j. Moreover, m + ig is
to the left of 0+ 4;. Therefore ] — k = j/3 < j implies that ! + i; must be
a left-over. If z = 3, then 0+ i3 = k + i3 and j + i3 = k + i1. Moreover,
l—j=jmeans!=2j. Theniy—ia=1—k+k=1=2j. Sois—i3 > 2j.
So I + 4y is to the right of 0 + i4. Again, m + ig is to the left of 0 + ;.
Furthermore, | —k = j/3 < j implies that j + i3 is also to the left of 0+,.
We have that [ + i1 is a left-over, a contradiction.

8.10.2 y==z

Case: Q=2—-1. Ift=2+4+1,thenl—k =m—1[ and thus 0+i; = +i9. We
have that j +i,_1 is to the right of k£ + ;. Hence j +i,_1 is a left-over. Now
assume t > z + 1. Again we have 0 +i; = [+ 4g. Since j + i, = k + 41, we have
JHio1 =04+14,0 and j = (iz+1 —iz) + (Zz - iz_l) = (m - l) + (Zz —iz_l). So
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m—1<jandthusl+1i,_1 =j+ 4. Thatis, 2 =2. So m + i¢p must cancel up
with k +4;—1 and we also have j +iy = k+4;. Because k—j =i2 —i1 <m —1,
j + 4;_1 must be a left-over.

Case II: t — 1 > Q > z.In this case, we also have 0+i; = [+i¢ and j+i; = [+41.
We must have 0+i,41 = j+i,-1 and thus j = m—1. Sol+i, 1 =m+i, o and
all the way down to [ + 41 = m + ig. If 2 > 3, then k + i;_; must be a left-over
because it is to the left of j+i; = [ +4;. If z = 2, then j+1i; =1+i,_1 = m+ig
gives a left-over.

Case III: Q) =¢ — 1.

If Q =2, then j+i,-1 = m + 14y because 0 + 4, = 0+ i1 =1+ ip and
0+i, =k+ip. Since m—I1 <m—k < j, we can only have 4 rows in total. This
contradicts to the parity.

IfQ = 2+1, then we havel—k = m—1I. Since 0+i 42 = l+ip and k+i,41 =
l+i, 1, we have 0+ i,y1 = j + 4,1 and thus m — [ = j. This implies that
z = 2. Hence we have the polynomial exception 13: f(z) = 27 +2° + 2%+ 2% +1
and h(z) = 2° + 2* + 2% + 22 + 1.

IfQ>z+1,then wehavem—1=14,41—i,-1 = j. Hence O+i,40 =j+i, =
k + iy gives a left-over.

8.10.3 y==z+1

Case I: ) = z — 1. In this case, 4,41 —%, = m—1 < j contradicts to i, —i,_1
j<m-—IL

Case II: t — 1 > Q > 2. we consider two cases:

Case ITA: Q = z. Wehavej <m—1 < 2j. Ift = 241, then we have z = 1 and
the polynomial exception 11: f = 2" +z*+23+22+1and h = 23 +22 + 1.
Assume t > z+1. Because 0+, is to the right of [+i, 0’s and j’s from row
iz+1 to row i;—1 must be canceled down with k’s except 0+ i 40 = j + 5.
Therefore z > 2. Since m + i,_o is to the left of I + i, and k + i;_1,
m+iy,_o = j+iz. Alsol+i,_1 is to the left of m+i;_3 and k+14;_1, then
l+i,_1=0+4+1%. Hence i, —i,_1 = (it—iz_l) - (Zt —iz) =[- (l—k) =k
and also i, —i, 1 = j. Therefore k = j, a contradiction.

Case IIB: t —1 > Q > 2. In this case, m — [ > j. If 2 > 2, then m + i, o =
j + 4. Since m — [ < 2j, we must have 0 +i; = [ +i,_;. Hence we have
again k — 0 = j, a contradiction. If z = 1, then j + i; must be a left-over
because m — 1> j >k —j.

CaseIII: Q =t—1.Notem—I=1i,11—i,_1 =iy—i,-1 <2j. ft =2+1and
z > 1, then j +1i, =1+ i9 and thus [ + 4, is a left-over because j + iz = k + i1,
O+i=k+igp,m—I>jandl—k<j. Ift>2z+1,then 0+i,42 =7+, and
thus m — [ =14,,9 —i, = j. This contradicts tom —l =i,41 —i,-1 > J.

