
topology makes the mesh eminently suitable for VLSI im-
plementation, with several models built over the years.
Examples include the ILLIAC V, the MPP, and the
MasPar, among others [5, 37].

One of the drawbacks of the mesh lies in its large diame-
ter which limits the performance in contexts where the
computation involves data spread over distant processing
elements. In an attempt to overcome this problem, mesh-
connected computers have recently been augmented by
the addition of various types of bus systems [1, 12, 22, 25,
27, 28, 30]. For example, Aggarwal [1] and Bokhari [12]
have considered meshes enhanced by the addition of k
global buses. Yet another such system that is commercially
available involves enhancing the mesh by the addition of
row and column buses as illustrated in Fig. 1. In [22] an
abstraction of such a system is referred to as mesh with
multiple broadcasting. The mesh with multiple broadcast-
ing has proven to be feasible to implement in VLSI, and
is used in the DAP family of computers [33, 36].

Being of theoretical interest as well as commercially
available, the mesh with multiple broadcasting has at-
tracted a great deal of well-deserved attention. Applica-
tions ranging from image processing [7, 23, 33, 36], to
computational morphology and pattern recognition [6, 8–
10, 22, 27, 32], to optimization [15], to other fundamental
problems [4, 7, 8, 14] have found efficient solutions on this
architecture and some of its variants [27].

The notion of proximity or ‘‘closeness’’ is fundamental in
image processing, computer graphics, pattern recognition,
and robotics. In image processing, for example, closeness
is a simple and important metric for potential similarities
of objects in the image space [3]. In pattern recognition,
closeness appears in clustering and in computing similari-
ties between sets [18]. One of the recurring problems in
computer graphics [34], pattern recognition [13], and image
processing [3, 19] involves computing for every point in a
given set S of planar points, a point that is closest to it.
This problem is known as the All Nearest Neighbor prob-
lem (ANN, for short) and has been well studied in both
sequential and parallel [2, 11, 16, 18, 21, 29, 31, 35, 38, 39].

In this work we address the problem of devising time-
optimal algorithms for the ANN problem on meshes with
multiple broadcasting. In this direction, our first main con-
tribution is to establish an V(log n) time lower bound for
the task of solving an arbitrary n-point instance of the
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The All Nearest Neighbor problem (ANN, for short) is stated
as follows: given a set S of points in the plane, determine for
every point in S, a point that lies closest to it. The ANN problem
is central to VLSI design, computer graphics, pattern recogni-
tion, and image processing, among others. In this paper we
propose time-optimal algorithms to solve the ANN problem
for an arbitrary set of points in the plane and also for the
special case where the points are vertices of a convex polygon.
Both our algorithms run on meshes with multiple broadcasting.
Our first main contribution is to establish an V(log n) time
lower bound for the task of solving an arbitrary n-point instance
of the ANN problem, even if the points are the vertices of a
convex polygon. We obtain our time lower bound results for the
CREW-PRAM by using a novel technique involving geometric
constructions. These constructions allow us to reduce the well-
known OR problem to each of the geometric problems of inter-
est. We then port these time lower bounds to the mesh with
multiple broadcasting using simulation results. Our second
main contribution is to show that the time lower bound obtained
is tight, by exhibiting algorithms solving the problem in
O(log n) time on a mesh with multiple broadcasting of size
n 3 n.  1996 Academic Press, Inc.

1. INTRODUCTION

Recent advances in VLSI have made it possible to build
parallel machines featuring tens of thousands of proces-
sors. Yet, practice indicates that this increase in raw compu-
tational power does not always translate into increased
performance of the same order of magnitude. The reason
seems to be twofold: first, not all problems are known to
admit efficient parallel solutions; second, parallel computa-
tion requires interprocessor communications and simulta-
neous memory accesses which often act as bottlenecks in
present-day parallel machines.

In this context, the mesh has emerged as the platform
of choice for implementing a variety of tasks in pattern
recognition, image processing, computer vision, path plan-
ning, and computational geometry. Its regular and intuitive

1 Work supported in part by NATO Grant CRG-950744, by NSF grant
CCR-9407180, by ONR grant N00014-91-1-0779, and by NSERC grant
OGPIN007; a preliminary version of this paper has appeared in Proc. of
IPPS’94, Cancun, Mexico, April, 1994.

2 E-mail address: olariu@cs.odu.edu.



lem, along with data structures that will be used in Stage
2 to constuct certain condidate lists, that is, lists of points
for which a given point is a possible closest neighbor. It
seems to us that this approach is more natural and easier
to understand.

The remainder of the paper is organized as follows:
Section 2 discusses the computational model used through-
out the paper; Section 3 reviews basic algorithms that are
key ingredients in our ANN algorithms; Section 4 presents
the lower bound arguments; Section 5 discusses the ANN
algorithm for arbitrary points in the plane; Section 6 pre-
sents the ANN algorithm for convex polygons; finally, Sec-
tion 7 summarizes our findings and proposes a number of
open questions.

2. THE COMPUTATIONAL MODEL

A mesh with multiple broadcasting of size M 3 N, here-
after referred to as a mesh when no confusion is possible,
consists of MN identical processors positioned on a rectan-
gular array overlaid with a bus system. In every row of the
mesh the processors are connected to a horizontal bus;
similarly, in every column the processors are connected to
a vertical bus as illustrated in Fig. 1.

