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Abstract—In this paper, the phase-noise performance of opti-
cally generated electrical signals based on external optical modu-
lation techniques is investigated theoretically and experimentally.
Mathematical models are developed to represent perturbations
on the transmitted optical signal caused by the phase fluctuations
of the electrical drive signal applied to the external modulator and
the optical carrier that feeds the external modulator. Closed-form
expressions of the power spectral density (PSD) for the electrical
signals, generated both locally and remotely, are derived. The
calculated PSD of the locally generated electrical signal indicates
that its phase noise is determined only by the phase noise of the
electrical drive signal. The PSD of the remotely generated signal
shows that its spectral quality is also affected by the chromatic
dispersion of the fiber and the optical carrier linewidth. An ex-
perimental setup that can generate a millimeter-wave (mm-wave)
signal, continuously tunable from 32 to 60 GHz using an electrical
drive signal tunable from 8 to 15 GHz, is built. The spectra of the
generated millimeter-wave signal are measured for both locally
and remotely generated electrical signals, with optical carriers
of different linewidths. The theoretical results agree with the
experimental measurements.

Index Terms—Microwave photonics, millimeter-wave (mm-
wave) generation, optical fiber dispersion, optical modulation,
phase noise, radio over fiber, spectral analysis.

I. INTRODUCTION

O PTICAL LINKS have been widely used for the trans-
mission of high-speed digital baseband signals because

of the inherent low loss, low dispersion, and wide bandwidth
of single-mode fibers, combined with the possibility of using
optical amplifiers to compensate for the loss [1]. For similar
reasons, the use of optical links in wireless communication
systems has increasingly attracted attention [2]–[5]. The ad-
vantages of optical links are even more noticeable when de-
livering radio frequency (RF), microwave, or millimeter-wave
(mm-wave) signals over long distances, for example, between a
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central office and base stations. They are particularly useful in
applications like broadband wireless access networks [6], [7],
and they have also found applications in military systems,
such as antenna remoting, Doppler radar, and phased array
antennas [8]–[10].

Key to this technology is the generation and distribution of
microwave or millimeter-wave signals in the optical domain.
In the past, extensive investigations of optical microwave
generation systems have led to a variety of electrical-signal-
generation methods. These methods employ techniques such as
automatic frequency control loop [11], optical injection locking
[12], optical phase-locked loop (OPLL) [13], [14], and exter-
nal modulation [15]–[20]. The short- and long-term frequency
stability of the optically generated millimeter-wave signals is
critical because the resulting signal is generally used either as
an RF carrier or a local oscillator signal in system applications.
Optical frequency locking, optical injection locking, and OPLL
have all been used to improve the long-term frequency stability.
An OPLL, when used in conjunction with a narrow linewidth
optical source, can generate a millimeter-wave signal with high
short-term frequency stability [21]. The short-term stability is
directly related to the spectral purity of the generated signal,
and it can be characterized with phase-noise measurement
techniques.

Among the aforementioned signal-generation methods, those
using external-modulation techniques have shown great poten-
tial for producing high-purity and frequency tunable microwave
or millimeter-wave signals [15], [19]. Owing to the inherent
nonlinearity of the external modulator, microwave generation
techniques using external modulation enable the generation of
microwave or millimeter-wave signals with a frequency that is
two or four times that of the electrical drive signal, which makes
the use of low-frequency low-cost external modulator possible.
In 1994, O’Reilly applied such a method for the remote delivery
of video services [22].

External-modulation-based signal-generation schemes are
built using a laser source, an electrical microwave source, an
optical intensity or phase modulator, a photodetector, and/or an
optical filter. The microwave signals can be generated locally
prior to fiber propagation and remotely after having propagated
in a given length of optical fiber. For many applications, it
is important to explore the quality of the generated electrical
signal, especially its noise characteristics.

A number of previously published papers [23]–[29] have
covered the modeling and measurement of signal phase noise
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in optical links within various contexts. For instance, a phase
noise caused by multiple reflections in an externally modulated
optical link has been analyzed in [23]. A technique for mea-
suring residual single sideband (SSB) microwave phase noise,
added by an externally modulated fiber-optic link, was reported
in [24]. A model for calculating additive phase noise in direct-
modulation optical links was presented in [25]. Chromatic-
dispersion effects on the phase noise of optical millimeter-wave
systems were investigated in [26] and [27] for direct and
remote heterodyne detection. Effects of the amplified sponta-
neous emission (ASE) noise of an erbium-doped fiber ampli-
fiers (EDFA) on the spectral broadening of optically generated
electrical signals were experimentally examined in [28] and
[29]. However, no reports have covered the modeling of the
phase noise in an external modulator-based generation system
by considering the phase noise of the electrical drive signal.

In this paper, we present a theoretical and experimental
investigation of the phase noise of an optically generated elec-
trical signal by the external optical modulation technique. As
part of this analysis, closed-form expressions for the power
spectral density (PSD) of the locally and remotely generated
electrical signal are derived. An experimental setup is built to
validate the theoretical analysis. The experimental setup can
generate a continuously tunable millimeter-wave signal from
32 to 60 GHz with the electrical drive signal tuned from
8 to 15 GHz. The experimental measurements have verified that
the phase noise of the locally generated millimeter-wave signal
is independent of the effect of active optical components used
in the system. In effect, the phase-noise deterioration of the
locally generated millimeter-wave signal can be modeled using
the same theory employed for electronic frequency multipliers.
Experimental results also showed that the phase noise of a
remotely generated millimeter-wave signal has no noticeable
phase-noise deterioration compared with the locally generated
electrical signal for transmission distances of 25 and 50 km
over a standard single-mode fiber (SSMF). These results are
valid for optical sources with spectral widths of 700 kHz and
50 MHz. All these experimental results agree well with the
theoretical PSD analysis. However, based on our theoretical
analysis, using a low-coherence optical source or extending the
transmission length of the fiber will bring noticeable phase-
noise deterioration to the remotely generated millimeter-wave
signal since the phase correlation between the optical sidebands
is reduced. A sliced ASE source as an optical carrier with a
3-dB linewidth of 33 GHz is examined for different transmis-
sion distances over SSMF.

