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My agenda for this tutorial session

| will introduce the Laplace Transforms as a useful
tool for you to tackle control systems analysis.

| will give examples on how to derive the transfer
function of different systems represented by their
mathematical models.

| will talk about solving the system equation to
obtain the system response and | will give
examples regarding that.



Laplace Transforms

We transform the system (model), which is identified
by a differential equation (transfer function), from time
domain to frequency domain.

d
— =D =s S=0g+ i
dt ’

We normally assume zero initial conditions at t=0. If

any of the initial conditions are non-zero, then they
must be added.



‘ = How to implement time-to-frequency
transformation

o0

f(s)= J'O f(tye *'dt

where,
f(t) = the function in terms oftime t
f(s) = the function in terms of the Laplace s
Example
For f(t) =5,
o0 B o0 B 5 B (e 0] 5 . —s0
f(s) = I f(t)e Yt = I 5¢ dt = ~e =|: e :|—[ >¢ ] .
0 0 s o S S S

However, in control systems analysis we would rather use
tables to implement such transformation




How can we carry out control system analysis
using Laplace Transforms

We convert the system transfer function (differential
equation) to the s-domain using Laplace Transform
by replacing ‘d/dt’ or 'D’ with ’s’.

We convert the input function to the s-domain using
the transform tables.

We combine algebraically the input and the transfer
function to find out an output function.

We Use partial fractions to reduce the output function
to simpler components.

We convert the output equation from the s-domain
back to the time-domain to obtain the response using
Inverse Laplace Transforms according to the tables.



Laplace
Transforms
Properties

L: Laplace Transform
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Laplace Transforms make things easy, for
example consider the following
convolution process:

F(5)*G(s)= [ [t -D)g(0)dr

which can be performed as simple
multiplication in frequency domain using
Laplace Transforms:

LIF(s)*G(s)] = F(5).G(s)



Laplace TIME DOMAIN FREQUENCY DOMAIN
Transforms
Table o(t) unitimpulse 1
A step A
s
t ramp 1
2
2 2
t 3
s
n n!
tn> 0 n+1
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g & exponential decay 1
s +a
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TIME DOMAIN

FREQUENCY DOMAIN
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Example

For this simple mechanical system obtain the transfer
function in s-domain (i.e. dynamical model)

F = MD°x + K Dx +K x

F(t) _ 2
M Vl X X(D = MD™ +K D +K,

| Ftn - H9 _ <2
3] = 59 =M et K
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Example
For this electrical circuit obtain the transfer function in s-domain

1 +
_— Vo
Vi ¢ .
. Y
11
Vl[—}
: (pew)
v - DE+R ~ ViT+per B ( R )
? R ) \D’R?LC+DLR +R
DL+[ 11} DLR+(1+DCR
DC + =
C*R

Ll’ & \Y (s) ( R R)

Vi(1)] Vi(s) $PR’LC+sLR+
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Device Time domain s-domain Impedance

Resistor Vit) = RI(t) V(s) = RI(s) Z =R
. : 1 C1NT(s) 1

@F: tor Vit) = =|I(t)dt V(is) = | =|—= Z = —
apacitor {L ) 5 ) |'sz'| p .
Inductor Vit) = LE‘HH V(s) = Lsl(s) Z = Ls

Impedances of electrical components

Have more examples on how to obtain the
transfer function in the s-domain for the
given systems:
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Now back to our simple mechanical system to obtain its output

response to a step input of magnitude 1000 N.

Given,

Therefore,

Assume,

X(s) _ 1
9 M&+Kys+K
F(9 = 2

_ (X(9) _ 1 A
K= (%)F(S) i [M52+ KgS+ Kjg

Ky = 3006\%5

K. = 2000~

m
M = 1000kg
A = 1000N
1

[Ix(s) = >

(s +3s+ 3Is
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Types of inputs (driving force)

Vdesire
i ste
Vdesired\t ort == U sec
i - t(sec)
0
Input type Time function Laplace function
I_ STEP ) = Au(r) fis) ==
RAMP () = C £ Y |
~ J(t) = Artu(r) fis) = 5
5
SINUSOID A#) = Asi Yae( £ o Ao
' Jlr)y = Asin(r)ul(f) fls) = =———
5T+
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Unit impulse P(1)

Area = El| =1

Dirac delta function

o(7) = lim P(#) This function is theoretically

€0 undefined, 1t goes to infinity
for an instant, but it does
have an area of 1.

o

Area = [ o(t)dr = 1

-
— D

F(s) = L[o(1)] =1



Solving for system response using

Inverse Laplace Transforms

Use the following flow chart to determine
which way to go to do Inverse Laplace
Tarnsforms
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| Start with a function of ’s’.

function mn
the transform
tables?

simplify the
function

function be
simplified?