8.11 Case 3.1/4:

If 2 <y—2andy =t then all shifts are a constant, j and this has been dealt
with previously. If z <y —2 and y < ¢t then m —1 = 4,44 — 4y, > j and
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m — 1 = 4y —iy_1 = j which is a contradiction. So we have that z > y — 1.
However if z > y+1thenm > iy = i4—ip+ip—i,+i,—lyr1+iyt1—ty+iy—io =
(it —iB) +m— A+ (i —iytp1) + (igy1 —iy) +k—F > (s —ip) +m—k+ (i, —
iy+1) +J+k—j >m. So we have that z <y < z+1.

8.11.1 Assume y = z.

Since m Z it = it—it_1+it_1 —iB+Z'B —l'z+7:z —io Z m—l+(it_1 -
iB)+m—k+k—j=m—1+ (i4—1 —iB) + m — j, we have a contradiction
ift>Bandm—1>j. Ift = B then A = 0 or j (recall that subcase 3.1
assumes that y + 4; is left-over). In the former 0 = z = y > 0. In the latter,
Lemma 7.2 gives that z =1, ¢ — i, = 4 — i1 = m — j, and k = 25. We have
t > z+2 = 3 and since t must be even, t > 4 and j+i; = m+i1, 0+4 = m+ip,
jHiz—1 =1+i1, 0+is_1 =l +14o. Additionally we have that m —1 > ia —i3 > j
som+is =m4+i1+ic—4 >m+i1+J =J+4u+j = k +i4;. Also
l+1iy > 14141 = j+i;_1 cannot be left-over so it must cancel up with &+ iz 1.
This gives j < ia — i1 =l+i2—(l+i1) =k‘+7;t,1—(j+it,1) =k’—j =7J.
So we can assume that ¢ > B and thus m — [ < j. But this contradicts the fact
that j >m —12> 6,401 —i; =ty41 — iy > J.

8.11.2 Assume y=2z+1.

We have m — 1 = 4,490 —i,41 = Gyq1 — Oy > j. If B < t —2 then m >
I4—IiB+ip—ty+i; —ty41+iz41 —t0 > 2(m—l)+m—A—(iz+1—iz)+k—j =
2m—-0D)+m—-A—-j+k—j>2j+m—-k—j+k—j=m,soB>t—1.
Case I: B =t.If A =0, then Lemma 7.1 implies that i, = ig, k = 2j, j +4; =
k+ig—j>k+ig—(m—1)=k+it—1. So j+is = m+i; =1+ iz and nothing
else is in this column but none of these is left-over. Thus we have A = j and
z=0or1.

If z =1 we have thatj+z't :m+i1, 0+Zt :m+i0,j+it_1 = l+i1,
0+44—1 = l+1ip and k = 3j. We have that [+ ¢5 must cancel but there is nothing
available below it. There are no 0 or j for it to cancel up with so it must cancel
up witha k. Wehave k44,1 =j+91+2j=1+041+2>1+61 =j+41 =
Jtigs+2m—1)>j+i3+2j =k+i;3. Sol+is =k +1i; o and this
implies that k& + i;_1 = m + 42 = [ + i3 and nothing else is in this column. But
none of these can be left-over.

So we can assume that z = 0, k = 25 and thus k + iy = m + ;. But we
know that k + 4; is left-over so m + 41 = [ + i>. Also we have k + 4,1 =1 + 41,
jtizci=l+ioand 0+ iy =j+izr—J=j+i_1+(m—1)—j5>j+i—1. We
have 0 +4; = 0+ é;—2 + 2(m — [) > k + 4;_» which shows that there is nothing
for 0 + 4; to cancel with and it cannot be left-over.

Case II: B=t—1.

If A =0 then i;—1 = ip which forces i;—1 = i;, a contradiction. If A = j
then m > 4y — 441 +44—1 — i, +i, = m—Il+m—j+i, >mso A =k.
Nowm>ig=m—-Il4+m—-k+k—2jsom—1<2jIft—2> z+ 2 then
l+iz+1 >1l+i, = k+is_o. If z>1 then l+iz+1 =m+ 9,41 —(m—l) =

70



m+i,—1+2j—(m—1)>m+i,_1. Since [ +i,41 cannot be left-over we must
have it canceling down with m +4¢,_; or up with a 0 or j in row ¢ or ¢t — 1.

