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Abstract

A covering array t-CA(n,k,g) is a k X n array on a set of g symbols
with the property that in each t xn subarray, every ¢ X 1 column appears at
least once. This paper improves many of the best known upper bounds on
n for covering arrays, t-CA(n,k,g) with g +1 < k < 2g, for g =11...18
by an algebraic construction developed by Chateauneuf, Colbourn and
Kreher [1] and extended by Meagher and Stevens [6]. This construction
uses a vector to build a circulant matrix and then a group action on the
matrix to produce a covering array. In [6] the vectors are found by an
exhaustive search, here they are found by a heurestic search.
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1 Introduction

In [6] a construction for covering arrays is given. This construction is
an application of the method developed by Chateauneuf, Colbourn and
Kreher [1]. It uses a vector to build a circulant matrix and then a covering
array is constructed by a group action on this matrix. The construction
in [6] relies on an exhaustive search to find the vector. In this report we
use the same construction, but the exhaustive search is replaced with a
heurestic seach to find covering arrays for larger values of g. The goal of
this report is not only to record the new bounds but also to show that the
construction in [6] is effective for larger covering arrays.

A covering array with strength ¢ and alphabet size g is an k X n array
with entries from {0,1,...g — 1} and the property that in each ¢t X n
subarray, every t-set of {0,1,...,g— 1} appears as a column at least once.
A covering array with such parameters will be denoted as t-C A(n,k, g).
The construction used here was use in [1] to build covering arrays with
strength 3. Here we only consider strength 2 covering arrays.

The are many applications for covering arrays; most notably software
testing [2, 3, 4]. For most applications ¢, k and g are given and it is
desirable to minimize n. The smallest possible value of n for a covering
array with fixed parameters ¢,k and g will be denoted as

t-CAN(k,g) = rlniél{l : there exists a t-CA(l, k, g)}.
€

In Section 2 we give a brief summary of known bounds for strength 2
covering arrays and we describe the construction used in [6]. In Section 3
we give a brief description of the heurestic search. The new bounds for
2 — CAN(k,g) with g +1 < k < 2g where 11 < g < 18 are given in
Table 1.



2 Background Results

In this section we state some well-known results. All of these results are
also given in [6].

It is easy to see that deleting a row from a covering array produces a
covering array with fewer rows, so

t-CAN(k —1,9) < t-CAN(k, g). (1)

By Inequality 1 many of the bounds given in this report also give
bounds for covering arrays with fewer rows. These bounds are not explic-
itly given here.

Standard finite field constructions for orthogonal arrays give

Theorem 1 [5] For g a prime power, -CAN(g +1,g) = g°.
The block size recursive construction from [7] gives a method to con-
struct larger covering arrays from smaller ones. Applying the block size

recursive construction to the covering arrays from Theorem 1 gives the
following lemma.

Lemma 1 [7] For g a prime power and k < 2(g + 1),
2-CAN(k,g) < 2¢° —g.

The construction given in [6] builds, for many values of g < 10, cover-
ing arrays 2-CA(k(g— 1)+ 1,k,g) with g+ 1 <k <2g+ 1.

Consider the action of the subgroup G = ((12 ... g—1)) < Symg on
the pairs from Zg4. There are g + 2 orbits generated by this group action:

1. (0,0),

2. {(0,9)]i=1,...,9— 1},

3. {(¢,0)]i=1,...,9 — 1},

4. {(a,b)|a,b € Zy\0 and a —b=jmod (g —1)} for j=0,...9 — 1.
For a vector v = (0,v1,v2,...,v5—1) from Z’lg€ consider the sets of pairs

d¢:{(vj,1)j+i)|j:1...kfl} i=1...k—1, andi+5#0

(where the subscripts are taken modulo k). If a vector v € Z} has the
property that the set of differences v; — v;4; for all (v;,vj4:) € d; covers
Zg over i =1...k—1, then we say the v is a starter vector. This means for
a starter vector the sets d; for all : = 1...k contain at least one element
from each of the orbits {(a,b)|a,b € Z4\0 and a — b = j mod (g — 1)} for
j=0,...9—1.

