6. the Frequency domain

Signals and Systems
A system can be seen as a black box that transforms a signal into another.
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· A good system should have the following properties:

· Stability: a bounded input should result in a bounded output.

· Causality: the response of a system depends only on past values

· Shift invariance: shifting an input produces no change except to shift the output by the same amount.

· Linearity: 
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A special signal: the Dirac impulse function 
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Convolution:
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A system is completely defined by its impulse response.
· 
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[the notion of ‘signal’ and ‘system’ can be interchanged]
· 
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· 
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Signal decomposition

Objective: to decompose a signal into ‘fundamental waves’ or, to represent a signal using basis functions of different frequencies.
for example: 
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If x(n) contain N samples, then N samples should be sufficient for 
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This is the Discrete Fourier Transform. The X(n) are the coefficients of the DFT; they are complex number, i.e.
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 and 
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These coefficients represent the frequency content of the signal. 
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and x(n) are two complementary representations of the signal. 

For an image (2D):
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The Fourier images are generally translated such that the (0,0) coefficient appears in the center of the image.
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from: http://www.cs.unm.edu/~brayer/vision/fourier.html
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· If the phase is ignored when reconstructing the image, we obtain:
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· The minimal period that can have a signal in an image is 2 pixels; therefore the maximal frequency is ½.  
Filtering
Objective: to transform the image by altering its frequency content.

Low-pass filtering vs High-pass filtering
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from: http://www.cs.unm.edu/~brayer/vision/fourier.html
Transform coding
Objective: to represent an image using the values of the coefficients of some transform. In practice the transform is applied on small blocks of the image in order to reduce the complexity of the computations.

The Fourier transform could be a good choice; however, its coefficients are complex numbers. The cosine transform that decomposes a signal into cosinus could be a better choice.
DCT: 
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IDCT: 
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All coefficients are real numbers.
In 2D:
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For a 8x8 block, the corresponding DCT basis functions are:
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from: http://www.cs.sfu.ca/CourseCentral/365/li/material/notes/Chap4/Chap4.2/Chap4.2.html
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In 2D, the DCT can be defined with a NxN matrix. If B is the block to be transformed, then the coefficients F are given by:
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Ex: N=8
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Example:
[image: image44.png]618
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original (16x16)


reconstructed


reconstructed from 36 coefficients
JPEG Joint Picture Experts Group 1987-90
Objective: to define a coding standard that can be efficiently applied on any type of images. The standard is mainly based on the use of the DCT transform. The Yuv color space is generally used.
1. Subdivide the image into 8x8 blocks
2. Subtract 
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3. The sequence of non-zero coefficients are transmitted in a zig-zag order

4. The first coefficient (DC) is transmitted differentially
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5. Each coefficient is quantized using a quantization table Q(u,v)
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Example of a quantization table for luminance:

16  11  10  16   24   40   51   61     

12  12  14  19   26   58   60   55           

14  13  16  24   40   57   69   56           

14  17  22  29   51   87   80   62           

18  22  37  56   68  109  103   77           

24  35  55  64   81  104  113   92

49  64  78  87  103  121  120  101           

72  92  95  98  112  100  103   99           

Example of a quantization table for chrominance:

17  18  24  47  99  99  99  99

17 21  26  66  99  99  99  99

24 26  56  99  99  99  99  99

47 66  99  99  99  99  99  99

99 99  99  99  99  99  99  99

99 99  99  99  99  99  99  99

99 99  99  99  99  99  99  99

99  99  99  99  99  99  99  99

Example:
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original-128:
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DCT:
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Quantization:
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IDCT:
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From: online.redwoods.cc.ca.us/instruct/ darnold/laproj/Fall98/PKen/dct.pdf

JPEG codec

 SHAPE  \* MERGEFORMAT 



The JPEG standard defines 4 modes of transmissions:

· Sequential mode: an image is transmitted following a left-to-right, top-to-bottom scan.

· Progessive mode: first transmit a low-quality image and then progressively refine it. The DCs and few ACs are sent and then more AC in each block are progressively transmitted. 

· Hierarchical mode: transmit a smaller image (e.g. reduced by a factor of 2); the difference between the up-sampled version and the original  is also coded and transmitted.

· Lossless mode: DCT is not used to ensure that the received image is identical to the original image.

8x8 blocks�
�






DCT�
�






Quantizer�
�






Quantization Table�
�






Zig-zag scanning�
�






DPCM�
�






Entropy encoder�
�






Entropy coding table�
�






[DC Coefficient]�
�






Entropy decoder�
�






DPCM


Decoding�
�






[DC Coefficient]�
�






Dequantization�
�






IDCT�
�






8x8 blocks�
�









_1162018879.unknown

_1162024451.unknown

_1193225639.unknown

_1193225688.unknown

_1193397952.unknown

_1193225860.unknown

_1193225666.unknown

_1162033139.unknown

_1162035597.unknown

_1162036136.unknown

_1162626669.unknown

_1162035870.unknown

_1162035932.unknown

_1162033522.unknown

_1162033560.unknown

_1162033208.unknown

_1162033270.unknown

_1162032938.unknown

_1162033028.unknown

_1162025125.unknown

_1162020043.unknown

_1162022165.unknown

_1162022175.unknown

_1162021235.unknown

_1162019890.unknown

_1162019940.unknown

_1162018990.unknown

_1162018406.unknown

_1162018696.unknown

_1162018782.unknown

_1162018520.unknown

_1162017298.unknown

_1162018217.unknown

_1162016988.unknown

