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Chapter 3 Fourier Series Representation of Period Signals 
 

3.0 Introduction 
 
• Signals can be represented using complex exponentials – continuous-time and discrete-time 

Fourier series and transform. 
• If the input to an LTI system is expressed as a linear combination of periodic complex 

exponentials or sinusoids, the output can also be expressed in this form. 
 

3.1 A Historical Perspective 
 
By 1807, Fourier had completed a work that series of harmonically related sinusoids were useful 
in representing temperature distribution of a body. He claimed that any periodic signal could be 
represented by such series – Fourier Series. He also obtained a representation for aperidic 
signals as weighted integrals of sinusoids – Fourier Transform. 
 
 

 
 

Jean Baptiste Joseph Fourier 
 

3.2 The Response of LTI Systems to Complex Exponentials 
 
It is advantageous in the study of LTI systems to represent signals as linear combinations of 
basic signals that possess the following two properties: 
 
• The set of basic signals can be used to construct a broad and useful class of signals. 
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• The response of an LTI system to each signal should be simple enough in structure to provide 
us with a convenient representation for the response of the system to any signal constructed 
as a linear combination of the basic signal. 

 
Both of these properties are provided by Fourier analysis. 
 
The importance of complex exponentials in the study of LTI system is that the response of an 
LTI system to a complex exponential input is the same complex exponential with only a change 
in amplitude; that is 
 
Continuous time: stst esHe )(→ ,        (3.1) 
 
Discrete-time: nn zzHz )(→ ,         (3.2) 
 
where the complex amplitude factor )(sH  or )(zH  will be in general be a function of the 
complex variable s or z. 
 
A signal for which the system output is a (possible complex) constant times the input is referred 
to as an eigenfunction of the system, and the amplitude factor is referred to as the system’s 
eigenvalue. Complex exponentials are eigenfunctions. 
 
For an input )(tx  applied to an LTI system with impulse response of )(th , the output is 
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where we assume that the integral ττ τ deh s∫
+∞

∞−

−)(  converges and is expressed as  

 

ττ τ dehsH s∫
+∞

∞−

−= )()( ,          (3.4) 

 
the response to ste  is of the form 
 

stesHty )()( = ,           (3.5) 
 
It is shown the complex exponentials are eigenfunctions of LTI systems and )(sH  for a 
specific value of s  is then the eigenvalues associated with the eigenfunctions. 
 
Complex exponential sequences are eigenfunctions of discrete-time LTI systems. That is, 
suppose that an LTI system with impulse response ][nh  has as its input sequence 
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nznx =][ ,           (3.6) 
 
where z  is a complex number. Then the output of the system can be determined from the 
convolution sum as 
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Assuming that the summation on the right-hand side of Eq. (3.7) converges, the output is the 
same complex exponential multiplied by a constant that depends on the value of z . That is, 
 

nzzHny )(][ = ,          (3.8) 
 

where ∑
∞

−∞=

−=
k

kzkhzH ][)( .         (3.9) 

 
It is shown the complex exponentials are eigenfunctions of LTI systems and )(zH  for a 
specific value of z  is then the eigenvalues associated with the eigenfunctions nz . 
 
 
The example here shows the usefulness of decomposing general signals in terms of 
eigenfunctions for LTI system analysis: 
 
Let tststs eaeaeatx 321

321)( ++= ,        (3.10) 
 
from the eigenfunction property, the response to each separately is 
 

tsts esHaea 11 )( 1111 →  
 

tsts esHaea 22 )( 2222 →  
 

tsts esHaea 33 )( 3333 →  
 
and from the superposition property the response to the sum is the sum of the responses, 
 

tststs esHaesHaesHaty 321 )()()()( 333222111 ++= ,   (3.11) 
 
Generally, if the input is a linear combination of complex exponentials,  
 

∑=
k

ts
k

keatx )( ,          (3.12) 

 
the output will be 
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∑=
k

ts
kk

kesHaty )()( ,         (3.13) 

 
Similarly for discrete-time LTI systems, if the input is 
 

∑=
k

n
kk zanx ][ ,          (3.14) 

 
the output is 
 

∑=
k

n
kkk zzHany )(][ ,          (3.15) 

 

3.3 Fourier Series representation of Continuous-Time Periodic Signals 
 

3.31 Linear Combinations of harmonically Related Complex Exponentials 
 
A periodic signal with period of T , 
 

)()( Ttxtx +=  for all t ,         (3.16) 
 
We introduced two basic periodic signals in Chapter 1, the sinusoidal signal 
 

ttx 0cos)( ω= ,           (3.17) 
 
and the periodic complex exponential 
 

tjetx 0)( ω= ,           (3.18) 
 
Both these signals are periodic with fundamental frequency 0ω  and fundamental period 

0/2 ωπ=T . Associated with the signal in Eq. (3.18) is the set of harmonically related complex 
exponentials 
 

tTjktjk
k eet )/2(0)( πωφ == ,  ......,2,1,0 ±±=k       (3.19) 

 
Each of these signals is periodic with period of T (although for 2≥k , the fundamental period of 

)(tkφ  is a fraction of T ). Thus, a linear combination of harmonically related complex 
exponentials of the form 
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∑∑
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is also periodic with period of T .  
 
• 0=k , )(tx  is a constant. 
• 1+=k  and 1−=k , both have fundamental frequency equal to 0ω  and are collectively 

referred to as the fundamental components or the first harmonic components. 
• 2+=k  and 2−=k , the components are referred to as the second harmonic components. 
• Nk += and Nk −= , the components are referred to as the Nth harmonic components. 
 
Eq. (3.20) can also be expressed as 
 

∑
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−==
k

tjk
k eatxtx 0*)(*)( ω ,        (3.21) 

 
where we assume that )(tx  is real, that is, )(*)( txtx = . 
 