Processors P(i, j) is located in row i and column j, 1 #
i # M; 1 # j # N, with P(1, 1) in the north-west corner
of the mesh. Each processor is connected to its four neigh-
bors, provided they exist. Throughout this paper we assume
that the mesh with multiple broadcasting operates in SIMD
mode: in each time unit, the same instruction is broadcast
to all processors, which execute it and wait for the next
instruction. The processors are assumed to know their co-
ordinates within the mesh and to have a constant number
of registers of size O(log MN); in unit time, each processor
performs some arithmetic or boolean operation, communi-
cates with one of its neighbors using a local link, broadcasts
a value on a bus, or reads a value from a specified bus.
These operations involve handling at most O(log MN) bits
of information. For practical reasons, only one processor
is allowed to broadcast on a given bus at any one time.
By contrast, all the processors on the bus can simultane-
ously read the value being broadcast. In accord with other
researchers [1, 4, 12, 14, 22, 30, 33], we assume that commu-
nications along buses take O(1) time.

A PRAM [20] consists of synchronous processors, all
having unit-time access to a shared memory. At each step,
every processor performs the same instruction, with a num-
ber of processors masked out. In the CREW-PRAM, a
memory location can be simultaneously accessed in reading
but not in writing.

From a theoretical point of view, a mesh with multiple
broadcasting can be perceived as a restricted version of
the CREW-PRAM machine: the buses are nothing more
than oblivious concurrent read-exclusive write registers
with the access restricted to certain sets of processors.
Indeed, in the presence of p CREW-PRAM processors,
groups of Ïp of these have concurrent read access to a

ANN problem, even if the points are the vertices of a
convex polygon. This lower bound holds for both the
CREW-PRAM and for the mesh with multiple broadcast-
ing. We obtain our time lower bound results for the
CREW-PRAM by using a novel technique involving geo-
metric constructions. These constuctions allow us to reduce
the well-known OR problem to each of the geometric
problems of interest. We then port these time lower bounds
to the mesh with multiple boradcasting using the simulation
results of [26]. The only lower bound for the ANN problem
known to the authors was obtained recently by Schieber
and Vishkin [38] who have established an V(log log n)
lower bound for the ANN problem for convex n-gons in
the CRCW model of computation.

Our second main contribution is to show that the time
lower bound we obtained is tight by exhibiting algorithms
solving the problem in O(log n) time on a mesh with multi-
ple broadcasting of size n 3 n. Our first algorithm is for
an arbitrary point-set, while the second solves the problem
in the special case where the points are vertices of a con-
vex polygon.

Our ANN algorithm for a general collection of points
in the plane relies on a sampling technique similar to the
one described in [7]. In [7] the technique is used to solve
a number of visibility-related problems on enhanced
meshes. In this paper, we demonstrate that the same tech-
nique can be used to solve proximity problems. The re-
sulting algorithm for the ANN problem is significantly sim-
pler than a recent ANN algorithm for the CREW-PRAM
reported in [16]. The algorithm in [16] involves a nontrivial
new application of the cascading divide and conquer strat-
egy. By contrast, we show that the classical divide and
conquer is sufficient in the context of meshes with multiple
broadcasting. In essence, the algorithm in [16] proceeds in
two stages: in the first stage an approximation of the nearest
neighbor for every point in the input set is determined. In
the second stage, this choice is refined into the exact so-
lution.

Unlike the algorithm in [16] we do not use Stage 1 to
compute an approximate solution for the ANN problem.
Instead, we dynamically construct a solution to the prob-
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FIG. 1. A mesh with multiple broadcasting of size 4 3 5.



register whose value is available for one time unit, after
which it is lost. Given that the mesh with multiple broad-
casting is, in this sense, weaker than the CREW-PRAM,
it is very often quite a challenge to design algorithms in
this model that match the performance of their CREW-
PRAM counterparts. Typically, for the same running time,
the mesh with multiple broadcasting uses more processors.
This phenomenon will appear in our ANN algorithm.

3. BASICS

Data movement operations constitute the basic building
blocks that lay the foundations of many efficient algorithms
for parallel machines constructed as an interconnection
network of processors. The purpose of this section is to
review a number of data movement results for the mesh
with multiple broadcasting that will be instrumental in the
design of our algorithm.

The prefix sums problem has turned out to one of the
basic techniques in parallel processing, being a key ingredi-
ent in many algorithms. The problem is stated as follows:
given a sequence a1 , a2 , ..., aN of items, compute all the
sums of the form a1 , a1 1 a2 , a1 1 a2 1 a3 , ..., a1 1
a2 1 ? ? ? 1 aN . Recently, it has been shown that prefix
sums can be computed efficiently on meshes with multiple
broadcasting. More specifically, the following result has
been proved in [23, 32].

PROPOSITION 3.1. The prefix sums (also maxima or min-
ima) of a sequence of n real numbers stored in one row of
a mesh with multiple broadcasting of size n 3 n can be
computed in O(log n) time. Furthermore, this is time-
optimal in this model.

Merging two sorted sequences is one of the fundamental
operations in computer science. Recently, Olariu et al. [32]
have proposed a constant time algorithm to merge two
sorted sequences of total length n stored in one row of a
mesh with multiple broadcasting of size n 3 n. More pre-
cisely, the following result was established in [32].

