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Convolutions and summations:

y(n) =x(n)*h(n)= > x(k)h(n-k)

k=—
[oe]
> ak =1i jal <1
k=0 a
n1 K 1_an1+1
a 1- azl
k=0 a

Fourier transform:
_1 jon, _ j2r n
x(n) = Zﬂjmxuu)e dw _jl X(f)e of

+ 00 .
X(w)= Y x(n)e” J¥N
n=-—o0
S
x(n-ng) - e 1¥N0 X (w)
F

X(k) (n) « X(kw)

. F
eJa’Onx(n) - X(w-ap)
F
cos@pn)x(n) - %[X(a)— wp) + X(w+ ap)]

Continuous time sampling,
A/D conversion:

Xp (t) = xa (t) x p(t)

x(n) = Xa(nT)

Xp(Q)=Fs 2 Xa(Q-kQsg)
k=-c0

X(@)= X p(5) = X p(@Fs)

D/A conversion

X p(Q) = X(QT) = X(Q/Fg)
X0(Q) = X p(QH0(Q)

Ho(Q) = Tsm(QT/Z) -jQT /2
QT/2

Sequence z-Transform ROC
8[n] 1 All values of z
1
wln] = lz| > 1
l1-z
n 1
o uln] — 2l > la|
l—oaz
" Yl 1—(rcosw0)z“l 12l
r’* cos won)u[n Zl>r
1 — 2rcoswp)z=! +r2z—2
(" sin wom)yln] (rsay)z el
r’ sinwpn)un Zl>r
1 — (2rcos a)a)z_1 +r2z-2
Property Sequence z -Transform ROC
g[n] G(z) Rg
h(n] H(z) R
Conjugation g*[n] G*(z*) Rg
Time-reversal g[—n] G(1/z2) 1/Rg
Linearity agn] + Bh(n] aG(z) + BH(2) Includes Ry N Ry,
Time-shifting gln —ny] 77" G(z) R, except possibly
the point z = 0 or 0o
Multiplication by
an exponential a g(n] G(z/a) || Rg
sequence
Differentiation ngln] dG(Z) Ryg, except possibly
of G(z) dz the point z = 0 or oo
Convolution gn)®h[n] G(z)H(2) Includes Ry N Ry
Modulation g[nlh[n] 2%: fc G(u)H(z/v)v_1 dv Includes Rg Ry

o0

> glnlh*[n) = 2—'9% GW)H*(1/v*)v~ ! dv
n=-—00
Note: If R denotes the region R,— < [z[ < Rg+ and R}, denotes the region R, < [z] <
Ry+, then 1/Rg denotes the reulon I/Re+ < Izk < l/R - and RgRy, denotes the region
Rg-Rp- < |z < R+ Ry+.
Partial fraction expansion

Simple poles:

6(2) = z(l o j

Multiple poles
Let the pole atz = V be of multiplicityL and
the remaining N-L poles be simple and at

z=A, forl<s/<N-L

-
Z1 P +z(1—v 2)’

i=1

Parseval’s relation

p, =1-4, Z_l)G(Z)|Z:A

(@)= 07"

1 d la-vzyie)] . 1sistL

T (L= dEzH
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Fixed Window Functions
* Rectangular window-Ay, =41/(2M +1)
A, =133dB, a4 =209 dBAw= 0921/ M
* Hann window - Ay, =81/(2M +1)
A, =315dB,0,=439 dB,Aw= 311/ M
« Hamming window - Ay, =81/(2M +1)
A, =427dB, a, =545 dBAw= 3321/M
* Blackman window - Ay =121/(2M +1)
A, =581dB,as =753 dBAw= 5561/ M

Copyright © 2005, S. K. Mitra

Fixed Window Functions

Adjustable Window Functions
» Kaiser Window -
_1ofBy1-(n/M)?%
wn] =
lo(B)
whereB is an adjustable parameter lgyfd)
is the modified zeroth-order Bessel function
of the first kind o (U/2)
lo(u) =1+ S[1/2Vy2
r=1 d
* Notel,(u) >0 fou>2(% .
* In practice I,(u) 01+ z[%}z
r=1 8