Replacing k  by k−  in the summation, we have 
 

∑
+∞

−∞=
−=

k

tjk
k eatx 0*)( ω ,          (3.22) 

 
which , by comparison with Eq. (3.20), requires that kk aa −= * , or equivalently 
 

kk aa −=* .           (3.23) 
 
To derive the alternative forms of the Fourier series, we rewrite the summation in Eq. (2.20) as 
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Substituting ka *  for ka− , we have 
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Since the two terms inside the summation are complex conjugate of each other, this can be 
expressed as 
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If ka  is expressed in polar from as 
 

kj
kk eAa θ= , 

 
then Eq. (3.26) becomes 
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That is 
 

∑
+∞

=

++=
1

00 )cos(2)(
k

kk tkAatx θω .        (3.27) 

 
It is one commonly encountered form for the Fourier series of real periodic signals in continuous 
time. 
 
 
Another form is obtained by writing ka  in rectangular form as 
 

kkk jCBa +=  
 
then Eq. (3.26) becomes 
 

[ ]∑
+∞

=

−+=
1

000 sincos2)(
k

kk tkCtkBatx ωω .       (3.28) 

 
 
For real periodic functions, the Fourier series in terms of complex exponential has the following 
three equivalent forms: 
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3.3.2 Determination of the Fourier Series Representation of a Continuous-Time Periodic 
Signal 
 

Multiply both side of ∑
+∞

−∞=

=
k

tjk
keatx 0)( ω  by tjne 0ω− , we obtain 

 

∑
+∞

−∞=

−− =
k

tjntjk
k

tjn eeaetx 000)( ωωω ,         (3.29) 

 
Integrating both sides from 0 to 0/2 ωπ=T , we have 
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Note that  
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So Eq. (3.30) becomes 
 

dtetx
T

a
T tjn

n ∫ −=
0

0)(
1 ω ,         (3.31) 

The Fourier series of a periodic continuous-time signal 
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                (3.33) 

 
 
Eq. (3.32) is referred to as the Synthesis equation, and Eq. (3.33) is referred to as analysis 
equation. The set of coefficient { }ka  are often called the Fourier series coefficients of the 
spectral coefficients of )(tx . 
 
The coefficient 0a  is the dc or constant component and is given with 0=k , that is 
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∫=
T

dttx
T

a )(
1

0 ,               (3.34) 

 
Example : consider the signal ttx 0sin)( ω= . 
 

tjtj e
j

e
j

t 00
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ωωω −−= . 

 
Comparing the right-hand sides of this equation and Eq. (3.32), we have 
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0=ka ,   11 −+≠ ork  

 
Example : The periodic square wave, sketched in the figure below and define over one period is 
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The signal has a fundamental period T  and fundamental frequency T/20 πω = . 
 

1T1T−

2

T T

2

T
−

T− T2T2−

)(tx

 
 

To determine the Fourier series coefficients for )(tx , we use Eq. (3.33). Because of the 
symmetry of )(tx  about 0=t , we choose 2/2/ TtT ≤≤−  as the interval over which the 
integration is performed, although any other interval of length T is valid the thus lead to the same 
result. 
 
For 0=k , 
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For 0≠k , we obtain 
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The above figure is a bar graph of the Fourier series coefficients for a fixed 1T  and several 
values of T . For this example, the coefficients are real, so they can be depicted with a single 
graph. For complex coefficients, two graphs corresponding to the real and imaginary parts or 
amplitude and phase of each coefficient, would be required. 
 

3.4 Convergence of the Fourier Series 
 
If a periodic signal )(tx  is approximated by a linear combination of finite number of 
harmonically related complex exponentials 
 

∑
−=

=
N

Nk

tjk
kN eatx 0)( ω .          (3.38) 
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Let )(teN  denote the approximation error, 
 

∑
−=

−=−=
N

Nk

tjk
kNN eatxtxtxte 0)()()()( ω .       (3.39) 

 
The criterion used to measure quantitatively the approximation error is the energy in the error 
over one period: 
 
 

dtteE
T NN

2
)(∫= .          (3.40) 

 
It is shown (problem 3.66) that the particular choice for the coefficients that minimize the energy 
in the error is 
 

dtetx
T

a
T

tjk
k ∫ −= 0)(1 ω .         (3.41) 

 
It can be seen that Eq. (3.41) is identical to the expression used to determine the Fourier series 
coefficients. Thus, if )(tx  has a Fourier series representation, the best approximation using only 
a finite number of harmonically related complex exponentials is obtained by truncating the 
Fourier series to the desired number of terms.  
 
The limit of NE  as ∞→N  is zero. 
 
One class of periodic signals that are representable through Fourier series is those signals which 
have finite energy over a period, 
 

∞<∫ dttx
T

2)( ,          (3.42) 

 
When this condition is satisfied, we can guarantee that the coefficients obtained from Eq. (3.33) 
are finite. We define 
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k eatxte 0)()( ω ,         (3.43) 

 
then 
 
 

0)(
2

=∫ dtte
T

,           (3.44) 
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The convergence guaranteed when )(tx  has finite energy over a period is very useful. In this 
case, we may say that )(tx  and its Fourier series representation are indistinguishable. 
 
Alternative set of conditions developed by Dirichlet that guarantees the equivalence of the signal 
and its Fourier series representation: 
 
Condition 1: Over any period, )(tx  must be absolutely integrable, that is 
 

∞<∫ dttx
T

)( ,           (3.45) 

 
This guarantees each coefficient ka  will be finite, since 
 

∞<== ∫∫ −

TT

tjk
k dttx

T
dtetx

T
a )(

1
)(

1
0ω .       (3.46) 

 
A periodic function that violates the first Dirichlet condition is 
 

t
tx

1
)( = , 10 << t . 

 
Condition 2: In any finite interval of time, )(tx  is of bounded variation; that is, there are no 
more than a finite number of maxima and minima during a single period of the signal. 
 