Ves

Use partial fractions to
break the function into
smaller parts

ﬂ

Match the function(s) to
the form 1in the table
and convert to a tune
function

Done
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Performing partial fraction simplification

1 _ 1 _A., B _ C
(52+35+2)s (s+D(s+2)s s s+1 s+2

A= I Te29) ~ 3

X(s) =

5= s"_I:n—l_(S i 1)((3 ¥1)(s +2)s)_ =1

_ i [ 1 11

C = sh_':n —2|_(S +2)((s + 1)(s +2)s>_ T2
X(9 = 1 = O_'5+ 1,05

(s"+ 35+ 2)s s+1 s+2



Now we proceed with the Inverse Laplace
Transforms to obtain the system time response

S sSs+1 s+2

X(t) = L_l[(—)?] + L"l[s_+11] + L—ll:S%]
x(t) = [0.5] + [(~1)& '] +[(0.5€ ]

X( 1)

X0 = L9 = L[+ =5+ 53]

05— e+ 0.56°
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Try to think about the case where the driving force is
an impulse input. So what will be the impulse
response ?

F(s) = L[(1)] =1

20



= What's about the partial fractions simplification
for the repeated roots.

Example
1 AyBi C
2 s

52(5 +1) s 1

C = lim (s+1)( 1 )}:1

x(s) =

)]
+

S = 52(5 +1)

A = Ilm([ (s(s+1)) "mo[s 7
B = I|m d (s(s+J)>]:| I|m d(S ]) S|i£T\O[—(S+1)—2] =-1
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Have another example

5
H9 =
H(s+1)°
5 _AB,_C . D _E

Ls+)° & S (s+]° (s+1° (St
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B,_C . _D ,_E

S (s+1)° (s+1)> D

2

2 3
sT(s+1) 5

2 2 2 2
A+ 1) +#Bs(s+1) +Cs +Ds (s + 1)+ Es*(s + 1)

2 3
s(s+1)

_ s (B+E)+s(4+3B+D+2E)+5 (34+3B+C+D+E)+s(34+B)+(4)

2 3

sT(s+1)
“5_-%:iﬁ+—15Jr 5 -+ o, _15
Sis+1)y 8 5 (s+1) (s+1? 1)
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5 _A,B,_C . D . E

52(s+1)3_s2 S (s+1)3 (s+2? (5*)

A:SIiinO[(z 2 3)2] im (Sfl)]:5

sS(s+1

B = Ilmo[d ( +1) ] “mO[CCIIS((S+1) :| I|m (:(:i))] 15

o= mfe ] = m 3] =

D= slﬁn_ll_lllc(ljs( (s 5+ 1))(8 +1)3] ) lem—llll_ ] im J[1|_2(35)]

E = Slim_lzldi (S (55+1)3)(S +1)3} = Ilm [%dg 52] = SIim_llzll3 =15
5 _ Ez 15 5 - 10 N 15

fis+1 s S (s+1) (s+1° (8+)
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Special case

- 3 2
55T+ 35+ 8546
xX(s) = -
5 +4

This cannot be solved using partial fractions becanse the numerator 15 3rd order
and the denominator 15 only 2nd order. Therefore long division can be used to
reduce the order of the equation.

S5+ 3

2 -3 2
5 +4 55 +35 + 85+ 6

550 + 205
355125+ 6
357+ 12

—125-6

This can now be used to write a new function that has a reduced portion that can be
solved with partial fractions.

—125-6 .
—_— solve - = =+ o
55 +4 57+ 4 S+ i-4

x(5) = 55+3+
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start with a function that

has a polynomial numerator |

\ and denominator

/

1s the
order of the
numerator >=
denominator?

use long division to
reduce the order of the
numerator

Find roots of the denominator
and break the equation mto
partial fraction form with
unknown values

use limits technique.