PROPOSITION 3.2. Let S1 5 (a1 , a2 , ..., ar) and S2 5 (b1 ,
b2 , ..., bs), with r 1 s 5 n, be sorted sequences stored in
the first row of a mesh with multiple broadcasting of size
n 3 n, with P(1, i) holding ai , 1 # i # r, and P(1, r 1 i)
holding bi , 1 # i # s. The two sequences can be merged
into a sorted sequence in O(1) time.

Since merging is an important ingredient in our ANN
algorithm, we now give the details of the merging algorithm
in [32]. To begin, using vertical buses, the first row is repli-
cated in all rows of the mesh. Next, in every row i, 1 #
i # r, processor P(i, i) broadcasts ai horizontally on the
corresponding row bus, as illustrated in Fig. 2. It is easy
to see that for every i, a unique processor P(i, j), r 1 1 ,
j # n, will determine that bj21 , ai # bj . Clearly, this unique
processor can now use the horizontal bus to broadcast j
back to P(i, i). In turn, this processor has enough informa-
tion to compute the position of ai in the sorted sequence.
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In exactly the same way, the position of every bj in the
sorted sequence can be computed in O(1) time. Finally, a
simple data movement sends every element to its final
destination in the first row of the mesh.

The simple merging algorithm that we just sketched is
the main stepping stone in a time-optimal sorting algorithm
developed in [32]. This algorithm implements the well-
known strategy of sorting by merging. Specifically, the fol-
lowing result was established in [32].

PROPOSITION 3.3. An n-element sequence of items from
a totally ordered universe stored one item per processor in
the first row of a mesh with multiple broadcasting of size
n 3 n can be sorted in O(log n) time. Furthermore, this is
time-optimal in this model.

Again, to make this paper self contained, we briefly
sketch the data movement operations performed in the
sorting algorithm in [32]. First, the input sequence is di-
vided into a left subsequence containing the first n/2 items
and a second subsequence containing the remaining n/2
items. Further, imagine dividing the original mesh into four
equal submeshes of size (n/2) 3 (n/2).

In preparation for sorting, the second half of the input
sequence is broadcast to the first row of the south-eastern
submesh. Note that because of the way we have partitioned
the input, no broadcast conflicts can arise when we recur-
sively sort the two halves of the input. Finally, the resulting
sorted sequences are merged as discussed in Proposition
3.2. It is easy to see that the overall running time of this
simple algorithm is O(log n). The time-optimality of the
sorting algorithm follows from Propositions 4.1 and 4.2
discussed in the next section.

For later reference we now describe the details of a very
simple data movement that allows to compact a list by
eliminating some of its elements. For definiteness, suppose
that the processors in the first row of the mesh store a

FIG. 2. Illustrating the merging operation.



4. THE LOWER BOUND

The goal of this section is to derive a time lower bound
for the ANN problem. This lower bound holds for both
the CREW-PRAM and for the mesh with multiple broad-
casting. Our optimality arguments will be stated first in
the CREW-PRAM. This approach is motivated by a recent
result of Lin et al. [26] that allows us to extend many lower
bound results from the CREW-PRAM to meshes with
multiple broadcasting.

In preparation for the main result of this section we now
state a fundamental result of Cook et al. [17] that will lay
the foundation of our lower bound argument for the ANN
problem on meshes with multiple broadcasting.

PROPOSITION 4.1. The time lower bound for computing
the OR of n bits on the CREW-PRAM is V(log n) no matter
how many processors and memory cells are available.

In addition, we shall rely on the following result of Lin
et al. [26].

PROPOSITION 4.2. Any computation that takes O(t(n))
computational steps on an n-processor mesh with multiple
broadcasting can be performed in O(t(n)) computational
steps on an n-processor CREW-PRAM with O(n) extra
memory.

It is important to note that Proposition 4.2 guarantees
that if TM (n) is the execution time of an algorithm for
solving a given problem on an n-processor mesh with multi-
ple broadcasting, then there exists a CREW-PRAM algo-
rithm to solve the same problem in TP(n) 5 TM(n) time
using n processors and O(n) extra memory. In other words,
‘‘too fast’’ an algorithm on the mesh with multiple broad-
casting implies ‘‘too fast’’ an algorithm for the CREW-
PRAM. This observation is exploited in [26] to transfer
known computational lower bounds for the PRAM to the
mesh with multiple broadcasting.

Our first goal in this direction is to establish an
V(log n) lower bound for the CONVEX ANN problem
in the CREW-PRAM model of computation. From there,
the conclusion follows by Propositions 4.1 and 4.2. The
CONVEX ANN problem is defined as follows:

CONVEX ANN: Given an n-vertex convex polygon,
for each vertex find its nearest neighbor.

Our plan is to reduce OR to CONVEX ANN. For this
purpose, let b1 , b2 , ..., bn be an arbitrary input to OR. To
construct an instance of the CONVEX ANN problem, let
C be the unit circle centered at g and let u1 , u2 , ..., un be
equally spaced points on the first quadrant of C such that,
for every i, 1 # i # n, the coordinates of ui in polar coordi-
nates are given by

ui 5 S1,
(i 2 1)f
2(n 2 1)D. (1)

sequence a1 , a2 , ..., an of items with some of the items
marked. Assume further that every marked item knows
its rank among the marked items. We wish to obtain a
sublist consisting of the marked elements stored in order
in the leftmost positions of the first row of the mesh. This
task can be performed as follows. Suppose that ai is the
kth marked element in the sequence; now processor
P(1, i) will broadcast ai vertically to processor P(k, i) which,
in turn, will broadcast ai horizontally to P(k, k). Finally,
P(k, k) will broadcast ai vertically to P(1, k), as desired.
Consequently, we have the following result.

