University of Ottawa  ELG 3121 —Probability and Random Processes for Electrical Engineering

Lectures of May 26th, 2006
Scribe: Akhil Chandan, Thayalan Selvam

Example 1 Let X be a continuous random variable with PDF fx (z). Let the
random variable Y = X2. Find PDF of Y, in terms of fx (z).

Answer:

Figure 1: Intuitive Approach

Fy (y)=P[Y < y]=P[z? < y]

o= frrze= oz
CDF:if y > 0, Fy (y) = Fx(vy) — Fx(=Y)
PDF: fy(y) = Fy (y)

{0, if y <0,

W= i (viely - Ix (Vi) sh, ity =0,

0, if y <0,
Fy(y)Z{ sl Ix (V) + fx (=)l ity = 0.
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Now, consider the general case: Given fx of a continuous RV X, determine
the PDF fy of Y:=g(z), where g is a smooth function.

\y=gix) AY

T

Figure 2: y = g(x)

Suppose z1, xa, ..., ) are all solutions to equations y = g(z), for a given value

fy WAyl = fx(z1)|Azr| + fx(@2)|Aza| + ... + fx (zi)| Az
fr(y) = Zle fx () Iﬁwyﬂl
In the limit, when Ay — 0, we have

Fr(y) = S fx (@) ) e=a,
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Example 2 Let X be uniformly distributed over (0,2r). Let Y = cos(X). find the
PDF of Y.

\ Y=C0s(x) AY

~

1/opil G

2pi

Figure 3: y = cos(x)

Lecture Summary, Summer 2006 3



University of Ottawa  ELG 3121 —Probability and Random Processes for Electrical Engineering

Answer:
A\ Y=C0s(x) AY
/
1/2pi SR
xi };i X2 Zi)i

Figure 4: y = cos(x)

For every y € (—1,1) denotes by x; and zo the solution of equation y = cosz
and z1 = cos~1(y) (where we are treating cos~*(.) as function with range [0,7]).

d , da
7 = —sin(z), then |G| = m

fr(y) = fX(x)mL:zl + [fX(x)\sml(xn o

2

1

A 1 4+ L 1
27 [sin(cos—1(y))]| 27 | sin(2wr—cos—1(y))|

1 1 + 1 1
27 \/1-1/2 27 \/1—y2
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1 Expected value of Y = g(X)
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) for some g.

Suppose that X is a random variable and Y is defined as Y = g(X

BlY]= [T yfy(Wdy = [7 9(x) fx(x)dx

Figure 5: Y:=¢g(x)

According to the figure above,
Ely] = P[d]-d+ Ple] - e

Proof:

P[] gla] + P[b] - g[b] + P[c] - g[c]
Pla]-d+ P[] -e+ Pld - ¢
Pld] - d + e[P[b] + Plc]]
Pld]-d+ Ple] - e

2 Two inequalities

1. Markov Inequality

Suppose X is a non-negative random variable, then for any a > 0,

Pl > ) <

(Markov inequality provides a bound on the right tail of the distribution of a non-

negative random variable, based on mean only)
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2. Chebyshev inequality

For any random variable, P[|X — E[X]| > a] < VA%;[X], Ya >0

Figure 6: Y:=g(z)

(Chebyshev Inequality provides a bound on two tails of a distribution, in terms of
mean and variance.)
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