This paper is organized as follows. In Section II, mathemat-
ical models representing the generation of local and remote
electrical signal using an external modulator are presented.
Then, phase-noise analysis of the electrical drive signal using
the PSD of its phase fluctuation is performed in Section III.
A review of the circuit-theory representation of phase noise as
a fractional power series of frequency is also presented in this
section. Phase noise of the locally generated electrical signal is
analyzed in Section IV. Phase noise of the remotely generated
electrical signal is analyzed in Section V. Experimental results
and the validation of the theoretical models are detailed in
Section VI. Last, conclusions are given in Section VII.

Fig. 1. Diagrams of systems for electrical signal generation based on external
optical modulation techniques. (a) Optical intensity modulator-based system.
(b) Optical phase modulator-based system.

II. OPTICAL MICROWAVE GENERATION BASED ON

EXTERNAL OPTICAL MODULATION TECHNIQUES

Systems used for generating millimeter-wave signals based
on external-modulation techniques [15]–[20] can be gener-
ally classified into two types: phase modulator and intensity
modulator-based configurations. They are shown in Fig. 1.

The configuration using an intensity modulator can be de-
signed with or without an optical filter. For example, the studies
in [15] and [19] presented a design that did not use an optical
filter. A design that includes an optical filter was demonstrated
in [16]. By properly biasing the intensity modulator, the odd-
order sidebands were suppressed. The optical carrier was then
removed with the inclusion of a narrowband optical notch filter.
A fourth-order harmonic of the electrical drive signal was thus
generated. In the configuration using a phase modulator, the
creation of the electrical signal requires the use of an optical
filter [17], [20]. This is because the beating between the optical
carrier and the optical sidebands at a photodetector will cancel
completely the harmonics, and only a dc component is gener-
ated at the photodetector. This is understandable because the
phase modulation will not alter the amplitude of the modulated
optical signal and a photodetector acts as an envelope detector.
The use of an optical filter after the phase modulator to remove
the optical carrier will lead to the generation of second- and
fourth-order harmonics. The studies in [18] and [20] discuss
various filtering configurations, such as cascading the optical
phase modulator with an optical polarizer, incorporating the
optical phase modulator in an optical loop mirror or a Faraday
mirror, or the use of a narrowband fiber Bragg grating (FBG)
notch filter. In the remainder of this paper, we will use the
configuration shown Fig. 1 for our theoretical analysis and
experimental verifications.

Both the electrical signal and optical signal in Fig. 1 have
a finite spectral width due to the phase fluctuations of the
signal. Phase fluctuations for a single-frequency laser can be
caused by, for example, a refractive index variation in the laser
due to temperature changes and carrier concentration effects.
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For the electrical source, the phase fluctuation comes from the
thermal noise, the shot noise, and the 1/f noise [30]. All these
phase fluctuations bear random characteristics. The phase-noise
statistics of the optical carrier and the electrical drive source
are treated as two independent random processes, which will
define the spectral quality of the generated electrical signal.
Phase fluctuations of a signal can be interpreted as a parasitic
phase modulation of an ideal sinusoidal signal [30], [31]. This
interpretation is valid for both the electrical drive signal and
optical carrier in Fig. 1. It is assumed that both the optical
carrier and the electrical drive signal are continuous wave (CW)
in nature. Therefore, they can be expressed as

E(t) = Eo cos [ωot + φo(t)] (1)

and

V (t) = Ve cos [ωet + φe(t)] (2)

where E(t) is the electric field of the optical carrier in scalar
form (scalar form is used based on the assumption that the light
is linearly polarized and it is aligned with the corresponding
polarization state axis of the modulator), and V (t) is the voltage
of the electrical drive signal. Eo and ωo are the electric field
amplitude and angular frequency (ωo = 2πfo) of the optical
carrier. Ve and ωe are the voltage amplitude and angular
frequency (ωe = 2πfe) of the electrical drive signal. Finally,
φo(t) and φe(t) are two independent random processes that
introduce phase fluctuations to the optical and electrical signals,
respectively. It must be emphasized that we are studying a
case where the phase noise is dominant and amplitude or
intensity noise can be neglected due to the presence of limiting
mechanisms in the electrical and optical source. It is true for
most quality electrical and optical sources. Thus, Eo and Ve

are assumed to be constant. For many fiber links, amplitude-
modulation (AM) noise of the link can be dominant and even
exceed the phase-noise contribution of the link, especially after
many stages of optical amplification, but in an optical source,
not a link, the link noise is much smaller than the phase noise of
the source. Many experimental reports have verified that there
is no obvious spectral broadening observed due to the link AM
noise [28], [29].

A. Optical Microwave Generation Based on an
Optical Intensity Modulator

The optical signal at the output of an intensity modulator,
which is shown in Fig. 1(a), is given by [32]

EI(t)=Eocos
{
φDC

2
+βi cos [ωet+φe(t)]

}
·cos [ωot+φo(t)]

(3)

where φDC is the constant phase shift determined by the dc bias
voltage, and βi is a modulation index expressed as

βi =
π

Vπi

· Ve

2
(4)

Fig. 2. Typical optical spectra generated by an optical intensity modulator.
The arrow direction shows the relationship between the phase of the sidebands
and the phase of the optical carrier. (a) A general spectrum. (b) Even-order
optical sidebands suppressed. (c) Odd-order optical sidebands and the optical
carrier suppressed.

where Vπi
is the half-wave voltage of the intensity modulator.

Expanding (3), we have

EI(t) =Eo cos
(

φDC

2

)
J0(βi) cos [ωot + φo(t)]

+ Eo cos
(

φDC

2

) ∞∑
n=1

J2n(βi)

×{cos [ωot− 2nωet + φo(t) − 2nφe(t) + nπ]
+ cos [ωot + 2nωet + φo(t) + 2nφe(t) − nπ]}

+ Eo sin
(

φDC

2

) ∞∑
n=1

J2n−1(βi)

×{cos[ωot−(2n−1)ωet+φo(t)−(2n−1)φe(t)+nπ]
+ cos [ωot + (2n− 1)ωet + φo(t)

+ (2n− 1)φe(t) − nπ]} (5)

where Jn is the Bessel function of the first kind of order n.
Equation (5) shows that the power of the input optical carrier
spreads to the first-, second-, third-, and higher order optical
sidebands. The amplitude of these sidebands is governed by the
corresponding order of Bessel function parameterized by βi.
Their amplitude is also affected by φDC. Fig. 2(a) shows a
general optical spectrum obtained from (5).
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Different values of φDC can be obtained by adjusting the
dc bias. There are two sets of important values: φDC = 2kπ
and φDC = (2k − 1)π, where k is an integer. When φDC =
(2k − 1)π, all even-order optical sidebands disappear. Fig. 2(b)
shows the optical spectrum when even-order optical sidebands
are suppressed by tuning the dc bias. With an appropriate
power level of the electrical drive signal, the second- and
higher order optical sidebands can be ignored. The beating
between the two first-order sidebands will lead to the generation
of a microwave signal that has two times the frequency of
the electrical drive signal. An optical filter is not required
for this configuration [15]. In this specific scenario, (5) is
reduced to