Case ITA: [ +i,y1=m+i,_ 1. Wehavem —[l =2jandm=m—k+k =
ltm1—ty+k=t0—1—tsp1+i,41—t,+ k= (t—l—z—l)(m—l)+j+k:
(t—2-2)2j)+7+(2+2)j = (2t —2—1)j. The GCD condition gives
that j =1, k=242,1=2t—2z—-3 and m = 2t — 2 — 1. We can also
calculate that iy = (t —2 —1)(m — 1) + (2 +1)j = 2t — 2z — 1 = m. This
gives j+i =m—+i1, 04+4 = m+1ig, j+ir—1 =1+4 and O0+4,—1 = +p.
Since t > 2z + 3, if we have 2 > 2 then k+i;_o =1+, = m +i,_o but
none of these is left-over so they cancel with a 0 or j in row ¢ or ¢t — 1.
The cancellation of 0 and j in rows ¢ and ¢ — 1 has already been accounted
for so we can conclude that z = 1. Here 0 + 4,43 = 0 + 44 = 6 must
cancel down with an [ or m. The parity of [ and m are even and so we get
f=1l4+z+2+at+2b, h=14+o+22+2* +2% or f = 1+ 2+ 2%+ 25+ 28,
h=14z4 2>+ z*+ 2% + 28. In neither case is g = fh a trinomial.

Case IIB: | +i,41 = 0+ 4;—1. This case is impossible since m > iy = iy —
g1 + 91 —fzq1+iq1 >2m—1l+1-0+j>m.

Case IIC: [ +i,41 = j + i¢—1. Here we must have that m = i; and z = 0.
Thus 0+ 4; = k +i;_1 = m + ip but there is nothing else to cancel in this
column and none of these is left-over.

Case IID: [ +i,41 = 0+ i;. What does j + i; cancel with? Not an [ since
l4i,01 =044 <0+t +j=1l+i,pn+Jj=1l+iyo—(m—-1)+
J < U+ iy42 thus j + 4 is to the left of | + i,42 and all other I’s are
accounted for. Not a k since k + i;_1 already cancels with m + i, and
kt+igo=k+iz 1—(m-D=m+i,—(m-0)=m+i,pq—j—(m-1)=
l+ipa+m—1l—j—(m-0)<l+4+i,y1=0+i;<j+iift>2z+4and
ki o=k+i, <l4+i,01 =0+ <j+iift=2+3(Notet>2+3
since m + 14, = k+4;—1 > [+ i,41). So the only remaining possibility for
7 + i; to cancel with is m. But m + i, already cancels with k£ + ;1 and
m-4i,—1 =m4iy1—2j) = l+iz+1+m—l—2j < l+iz+1 =044 < 7+
So j + 4 is left-over which is a contradiction.

Case ITE: | + 4,41 = j + 4;. Here we have 0 + 4, = | + 4, and 2(m — 1) =
k+ii— (k+ig—1)+m+i,—(I4+1i,) = k+i— (k+i—1) +k+i—1—(0+14) = k.
So k = 3j or 45 (k = 2j implies that all shifts are a constant, m — [ which
has been dealt with before).

Case IIE1: k =3j. Wehavez=1,m—-1=3j/2, m—k=1i; 1 —i; =
(t—-1-2)(m—=1)+j = (3t—7)j/2 and the GCD condition gives that
j=2,k=6,l =3t—4and m =3t — 1. What does 0+ i 42 =7
cancel down with? The only possibility is that [ + i = 7 but this
violates the fact that I =2 mod 3.
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Case ITE2: k. =4j. Wehave z =2, m—1 =2, m—k =441 — iy =
t—-1-2-1(m-=-0D+j=t—-—4)(2))+j = (2t — 7)j and the
GCD condition gives j = 1, k = 4,1 = 2t — 5 and m = 2t — 3.
Since t > z + 3 because | + 4,41 < m +1i, = k + iy_1, parity gives
t > 6. We ask what j +i.,43 = 7+ 75 = 8 cancels with. Since
t > 244, then j+i,43 < 2§ +iy43 = 0+ iy4q. The fact that
k+i,41 <J+iz43 <k—+iypo means it must cancel down with an [
or m in row 0 or 1. Since j + 4,43 is even and [ + 49 and m + ig are
odd, it must cancel in row 1. We get either f = 1+ 2! +2* + 25 + 27
andh=14+z+22+23 +25+2"or f=14+2+2*+2"+2° and
h=1+z+22+2%+2°+ 2" +2° In neither case is g = fh a
trinomial.