An example of a function that meets Condition1 but not Condition 2: 
 







=

t
tx

π2
sin)( , 10 ≤< t ,        (3.47) 

 
Condition 3: In any finite interval of time, there are only a finite number of discontinuities. 
Furthermore, each of these discontinuities is finite. 
 
An example that violates this condition is a function defined as 
 

1)( =tx , 40 <≤ t , 2/1)( =tx , 64 <≤ t , 4/1)( =tx , 76 <≤ t , 8/1)( =tx , 5.77 <≤ t , etc. 
 
The above three examples are shown in the figure below. 
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The above are generally pathological in nature and consequently do not typically arise in 
practical contexts. 
 
Summary: 
 
• For a periodic signal that has no discontinuities, the Fourier series representation converges 

and equals to the original signal at all the values of t . 
• For a periodic signal with a finite number of discontinuities in each period, the Fourier series 

representation equals to the original signal at all the values of t  except the isolated points of 
discontinuity. 

 
Gibbs Phenomenon:  
 
Near a point, where )(tx  has a jump discontinuity, the partial sums )(txN of a Fourier series 
exhibit a substantial overshoot near these endpoints, and an increase in N will not diminish the 
amplitude of the overshoot, although with increasing N the overshoot occurs over smaller and 
smaller intervals. This phenomenon is called Gibbs phenomenon. 
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A large enough value of N should be chosen so as to guarantee that the total energy in these 
ripples is insignificant. 
 

3.5 Properties of the Continuous-Time Fourier Series 
 
Notation: suppose )(tx  is a periodic signal with period T and fundamental frequency 0ω . Then if 
the Fourier series coefficients of )(tx  are denoted by ka , we use the notation 
 

k
FS atx →←)( , 

 
to signify the pairing of a periodic signal with its Fourier series coefficients. 
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3.5.1 Linearity 
 
Let )(tx  and )(ty  denote two periodic signals with period T and which have Fourier series 
coefficients denoted by ka  and kb , that is 
 

k
FS atx →←)(  and k

FS bty →←)( ,  
 
then we have 
 

kkk
FS BbAactBytAxtz +=→←+= )()()( .       (3.48) 

 

3.5.2 Time Shifting 
 
When a time shift to a periodic signal )(tx , the period T of the signal is preserved. 
 
If k

FS atx →←)( , then we have 
 

k
tjkFS aettx 0)( 0

ω−→←− .         (3.49) 
 
The magnitudes of its Fourier series coefficients remain unchanged. 
 

3.4.3 Time Reversal 
 
If k

FS atx →←)( , then 
 

k
FS atx −→←− )( .          (3.50) 

 
Time reversal applied to a continuous-time signal results in a time reversal of the corresponding 
sequence of Fourier series coefficients. 
 
If )(tx  is even, that is )()( txtx −= , the Fourier series coefficients are also even, kk aa =− . 
Similarly, if )(tx  is odd, that is )()( txtx −=− , the Fourier series coefficients are also odd, 

kk aa −=− . 
 

3.5.4 Time Scaling 
 

If )(tx  has the Fourier series representation ∑
+∞

−∞=

=
k

tjk
keatx 0)( ω , then the Fourier series 

representation of the time-scaled signal )( tx α  is 
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∑
+∞

−∞=

=
k

tjk
keatx )( 0)( αωα .         (3.51) 

 
The Fourier series coefficients have not changes, the Fourier series representation has changed 
because of the change in the fundamental frequency. 
 

3.5.5 Multiplication 
 
Suppose )(tx  and )(ty  are two periodic signals with period T and that 
 

k
FS atx →←)( , 

 

k
FS bty →←)( . 

 
Since the product )()( tytx  is also periodic with period T, its Fourier series coefficients kh  is 
 

∑
∞

−∞=
−=→←

l
lklk

FS bahtytx )()( .        (3.52) 

 
The sum on the right-hand side of Eq. (3.52) may be interpreted as the discrete-time convolution 
of the sequence representing the Fourier coefficients of )(tx  and the sequence representing the 
Fourier coefficients of )(ty . 
 

3.5.6 Conjugate and Conjugate Symmetry 
 
Taking the complex conjugate of a periodic signal )(tx  has the effect of complex conjugation 
and time reversal on the corresponding Fourier series coefficients. That is, if  
 

k
FS atx →←)( ,  

 
then 
 

k
FS atx −→← *)(* .          (3.53) 

 
If  )(tx  is real, that is, )(*)( txtx = , the Fourier series coefficients will be conjugate symmetric, 
that is 
 

kk aa *=− .           (3.54) 
 



ELG 3120 Signals and Systems  Chapter 3 

16/3 Yao 

From this expression, we may get various symmetry properties for the magnitude, phase, real 
parts and imaginary parts of the Fourier series coefficients of real signals. For example: 
 
• From Eq. (3.54), we see that if )(tx  is real, 0a  is real and kk aa =− . 

• If )(tx  is real and even, we have kk aa −= , from Eq. (3.54) kk aa *=− , so kk aa *= ⇒  the 
Fourier series coefficients are real and even. 

• If )(tx  is real and odd, the Fourier series coefficients are real and odd. 
 

3.5.7 Parseval’s Relation for Continuous-Time periodic Signals 
 
Parseval’s Relation for Continuous-Time periodic Signals is 
 

∑∫
∞

−∞=

=
k

kT
adttx

T
22

)(
1

,         (3.55) 

 
Since  
 

222 11
0

kT kT

tjk
k adta

T
dtea

T
== ∫∫ ω ,  

 

so that 2
ka  is the average power in the kth harmonic component.  