EI1(t) = −EoJ1(βi) {cos [(ωo − ωe)t + φo(t) − φe(t)]

+ cos [(ωo + ωe)t + φo(t) + φe(t)]} . (6)

O’Reilly and Lane [16] proposed another approach by bias-
ing the intensity modulator to meet the φDC = 2kπ condition,
which can be used to generate an electrical signal having
four times the frequency of the electrical drive signal. In their
system, they used an unbalanced Mach–Zehnder interferometer
with a specific free spectral range to select the second-order
optical sidebands, and, therefore improve the suppression of
the unwanted optical sidebands. In this approach, the optical
intensity modulator is biased at 0 V. In the experimental section
of this paper, we will demonstrate a simplified approach to
generating a microwave frequency that has four times the
frequency of the electrical drive signal. A key device in our
approach is a narrowband FBG notch filter. The optical inten-
sity modulator is biased to have a constant optical phase of
φDC = 2kπ to suppress the odd-order optical sidebands. The
optical notch filter is placed at the output of the optical intensity
modulator to filter out the optical carrier [the zero order in (5)].
Fig. 2(c) shows the optical spectrum when the odd-order optical
sidebands are suppressed and the optical carrier (the dashed
line) is removed. Using an appropriate power level for the
electrical drive signal, optical sidebands of orders higher than
the second have very low power and can be ignored. Then, an
optical microwave generation system having a similar optical
spectrum as in [16] is obtained. Since we use a fixed FBG notch
filter, the frequency separation of the two optical sidebands in
our approach can be continuously tuned by changing the fre-
quency of the electrical drive signal. Therefore, a continuously
frequency tunable millimeter-wave signal can be generated.
In our configuration and the one described in [16], (5) is
reduced to

EI2(t) = EoJ2(βi) {cos [(ωo − 2ωe)t + φo(t) − 2φe(t)]

+ cos [(ωo + 2ωe)t + φo(t) + 2φe(t)]} . (7)

B. Optical Microwave Generation Based on an
External Optical Phase Modulator

When the optical carrier and electrical drive signal in (1) and
(2) are applied to an optical phase modulator [case shown in

Fig. 3. Typical optical spectra generated by an optical phase modulator.
(a) A general spectrum. (b) Filtered spectrum with an F–P filter. (c) Filtered
spectrum with an FBG notch filter.

Fig. 1(b)], the optical field at its output is given by

EP (t) =Eo cos [ωot + φo(t) + βp cos [ωet + φe(t)]]

=Eo

+∞∑
n=−∞

Jn(βp)

× cos
[
(ωo + nωe)t + φo(t) + nφe(t) + n

π

2

]
(8)

where βp = (π/Vπp) · Ve, Vπp is the half-wave voltage of the
optical phase modulator. Jn is defined as before. A typical
spectrum calculated from (8) is shown in Fig. 3(a).

Various configurations have been suggested using a phase
modulator. The approach in [17] used a Fabry–Pérot filter to
select the second-order optical sidebands at the output of the
phase modulator. The corresponding optical spectrum is shown
in Fig. 3(b). For this configuration, (8) is reduced to

EP1(t) = −EoJ2(βp) {cos [(ωo − 2ωe)t + φo(t) − 2φe(t)]

+ cos [(ωo + 2ωe)t + φo(t) + 2φe(t)]} . (9)

In another approach [20], an optical notch filter is used to
eliminate the optical carrier at the output of the optical phase
modulator. The resulting spectrum is shown in Fig. 3(c). The



QI et al.: PHASE-NOISE ANALYSIS OF OPTICALLY GENERATED MM-WAVE SIGNALS 4865

dashed arrow signifies the removal of the optical carrier. Using
(8), the optical signal after the notch filter is then given by

EP2(t) = Eo

+∞∑
n=−∞

Jn(βp) cos
[
(ωo + nωe)t + φo(t)

+ nφe(t) + n
π

2

]
− EoJ0(βp) cos(ωot + φo(t). (10)

Comparing (6), (7), and (9), we obtain a general expression
for the optical signal produced by the configurations based on:
1) an intensity modulator alone; 2) an intensity modulator with
a notch filter to eliminate the optical carrier; and 3) a phase
modulator with a Fabry–Pérot filter

Eout(t) = EoJn(β) {cos [(ωo − nωe)t + φo(t) − nφe(t)]

+ cos [(ωo + nωe)t + φo(t) + nφe(t)]} (11)

where β is a general representation of the modulation index
βi or βp and n is a positive integer with n = 1 or n = 2.
Optical signals expressed in (10) and (11) represent all reported
approaches for harmonically generated electrical signals based
on external optical modulation techniques. In the following,
we will discuss the phase-noise performance of the optically
generated microwave signals.

III. PHASE-NOISE REPRESENTATION OF THE

ELECTRICAL DRIVE SIGNAL

A. Low-Index Approximation of the Electrical Drive Signal

Due to the intrinsic properties of the noise and the central
limit theorem, the phase fluctuation φe(t) of the electrical signal
V (t) expressed by (2) is classically treated as a stationary zero-
mean Gaussian random process [33]. This allows the existence
of the autocorrelation function Rφe(τ) of φe(t) as

Rφe(τ) = 〈φe(t + τ)φe(t)〉 (12)

where τ is a time shift and 〈〉 represents the ensemble average.
Using the Wiener–Khintchine theorem [34], the double side-
band (DSB) PSD Sφe(f) of φe(t) can be obtained as

Sφe(f) = F [Rφe(τ)] (13)

where F denotes the Fourier-transform operation. Although
Sφe(f) has theoretical pertinence, it is not a quantity that can
be directly measured. In contrast, the SSB PSD of V (t), where
V (t) is a random process built up from φe(t), can be measured
by a spectrum analyzer.

