A few formulas

Euler

el = cos(8) + jsin(0)

cos(d) = sin(@) =———

2]
Summations, geometric series
) ny Ny an1 _an2+1 azl
> ak= <1 ) af=
k=n, a k=n, 1-a n, 2 M
0 n, ng+1
1-a azl

Mak=—— Jal<1 Ya*=
k=0 —a k=0 l-a n 20

Even and odd parts

X, (t) =%x(t) 4 %x(—t) X, (t) = %x(t) —%x(—t)

1 1 1 1
x.[n]= 5 x[n]+ 5 X[-n] x,[n]= > x[n] _EX[_n]
Convolutions

y(t) = x(t)*h(t) = jf; x(z)h(t-r)dz
y[n]=x[n]*h[n]= 3" x[k]h[n—k]

K=—o0
h(t) response for differential equations describing
LTI systems (single order roots)

Noodfy(t) & dx(t
22 di/f):gbk d)t(k()
h(t) = ZA(esktu(t)Jr Z g 9" 5“)

d* Y(t)

N
D a, =x() h'(t)= Z Ae*u(t) (simpl. sys.)
k=0

h[n] response for difference equations describing
LTI systems (single order roots)

ZN:aky[n -k]= ibkx[n —k]
h[n] = f Aauln]+ MZN B.o[n—k]

i a,yIn—-kl=x[n] h'[n]= g A o, u[n] (simpl. sys.)

LTI systems and eigenfunctions

e LTI (cont.) H (S)est

Z LTI (discr.) H (Z)Zn

eja)t LTI (cont.) H (Ja))ejwt

eja)n LTI (discr.) H (ejw)ejwn
cos(et) —M | H (jo)|cos(wt +0 H (jo))

cos(wn) M)| H (ej“’)| cos(wn +0 H (e1))

Standard first and second order low-pass systems,
continuous time

2
@,

0O = G+ 200, o)+ o

Hje) =7

Standard first and second order recursive systems,
discrete time

H(el?) =

1-ae’ @ af <2

1
1-2rcos@e 1@ 4 r2e 12

H(el?) =

0<r<1,0<0=<rx

Continuous time sampling

X, () =XxOxp)  x[n]=x(nT)
X,(i0)= s 3 X(j@-ka)
k=—0

Xq (€)= X, (jo f)

—7r:277fS

Hy(jo) = g~ Jmolos 2sin(rw | wg)/@ (sample & hold)

Other formulas
Acos(¢+6) = Asin(p+ 0+ /2) = Bcosg—Csin g

(B=Acosd C=Asind A?=,B?>+C? 9=tan'1[%))
ae’ +a’e”) =2Re{ae’}=2|a|cos(¢ +L a)

COSXCOS Y = %[cos(x —y)+cos(x+Y)]
sinxcosy = %[sin(x— y)+sin(x+y)]

sinxsiny = %[cos(x— y)—cos(x+Y)]

ax

'[xeaxdx = e—z(ax—l) +C
a

d atan(x) _
dx

dtan*(x) 1
dx 1+X

2



Properties — Continuous time Fourier series (C.T.F.S.)

Table of continuous time Fourier series (C.T.F.S.)

Definitions:

1 — jkat < ikt
ay :T_JT x(t)e dt X(t) = Z a.e’

k=—o0

a, = % jT x(t)dt

x(t) periodic with period T sec.,

Fundam. angular frequency @, =27 f, =27/T rad./sec.
X(t) CT.F.S. ak y(t) CT.F.S. bk

If x(t)—"—>y(t) then b =a, H(jo)|

=Ky

Linearity: Ax(t) + By(t)& Aa, +Bb,

CTES. kot

Shifting: x(t—ty) «——————e " "0 a,

Scaling: x(at)&) ay

(a>0, period T/a)
X(—t)<STES: 55

Flipping:
Conjugate: X (t)«STE5 5 3",

X*(—t) C.T.F.S. a:

Symmetries:
if x(t) isreal: a, =a’,, |ak|=|a_k| ,La, =—Za_,

x(t) real and even: a, real and even a, =a_,
x(t) real and odd: a, imaginary and odd a, =—-a_

x(t) periodic, Fourier series
period T :_ﬁ:i sec coefficients a
@y 0
glot a1
a, =0 elsewhere
cos(apt) 8,8, =12
a, =0 elsewhere
sin(et) a,a.1=1/(2j)
a, =0 elsewhere
{1 A A _sin(kepl,) k=0
0 T <[t|<T/2 krz
(periodic T ) a 2L _Tay
T T
k=0
1 ag =1
a, =0 elsewhere
3 o) a ==
L T