LEMMA 3.4. Consider a sequence a1 , a2 , ..., an of items
stored in the first row of a mesh with multiple broadcasting
of size n 3 n, one item per processor, with some of the
items marked. If every marked item knows its rank among
the marked items, then a sublist consisting of the marked
elements stored in order in the leftmost positions of the first
row of the mesh can be obtained in O(1) time.

Suppose that n items a1 , a2 , ..., an are stored, one per
processor, in the first row of a mesh with multiple broad-
casting of size n 3 n. Suppose further that these items are
partitioned into k disjoint groups of consecutive items,
such that for every j, 1 # j # k, group j contains the items
aij21

, aij2111 , aij2112 , ..., aij21
. To handle boundary conditions

we write a1 5 ai0
and an 5 aik

. It is assumed that every
item in the input sequence knows the group to which it
belongs. The goal is to determine the minimum item in
every group.

We begin by informing every item in the sequence of
the index of the first item in its own group. This can be
done as follows. Every processor holding the first item of
some group writes its index in a local register; all others
write a 0. After performing the prefix maximum over the
resulting sequence, every item has the desired information.
Specifically, all the items in the jth group know that the
first item in that group is in position aij

. Furthermore, by
Proposition 3.1, this takes at most O(log n) time.

Next, using vertical buses all the items in the jth group,
1 # j # k, are broadcast vertical to processors P(ij21 ,
ij21), ..., P(ij21 , ij 2 1). Clearly, this simple operation takes
constant time. Notice that as a result of the previous data
movement, the items in group j, 1 # j # k, are in the first
row of a submesh of size (ij 2 ij21) 3 (ij 2 ij21) with its
north-west corner at P(ij21 , ij21). In each such submesh,
the minimum is computed in parallel. By Proposition 3.1,
this operation runs in at most O(log n) time. Note also
that a straightforward application of Propositions 4.1 and
4.2, discussed in the next section, guarantees that our solu-
tion is time-optimal. Consequently, we have proved the
following result.

LEMMA 3.5. The (prefix) minimum in every group of
consecutive items stored in the first row of a mesh with
multiple broadcasting of size n 3 n can be computed in
O(log n) time. Furthermore, this is time-optimal in this
model.
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Let d be a number satisfying cos f/2(n 2 1) 5 1/(1 1 d)
and let « be a positive number less than d. Further, let C9
be the circle of radius 1 1 « centered at g, as illustrated
in Fig. 3(a). For every i, 1 # i # n, let vi be the intersection
between the first quadrant of C9 with the extension of the
ray

›
gui . Finally, let P be the polygon with vertices p0 ,

p1 , ..., pn such that p0 5 g, and for every i, 1 # i # n,

pi 5 Hui if bi 5 1

vi if bi 5 0.
(2)

The resulting polygon for the input sequence 1, 0, 1, 0, 1,
1, 1 is featured in Fig. 3(b).

At this point, the reader may wonder whether the poly-
gon P specified in (2) above is always convex, regardless
of the input sequence b1 , b2 , ..., bn . Our next result shows
that this is the case.
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LEMMA 4.3. The polygon P specified by (2) is convex.

Proof. Consider the unit circle C centered at g and
refer to Fig. 4. Take three points a, b, c on C such that the
angles /agb and /bgc equal f/2(n 2 1).

Draw a line segment through b perpendicular to gb and
let it intersect the rays

›
ga and

›
gc at a9 and c9 respectively.

Further, let d denote the common length of the segments
aa9 and cc9 and let D be the circle of radius 1 1 d centered
at g. Moreover, the right triangle gba9 yields

cos
f

2(n 2 1)
5

1
1 1 d

. (3)

To understand the motivation for the construction
above, consider arbitrary points a0 and c0 on the half-open
line segments [a, a9) and [c, c9). We claim that

/a0bc0 is convex. (4)

To justify (4), observe that, by construction, the angle
/a0bc0 is contained within the angle /a9bc9 whose measure
is f. Consequently, the angle a0bc0 (as seen from g) must
be convex, as claimed.

It is now easy to extend this idea: partition the first
quadrant of C into n equal arcs by equally spaced points
u1 , u2 , ..., un satisfying (1). Next, pick an arbitrary « in the
range 0 , « , d and place the points v1 , v2 , ..., vn at the
intersection of the rays

›
gui , 1 # i # n, with C9. Now, let

the vertices of P be placed according to (2). By (4), all the
internal angles of P are convex, and the proof of the lemma
is complete. jFIG. 3. Illustrating the construction in the proof of the lower bound.

FIG. 4. Illustrating the proof of Lemma 4.3.



• NE(q) consists of the points p in the plane for which
x(p) . x(q) and y(p) . y(q);

• SW(q) consists of the points p in the plane for which
x(p) , x(q) and y(p) , y(q);

• SE(q) consists of the points p in the plane for which
x(p) . x(q) and y(p) , y(q);

We proceed in two stages. Our stages are different from
those in [16] since we compute different items in each of
our stages.