Using a noise model that assumes the low-index phase mod-
ulation of φe(t)[35], the DSB PSD Sφe(f) of φe(t) has a simple
relation with the measurable SSB PSD of V (t). This condition
is met in most practical applications in which the electrical drive
signal is created by an electrical source with a high spectral
quality. Under this condition, the electrical drive signal has a
small phase fluctuation and Rφe(0) 	 1, i.e., the mean power
of the phase fluctuation φe(t) is much smaller than 1 rad2. In
the remainder of this paper, our analysis is developed under the
low phase modulation index condition.

In order to obtain the expression giving the SSB PSD of
V (t), we have to first find the expression for its autocorrelation
function. It is found that V (t) is not stationary in a wide sense
(WSS), although φe(t) is stationary [35]. However, V (t) has
a defined time-averaged autocorrelation function. If RV (τ)
and SV (f) are denoted as the time-averaged autocorrelation
function and the SSB PSD of the electrical drive signal V (t),
respectively, then RV (τ) can be obtained by using

RV (τ) = 〈V (t + τ)V (t)〉

=
V 2

e

2
cos(ωeτ) exp {− [Rφe(0) −Rφe(τ)]} (14)

where f(t) represents time average of f(t), and τ is a time shift.
Equation (14) makes use of the fact that φe(t) is a stationary
zero-mean Gaussian random process. With the condition that
Rφe(0) 	 1, generally, RV (τ) can be further simplified as

RV (τ) ∼= V 2
e

2
cos(ωeτ) [1 −Rφe(0) + Rφe(τ)] . (15)

Using the Wiener–Khintchine theorem, the SSB SV (f) is found
to be

SV (f) =F [RV (τ)]

∼= V 2
e

2
[1 −Rφe(0)] δ(f − fe) +

V 2
e

2
Sφe(f − fe) (16)

where δ(f) is the impulse function, and Sφe(f) is the DSB
PSD of φe(t). Equation (16) indicates that SV (f) is an exact
replica of the DSB Sφe(f) around fe, except that it is multiplied
by the constant linear factor V 2

e /2. Therefore, one can use the
measurable function SV (f) to represent Sφe(f) for characteriz-
ing the phase fluctuation of an electrical drive signal with high
spectral quality.

B. SSB PSD and Phase-Noise Measurement of the
Electrical Drive Signal

Based on circuit theory, the SSB PSD of an electrical signal
produced by an oscillator can be expressed as a power series of
offset frequencies [30], [33]. The overall noise of the oscillator
is contributed from various types of noise, such as 1/f noise,
shot noise, and thermal noise. Considering these, the SSB PSD
of the electrical signal can be expressed as

S(f) =
A

|f − fc|2
+

B

|f − fc|3
(17)

where fc is the center frequency of the electrical signal, A
and B are two constants, f is an arbitrary frequency around
fc, and f �= fc. Again, we would like to assess the relation-
ship between the measured function SV (f) and the expression
defined in (17).

To do so, we introduce another technique to evaluate the
phase noise. It is based on the ratio of the power in one phase
modulation sideband (on a per-Hertz basis) to the total power
of the signal [36]. This new quantity is denoted as LV (fm)
and called the phase noise of the signal, where fm represents
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Fig. 4. Phase noise Lv(fm) in the approximation of a power of offset
frequency.

a frequency shift from the carrier frequency fe. It can be
demonstrated that LV (fm) can be expressed as a function of
SV (f) by using

LV (fm) =
PSSB(fe + fm, 1 Hz)

Pe

∼= SV (fe + fm)
Pe

=
1
Pe

[
A

fm
2 +

B

fm
3

]
(18)

where Pe = V 2
e /2 is the average power of the electrical signal

expressed in (2) and fm > 0. Therefore, LV (fm) is propor-
tional to SV (f), the proportionality constant being the inverse
of the average power in V (t). A typical plot of LV (fm) is
shown in Fig. 4. Finally, we conclude that the PSD of V (t)
completely describes the phase noise of the electrical signal.
Hence, in the remainder of this paper, the analysis will be
focused on the evaluation of the PSDs of the optically generated
electrical signals.

The singularity of the SSB PSD expressed in (17) does not
allow us to perform an inverse Fourier transform to obtain its
autocorrelation function. However, based on (13), (16), and
(17), we can loosely denote that

Sφe(f) = F [Rφe(τ)] ∼= 1
Pe

[
A

|f |2 +
B

|f |3
]

(19)

where f �= 0.

IV. PHASE-NOISE ANALYSIS OF THE LOCALLY

GENERATED MICROWAVE SIGNALS

When the optical signal expressed in (10) or (11) is fed into a
square-law photodetector, electrical signals will be generated.
For the optical signal defined in (10), the generated high-
frequency electrical signal VP2(t) can be written as

VP2(t) = C1

+∞∑
n=1

J0(βp)J2n(βp) cos [2nωet + 2nφe(t) + nπ]

(20)

where C1 is a constant related to the value of Eo and the
responsivity of the photodetector, and the property of the
Bessel function J−n(βp) = (−1)nJn(βp) is used. Equation
(20) clearly indicates that only even-order harmonics of the
electrical drive signal are generated [20]. Equation (20) also

shows that the phase fluctuation of the generated electrical
harmonics is not affected by the phase fluctuation φo(t) of the
optical carrier. This is because there is a complete correlation
between the noises presented at the sidebands defined by (10),
since the light feeding the modulator comes from a single
light source. Therefore, complete noise cancellation occurs
after photo-detection. Thus, the phase fluctuation of the optical
source will not contribute to the phase noise of the generated
electrical signal. Similarly, for the optical signal expressed
in (11), the generated high-frequency electrical signal is

Vout(t) = C1J
2
n(β) cos [2nωet + 2nφe(t)] (21)

where C1 is defined as before.
Concentrating on one of the harmonics defined in (20) and

(21) enables us to use a common mathematical expression for
VP2(t) and Vout(t):

VL(t) = CL cos [2nωet + 2nφe(t)] (22)

where CL is a constant.
Applying the theory developed in Section III-A, the autocor-

relation function of VL(t) is found to be

RVL
(τ) ∼= C2

L

2
cos(2nωeτ)

[
1 − (2n)2Rφe(0) + (2n)2Rφe(τ)

]
(23)

and the SSB PSD of VL(t) is

SVL
(f) =F [RVL

(τ)]

∼= C2
L

2
[
1 − (2n)2Rφe(0)

]
δ(f − 2nfe)

+
C2

L

2
(2n)2Sφe(f − 2nfe). (24)