Periodic convolution:
jT X(7)y(t —7)dr«=TFS 5T g b,

Modulation: x(t)y(t)«~"F*>a *b = > ab,_
|=—00

ejmwut X(t) C.llES. ak_m

Differentiation:

dx(t) crTFs. .
< > jKana,
at JKa@yay

t
Integration: j x(r)dr TS

T=—00

a o
ke (if 3 =0)

Parseval: %j|x(t)|2 dt = i la
T

k=—00




Properties — Discrete time Fourier series (D.T.F.S.)

Table of discrete time Fourier series (D.T.F.S.)

Definitions:

x[n] periodic,

Fourier series coefficients a,

—i(kZEyn (k2%)n eriod N samples iodic wi i
a =% Z X[nJe i) X[n] = Z ake](kN) pjwn p (periodic with period N) -
L =N e If xn] periodic with =%m:
ao:ﬁn;Nf[n] a, =1 k=mm£N,m+2N,...
x[n] periodic with period N samples (fundamental a, =0 elsewhere
cos(wgh o 27m
angular frequency e, :ZW” rad./sample) (@) If x[n] periodic with e, =%5
X[N] RS a, y[n] DT.F.S. b, a, =1/2
- k=+m,£fm+ N,+m*2N,...
If x[n]—= n] then b, =a, H(e™ . ’ ’ ’
A==yl =aH )w=k% a, =0 elsewhere
Periodicity: X[n]<>T > 3 =a,, sin(epn) If x[n] periodic with o, ZZ”T”‘:
Linearity: Ax[n]+ By[n]&)Aak + By, a =1/(2j)
- orEs ik, k=+m,+tm+N,tm+2N,...
Shifting: x[n—ny]J«———=>—>e N "a a, =0 elsewhere
Flipping: X[-n]«21F=2- 53
pping: x[ *] — 1 |nj<N sin(znk(leZ)}
Conjugate: x [n]«———>>a_, 0 Np<|n[<N/2 a, - N
*r_ 1, DT.FS. _* (periodic N, N sin(” k
i lulll % N even) (N )
Symmetries: k#0,£N,£2N,...
if x[n] isreal : a, =a,, |ak|=|a_k| Loy =—Za, 3 =(2N; +1)/N k=0,£N,£2N,...
1 a =1 k=0£N,£2N,...

x[n] real and even : a, real and even a, =a_,
x[n] real and odd: a, imaginary and odd a, =-a_

a, =0 elsewhere

Periodic convolution:

> x[mly[n— m]«2TES5 5 N a, b,

m=<N>

i S[n—-mN]

a :W

Modulation: x[n]y[n]«—>15% > ab,

I=<N>

jmz—”n

n
Accumulation : >" x[m]« DT.FS. il

.27 ak
m=—c0 - jk—=
l1-e " N

(if 39=0)

Parseval: % S dnlf= Y faf

n=<N> k=<N>

Duality : if x[n]«—2>a, then a[n]&%xk




Properties — Continuous time Fourier transform (C.T.F.T.)

Table of continuous time Fourier transforms (C.T.F.T.)

Definitions:

X(jo)=["xei*dt  x(t)= % [ X(jo)e*do

signal x(t) typ. aperiodic

X(jw) (@ inrad./sec.)

if x(t) is periodic, with

+00
2 Z ao(w—kayp)
k=—o0

o in rad./sec.
+00
X(jo)= > 27 ad(w—kay) if x(t) periodic
k=—c0
X)L 5 X (jo) YO 5Y (jw)
Linearity: ax(t) + by(t) << aX (jo) +bY (jo)

Shifting: x(t—t,)« e b X (jo)

Scaling: x(at)&ﬁ x (12
a a

Flipping: x(—t)&X(—ja))

Conjugate: X (t)«<""— X" (- jw)

X () < 5 X (jw)

Symmetries:
if x(t) isreal: X(jo)=X (-jo),
X (jo)| =X (=]o)|, 2X(jo)=-2X(-jo)
x(t) real and even: X (jw) real and even X (jw)= X (-jw)
x(t) real and odd: X (jw) imag., odd X (jw) =X (- jo)

Convolution:

o CTFT . .
x@®)*y(t) = LD X(2)y(t-7)dz < X(jo)Y(jo)