Stage 1. Begin by sorting the points in S by increasing
x-coordinate and let S 5 (q1 , q2 , ..., qn) be the resulting
sequence. Imagine planting a complete binary tree T on
S with the leaves corresponding, in left-to-right order, to
the points in S as illustrated in Fig. 6. Stage 1 of the algo-
rithm proceeds essentially by divide and conquer, with the
computation being guided by the complete binary tree T.

Since the points in S are assumed to have distinct x-
coordinates, we separate the leaves of T by placing vertical
dividing lines between the corresponding points in S. With
every node v in T, we associate the slab II(v) which is the
region delimited by the left and right vertical lines that
separate the points in desc(v) from the remaining points
in S. For definiteness, we let left(v) and right(v) stand for
the left and right boundaries of II(v). As an illustration,
referring to Fig. 6, the slab II(e) is the planar region de-
limited in the obvious way by the vertical dividing lines
left(e) and right(e).

To make the exposition more transparent we shall con-
sider a generic node v in T with left and right children u
and w, respectively. Most of the remaining part of Stage
1 involves describing the tasks performed in the transition
from u and w to v. First, Y(v) is obtained by simply merging
Y(u) and Y(w). By Proposition 3.2, this task is carried out
in O(1) time.

Next, for every point q in Y(u), we let pred(q, Y(u))
and succ(q, Y(u)) stand for the points that precede and
succeed q in Y(u), respectively. In addition, we let pred(q,
Y(w)) and succ(q, Y(w)) stand for the points that precede
and succeed q in Y(w). Of course, a similar definition holds
for a point q in Y(w). For an illustration, the reader is
referred to Fig. 7. These points are said to be ‘‘encoun-

Thus, by virtue of Lemma 4.3 the polygon P is always
convex, regardless of the sequence b1 , b2 , ..., bn . Now,
consider any algorithm that correctly solves the CONVEX
ANN problem with P as input. Clearly, the answer to the
OR problem is 1 if and only if the distance between p0

and its corresponding nearest neighbor in P is 1.
Since the reduction can be performed in parallel in O(1)

time, the conclusion follows by Proposition 4.1. To summa-
rize our discussion we state the following result.

LEMMA 4.4. CONVEX ANN has a time lower bound
of V(log n) on the CREW-PRAM, no matter how many
processors and memory cells are available.

It is now clear that Lemma 4.4 and Proposition 4.2 com-
bined imply the following result.

COROLLARY 4.5. CONVEX ANN has a time lower
bound of V(log n) on the mesh with multiple broadcasting
of size n 3 n.

It is a simple observation that the result of Corollary 4.5
applies to the ANN problem as well. Thus, we have the
following important result.

COROLLARY 4.6. ANN has a time lower bound of
V(log n) on the a mesh with multiple broadcasting of size
n 3 n.

5. THE ANN ALGORITHM

The purpose of this section is to show that the lower
bound of Corollary 4.6 is tight by devising an algorithm
that solves an arbitrary instance of size n of the ANN
problem in O(log n) time on a mesh with multiple broad-
casting of size n 3 n.

Consider an arbitrary set S of points in the plane, with
every point specified by its cartesian coordinates. The set
is assumed stored, one point per processor, in the first row
of a mesh with multiple broadcasting of size n 3 n. To
avoid tedious details we assume, without loss of generality,
that the points in S are in general position, with no two
having the same x or y coordinates, and that n is a power
of 2. Should this not be the case, an easy modification
detailed in [16] allows to address boundary cases within
the same complexity. We borrow most of our definitions,
notation, and terminology from [16]. For the sake of com-
pleteness we now review the main definitions that will be
used in the remainder of the algorithm.

Given an n-leaf complete binary tree T, and an arbitrary
node v of T, we let desc(v) stand for the set of leaf-descen-
dants of v; we let Y(v) denote the sequence of points in
desc(v) sorted by increasing y-coordinate. We assume that
the nodes in T are numbered level by level in left-to-right
order. As illustrated in Fig. 5, with every point q in Y(v)
we associate four regions of the plane NW(q), NE(q),
SW(q), SE(q) defined as follows:

• NW(q) consists of the points p in the plane for which
x(p) , x(q) and y(p) . y(q);
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FIG. 5. Illustrating the regions NW(q), NE(q), SW(q), SE(q).



tered’’ by q at v. To keep track of the closest point encoun-
tered in Stage 1 of the algorithm, a label b(q) is maintained
for every point q in S. For each qi in S, b(qi) is initialized
to the point in hqi21 , qi11j that is closest to qi (boundary
cases are handled in the obvious way). Throughout Stage
1 of the algorithm, b(q) contains the identity of the closest
point to q encountered thus far.

Once q knows the four points defined above, it will
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update b(q) to be the point closest to q among hb(q),
pred(q, Y(u)), succ(q, Y(u)), pred(q, Y(w)), succ(q,
Y(w))j. It is important to note that this update operation
can be carried out in constant time. To see this, note that
the task of determining the four points encountered by q
at v is easy: the first two are immediately available from
Y(u), while the last two are determined in the process of
merging Y(u) and Y(w). Note that by Proposition 3.2 the
merge operation takes constant time and so updating b(q)
takes constant time.