Using (19) to express Sφe(f) in the form of LV (fm), we
obtain a closed-form expression of the SSB PSD of the locally
generated electrical signal

SVL
(f) ∼= C2

L

2
[
1 − (2n)2Rφe(0)

]
δ(f − 2nfe)

+
C2

L

2
(2n)2

1
Pe

[
A

|f − 2nfe|2 +
B

|f − 2nfe|3
]
. (25)

Because the total average power of VL(t) is C2
L/2, the SSB

phase noise LVL
(fm) of VL(t) is then given by

LVL
(fm) =

SVL
(2nfe + fm)
C2

L/2

∼= (2n)2
1
Pe

[
A

|fm|2 +
B

|fm|3
]

(26)

where fm is the offset frequency away from 2nfe.
It is clear that LVL

(fm) in (26) is (2n)2 times LV (fm) in
(18). It shows that the phase noise of the locally generated
electrical signal has a 20 log(2n) (dB) degradation with respect
to the phase noise of the electrical drive signal, where 2n is the
frequency multiplication number. This is exactly the same result
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as would be obtained for an electronic frequency multiplier
[37]. Due to the absence of the transmission fiber, in the optical
sidebands, the phase noises originated from the optical source
are fully correlated. They canceled in the beating process.
Therefore, the phase noise of the locally generated electrical
is immunized to the phase noise of the optical source.

V. PHASE-NOISE ANALYSIS OF THE REMOTELY

GENERATED ELECTRICAL SIGNALS

The phase noise present in the sidebands of the optical carrier
is fully correlated. Therefore, the phase noise of the locally
generated electrical signal can be much lower than that of
the optical source. However, when these optical signals, as
expressed in (10) and (11), are transmitted over SSMF, different
time delays will be introduced to the various optical sidebands
at the output of the system because of chromatic dispersion.
If the frequency of an optical sideband is nfe, the time-delay
difference (τD) between the nth-order sideband and the optical
carrier at the end of the span is given by

τD = DLδλ = −nτd (27)

where

τd =
DLλ2

0fe

c
(28)

τd is the fundamental time-delay difference between the first-
order sideband and the optical carrier, D is the chromatic-
dispersion parameter of the fiber [typically 17 ps/(nm · km)
at 1550 nm for SSMF], L is the length of the fiber, δλ is
the wavelength difference between the optical carrier and the
nth-order optical sideband, λo is the center wavelength of the
optical source, c is the speed of light in free space, and n is
the sideband order.

For the optical signal defined in (11), the expression for the
optical signal at the end of the link is

E2(t) =αEoJn(β) cos [(ωo − nωe)(t− nτd)

+ φo(t− nτd) − nφe(t−nτd)]

+ αEoJn(β) cos [(ωo + nωe)(t + nτd)

+ φo(t + nτd) + nφe(t + nτd)]

(29)

where E2(t) represents the output signal when the input signal
is Eout(t) in (11). Also, α is the attenuation of the fiber.

We now express the electrical signal generated from the
optical signal defined in (29)

VR(t) =CR cos {2nωet + 2nωoτd

+ n [φe(t + nτd) + φe(t− nτd)]

+ φo(t + nτd) − φo(t− nτd)} (30)

where CR is a constant, which is related to values α, Eo, Jn(β),
and the responsivity of the photodetector. Equation (30) shows
that the phase fluctuation of the remotely generated electrical

signal depends on the fiber chromatic dispersion and the phase
fluctuations of the electrical drive signal and optical carrier.

VR(t), like V (t), is not a WSS random process. The time-
averaged autocorrelation function of VR(t), which is denoted
by RVR

(τ), is given by

RVR
(τ) = 〈VR(t + τ)VR(t)〉

=
C2

R

2
cos(2nωeτ)

× 〈cos {n [φe(t + nτd + τ) − φe(t + nτd)

+φe(t− nτd + τ) − φe(t− nτd)]}〉

× 〈cos [φo(t + nτd + τ) − φo(t + nτd)

−φo(t− nτd + τ) + φo(t− nτd)]〉 (31)

where f(t), 〈〉, and τ are defined as before. The independent
property of φo(t) and φe(t), and the zero-mean Gaussian
property of φo(t) and φe(t) are used in obtaining (31). To
better understand the contribution of each factor to the phase
noise of the remotely generated electrical signal, RVR

(τ) can
be rewritten as

RVR
(τ) =

C2
R

2
cos(2nωeτ)Re,R(τ)Ro,R(τ) (32)

where

Re,R(τ) = 〈cos {n [φe(t + nτd + τ) − φe(t + nτd)

+ φe(t− nτd + τ) − φe(t− nτd)]}〉 (33)

and

Ro,R(τ) = 〈cos [φo(t + nτd + τ) − φo(t + nτd)

− φo(t− nτd + τ) + φo(t− nτd)]〉 (34)

where Re,R(τ) and Ro,R(τ) are the electrical and optical
autocorrelation functions of RVR

(τ), respectively. If SVR
(f)

is denoted as the SSB PSD of VR(t), Se,R(f), and So,R(f)
are denoted as the Fourier transforms of Re,R(τ) and Ro,R(τ),
respectively, then

SVR
(f) =F [RVR

(τ)]

=
C2

R

2
δ(f − 2nfe) ∗ Se,R(f) ∗ So,R(f) (35)

where ∗ is the convolution operator. Se,R(f) and So,R(f) are
the DSB PSD of the electrical and optical contributions to
SVR

(f), respectively. They are investigated separately in the
following two sections.

A. Electrical Driving Signal Contribution to the SSB PSD of
the Remotely Generated Electrical Signal

Based on the assumption that φe(t) is stationary and on
the spectral quality of the electrical drive signal discussed in
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Section III-A, the low phase modulation index approximation
is used again to simplify the expression of Re,R(τ) in (33).
Re,R(τ) can then be expressed as a function of Rφe(τ):

Re,R(τ) ∼= 1 − 2n2 [Rφe(0) + Rφe(2nτd)]

+ n2 [2Rφe(τ) + Rφe(τ + 2nτd) + Rφe(τ − 2nτd)] . (36)

Then, Se,R(f) is found to be

Se,R(f) =F [Re,R(τ)]

∼= {
1 − 2n2 [Rφe(0) + Rφe(2nτd)]

}
δ(f)

+ (2n)2 cos2(2nπτdf)
1
Pe

[
A

|f |2 +
B

|f |3
]
. (37)

We have used the expression for Sφe(f) given in (19) to
obtain (37).