 
Thus, Parseval’s Relation states that the total average power in a periodic signal equals the sum 
of the average powers in all of its harmonic components. 
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3.5.8 Summary of Properties of the Continuous-Time Fourier Series 
 
 

Property 
 

Periodic Signal Fourier Series 
Coefficients 

 
 

Tty
tx

/2frequency  lfundamenta 
and T period with Periodic

)(
)(

0 πω =



  
k

k

b
a

 

Linearity )()( tBytAx +  kk BbAa +  
Time Shifting )( 0ttx −  k

tjk ae 0ω−  
Frequency shifting )(0 txe tjMω  Mka −  
Conjugation )(* tx  ka −*  
Time Reversal )( tx −  ka−  
Time Scaling )( tx α , 0>α (Periodic with period α/T ) ka  
Periodic Convolution ∫ −

T
dtyx τττ )()(  kkbTa  

Multiplication )()( tytx  
∑

∞

−∞=
−

l
lklba  

Differentiation 

dt
tdx )(

 kk a
T

jkajk
π

ω
2

0 =  

Integration ∫ ∞−

t
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if 00 =a ) 
kk a

Tjk
a
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)/2(

11

0 πω
 

Conjugate Symmetry for 
Real Signals 

)(tx  real 

{ } { }
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ImIm
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Real and Even Signals 
Real and Odd Signals 
 
Even-Odd Decomposition 
of Real Signals 
 

)(tx  real and even 
)(tx  real and odd 

 
{ } [ ]
{ } [ ]




=
=

realtxtxOdtx
realtxtxEvtx

e

e

)()()(
)()()(

 

ka  real and even 

ka  purely imaginary and 
odd 

 
{ }kaRe  
{ }kaj Im  

 Parseval’s Relation for Periodic Signals 

∑∫
∞

−∞=

=
k

kT
adttx

T
22

)(
1
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Example : Consider the signal )(tg  with a fundamental period of 4. 
 

)(tg

2/1

2/1−

1 21−2−
t

 
 

The Fourier series representation can be obtained directly using the analysis equation (3.33). We 
may also use the relation of )(tg  to the symmetric periodic square wave )(tx  discussed on page 
8. Referring to that example, 4=T  and 11 =T , 
 

2/1)1()( −−= txtg .          (3.56) 
 
The time-shift property indicates that if the Fourier series coefficients of )(tx  are denoted by ka  
the Fourier series coefficients of )1( −tx  can be expressed as 
 

2/πjk
kk eab −= .          (3.57) 

 
The Fourier coefficients of the dc offset in )(tg , that is the term –1/2 on the right-hand side of 
Eq. (3.56) are given by 
 







=−

≠
=

0,
2
1

0,0

kfor

kfor
ck .         (3.58) 

 
Applying the linearity property, we conclude that the coefficients for )(tg  can be expressed as 
 







=−

≠
=

−

0,
2
1

0,

0

2/

kfora

kforea
d

jk
k

k

π

,        (3.59) 

 

replacing  2/)2/sin( π

π
π jk

k e
k

k
a = , then we have 

 







=

≠
=

−

0,0

0,)2/sin( 2/

kfor

kfore
k
k

d
jk

k

π

π
π

.       (3.60) 
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Example : The triangular wave signal )(tx  with period 4=T , and fundamental frequency 
2/0 πω =  is shown in the figure below.  

 
)(tx

1

22−
t

 
 
The derivative of this function is the signal )(tg  in the previous preceding example. Denoting 
the Fourier series coefficients of )(tg  by kd , and those of )(tx  by ke , based on the 
differentiation property, we have 
 

kk ejkd )2/(π= .          (3.61) 
 
This equation can be expressed in terms of ke  except when 0=k . From Eq. (3.60), 
 

( )
2/

2

)2/sin(22 π

π
π

π
jkk

k e
kj

k
jk
d

e −== .        (3.62) 

 
For 0=k , 0e  can be simply calculated by calculating the area of the signal under one period and 
divide by the length of the period, that is 
 

2/10 =e .           (3.63) 
 
 
Example: The properties of the Fourier series representation of periodic train of impulse, 
 

∑
∞

−∞=

−=
k

kTttx )()( δ .          (3.64) 

 
We use Eq. (3.33) and select the integration interval to be 2/2/ TtT ≤≤− , avoiding the 
placement of impulses at the integration limits. 
 

T
dtet

T
a

T

T

tTjk
k

1
)(

1 2/

2/

)/2( == ∫−

− πδ .        (3.65) 

 
All the Fourier series coefficients of this periodic train of impulse are identical, real and even. 
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The periodic train of impulse has a straightforward relation to square-wave signals such as )(tg  
on page 8. The derivative of )(tg  is the signal )(tq  shown in the figure below, 
 

)(tx

TT− T2T2−  

1T1T−

2

T T

2

T
−

T− T2T2−

)(tg

 
 

1T

1T−

2

T

2

T
−

)(tq

 
 
 
which can also interpreted as the difference of two shifted versions of the impulse train )(tx  . 
That is,  
 

)()()( 11 TtxTtxtq −−+= .         (3.66) 
 
Based on the time-shifting and linearity properties, we may express the Fourier coefficients kb of 

)(tq  in terms of the Fourier series coefficient of ka ; that is 
 

[ ]10101010
1 TjkTjk

k
Tjk

k
Tjk

k ee
T

aeaeb ωωωω −− −=−= ,      (3.67) 

 
Finally we use the differentiation property to get 
 

kk cjkb 0ω= ,           (3.68) 
 

where kc  is the Fourier series coefficients of )(tg . Thus 
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Tk
Tk

Tjk
Tkj

jk
b

c k
k

0

10

0

10

0

)sin(2)sin(2
ω

ω
ω

ω
ω

=== , 0≠k ,      (3.69) 

 

0c  can be solve by inspection from the figure: 
 

T
T

c 1
0

2
= .           (3.70) 

 
Example: Suppose we are given the following facts about a signal )(tx  
 
1. )(tx  is a real signal.  
2. )(tx  is periodic with period 4=T , and it has Fourier series coefficients ka . 
3. 0=ka  for 1>k . 