Set M to be the k x k circulant matrix generated from a starter vector
v. Then, for any pair of rows in M, at least one element from each of
the orbits of G (except (0,0)) occurs in some column. For each z € G
let M, be the matrix formed by the action of x on the elements of M.
Since any two rows in M have a representative from each orbit of G, for
any two rows all pairs from Z, (except (0,0)) will occur in M, for some
z € G. Finally let C be the k x 1 all zero matrix. Then the array formed
by concatenating C, M, for all x € G is a covering array.



Example 1 Let
G = {e,(12)} < Syms and v = (01112) € Z3.

The following circulant matriz generated by v is

0 2 1 1 1
1 0 2 1 1
M = 11 0 2 1
1 1 1 0 2
21 1 1 0

The elements of G acting on M produce the following two matrices

and M(IQ) =

s

Il
N = = = O
— = O N
— = O N
— O N =
O N = =
=N NN O
NN O -
NN O =N
N O - NN
S~ N NN

Concatenating the matrices C, M. and M) gives the following cov-
ering array with parameters C A(11,5, 3)

ofo 2 1.1 1|0 1 2 2 2
ofr 0 2 1 1|2 0 1 2 2
ofr 1 0 2 1|2 2 0 1 2
of1r 1 1 0 2|2 2 2 0 1
of2 11 1 0|1 2 2 2 0

3 New Results

In [6] the starter vectors v are found by an exhaustive search. For g > 10
an exhaustive search is impractical. Replacing the exhaustive search for
the vector v by a heurestic search produced results for covering arrays
with larger g.

The algorithm used was a simple hill-climbing algorithm. It starts with
an arbitrary vector and counts the number of the orbits of G that occur in
all the sets d;. Then a single entry in v, randomly choosen, is changed to
a random value. If the change increases the number of orbits in the sets
d; the change is accepted otherwise it is rejected. This is continued until
either a starter vector is found or a set number of changes have been tried.
The code is available at: http://www.site.uottawa.ca/ kmeagher/code.html.

This very simple hill climbing algorithm found many new bounds for
covering arrays 2-C' A(n, k,g) with 11 < g <18 and g+1 < k < 2g. These
are given in Table 1 with the starter vector that produces the covering
array. By Equation 1 many of the new upper bounds on 2-CAN(k, g)
given in Table 1 give new bounds for smaller covering arrays as well.
Many of the new bounds are substaintially smaller than the previously
known bounds, but more importantly this gives an efficient way to build
covering arrays for larger alphabet sizes.



Table 1: New upper bounds and the corresponding starter vectors.

starter vector new old
bound bound

g=11

k=17 04774213496343926 171 221
g=12

k=18 0651073913237663148 199 255
k=19 0833671097105957421093 210 276
g=13

k=21 0695762889623105359818 253 325
k=22 0391141873713341142611614 265 325
k=23 0671025411824193533110101146 277 325
k=24 073773102835424589211787310 289 325
k=25 012410115110276436867103101288 301 325
k=26 0749223710661010727945424111044 313 325
k=27 01014515718910233108131110510991 325 325
g=14

k=23 0154194611615107881451126 300 437
k=24 054129271010102162812978818107 313 437
k=25 0882121121061661047436121349117 326 437
k=26 0729107631111026835105561253265 339 437
k=27 08451012483114389215125875223312 352 437
k=28 053116551031061411941268181101111244 365 437
k=29 02411251031298111193111091011412128 378 437
g=15

k=27 01189111712441194261210676651811412 379 450
k=28 0127115131112834510112131412433104343 393 450
k=29 0213812811318113829813577131011611651 12 407 450
k=30 07110118102413310712913811111110711171225310 421 450
k=31 0981715253143121212612113161117710310 435 450
g=16

k=29 052625114131314964891012383141099296 436 496
k=30 01189137382104146321248646133661212421 451 496
k=31 011415129421461161126127669852101314141011 466 496
k=32 07737517123510111181011362101151258713141194 481 496
k=33 0515418131014239351410578214514101111411811 496 496
g=17

k=33 0134109589414813211614131014249135557104713114 529 561
k=34 084571017641461315101011852153621381183122812 545 561
g=18

k=35 0213128451291248815101016554613151311181314513107 108 596 666
k=36 03161245411515161113691632108141148131515141041102694 613 666
k=37 06143581215415521172327155121210841557710161016924 630 666
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