Note that when τd = 0, (37) becomes identical to (25) if
the constant amplitude and frequency shift are ignored. That
means that the DSB PSD expression in (37) is more general
for characterizing the phase noise of the optically generated
electrical signal.

Typical plots of Se,R(f)/Sφe(f) in decibel for frequency
greater than zero are shown in Fig. 5.

B. Optical Carrier Contribution to the SSB PSD of the
Remotely Generated Electrical Signal

The phase fluctuation of the optical carrier expressed in (1)
is characterized by a Wiener–Lèvy process [39], i.e.,

φo(t) = 2π

t∫
0

F (τ)dτ (38)

where F (t) is a white Gaussian random process characterizing
the frequency noise in a laser source. The PSD of F (t) is a
constant N0. The PSD of the noisy carrier E(t) = exp[jφo(t)],
which is denoted SE(f), turns out to be Lorenzian in shape [39]

SE(f) =
2

πB

1

1 +
(

2f
B

)2 (39)

where B = 2πN0 denotes the two-sided half-power bandwidth.
It is clear that the Wiener–Lèvy process φo(t) expressed

in (38) is a nonstationary zero-mean Gaussian process and
is not periodic with respect to time. Hence, the time aver-
age technique that we used earlier for obtaining the autocor-
relation functions of V (t) and VL(t) cannot be used here.
Without the autocorrelation function of φo(t), the low-index
approximation treatment cannot be used for the analysis of
So,R(f).

However, one interesting property of the statistical distribu-
tion given in (38) is that all phase fluctuations over nonover-
lapping time periods are statistically independent [34]. This

Fig. 5. Plots of Se,R(f)/Sφ. (a) n = 1. (b) n = 2.

allows us to obtain an expression of So,R(f) from Ro,R(τ)
in (35). So,R(f) is

So,R(f) = exp
[
−4nτd

τc

] {
δ(f) +

τc
1 + (πfτc)2

×
{

exp
[
4nτd
τc

]
− cos(4nπfτd)

+ πfτc sin(4nπfτd)

}

− sin(4nπfτd)
πf

}
(40)

where τc is the coherence time of the optical carrier [40], and

τc =
1

πB
. (41)

The derivation of (40) is given in the Appendix.
Typical plots of So,R(f) in decibel meters are shown in

Fig. 6, where the 3-dB linewidth of the laser source is 10 MHz.
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Substitute (37) and (40) into (35), we obtain the closed-form
expression of SVR

(f) as

SVR
(f) =

C2
R

2
exp

[
−4nτd

τc

]
δ(f − 2nfe)

∗
{{

1 − 2n2 [Rφe(0) + Rφe(2nτd)]
}
δ(f)

+ (2n)2 cos2(2nπτdf)
1
Pe

[
A

|f |2 +
B

|f |3
]

+
{
1 − 2n2 [Rφe(0) + Rφe(2nτd)]

}
×

{
τc

1+(πτcf)2

{
exp

[
4nτd
τc

]
−cos(4nπτdf)

+ πτcf sin(4nπτdf)

}

− sin(4nπτdf)
πf

}

+ (2n)2 cos2(2nπτdf)
1
Pe

[
A

|f |2 +
B

|f |3
]

∗
{

τc
1+(πτcf)2

{
exp

[
4nτd
τc

]
−cos(4nπτdf)

+πfτc sin(4nπτdf)

}

− sin(4nπτdf)
πf

}}
(42)

where ∗ is the convolution operator. If the SSB phase noise of
the remotely generated electrical signal is denoted as LVR

(fm),
the expression of LVR

(fm) obtained from SVR
(f) is

LVR
(fm) ≈ (2n)2 cos2(2nπτdfm)

1
Pe

[
A

|fm|2 +
B

|fm|3
]

+
τc

1 + (πτcfm)2

{
exp

[
4nτd
τc

]
− cos(4nπτdfm)

+ πτcfm sin(4nπτdfm)

}

− sin(4nπτdfm)
πfm

+ (2n)2 cos2(2nπτdfm)

× 1
Pe

[
A

|fm|2 +
B

|fm|3
]

∗
{

τc
1 + (πτcfm)2

{
exp

[
4nτd
τc

]
− cos(4nπτdfm)

+ πτcfm sin(4nπτdfm)

}

− sin(4nπτdfm)
πfm

}
(43)

where fm is the offset frequency away from 2nfe, and fm �= 0.
In (43), the approximation of 1−2n2[Rφe(0)+Rφe(2nτd)] ≈ 1
is used.

Because of the singularity of (42) and (43) at f and fm = 0,
their convolution cannot be conducted analytically. This

Fig. 6. Plots of Se,R(f) for B = 10 MHz. (a) n = 1. (b) n = 2.

problem can be alleviated by using the processed data from
an electrical spectrum measurement of the drive signal Ve(t)
to represent (1/Pe)[(A/|fm|2) + (B/|fm|3)] in (42) and (43).
Then, based on (16), SV e(f) can be changed to Sφe(f). Here,
the resolution bandwidth (RBW) of the spectrum analyzer has
to be set to 1 Hz or converted to the 1-Hz basis when obtaining
the SSB PSD of Ve(t).

For the optical signal expressed by (10), analyses showed
that a dispersion compensation module (DCM) is needed to
alleviate the power variation problem of the generated electrical
signal [38]. With the deployment of the DCM, the time-delay
difference caused by the chromatic dispersion is fully compen-
sated. Then, the phase noise of the remotely generated electrical
signals is exactly the same as that of the signal generated
locally.

VI. EXPERIMENT

A. Experiment with a Tunable Laser Source

To validate the above analysis, an experimental setup shown
in Fig. 7 is built. In the setup, a tunable laser source with
two linewidth settings is used to investigate the phase-noise
performance of the generated electrical signals with different
optical carrier linewidths.
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Fig. 7. Experimental setup for optical generation and transmission of mm-wave signals (TLS, tunable laser source; PC, polarization controller; MZM,
Mach-Zehnder modulator; ISO, isolator; EDFA, erbium-doped fiber amplifier; PA, power amplifier; OSA, optical spectrum analyzer; PD, photodetector; ESA,
electrical spectrum analyzer; SSMF, standard single mode fiber).

Fig. 8. Electrical spectrum of the electrical drive signal at 12.5 GHz.