4. The signal with Fourier coefficients k
kj

k aeb −
−= 2/π  is odd. 

5. 
2
1

)(
4
1 2

4
=∫ dttx  

 
Show that the information is sufficient to determine the signal )(tx  to within a sign factor. 
 
• According to Fact 3, )(tx  has at most three nonzero Fourier series coefficients ka : 1−a , 0a  

and 1a . Since the fundamental frequency 2/4/2/20 πππω === T , it follows that 
 

2/
1

2/
10)( tjtj eaeaatx ππ −

−++= .        (3.71) 
 

• Since )(tx  is real (Fact 1), based on the symmetry property 0a  is real and 11 *−= aa . 
Consequently, 

 
( ) { }2/

10
2/

1
2/

10 Re2*)( tjtjtj eaaeaeaatx πππ +=++= .     (3.72) 
 

• Based on the Fact 4 and considering the time-reversal property, we note that ka−  corresponds 
to )( tx − . Also the multiplication property indicates that multiplication of kth Fourier series 
by 2/πjke− corresponds to the signal being shifted by 1 to the right. We conclude that the 
coefficients kb  correspond to the signal )1())1(( +−=−− txtx , which according to Fact 4 
must be odd. Since  )(tx  is real, )1( +−tx  must also be real. So based the property, the 
Fourier series coefficients must be purely imaginary and odd. Thus, 00 =b , 11 bb −=− .  

• Since time reversal and time shift cannot change the average power per period, Fact 5 holds 
even if )(tx  is replaced by )1( +−tx . That is 

 

2
1

)1(
4
1 2

4
=+−∫ dttx .         (3.73) 
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Using Parseval’s relation, 
 

2/12
1

2
1 =+ −bb .          (3.74) 

 
Since 11 bb −=− , we obtain 2/11 =b . Since 1b  is known to be purely imaginary, it must be 

either 2/1 jb =  or 2/1 jb −= . 
 
• Finally we translate the conditions on 0b  and 1b  into the equivalent statement on 0a  and 

1a . First, since 00 =b , Fact 4 implies that 00 =a . With 1=k , this condition implies that 

111
2/

1 jbjbbea j =−== −−
− π . Thus, if we take 2/1 jb = , 2/11 −=a , from Eq. (3.72), 

)2/cos()( ttx π−= . Alternatively, if we take 2/1 jb −= , the 2/11 =a , and therefore, 
)2/cos()( ttx π= . 

 

3.6 Fourier Series Representation of Discrete-Time Periodic Signals 
 

The Fourier series representation of a discrete-time periodic signal is finite, as opposed to the 
infinite series representation required for continuous-time periodic signals 
 

3.6.1 Linear Combination of Harmonically Related Complex Exponentials 
 
A discrete-time signal ][nx  is periodic with period N if 
 

][][ Nnxnx += .          (3.75) 
 
The fundamental period is the smallest positive N for which Eq. (3.75) holds, and the 
fundamental frequency is N/20 πω = . 
 
The set of all discrete-time complex exponential signals that are periodic with period N is given 
by 
 

nNjknjk
k een )/2(0][ πωφ == , ....,2,1,0 ±±=k ,      (3.76) 

 
All of these signals have fundamental frequencies that are multiples of N/2π  and thus are 
harmonically related. 
 
There are only N distinct signals in the set given by Eq. (3.76); this is because the discrete-time 
complex exponentials which differ in frequency by a multiple of π2  are identical, that is, 
 

][][ nn rNkk += φφ .          (3.77) 
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The representation of periodic sequences in terms of linear combinations of the sequences ][nkφ  
is 
 

∑∑∑ ===
k

nNjk
k

k

njk
k

k
kk eaeananx )/2(0][][ πωφ .      (3.78) 

 
Since the sequences ][nkφ are distinct over a range of N successive values of k, the summation in 
Eq. (3.78) need include terms over this range. We indicate this by expressing the limits of the 
summation as Nk = . That is, 
 

∑∑∑
===

===
Nk

nNjk
k

Nk

njk
k

Nk
kk eaeananx )/2(0][][ πωφ .   (3.79) 

 
Eq. (3.79) is referred to as the discrete-time Fourier series and the coefficients ka  as the Fourier 
series coefficients. 
 

6.2 Determination of the Fourier Series Representation of a Periodic Signal 
 
The discrete-time Fourier series pair: 
 

 

∑∑∑
===

===
Nk

nNjk
k

Nk

njk
k

Nk
kk eaeananx )/2(0][][ πωφ ,                                 (3.80) 

 

∑∑
=

−

=

− ==
Nn

nNjk

Nn

njk
k enx

N
enx

N
a )/2(][1][1 0 πω .                                   (3.81)       

 
Eq. (3.80) is called synthesis equation and Eq. (3.81) is called analysis equation. 
 
Example : Consider the signal nnx 0sin][ ω= ,                          (3.82) 
 

][nx  is periodic only if 0/2 ωπ  is an integer, or a ratio of integer. For the case the when 0/2 ωπ  
is an integer N, that is, when 
 

N
π

ω
2

0 = ,                             (3.83) 

 
][nx  is periodic with the fundamental period N. Expanding the signal as a sum of two complex 

exponentials, we get 
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nNjnNj e
j

e
j

nx )/2()/2(

2
1

2
1

][ ππ −−= ,        (3.84) 

 
From Eq. (3.84), we have  
 

j
a

2
1

1 = , 
j

a
2
1

1 −=− ,          (3.85) 

 
and the remaining coefficients over the interval of summation are zero. As discussed previously, 
these coefficients repeat with period N. 
 
The Fourier series coefficients for this example with 5=N  are illustrated in the figure below. 
 