If there are higher order
roots (repeated terms)

then derivatives will

required to find solutions

be

( Done

S

/

use algebra technique
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Initial and Final Value Theorems
1

-
(s"+3s+2)s

X(8) =

X(t = 00) = lim[sX 9] Fnal value theorem

OX(t - o) = lim[— 1s Jznm : 1 21: 1 :%
s-Q&(s +3s+ ) - 0g" +3s+ (0)“+3(0) +2

X(t - 0) = lim [sx(3] Initial value theorem
S50

Dx(ta)—llm[ 1 0—10:0

(s + 3s+ 3 ((oo) +3(c0) +2)
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Given the mass-spring-damper example
1

LX(s) _ M
Fso) o K K
M M
Component values are,
- N Ns
M= 1k K =2- K,=05=
g I m B m

The sinusoidal input is converted to the s-domain,

F(t) = Scos(61)N
55
.92 + 62

SF(s) =

This can be combined with the transfer function to obtain the output function,

1

x(s) = F(,g)(w) :( 5s J 1

F(s) s +6°/|sT+05s+2

S5s
(s”+36)(s” +0.55+2)

Sx(s) =

A+B+C

Sx(s) = 16

+
s—6] s—05+139 s—0.5-139;

Kd

Ks

—/\VV
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e [ £5+5J)(2-5') J = =5 ;éﬂj —
s> -61L(5 _ 6j)(s”+36)(s> +0.5s+2) (F12)(36-3/+2)
_ —30/ 30 ., 36-456j _ 13680 +1080j _
—432}'—36—24} %6+4*}6; 36 — 456 209, 232
--Continue on to find B, C, D same way
o) = 0.0654 + 0.005165 | 0.0654 —0.00516/ |
' s+ 6] 5 — 6]
Do mverse Laplace transform
0.00516

f N
x(f) = 2,/0.0654> + 0.00516%¢ chos(o.oosmﬁ atan(—

0.0654

= 0.0654 +~ 0.00516,

)*
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As normal, relate the source voltage to the output voltage using component values in
the s-domain.

Z 332 1
R T IRAORE Zx=R  Zc= g
° Ntz ’ s +1 s¢

Next, equations are combined. The numerator of resulting output function must be
reduced by long division.

1
S 352 sC _ 3s” _ 3s
Vo= 1| .2 o g2 3. -3
s +1| g+ — (s +1)1+sRC) (s +1)(s10710 "+1)
sC

The output function can be converted to a partial fraction form and the residues calcu-

lated.

_ 35° _As+B_ _C _ As+As+Bs+B+Cs +C
P15+ 1)  sS+1 st (Z+1)(s+1)
. 357 _ ST C) 5B+ (B C)

(s"+1)(s+1) (s"+1)(s+1)
B+C=0 C = -B
A+B=0 .~.A=-B
A+C=3 ~—B-B=3 B=-15 +~A=15 ~C=15
;oo LSs—15 15
o 2 s+1
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The output function can be converted to a function of time using the transform tables,
as shown below.

_ 1M1 S0 — 5 _ _ _
V() = L [Vy(s)] = L 1[1"5 L2, 1 J =T 1{—1'53 1'§]+L 1‘—1'5
2 g+ 1 2

s +1 s +1

nV(1) = 1.5L_1[ 2 }—1.5.}:‘1[ ! :|+1.5E_f
2 2
s +1 s +1

SV, (1) = 1.5cost—1.5sinr+1.5¢

2 2 -1.5 —t
sV (L) = N1.57+ 1.5 cm(r+ atan(—))— 1.5e

~ V(1) = 2.121 cm(r— g)— 1.5¢”

1

31



Conclusion

Laplace Transforms are simple, useful and
powerful tools to solve for system response
and hence analyse the control system

BUT we need to prove that !!!!
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Solving the System Equation (Response)

as differential equation

Example

X+0.5X = 25
The homogeneous solution ———p the deriving force (input) =0

let ‘1"{’ = E?:“ 50 ..:ELL, = .:':[E'Ar

X+05X =0
A+05 =0
X, = Ce '

The particular solution ————yjp time=0
let X,=4 so X, =0
X+05X = 26(0)
0+054 = 2.0

.YP=A=0




So equation solution (system response) = homogenous response + particular response

X = X;,_—-:— XP
=0.5¢
X = Ce

The mutial condition caused by the impulse function

(i])fu+ 0.5(0) = 2&}
X, =2
therefore
X1 = ¢
X, =2=cd > C=2
X{f] o 29—9.5?




While solving for system response using
Laplace Transforms

(s+0.5X (s)= 2
2
s+0.5
X () =L [X(9] =2e™*

X(s) =

35



Reference

Electronic book

“Dynamic System Modeling and Control”
by Hugh Jack at

http://claymore.engineer.gvsu.edu/~jackh/boo
ks/model/pdf/model2_6.pdf
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Your Questions

fkhalil(@site.uottawa.ca
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