Corresponding to b(q), we define the region B(q) of the
plane consisting of all the points whose distance to q is no
larger than d(q, b(q)). Just as b(q), the value of B(q)
dynamically changes during the execution of Stage 1.

With every node v of T we associate two subsets of Y(v)
defined as follows:

• L(v): the set of points q in Y(v) for which B(q) >
left(v) ? B, and

• R(v): the set of points q in Y(v) for which B(q) >
right(v) ? B.

Intuitively, L(v) and R(v) contain points in Y(v) that may
find their nearest neighbor outside the slab II(v). For an

FIG. 6. Illustrating the tree T associated with the set S.

FIG. 7. Illustrating pred(q, Y(u)) and succ(q, Y(u)).



Proof. Let q be a point in Y(u). We shall prove that
the only points in Y(w), having y coordinates larger than
y(q), for which q is a nearest neighbor are succ(q, L(w)),
and nw(succ(q, L(w))).

For this purpose, referring to Fig. 10, let L be the vertical
line separating Y(u) and Y(w) and let p0 and p1 stand for
succ(q, L(w)) and nw(succ(q, L(w))), respectively. Let C
be the circle centered at p0 with radius equal to the distance
from p0 to the line L. Write hrj 5 C > L. It is easy to see
that p1 is outside C, for otherwise p0 would not be in L(w).

If the statement is false, we find a point p2 in Y(w), with
y(p2) . y(p0), closer to q than to either of p0 and p1 . We
propose to show that this will lead to a contradiction. For
this purpose, let L9 be the vertical line through p0 . Let t9
and t0 be the points where the two tangents from p2 touch
C. Clearly, every point to the right of L9 is closer to p0

than to q. Consider a ray R originating at p2 and going
through p1 . Consider the first intersection point of R with
either L, L9, or C. We distinguish between the following
cases (refer to Fig. 10).

Case 1. R intersects L first.
Write hsj 5 R > L. Note that in this case we have

d(p2 , p1) , d(p2 , s) , d(p2 , r) , d(p2 , q), and so Case 1
cannot occur.

Case 2. R intersects L9 first.
Write haj 5 R > L9 and hbj 5 C > L9. Note that in

this case we have d(p2 , p1) , d(p2 , a) , d(p2 , b) ,
d(p2 , t9) 5 d(p2 t0) , d(p2 , r) , d(p2 , q), confirming that
Case 2 cannot occur.

illustration, in Fig. 8, the point qi belongs to L(v), the point
qk belongs to R(v), while the point qj belongs to neither
of these sets.

Further, with every point q in Y(v) we associate the
following labels (refer to Fig. 9 for an illustration):

• nw(q) consists of the point with minimum y coordinate
in Y(v) > NW(q);

• ne(q) consists of the point with minimum y coordinate
in Y(v) > NE(q);

• sw(q) consists of the point with maximum y coordinate
in Y(v) > SW(q);

• se(q) consists of the point with maximum y coordinate
in Y(v) > SE(q).

The motivation for defining these labels is provided by the
following technical result which is somewhat stronger than
Lemma 3.2 in [16]. Also, our proof is different.

LEMMA 5.1. Let v be a node in T with left and right
children u and w, respectively, and let q be a point in Y(v).
If q belongs to Y(u), then the only points in Y(w) for
which q is a possible nearest neighbor are pred(q, L(w)),
sw(pred(q, L(w))), succ(q, L(w)), and nw(succ(q, L(w))).
Similarly, if q belongs to Y(w), then the only points in Y(u)
for which q is a possible nearest neighbor are pred(q, R(u)),
se(pred(q, R(u))), succ(q, R(u)), and ne(succ(q, R(u))).
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FIG. 8. Illustrating the sets L(v) and R(v).

FIG. 9. Illustrating nw(q), ne(q), sw(q), and sw(q).

FIG. 10. Illustrating the proof of Lemma 5.1.



Case 3. R intersects C first.
Write hcj 5 R > C. Note that in this case we have d(p2 ,

p1) , d(p2 , c) , d(p2 , t0) , d(p2 , q), and so Case 3
cannot occur.

Therefore, the existence of p2 leads to a contradiction,
completing the proof of Lemma 5.1. j

As pointed out in [16], the task of updating the labels
nw(q), ne(q), sw(q), and se(q) in the transition from u and
w to v is easy. For example, to update the label sw(q) one
proceeds as follows: if q belongs to Y(u), then no update
is necessary; if q belongs to Y(w), then sw(q) is updated
to the point with largest y coordinate between the old value
of sw(q) and pred(q, Y(u)). Clearly, the corresponding
computation takes constant time once pred(q, Y(w)) is
known.

Updating the sets L(u) and L(w) into L(v) is a bit trickier
and the corresponding task will span both Stage 1 and
Stage 2 of our algorithm. We now detail the operations
supportive of this update that are performed in Stage 1.
First, every point q in Y(v) that belongs to L(u) or L(w)
checks to see whether it belongs to L(v). Observe that
the definition of the slabs corresponding to nodes of T
guarantees that once a point ceases to belong to L(v) or
R(v), this property will hold for all the nodes from v to
the root of T. In preparation for the update, every point
q will remember the identity of the node a in T where,
for the first time, it does not belong to L(a). In this context,
we shall say that q ‘‘dies’’ at a. Every point q that belongs
to L(a) is said to ‘‘survive’’ at a. (A similar operation takes
place for R(a).) To anticipate, the dying time of every
point in S will be used in the next stage to correctly compute
the sets L(v) and R(v) for all nodes in the tree.