 
 

 When 0/2 ωπ  is a ratio of integer, that is, when 
 

N
Mπ

ω
2

0 = ,           (3.86) 

 

Assuming the M and N do not have any common factors, ][nx  has a fundamental period of N. 
Again expanding ][nx  as a sum of two complex exponentials, we have 
 

nNjMnNjM e
j

e
j

nx )/2()/2(

2
1

2
1

][ ππ −−= ,        (3.87) 

 

From which we determine by inspection that )2/1( jaM = , )2/1( ja M −=− , and the remaining 
coefficients over one period of length N are zero. The Fourier coefficients for this example with 

3=M  and 5=N  are depicted in the figure below.  
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Example : Consider the signal  
 







 ++






+






+=

2
4

cos
2

cos3
2

sin1][
ππππ

n
N

n
N

n
N

nx . 

 
 Expanding this signal in terms of complex exponential, we have 
 

nNjjnNjjnNjnNj eeeee
j

e
j

nx )/2(22/)/2(22/)/2()/2(

2
1

2
1

)
2
1

2
3

()
2
1

2
3

(1][ ππππππ −−− 





+






+−+++= . 

 
Thus the Fourier series coefficients for this signal are 
 

10 =a , 

j
j

a
2
1

2
3

2
1

2
3

1 −=+= , 

j
j

a
2
1

2
3

2
1

2
3

1 +=−=− , 

ja
2
1

2 = , 

ja
2
1

2 −=− . 

 
with 0=ka   for other values of k in the interval of summation in the synthesis equation. The real 
and imaginary parts of these coefficients for 10=N , and the magnitude and phase of the 
coefficients are depicted in the figure below. 
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Example : Consider the square wave shown in the figure below. 
 

 
 

Because 1][ =nx  for 11 NnN ≤≤− , we choose the length-N interval of summation to include 
the range 11 NnN ≤≤− . The coefficients are given 
 

∑
−=

−=
1

1

)/2(1 N

Nn

nNjk
k e

N
a π ,          (3.88) 

 
Let 1Nnm += , we observe that Eq. (3.88) becomes 
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∑∑
=

−

=

−− ==
1

1

1

1

2

0

)/2()/2(
2

0

))(/2( 11 N

n

mNjkNNjk
N

n

NmNjk
k ee

N
e

N
a πππ ,     (3.89) 

 
 

[ ]
)/sin(

/)2/1(2sin1
1

11 1
)/2(

/)12(2
)/2(

1
1

Nk
NNk

Ne
e

e
N

a Njk

NNjk
NNjk

k π
π

π

π
π +

=







−

−
= −

+

, ....,2,,0 NNk ±±≠  (3.90) 

and 
 

N
N

ak

12 1 +
= , ....,2,,0 NNk ±±=         (3.91) 

 
The coefficients ka  for 512 1 =+N  are sketched for ,20,10=N and 40 in the figure below. 
 

 
 
The partial sums for the discrete-time square wave for ,3,2,1=M and 4 are depicted in the 
figure below, where 9=N , 512 1 =+N .  
 
We see for 4=M , the partial sum exactly equals to ][nx .  In contrast to the continuous-time 
case, there are no convergence issues and there is no Gibbs phenomenon. 
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3.7 Properties of Discrete-Time Fourier Series 
 

Property 
 

Periodic Signal Fourier Series Coefficients 
 

 

ny
nx

2frequency  lfundamenta 
and N period with Periodic

][
][

0 πω =



  
k

k

b
a

N period with Periodic  

Linearity ][][ nBynAx +  kk BbAa +  
Time Shifting ][ 0nnx −  k

tNjk ae )/2( π−  
Frequency shifting ][)/2( nxe nNjM π  Mka −  
Conjugation ][* nx  ka −*  
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Time Reversal ][ nx −  ka−  
Time Scaling 





=
nofmultipleaisnif
nofmultipleaisnifmnx

nx m ,0
],/[

][)(  

(Periodic with period mN ) 









mNperiodwith

periodicasviewed
a

m k
1

 

Periodic Convolution ∑
=

−
][

][][
Nr

rnyrx  kkbNa  

Multiplication ][][ nynx  
∑

>=<
−

Nl
lklba  

Differentiation ]1[][ −− nxnx  ( ) k
Njk ae )/2(1 π−−  

Integration 
∑

−∞=

n

k

kx ][ (finite valued and periodic 

only if 00 =a ) 

kNjk a
e








− − )/2(1
1

π  

Conjugate Symmetry for 
Real Signals 

][nx  real 

{ } { }
{ } { }














−∠=∠

=
−=

=
=

−

−

−

−

−

kk

kk

kk

kk

kk

aa

aa
aa

aa
aa

ImIm
ReRe
*

 

Real and Even Signals 
Real and Odd Signals 
Even-Odd Decomposition 
of Real Signals 
 

][nx  real and even 
][nx  real and odd 

{ } [ ]
{ } [ ]




=
=

realnxnxOdnx
realnxnxEvnx

e

e

][][][
][][][

 

ka  real and even 

ka  purely imaginary and odd 
{ }kaRe  
{ }kaj Im  

 Parseval’s Relation for Periodic 
Signals 

∑∑
>=<>=<

=
Nn

k
Nn

anx
T

22][1  

 

3.7.1 Multiplication 
 

∑
>=<

−→←
Nl

lkl
FS banynx ][][

.      (3.92) 

 
Eq. (3.92) is analogous to the convolution, except that the summation variable is now restricted 
to in interval of N consecutive samples. This type of operation is referred to as a Periodic 
Convolution between the two periodic sequences of Fourier coefficients. 
 
The usual form of the convolution sum, where the summation variable ranges from ∞−  to ∞+ , 
is sometimes referred to as Aperiodic Convolution. 
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3.7.2 First Difference 
 

( ) k
NjkFS aenxnx )/2(1]1[][ π−−→←−− .    (3.93) 

 

3.7.3 Parseval’s Relation 
 

∑∑
>=<>=<

=
Nk

k
Nn

anx
T

22][
1 .       