The electrical signal is generated by externally modulat-
ing the optical carrier with an electrical drive signal via an
optical intensity modulator. Odd-order optical sidebands are
suppressed with a constant dc bias. The optical carrier is filtered
out with a narrowband optical FBG filter. Two second-order
optical sidebands remain at the output of the FBG filter when
the power of the electrical drive signal is balanced with the
attenuation of the FBG filter. This experimental setup supports
the generation of a continuously tunable millimeter-wave signal
with a frequency of four times that of the electrical drive signal.
The advantage of this configuration is that the wavelength of
the optical carrier is fixed; therefore, a tunable optical notch
filter is not required to remove the optical carrier.

The tunable laser source used in Fig. 7 is an Anritsu
MG9637A. It has two optical linewidth settings of 700 kHz
and 50 MHz, corresponding to coherence times of τc1 = 455 ns
and τc2 = 6.37 ns, respectively. The SSMF used in Fig. 7 has a
chromatic dispersion of 17 ps/(nm · km). Fibers with lengths of
25 and 50 km are used in the experiment. When the wavelength
of the optical carrier is 1543 nm and the frequency of the
electrical drive signal is 12.5 GHz, from (28), the fundamental
time-delay differences of the 25- and 50-km fibers are τd1 =
0.04216 ns and τd2 = 0.08432 ns, respectively. The spectrum
of the electrical drive signal at 12.5 GHz is shown in Fig. 8. The
spectral measurement is performed with an HP8565E electrical
spectrum analyzer, which is set to an RBW of 1 Hz and a
frequency span of 100 Hz. The phase noise is measured to be
−48 dBc/Hz @ 10 Hz.

Fig. 9. Spectra of the locally and remotely generated electrical signals at
50 GHz. (a) The linewidth of the optical signal is set at 700 kHz. (b) The
linewidth of the optical signal is set at 50 MHz.

Fig. 9 shows the spectra of the locally and remotely generated
electrical signals at 50 GHz when the linewidths of the optical
carrier are respectively set at 700 kHz and 50 MHz, with fiber
lengths of 0, 25, and 50 km. For locally generated 50-GHz
signals, the phase noises are −35.5 dBc/Hz @ 10 Hz for
the two different carrier linewidths, as shown in Fig. 9(a)
and (b). Compared with the phase noise of the drive signal
shown in Fig. 8, the phase-noise degradation is very close
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Fig. 10. Electrical spectrum of the 12.5-GHz electrical drive signal (line a)
and simulated spectra of the locally and remotely generated electrical signals at
50 GHz (line b). There is no visible deviation in the simulated results.

to the theoretical value of 12 dB. The measurement agrees
with the prediction given by (26) in Section IV. For remotely
generated 50-GHz signals, a negligible phase-noise degradation
is observed for the two different carrier linewidths with two
different transmission distances, as shown in Fig. 9(a) and (b).
This is in good agreement with the analytical predictions of
(43), as shown in the simulated spectral plots in Fig. 10.

In Fig. 10, line (a) is the normalized spectrum of the
12.5-GHz electrical drive signal obtained from the experimental
measurement. Line (b) consists of five simulated spectra of the
50-GHz signals generated locally and remotely. For the locally
generated signal, the spectrum in line (b) is obtained from (26).
For the remotely generated signals, the spectra in line (b) are
obtained from (43). In the simulation of (43), the phase noise
of the electrical drive signal (1/Pe)[(A/|fm|2) + (B/|fm|3)] is
substituted with the experimental data obtained from spectrum
measurement; and the coherence time of the optical source of
700 kHz and 50 MHz and the delay time difference of the
transmission fiber of 25 and 50 km are simulated. All five
spectra overlap on line (b), showing that there is negligible
phase-noise degradation for the five different situations. The
experimental measurement shown in Fig. 9 agrees with the
theoretical prediction given by (43) in Fig. 10.

Note that the deviation in the peak frequency offset in Fig. 9
is caused by the frequency fluctuations of the electrical drive
signal at 12.5 GHz. The amplitude offset is attributed to the
fiber loss. In addition, using an electrical spectrum analyzer
(Agilent 8565E) to measure the phase noise is an approximate
technique, and the total frequency span is limited when using
a 1-Hz RBW. Phase noise at larger offset frequencies will
decrease monotonically.

B. Experiment with a Sliced ASE Source

To further investigate the impact of the linewidth of the
optical carrier and the transmission distance on the phase-noise
performance of the remotely generated electrical signal, the

Fig. 11. Electrical spectra of the locally and remotely generated electrical
signal at 50 GHz using a sliced ASE source with a linewidth of 33 GHz.

tunable laser source in Fig. 7 is replaced by a sliced ASE source
obtained by slicing an EDFA ASE noise with an FBG. The FBG
has a 3-dB bandwidth of 33 GHz. As a rough approximation,
the linewidth of the sliced ASE source is assumed to equal the
bandwidth of the FBG. It should be noted that the PSD of the
sliced ASE source does not follow a Lorenzian shape; hence
the experimental results obtained are an approximation of the
analysis.

The experiment using the sliced ASE source is performed
with fiber transmission lengths of 0, 8.8, and 12.6 km. Their
spectra are shown in Fig. 11. As can be seen, there is negligible
phase-noise difference between the generated electrical signals
after 0- and 8.8-km transmission. For these two lengths, the
main degradation comes from an important power loss of the
overall signal. This loss is much larger than what would be
expected when taking into account the fiber loss only. For the
12.6-km spectrum, the signal power at the offset frequency
of 10 Hz is within the system noise floor due to the large
power drop of the generated electrical signal. Adequate phase-
noise measurement could not be conducted. The power drop of
the generated electrical signal over the SSMF transmission is
indicated by the first term of (42).

To further study the phase-noise degradation versus the fiber
transmission length with the sliced ASE source, we simulate
the spectra of the generated electrical signal using (43) for fiber
transmission lengths of 0, 10, 12, 14, 16, and 18 km. The sim-
ulation results are shown in Fig. 12. As can be seen, when the
transmission distance is below 10 km, there is negligible phase-
noise degradation, which is consistent with the experimental
result in Fig. 11. When the transmission distance is over 12 km
at the offset frequency of 10 Hz, the phase-noise degradation
starts.