8.12 Case 3.1/5:

We have iy —i, > ip —i, = m — A > m — k, but we cannot have equality
all the way through or else we are in Subcase 1.1. Now m = (m — k) + k <
(4 —iz) +1iy <m —i, +1iy and hence z <y — 1.

Now suppose z <y — 2, i.e. y > z + 2. Recall that

P _fm =1 ify <z <t,
el T ifl<z<y-—1.

Then m —1 > 4,41 — i, = J > iy —iy—_1 = m — [, a clear contradiction. We
conclude that y = z+1. Also note that for Case 5,y > 2and hence 1 < z <t—2
implies that ¢ > 3. Since ¢t must be even, ¢ > 4.

8.12.1 Assume A = 0.
We have m > ig —i9 > ip — i, = m — 0. This implies that i, = 0 which is a
contradiction with z > 1.

8.12.2 Assume A = j.

Then m = (m — j)+j = (ip —i,) + 41 < m+ iy — i, which implies i, < 4;.
But z > 1, so we have equality throughout and so m =i; =ig, z =1,y = 2.
Consider m = (iy — 4¢—1) + (ig—1 —92) + i2 = (m — 1) + (i4—1 — i2) + k and so
l+io=k+i—1. Nowk+iy=k+ii1+it—tg—1 =1l+t2+m—101=m+ is.
Thus k + i; cancels with m + 45 and we are in case 1 or 2.

8.12.3 Assume A =k.

If B =t then we are in case 1.1/5,s0 t — B > 1. Now iy < m =m — k +
k=i — i, +iy41. Hence iy —ip < 4,41 —¢,. From this we conclude that
m—1<({t—B)(m-=1)=1i—ip <iz41— i, <m—1, a contradiction.
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8.13 Case 3.2:

We prove this case by reduction to either Subcase 1.1 or Subcase 2.1. Let us
recall that in this case k + i; is left-over. The starting point is A +ig =1+ i,
where A is the highest 0, j, k that cancels with an [, and B is its row. We have

I+icyt-B = (I+12) + (iz4t-B — 1) = (A+ip) + (t — B)(m —1)
= (A+lB)+(%t—ZB):A+Zt

By the choice of B maximal, B = t. The case A = k is dealt with in Subcase
2.1.

Assume A = j.

Nowl=(—j)+j=(ig—i,)+i1 implying m —1 > iy — (i — i, +141) = i, — 1.
Recall i, —i,_1 > m — 1 for Subcase 3.2, and so if z > 2 then m —1 > i, —i; >
i, —i,_1 >m—1, a contradiction. If z = 0 then all shifts are the same and this
was dealt with elsewhere. Thus z =1 and i9 — 41 = 4,41 — i, =m — L.

For either Case 4 or 5, if y > 3 then m — [ = i, — i1 = j and actually all
shifts are j = m — [, which has already been considered.

Case I: 3.2/4. If y = 2, then all shifts are j = m — | which was dealt with
elsewhere. f y =2 =1,then m -1 < i, —i,_1 =iy —iy_1 =jbutm—-1=
iz41 — Iz = fy41 — %y > J and we have another contradiction. Case 4 implies
that y > 1 so this exhausts the possibilities.

Case II: 3.2/5.

In Case b5,y > 2and soy = 2. Wehaveis = k,i; = jsok—j = ia—iy = m—1.
However k+is = (k—j)+ (j +4:) = (m—1)+ (I +4,) = m+ i, and we are in
Subcase 1.1.

Assume A = 0.
In this case I = i; — i,, and hence we have

m=(m—=0)+1<(iy—t-1)+ (it — i) <m—iy_

implying i,_1 < 0 which is a contradiction.
End of Proof of Theorem 1.2! O
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