 (3.94) 

 

3.7.4 Examples 
 
Example : Consider the signal shown in the figure below. 

2

1

0 5-5
n

x[n]

 

1

0 5-5
n

x1[n]

 
 

1

0 5-5
n

x2[n]
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The signal ][nx  may be viewed as the sum of the square wave ][1 nx  with Fourier series 
coefficients kb  and ][2 nx  with Fourier series coefficients kc . 
 

kkk cba += ,           (3.95) 
 
The Fourier series coefficients for ][1 nx  is 
 










±±=

±±≠
=

....,10,5,0,
5
3

....,10,5,0,
)5/sin(
)5/3sin(

5
1

kfor

kfor
k
k

bk

π
π

.      (3.96) 

 
The sequence ][2 nx  has only a dc value, which is captured by its zeroth Fourier series 
coefficient: 
 

1][
5
1 4

0
20 == ∑

=n

nxc ,          (3.97) 

 
Since the discrete-time Fourier series coefficients are periodic, it follows that 1=kc  whenever k  
is an integer multiple of 5. 
 










±±=

±±≠
=

....,10,5,0,
5
8

....,10,5,0,
)5/sin(
)5/3sin(

5
1

kfor

kfor
k
k

ak

π
π

      (3.98) 

 
 
Example : Suppose we are given the following facts about a sequence ][nx : 
 
1. ][nx  is periodic with period 6=N . 

2. 2][
5

0
=∑ =n

nx . 

3. 1][)1(
7

2
=−∑ =n

n nx . 

4. ][nx  has minimum power per period among the set of signals satisfying the preceding three 
conditions. 

 

• From Fact 2, we have 
3
1

][
6
1 5

0
0 == ∑

=n

nxa . 

• Note that njnjn ee 3)6/2()1( ππ −− ==− , we see from Fact 3 that 
6
1

][
6
1 7

2

)/2(3
3 == ∑ − nNjenxa π . 

• From Parseval’s relation, the average power in ][nx  is 
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∑
=

=
5

0

2

k
kaP . 

 
Since each nonzero coefficient contributes a positive amount to P, and since the values of 0a and 

3a  are specified, the value of P is minimized by choosing 05421 ==== aaaa . It follows that 
 

nnjeaanx )1(
6
1

3
1

][ 30 −+=+= π , 

 
which is shown in the figure below. 
 

1/2

0 5-5
n

x[n]

1/6

 
 
 

3.8 Fourier Series and LTI Systems 
 
We have seen that the response of a continuous-time LTI system with impulse response )(th  to a 
complex exponential signal ste  is the same complex exponential multiplied by a complex gain: 
 
 stesHty )()( = ,  
where 
 

∫
∞

∞−

−= ττ τ dehsH s)()( ,         (3.99) 

 
In particular, for ωjs = , the output is tjejHty ωω)()( = . The complex functions )(sH  and 

)( ωjH  ?are called the system function (or transfer function) and the frequency response, 
respectively. 
 
By superposition, the output of an LTI system to a periodic signal represented by a Fourier series 
 

∑∑
+∞

−∞=

+∞

−∞=

==
k

tTjk
k

k

tjk
k eaeatx )/2(0)( πω  is given by 
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∑
+∞

−∞=

=
k

tjk
k ejkHaty 0)()( 0

ωω .         (3.99) 

 
That is, the Fourier series coefficients kb  of the periodic output )(ty  are given by 
 

)( 0ωjkHab kk = ,          (3.100) 
 
Similarly, for discrete-time signals and systems, response ][nh  to a complex exponential signal 

nje ω  is the same complex exponential multiplied by a complex gain: 
 
 njkejkHny 0)(][ 0

ωω= ,          (3.101) 
 
where 
 

∑
∞

−∞=

−=
n

njj enheH ωω ][)( .         (3.102) 

 

Example : Suppose that the periodic signal ∑
+

−=

=
3

3

2)(
k

tjk
k eatx π  with 10 =a , 

4
1

11 == −aa , 

2
1

22 == −aa , and 
3
1

33 == −aa  is the input signal to an LTI system with impulse response 

 
)()( tueth t−=  

 
To calculate the Fourier series coefficients of the output )(ty , we first compute the frequency 
response: 
 

ωω
τω ωττωττ

j
ee

j
deejH j

+
=

+
==

∞

−−∞ −−∫ 1
1

1
1)(

0
0

,     (3.103) 

 
The output is 
 

∑
+

−=

=
3

3

2)(
k

tjk
kebty π ,          (3.104) 

 
where )2()( 0 πω jkHajkHab kkk == , so that 
 

00 =b ,  
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=
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1
4
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4
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Example : Consider an LTI system with impulse response ][][ nunh nα= , 11 <<− α , and with 
the input 
 







=

N
n

nx
π2

cos][ .          (3.105) 

 
Write the signal ][nx  in Fourier series form as 
 

nNjnNj eenx )/2()/2(

2
1

2
1

][ ππ −+= . 

 
Also the transfer function is 
 

( ) ω
ωωω

α
αα j

n

njnj

n

nj

e
eeeH −

∞

=

−−
∞
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=== ∑∑ 1
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The Fourier series for the output 
 

( ) ( )

nNj
j
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nNjNjnNjNj
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3.9 Filtering 
 
Filtering – to change the relative amplitude of the frequency components in a signal or eliminate 
some frequency components entirely. 
 
Filtering can be conveniently accomplished through the use of LTI systems with an appropriately 
chosen frequency response. 
LTI systems that change the shape of the spectrum of the input signal are referred to as 
frequency-shaping filters. 
 
LTI systems that are designed to pass some frequencies essentially undistorted and significantly 
attenuate or eliminate others are referred to as frequency-selective filters. 
 