Modulation:
CTFT 1 : 1 5., .
x(t)y(t) © Z—X(Jw)*Y(Jw)=—f X(jO)Y (j(o—-0))do
p/a 27 =

el (t) 5 X (j(@ - arp))

cos(wot)x(t)&%x (j(@—ap)) +%x (j(@+ o))

dx(t) crer

Differentiation: jo X(jw)

Integration: [ X(2)dr 5 L X (i) + 72X (j0)5 ()
- i

Differentiation in freq.: tx(t) CTFT

jdX(ja))
do

Integration in freq.:

—%x(t) +7x(0)S(t) <L>J‘_a; X (jm)dn

period T _em_ 1 Sec.
Wo 0
oot 276 (0 — @)
cos(apt) 76 (0 — ay) + 70 (@ + )
sin(mgt) 2.5(60—600) —%§(w+ @y)
1 |t|<T1 2 io Sin(kaTl)§(w—kw0)
0 T<t|<T/2 K=o
(periodic T) k#0
47_|T_T1 o () = 2Tywyo (w)
k=0
1 276 (w)
0 +00 27[
3 s(t—nT) o, 3, (0—Kay) oy =—
n=—o0 k=—0 T
1 |t| <T, 2sin(oT,)
0 t|>T, @
SinWo L fofsw
nt 0 |a)| >W
S(t) 1
u(t
® _i+ 7o (@)
jo
e ?u(t) Re{a}>0 1
a+ jo
—e¥y(t)  Refa}<0 1
a+jo
tn—l Lt 1
e “u(t) Re{a}>0 .
(n—1)! ®) Rela} (a+jo)"
-t » 1
—— e *y(-t) Re{a}<0 S
(n—1)! (a+ jo)
e % sin(wpt)u(t) “

a>0 w20 a,wyreal

jo+a 2 1 wg?
)

e cos(mpt)u(t)

jo+a

jo+a 2 1wyl
o

Parseval: J'_+:|x(t)|2 dt = ijf:|x (jo) do

27
Duality : if X(t)«—<"""— X (jw) then

X (1)« 527 X(- jw)

a>0 w20 a,wyreal
—e % sin(ayt)u(-t) @

. 2 2
a<0 @,20 a,myreal (Jo+a)” +am

—e % cos(apt)u(-t)

a<0 w20 a,wyreal

jo+a

jo+a 2 1 wg?
)




Properties — Discrete time Fourier transform
(D.T.F.T.)

Table of discrete time Fourier transforms (D.T.F.T.)

Definitions:
x[n]=x(nT) =x(t)|_.;, where T=1/f =2z/w, is the
sampling period in sec., and n is an integer, results in:

signal x[n] typ. aperiodic

X (e} (periodic 27 , @ in
rad./sample)

if x[n] is periodic, with
period N samples

+00
2 z ao(mw— k%)

K=—o0

Xp(jw):fsk_z X(jl@-kay), X(ej“’):xp(ja)fs) el” ZHi O(w— g —127)
= . |=—0
where X (jw) is the original CTFT of x(t), and X (e!?) is cos(ayh) %
the DTFT of x[n] defined as: 7Y 8(w—w—127)
|l=—0
. © . 1 r4r7 . .
X(el?) = x[nle™ 1" x[n]=—| " X(e!*)e!*"d ©
) ngw ("] [n] 27rJ.—7f ™) @ "'”Z o(w+awy—12r)
. - l=—on
Periodicity: x[n]«—2"— X (e1?) = X (e}(**27)) sin(wgn) - i 5 o)
- - — W— Wy — 1T
Linearity: ax[n]+by[n]«<-2"" s aX (e/*) + by (e}*) i~ 0
g _ DTFT —jon, jo ; &
Shlftlng. x[r] no]_<——>e X(e'”) ny integer _5_ Z 5+ —127)
Expansion, insertion of zeros: =
x(k)[n]& X () where k is a positive integer ) o i 5(o-127)
Xg[nI=x[n/k] if nisamultiple of k I=—0
0 +00
Xiy[n]=0 elsewhere Y. s[n-mN] ZW” 5(a)—m%r)
innina- yl— DTFT —jw Mm=—00 . m=-o :
Flipping: X[ *n]<——> Xie _) 1 <N, sin(w(N, + 1)) /sin(%)
Conjugate: X [n]«—2"1— X" (e71?) 0 |n|>N;
X [-n]«—= X (e)) sinWn) - _w <2 1 0<lo<w
— period. 2z
Symmetries: zn 0 W<|o|<z
if x[n] isreal : X (e¥)=X"(e71*), 5[N] 1
jo —jo jo -jo upn i
‘X(eJ )Hx(e j )‘, X (e17) = — X (e71) [n] . 1_J_w+7z > S(w-k27)
; i i —¢€ kK=—o0
I and o X (e l, X(@*)=X e :
X[n] real an evenj (') rea evejn ') j(e ) a"u[n] |a|<1 1/(1—ae"“’)
x[n] real, odd X (¢'”) imag., odd X (e'?)=-X(e7'*) N T
Convolution: ;a u[—ri)—ll] |a|>1 1/(1—ae )
g DTFT _ n+r-nt , 1
Xnl*yInl= > XKlyIn-k] <> X (/)Y (1) ECET uln] faf<1 | — oV
Nt (1-ae )
Modulation: x[n]y[n]&ij‘ X (e1?)Y (e} @ D)de Ma"u[—n—l] la| >1 _r
2 227 ni(r —1)! (1_ae,,-w)r
DTFT