Stage 2. The main goal of this stage is to build for every
point q in S a candidate list C(q) of points for which q is
a possible nearest neighbor. As pointed out in Lemma 5.1,
to maintain the list C(q), we need to have the lists L(v)
and R(v) available at every node v in T. In preparation
for this, we begin by sorting the points in S by their dying
time (i.e., by the index of the node in T at which they
died), in increasing y coordinate. Clearly, Proposition 3.3
guarantees that the sort operation runs in O(log n) time.

Once this information is available, we traverse T again
from the leaves to the root, computing for every node v
in T the lists L(v) and R(v), as well as maintaining the
candidate list C(q) for every point in S, as we go. For
definiteness, we show how the list L(v) is obtained from
L(u) and L(w), when a node v with left and right children
u and w is processed. Begin by merging L(u) and L(w)
into a list L9(v). From L9(v) we need to delete those points
that have died at v. For this purpose, we merge L9(v) with
the list D(v) of points that have died at v: note that this list
is readily available by virtue of the sorting step described
above. Again, by Proposition 3.2, the merging operation
runs in constant time.

It is important to note that in the process of merging
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L9(v) and D(v), every point that survives at v finds its
predecessor and successor (i.e., its own rank) in D(v). This
information will allow the surviving points to compute their
ranks in L(v). Now Lemma 3.4 guarantees that we can
obtain a compact version of L(v) in constant time.

We use the lists L(v) and R(v) to compute the candidate
list C(q) for every point q in S. It is an easy observation
that the list C(q) need never contain more than six points.
Now the construction of C(q) takes place as follows. At
every node v in T, we can update the candidate list C(q)
of a point q in Y(v), by letting one processor solve an
instance of at most 10 points of ANN. Specifically, by virtue
of Lemma 5.1, these points are those contained in the old
C(q) along with at most four new points. Clearly, this
update operation takes O(1) time, since the number of
points involved is a small constant. We have proved the fol-
lowing.

LEMMA 5.2. Given a set S of points in the plane stored
one per processor in the first row of a mesh with multiple
broadcasting of size n 3 n, for every point q in S, the
candidate list C(q) can be computed in O(log n) time.

We complete our algorithm by a post-processing opera-
tion. The purpose of this operation is to remove from each
C(q) those points which are not closest neighbors of q.
The task specific to the postprocessing is carried out as
follows. Assume that for every q, C(q) contains ordered
pairs of the form (q9, q). Since there are at most 6n ordered
pairs in all the candidate lists combined, we can sort these
ordered pairs by their first component. By Proposition 3.3,
this takes O(log n) time. The resulting sequence is stored
by the processors in the first row of the mesh, with each
processor storing (at most) six consecutive ordered pairs.

For simplicity of exposition, we assume that every pro-
cessor in the first row stores ordered pairs having the same
first component. As a first step, each processor computes
d(q9, q) for all the pairs it stores and retains the pair that
achieves the minimum. Note that after this step, we are
left with an instance of the problem discussed in Lemma
3.5. Therefore, the post-processing takes O(log n) time.
To summarize our findings we state the following result.

THEOREM 5.3. Given a set S of points in the plane stored
one per processor in the first row of a mesh with multiple
broadcasting of size n 3 n, for every point in S, its closest
neighbor in S can be computed in O(log n) time. Further-
more, this is time-optimal on this architecture.

6. SOLVING THE CONVEX ANN PROBLEM

Clearly, the algorithm detailed in the previous section
applies to any instance of the CONVEX ANN problem
as well. Furthermore, by Lemma 4.3, this will result in a
time-optimal algorithm. However, the CONVEX ANN
problem is much more constrained than the general ANN
problem and, intuitively, one would expect that a corre-
spondingly simpler algorithm can be devised. The purpose



What makes the problem easy to solve on meshes with
multiple broadcasting is the observation that the projection
of a point pt in P2 can only belong to at most four circles
[24] corresponding to points in P1 . Furthermore, convexity
guarantees that the points corresponding to these circles
occur consecutively in P1 . Let P be an n-vertex convex
polygon satisfying property (i). We assume that P is well
stored in the first row of a mesh with multiple broadcasting
of size n 3 n. Note that, by Observation 6.2, we can solve
the all nearest neighbor problem for P1 and P2 in O(1)
time. We now propose to show that the all nearest neighbor
problem for P can be solved in O(1) time.

To begin, using the vertical buses, we replicate the infor-
mation in the first row throughout the mesh. Consider a
generic row i of the mesh with processor P(i, i) storing a
point pi21 in P1 . The following tasks are being performed
in row i. Naturally, similar tasks are carried out, in parallel,
in all other rows of the mesh. Processor P(i, i) computes
d(pi21) (i.e., the distance from pi21 to its nearest neighbor
in P1), as well as the intersection points of Ci21 with L. In
case the intersection points ui21 and li21 exist, processor
P(i, i) broadcasts on the horizontal bus a packet consisting
of d(pi21), ui21 , and li21 . Every processor in row i storing
a point in P2 detects whether the projection onto L of the
point it stores lies between ui21 and li21 . If so, the processor
marks itself.