Copyright © 2005, S. K. Mitra

, —M<nsM

17

Adjustable Window Functions

* [ controls the minimum stopband

e Hann attenuation of the windowed filter response
wn] = 05+ 05cos |\2/|ﬂ21 _M<ns<M « B is estimated using
e Hamming 0.1102a4-87), for ag >50
w[n] = 054+ 046c0s 2rm ), ~M<n<M B=1 058420 -2 04+0.0788G0 s -21), for 21< ag <50
» Blackman M+ 0, for ag <21
_ 21N ATIN « Filter order is estimated using
w{n] = 042+ 05cos M +1) + 008cos M +1) _ 0as-8
., 2285Aw) .
whereAw is the normalized transition
bandwidth
18 B
1 O S En Copyright © 2005, S. K. Mitra
Types of Linear Phase FIR filters
Typel Typell Typelll TypelV
a'n = aN—n a'n = aN—n a'n = _aN—n an = _aM -n
even order odd order even order odd order
— 5N -1 — —5—N -1 — -N -1 — -N -1
Hl(Z)—Z Hl(z ) HZ(Z)—Z Hz(z ) H3(Z)—_Z H3(Z ) H4(Z)—_Z H4(Z )

N-th order analog lowpass Butterworth filtelll-ia(jQ)|2 =

1
1+(Q/Q )™

Poles of the transfer function H(s) of N-th ordealag lowpass Butterworth filter

7(N+2¢-1)/2N]

P, = chj[

The system function of the N-order Butterworthefilts: H (S) =

, 1s/<N
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Bilinear transform:S = —

21-7"

T1+z27
DFT
Type of Property Length-N Sequence N-point DFT
gln] Glk]
h(n] HI[k]
Linearity agln] + Bh[n] aGlk] + BH[k]

Circular time-shifting

Circular
frequency-shifting

Duality

N-point circular
convolution

gl{n —no)N]
Wy gln)
Glnl
N-1
> glmlhl(n — m)N]

m=0

Wi GIk]
Gk —ko)N]
Ngl(—k)n]
GIkIHIk]

N-1
Modulation glnlh[n)] 7%, > GIm]H[(k —m)y]
m=0
N-1 1 N-1
s . 2 _ 2
Parseval’s relation "X_(:) |x[n]]* = ¥ /;) [X k]l

Trigonometry:

sin(a + b
sinfa — b
(

)=
) =
cos{a + b)
) =

sinacosbh 4+ cosasind
sinacosh —cosasinb

=cosacosh—sinasinb

cos(a — b) = cosacosb +sinasin b
sinasinb = 1/2[cos(a — b) — cos(a + b)]
cos acosh = 1/2[cos(a — b) + cos(a + b)]

sinacosb = 1/2[sin(a + b) + sin
cosasinb = 1/2[sin(a + b) — sin
1 — cos2a = 2sin’a
1 +cos2a=2cosa
el = cosf + jsin f

(a —b)
(

a—b)
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Question 1 (a) 9 points, b), d) 2 points, c¢) 3 pds total 15)
A causal system is described as follows:

1 — 224 22

H(z) =
(2) 0.81 — 0.9/2z 4 22

a) Trace the pole-zero plot in the Z-plane for thisteyn. Indicate the region of
convergence

b) Is this system stable? Explain

c) Sketch the frequency response of this system dmstrite the key characteristics,
using the pole-zero plot as a reference, DocatitulateH(e).

d) Is this system FIR or [IR? Why?
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Question 2 (total 14 points)
Design a high-pass FIR filter, that is fiffln], using the windowing design technique

that satisfies approximately the specificationswaihan Figure 1. There is no need to
evaluate the numerical value of each coefficiemta@alytical expression is sufficient.