Accumulation:
n DTFT
> xm] « .

m=—o0

X (1) + zX (e19) f 5(w—m27)

Mm=—o0

,ja)

r"sin(e,n)uln]
0<r<1l O<ay=<nrm

rsin(e,)e
1-2rcos(m,)e ' +r’e 1%

jo
Differentiation in freq.: nx[n]<«—2-— )jdx(e )

dw

r" cos(e,n)uln]
0<r<l O<ay=<nrm

1-rcos(w,)e

1-2rcos(m,)e ' +r’e 1%

+00 P 1 ) 2
Parseval: " |x[n]| :2—j2 ‘X(e"")‘ do
VA T

N=-—o0

—r"sin(a,n)u[-n-1]
r>1 0<ey<r

rsin(w,)e’”
1-2rcos(w,)e ' +r¥e 1%

DTFT CTFS

Duality : If x[n]«——"— X (e!”) then X (t)«—"—"—>x_,

—r" cos(ew,n)u[-n—1]
r>1 0<ey<rn

1-rcos(w,)e
1-2rcos(m,)e ' +r’e 1%




Properties — bilateral (two-sided) Laplace transform

Definitions:

® - 1 o+ joo
X@)=[x0edt =5 [T x)etas

X(t)«—"—>X(s) ROC, y(t)«—"—Y(s) ROC,

Table of bilateral (two-sided) Laplace transforms

Linearity: ax(t) + by(t) «——saX (s) +bY ()

ROC, nROC,
Shifting: x(t—t0)<L>e‘St°X(s) ROC, unchanged
Scaling: x(at)@ﬁ X ()
a a

ROC, dilated factor |a| or compressed factor ﬁ
a

and ROC, inversed if a <0

Flipping: x(—t)<L> X(-s) ROC, inversed

Conjugate: X (t)«———X"(s") ROC, unchanged

Symmetry: if x(t) real: X(s)=X(s),

X(©)]=[x(s")
Convolution:
. LT
x(t)*y() = f_w X(2)y(t—7)dz <> X(s)Y(s)
ROC, N ROCy

Modulation: e%'x(t)«——— X (s —s,)
ROC, shifted to right by Re{s,}

Signal x(t) Laplace ROC
transform X (s)
o(t) 1 Vs
u() Re{s}>0
%
—u(-t) Re{s}<0
%
e u(t) 1 Re{s}>-a
s+a
—e u(-t) 1 Re{s}<-a
s+a
n-t 1 Re{s}>-a
t —atu(t) -
(n-1)! (s+a)
n-1 1 -
__t Aty (—t) Re{s}<-a
(n-1! (s+a)
e sin(wyt)u(t) 0)—20 Re{s}>-a
wy=0  aayreal (s+a) +
e~ cos(wpt)u(t) __sta Re{s}>-a
w20 a,wyreal (s+a) + @
—e % sin(wgt)u(-t) B - Re{s}<-a
2
@y 20 a,am,real (s+a)” +ay
—e  cos(apt)u(-t) __sta Re{s}<-a
2
@y 20 a,am,real (s+a)” +a

<« 55 X(s) ROC, unchanged

Differentiation: %

Integration: J‘; x(r)dn—"T—)% X(s)

ROC, n(Re{s} >0)

dX(s)
ds
ROC, unchanged

Differentiation in freq.: —tx(t)<L>




