TUT3 
Fourier series and Fourier transform
Zhenxia Zhang
1 Preliminary
1.1 Periodic function

a) Definition:

Let T>0, 

1. A function f is called T-periodic or simply periodic if f (x + T) = f (x), for all x.

2. The number T is called a period of f.

3. If f is non-constant, then the smallest positive number T with the above property is called the fundamental period or simply the period of f.

b) Let us first remark that if T is a period for f, then nT is also a period for any integer n > 0.

c) Classical examples of periodic functions are sin(x), cos(x) and other trigonometric functions. Sin(x) and cos(x) have period 2π. tan(x) has period π.

1.2 Integral
a) The principles of integration:
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c) Online integrator: 

http://integrals.wolfram.com/index.jsp
2 Fourier series

2.1 What is Fourier series?

“In mathematics, a Fourier series decomposes periodic functions or periodic signals into the sum of a (possibly infinite) set of simple oscillating functions, namely sines and cosines.” 
-- WIKIPEDIA, http://en.wikipedia.org/wiki/Fourier_series
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2.2 How do we compute the coefficients? 
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2.3 Examples

a) x(t) = sin(t)

b) square wave
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c) sawtooth wave

x(t) = t, for –π<t<π

x(t+2nπ)=x(t), 

d) triangular wave
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3 Fourier transform

3.1 What is Fourier transform?

“The Fourier transform is a mathematical operation with many applications in physics and engineering that expresses a mathematical function of time as a function of frequency, known as its frequency spectrum.”
“The function of time is often called the time domain representation, and the frequency spectrum the frequency domain representation.”
-- WIKIPEDIA, http://en.wikipedia.org/wiki/Fourier_transform
3.2 How to do Fourier transform?
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3.3 What is Discrete-time Fourier transform (DFT)?

“In mathematics, the discrete Fourier transform (DFT) is a specific kind of discrete transform, used in Fourier analysis. It transforms one function into another, which is called the frequency domain representation, or simply the DFT, of the original function (which is often a function in the time domain). But the DFT requires an input function that is discrete and whose non-zero values have a limited (finite) duration.”
-- WIKIPEDIA, http://en.wikipedia.org/wiki/Discrete_Fourier_transform
3.4 What is Fast Fourier transform (FFT)?

“A fast Fourier transform (FFT) is an efficient algorithm to compute the discrete Fourier transform (DFT) and its inverse.”
-- WIKIPEDIA, http://en.wikipedia.org/wiki/Fast_Fourier_transform
3.5 Properties of the DFT
a) The DFT is only defined in the region between 0 and fs, where fs is the sampling frequency.
b) When the region between 0 and fs is examined, it can be seen that there is even symmetry around the center point, 0.5fs, the Nyquist frequency. This symmetry adds redundant information. The following figure shows the DFT (implemented with Matlab's FFT function) of a cosine with a frequency one tenth the sampling frequency. Note that the data between 0.5fs and fs is a mirror image of the data between 0 and 0.5fs.
[image: image12.png]coc00000000

@ee0000 00 °

©000000000006 00

i

0000000000

oooooocooooooooooo

12

10
8
6
4
2

09

frequencyf




3.6 FFT and Matlab

a) Example 1: The typical syntax for computing the FFT of a signal is FFT(x,N) where x is the signal, x[n], you wish to transform, and N is the number of points in the FFT. N must be at least as large as the number of samples in x[n]. To demonstrate the effect of changing the value of N, synthesize a cosine with 30 samples at 10 samples per period.
n = [0:29];

x = cos(2*pi*n/10);
Define 3 different values for N. Then take the transform of x[n] for each of the 3 values that were defined. The abs function finds the magnitude of the transform, as we are not concerned with distinguishing between real and imaginary components.

N1 = 64;

N2 = 128;

N3 = 256;

X1 = abs(fft(x,N1));

X2 = abs(fft(x,N2));

X3 = abs(fft(x,N3));
The frequency scale begins at 0 and extends to N-1 for an N-point FFT. We then normalize the scale so that it extends from 0 to 1-1/N
F1 = [0 : N1 - 1]/N1;

F2 = [0 : N2 - 1]/N2;

F3 = [0 : N3 - 1]/N3;
Plot each of the transforms one above the other. 

subplot(3,1,1)
plot(F1,X1,'-x'),title('N = 64'),axis([0 1 0 20])

subplot(3,1,2)

plot(F2,X2,'-x'),title('N = 128'),axis([0 1 0 20])

subplot(3,1,3)

plot(F3,X3,'-x'),title('N = 256'),axis([0 1 0 20])
b) Example 2: Recall also that a real signal should have a transform magnitude that is symmetrical for positive and negative frequencies. So instead of having a spectrum that goes from 0 to fs, it would be more appropriate to show the spectrum from - fs/2 to fs/2. This can be accomplished by using Matlab's fftshift function as the following code demonstrates.
n = [0:149];

x1 = cos(2*pi*n/10);
N = 2048;

X = abs(fft(x1,N));

X = fftshift(X);
F = [-N/2:N/2-1]/N;

plot(F,X),

xlabel('frequency / f s')
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