T H)

0 0.7t 08m =

0, =0, 20logd, = -72dB

Figure 1
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Question 3 ( a) 10 points, b)3 points, total 13)
An analog filter of the form:

H(s)= —> =

s
s24w?2 2425

has a resonance frequencyat=>5.

a) Using bilinear transform, design an IIR filter whicesonates aé,=z/4, using the
above filter as a basis.
b) Trace the pole-zero plot for the obtained digitiééf.

Page’



Question 4 (total 7 points)

Consider the system of Fig 2, where the input ommatiis-time signak,(t) has a band-
limited spectrumX,(jQ ) as sketched in Figure 3 (left), and is being sathpiethe
Nyquist rate. The discrete-time processor is armlidewvpass filter with a frequency
responseH(€®), as shown in Figure 3(right), and has a cutoff festpy w.=Q.T /3

whereT is the sampling period. Sketch as accurately asilplesthe spectruny, (jQ ¢f

the output continuous-

time signa(t).

K1)
—_— = |deal sampler

- Discrate time
. ProCEssor

—Qp

Figure2

Xalje2)

0.5

T O, ©n

Figure3
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Question 5 - Please select either question 5A or 5B

5A (‘a) 11 points, b) 4 points, total 15)

A signal has a bandwidth [-70, 70] kHz and uséfduency in the range [-15, 15] kHz.
We wish to do spectral analysis of this signal gsaansystem operating at50kHz. An
anti-aliasing filter is available with the characsécs shown in Figure 4.

H(w);
0

-20
-40

-60
-80

™N

20 25 30 35 40 kHz

Figure 4
Also, an A/D converter with 10 bits and a quasifgelr low-pass digital filter, with
wc=17kHz are available.
a) Develop a solution and present the block-diagram
b) Describe the physical spectrum (frequency axisHm)kor each step that follows
digitalization.

5B ( a), b), ¢) 5 points each, total 15)
For the following system:

H(2) = 1+0.875z
[L- 07z f1+ 022 + 0922

a) Show the direct form Il structure of H(z).
b) Draw a cascade structure using first and seconer alicect form Il structures.

c) Draw a parallel structure using first and secordkpdirect form |l structures.

Paged



Question 6 ( a) 10 points, b) 5 points, total 15)

a) For the following sequence(n) ={ 123432} , n= 012345 and the following FIR
filter h(n) ={45},n =01, compute the outpuy(n) for n= 012345 using the DFT-
based overlap and save techniqyevith blocks ofL =3 samples.

b) To verify your answer in a), compute the timenddn convolutiony(n) = x(n) * h(n)
for n= 012345
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Question 7 - Please select either question 7A or 7B
7A (total 8 points)
A Chebyshev analog filter was created to satisgyftlowing requirements:

[H*  (dB)
B dB 227
odB |
| Wz
0 25 kHz 125 kHz £

The solution has the pole located at

S12 = (r1 cos b /8, £rasin 57 /8)

Sgy = (rycosTm/8, +rysin 7w /8)

Use the impulse invariance technique to creatgigatlfilter, that is, findH(2) for this
filter. Keepr, andr; as variables. Do not calculate them.

7B (total 8 points)

A continuous time signax, (t) has a band-limited spectruix, (jQ) as indicated in the
figure bellow. Determine the smallest sampling frecy F, that can be employed to
samplex, (t o that it can be fully recovered from its samphmegsion x[n] for the
following band-edge€2, =160r and Q, = 2507. Sketch the Fourier transform of the
sampled version{n] obtained by sampling,(t &t the smallest sampling rak¢ and

the frequency response of the ideal reconstrudiiien needed to fully recovex, (t for
each case.

X, (i)

—0, -4, 0 LA A
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Question 8 ( a), b)4 points each, c) 5 points, tdta3)
(For the full mark, show derivations or justificats)

a) Determine Z transform and ROC gn] = (n+1)a"x[n] ? What is DTFT ofy[n] ?

b) Is the following system lineayf n] =X n] sin(nz/2)?
c) Is the following system time-invariany{n] = Zx[k]?

k=—00
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