Example : A first-order low-pass filter with impulse response )()( tueth t−= cuts off the high 
frequencies in a periodic input signal, while low frequency harmonics are mostly left intact. The 
frequency response of this filter 
 

ω
τω ωττ

j
deejH j

+
== ∫

∞+ −−

1
1

)(
0

.        (3.107) 

 
We can see that as the frequency ω  increase, the magnitude of the frequency response of the 
filter )( ωjH  decreases. If the periodic input signal is a rectangular wave, then the output signal 

will have its Fourier series coefficients kb  given by 
 

)1(
)sin(

)(
0

10
0 ωπ

ω
ω

jkk
Tk

jkHab kk +
== , 0≠k        (3.108) 

 

T
T

Hab 1
00

2
)0( == .          (3.109) 

 
The reduced power at high frequencies produced an output signal that is smother than the input 
signal. 

1

1T1T− TT−
t
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3.10 Examples of continuous-Time Filters Described By Differential 
Equations 
 
In many applications, frequency-selective filtering is accomplished through the use of LTI 
systems described by linear constant-coefficient differential or difference equations. In fact, 
many physical systems that can be interpreted as performing filtering operations are 
characterized by differential or difference equation. 
 

3.10.1 A simple RC Lowpass Filter 
 
The first-order RC circuit is one of the electrical circuits used to perform continuous-time 
filtering. The circuit can perform either Lowpass or highpass filtering depending on what we 
take as the output signal. 
 

+
-

)(tv r

)(tv c)(tvs

 
 
 

If we take the voltage cross the capacitor as the output, then the output voltage is related to the 
input through the linear constant-coefficient differential equation: 
 

)()(
)(

tvtv
dt

tdv
RC sc

c =+ .         (3.111) 

 
Assuming initial rest, the system described by Eq. (3.111) is LTI. If the input is tj

s etv ω=)( , we 

must have voltage output tj
c ejHtv ωω )()( = . Substituting these expressions into Eq. (3.111), we 

have 
 

[ ] tjtjtj eejHejH
dt
d

RC ωωω ωω =+ )()( ,       (3.112) 

 
or 
 

tjtjtj eejHejHRCj ωωω ωωω =+ )()( ,       (3.113) 
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Then we have 
ω

ω
RCj

jH
+

=
1

1
)( .        (3.114) 

 
Te amplitude and frequency response )( ωjH  is shown in the figure below. 
 

 
 
We can also get the impulse response  
 

)(
1

)( / tue
RC

th RCt−= ,          (3.115) 

 
and the step response is 
 

)()1()( / tueth RCt−−= ,         (3.116) 
 

 

The fundamental trade-off can be found 
by comparing the figures: 
 
• To pass only very low frequencies, 

RC/1  should be small, or RC  should 
be large. 

 
• To have fast step response, we need a 

smaller RC . 
 
• The type of trade-off between 

behaviors in the frequency domain 
and time domain is typical of the 
issues arising in the design analysis of 
LTI systems. 
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3.10.2 A Simple RC Highpass Filter 
 
If we choose the output from the resistor, then we get an RC highpass filter. 
 

3.11 Examples of Discrete-Time Filter Described by Difference Equations 
 
A discrete-time LTI system described by the first-order difference equation 
 

][]1[][ nxnayny =−−  .          (3.116) 
 
Form the eigenfunction property of complex exponential signals, if njenx ω=][ , then 

njj eeHny ωω )(][ = , where )( ωjeH  is the frequency response of the system. 
 

ω
ω

j
j

ae
eH −−

=
1

1
)( .          (3.117) 

 
The impulse response of the system is 
 

][][ nuanx n= .           (3.118) 
 
The step response is 
 

][
1

1
][

1

nu
a

a
ns

n

−
−

=
+

.          (3.119) 

 

     
 
 
From the above plots we can see that for 6.0=a  the system acts as a Lowpass filter and 

6.0−=a , the system is a highpass filter. In fact, for any positive value of 1<a , the system 
approximates a highpass filter, and for any negative value of 1−>a , the system approximates a 
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highpass filter, where a  controls the size of bandpass, with broader pass bands as a  in 
decreased. 
 
The trade-off between time domain and frequency domain characteristics, as discussed in 
continuous time, also exists in the discrete-time systems. 
 

3.11.2.2 Nonrecursive Discrete-Time Filters 
 
The general form of an FIR norecursive difference equation is 
 

∑
−=

−=
M

Nk
k knxbny ][][ .          (3.120) 

 
It is a weighted average of the  1)M(N ++  values of ][nx , with the weights given by the 
coefficients kb . 
 
One frequently used example is a moving-average filter, where the output of ][ny  is an average 
of values of ][nx  in the vicinity of 0n  - the result corresponding a smooth operation or lowpass 
filtering. 
 

An example: ( )]1[][]1[
3
1

][ +++−= nxnxnxny .      (3.121) 

 
The impulse response is 
 

( )]1[][]1[
3
1

][ +++−= nnnnh δδδ ,        (3.122) 

 
and the frequency response 
 

( )ωωω jjj eeeH −++= 1
3
1

)( .         (3.123) 
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A generalized moving average filter can be expressed as 
 

∑
−=

−
++

=
M

Nk
k knxb

MN
ny ][

1
1

][ .        (3.124) 

 
The frequency response is 
 

[ ] ( )[ ]
( )2/sin

2/1sin
1

1
1

1
)( 2/)(

ω
ωωωω ++

++
=

++
= −

−=

−∑ NM
e

NM
e

NM
eH MNj

M

Nk

kjj .  (3.125) 

 
The frequency responses with different average window lengths are plotted in the figure below. 
 

 
 
FIR norecursive highpass filter 
 
An example of FIR norecursive highpass filter is 
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2
]1[][

][
−−

=
nxnx

ny .          (3.126) 

 
The frequency response is 
 

( ) )2/sin(1
2
1

)( 2/ ωωωω jjj jeeeH =−= − .       (3.127) 

 
 
 

 
 