Note that there is some discrepancy between the experimen-
tal result and the simulation result, which may be caused by the
limitation of the approximation of the sliced ASE source as a
laser source, the inaccuracy of the 3-dB linewidth of the slicing
FBG, and the inaccuracy of the fiber transmission distance.
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Fig. 12. Simulated spectra of the generated electrical signal at 50 GHz for
different transmission lengths using the sliced ASE source with a linewidth
of 33 GHz.

VII. CONCLUSION

In this paper, we have investigated theoretically and exper-
imentally the phase-noise performance of optically generated
electrical signals based on optical external-modulation tech-
niques. Mathematical expressions for the optical signals before
photodetection have been developed that incorporate the phase
fluctuations of both the electrical drive signal and the optical
carrier. Closed-form expressions of the PSD of the electrical
signals, generated both locally and remotely, have been de-
veloped. It is shown that the PSD of the locally generated
electrical signal is only determined by the phase noise of the
electrical drive signal and the order of frequency multiplication.
The phase-noise degradation of the locally generated electrical
signal follows the same rule as in a standard electronic fre-
quency multiplier. The PSD of the remotely generated electrical
signal is additionally affected by the linewidth of the optical
carrier and the chromatic-dispersion effect of the transmission
fiber. Outcomes of the analysis have been validated by the
experiments using a tunable laser source with optical linewidths
of 700 kHz and 50 MHz and a sliced ASE source with a
linewidth of 33 GHz. For the experiment using a tunable laser
source with 700-kHz and 50-MH linewidths, the phase noise of
the locally generated electrical signal has a 12.5-dB degradation
compared with that of the electrical drive signal. There was no
significant degradation of the phase noise when this signal was
generated after a 50-km SSMF transmission. For the experi-
ment using a sliced ASE source with a linewidth of 33 GHz, no
phase-noise degradation was observed when the transmission
distance was within 8.8 km. When the transmission distance
is 12.6 km, due to the large power drop and system sensitivity
limitation, adequate phase-noise measurement cannot be con-
ducted. However, its power degradation can be predicted by the
analysis result.

The results obtained here provide a model for predicting
the effect of the fiber chromatic dispersion and the linewidth
of the optical source on the spectral quality of the generated
electrical signal. In addition, the experimental results show
when the linewidth of the optical source is within 50 MHz

and transmission distance is within 50 km; the fiber chromatic
dispersion and the linewidth of the light source will cause neg-
ligible degradation to the phase noise of the optically generated
electrical signal.

APPENDIX

In this Appendix, we develop the expression for So,R(f)
used in Section V-B from the function Ro,R(τ).

For a laser source, the DSB PSD of its noisy carrier E(t) =
exp[jφo(t)] is Lorenzian [39]. Its normalized DSB PSD is
given by (39) if the autocorrelation function of E(t) is denoted
as RE(τ). From (39), RE(τ) can be obtained by the inverse
Fourier transform of SE(f) as

RE(τ) =F−1 [SE(f)]

= exp
[
− |τ |

1/(πB)

]

= exp
[
−|τ |

τc

]
(45)

where F−1 denotes the inverse Fourier-transform operation.
In addition, from the expression of E(t), RE(τ) can be ob-
tained as

RE(τ) = 〈E(t + τ)E(t)∗〉
= 〈exp {j [φo(t + τ) − φo(t)]}〉 (46)

where E(t)∗ is the conjugate of E(t). If the increment process
of φo(t) is denoted as Φo(t), i.e.,

Φo(t) = φo(t1 + t) − φo(t1). (47)

Obviously, Φo(t) is a zero-mean Gaussian processes, and ran-
dom variables of Φo(t) are statistically independent for vari-
ables t generated by nonoverlapping time periods of φo(t) [34].
Using the property of Gaussian processes, (46) can be further
written as

RE(τ) = exp
[
−1

2

〈
[Φo(τ)]2

〉]
. (48)

From (45) and (48), the variance of the phase change process
Φo(t) at time difference τ is〈

[Φo(τ)]2
〉

=
2|τ |
τc

. (49)

We rewrite Ro,R(τ) from (34) as

Ro,R(τ) = 〈cos [φo(t + nτd + τ) − φo(t + nτd)
−φo(t− nτd + τ) + φo(t− nτd)]〉 . (50)

When |τ | ≤ 2nτd

Ro,R(τ) = 〈cos [φo(t + nτd + τ) − φo(t + nτd)]〉
×〈cos [φo(t− nτd + τ) − φo(t− nτd)]〉

= 〈cos [Φo(τ)]〉2

= exp
[
−

〈
[Φo(τ)]2

〉]
= exp

[
−2|τ |

τc

]
. (51)
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When |τ | > 2nτd

Ro,R(τ) = 〈cos [φo(t + nτd + τ) − φo(t− nτd + τ)]〉
×〈cos [φo(t + nτd) − φo(t− nτd)]〉

= 〈cos [Φo(2nτd)]〉2

= exp
[
−

〈
[Φo(2nτd)]2

〉]
= exp

[
−4nτd

τc

]
. (52)

In the above calculations, the following relations are used [41].
If X is a zero-mean Gaussian random variable, then

〈cos(X)〉 = exp
[
−1

2
〈X2〉

]
(53)

〈sin(X)〉 = 0. (54)

Then, So,R(f) can be obtained as

So,R(f) =

+∞∫
−∞

Ro,R(τ) exp(−j2πfτ)dτ

=

−2nτd∫
−∞

exp
(
−4nτd

τc

)
exp(−j2πfτ)dτ

+

0∫
−2nτd

exp
(

2τ
τc

)
exp(−j2πfτ)dτ

+

2nτd∫
0

exp
(
−2τ

τc

)
exp(−j2πfτ)dτ

+

+∞∫
2nτd

exp
(
−4nτd

τc

)
exp(−j2πfτ)dτ

= exp
(
−4nτd

τc

)
 +∞∫
−∞

exp(−j2πfτ)dτ

−
+2nτd∫

−2nτd

exp(−j2πfτ)dτ




+

0∫
−2nτd

exp
[(

2
τc

− j2πf
)

τ

]
dτ

+

2nτd∫
0

exp
[(

− 2
τc

− j2πf
)

τ

]
dτ

= exp
(
−4nτd

τc

)[
δ(f)− sin(4nπτdf)

πf

]
+

τc
1+(πfτc)2

×
{

1 − exp
[
−4nτd

τc

]

× [cos(4nπfτd) − πfτc sin(4nπfτd)]

}
.

(55)
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