The convexity of P guarantees that in every row of the
mesh, the marked processors occur consecutively. There-
fore, for every i, (1 # i # n), detecting the leftmost and
the rightmost marked processor, along with the number
of marked processors in row i can be done in O(1) time.
In one broadcast operation this information is sent to
P(i, 1). Once this information has been gathered in the
first column of the mesh, Proposition 3.1 guarantees that
it takes O(log n) time to compute the prefix sums of these
items. The corresponding value of the prefix sum is then
broadcast throughout every row. As a consequence, every
marked processor knows its rank among the marked pro-
cessors in the mesh.

By a previous observation, there are at most four marked
processors and they occur in consecutive rows. Therefore,
for every j, 1 # j # n, if P(i, j) is the first marked processor

of the remainder of this work is to show that such an
algorithm actually exists. Our algorithm is a nontrivial par-
allelization of a variant of the algorithm of Lee and Prepar-
ata [24].

To make our presentation easier to follow we now intro-
duce some terminology. An n-vertex polygon P is specified
by enumerating its vertices in counterclockwise order as
p0 , p1 , ..., pn21 in such a way that with subscript arithmetic
modulo n, the edges of P are pipi11 (0 # i # n 2 1). A
convex polygon P has the semicircle property if the follow-
ing two conditions are satisfied:

(i) the diameter D(P) of P is achieved by an edge;
(ii) all vertices of P lie inside a circle with diameter

D(P).

The following technical result [24] is one of the funda-
mental ingredients in our algorithm.

PROPOSITION 6.1. Given a convex polygon P 5 p0 ,
p1 , ..., pn21 with the semicircle property, for any vertex pi ,
its nearest neighbor is either pi21 or pi11 .

Throughout the remainder of this work we assume an
n-vertex convex polygon P 5 p0 , p1 , ..., pn21 stored in the
first row of a mesh with multiple broadcasting of size
n 3 n, with P(1, i) storing pi21 for all i, 1 # i # n. We
shall say that P is well-stored. We note that Proposition
6.1 has the following consequence.

OBSERVATION 6.2. Let P be an n-vertex convex polygon
well-stored in a mesh with multiple broadcasting of size
n 3 n. In case P satisfies the semicircle property, the nearest
neighbor of every vertex in P can be determined in O(1)
time.

Proof. All we need do is mandate every processor to
find the smallest distance to its neighbors. This is trivially
achieved in O(1) time. j

The second fundamental ingredient is a parallelization
of Lemma 3 in [24]. Let P 5 p0 , p1 , ..., pn21 be a convex
polygon satisfying property (i) stated above. We shall as-
sume, without loss of generality, that the diameter of P is
achieved by the edge p0pn21 and that this edge is collinear
with the x-axis, as illustrated in Fig. 11.

Let pj be the vertex with the largest perpendicular dis-
tance to p0pn21 . It is now easy to see that both polygons
P1 5 p0 , p1 , ..., pj and P2 5 pj , pj11 , ..., pn21 are convex
and satisfy the semicircle property. Further, let L be the
vertical line through pj , and let pk be a generic point in
P1 . Let d(pk) be the distance separating pk from its nearest
neighbor in P1 and consider the circle Ck centered at pk

and with radius d(pk). Clearly, if Ck does not intersect
L then pk has already found its nearest neighbor in P.
Otherwise, let uk and Ik be the intersection points between
L and Ck , with uk above lk . It is easy to see [24] that the
only candidates that need to be considered to correctly
update the nearest neighbor information of pk are those
points in P2 whose projection onto L lie between uk and lk .
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FIG. 11. Updating nearest neighbor information.



in column j in top-down order, then at most P(i 1 1, j),
P(i 1 2, j), and P(i 1 3, j) can be marked. We shall
refer to the top-most marked processor in every column
as belonging to the first generation, the second marked
processor in every column is said to be of the second
generation, and so on. We bring the marked processors to
the first row of the mesh, at most four items per processor:
note that since the total number of marked processors does
not exceed 4n, this is possible. The details of this data
movement follow. In a first step a generic processor
P(i, j) of the first generation holding an item of rank c,
sends the item vertically to the diagonal processors
P( j, j). In turn, P( j, j) broadcasts the item to P( j, c) which
broadcasts the item to P(1, c). The same data movement
is then repeated three more times to move the items stored
by second, third, and fourth generation processors to the
first row. Next, proceeding as in the postprocessing stage
of our ANN algorithm for arbitrary points we can update
the nearest neighbor information for every point in P. To
summarize our findings, we state the following result.

LEMMA 6.3. The CONVEX ANN problem for an
n-vertex polygon satisfying property (i) can be solved in
O(log n) time on a mesh with multiple broadcasting of size
n 3 n.

Finally, let P 5 p0 , p1 , ..., pn21 be an n-vertex convex
polygon well stored in the first row of a mesh with multiple
broadcasting of size n 3 n with P(1, i). We now show that
the CONVEX ANN problem for P can be solved in
O(log n) time. To begin, using the algorithm in [10] com-
pute the diameter D(P) of P. Assume, without loss of
generality that the diameter is achieved by the pair pu and
pv . Clearly, the chord pupv partitions the polygon into two
polygons P1 5 pu , pu11 , ..., pv and P2 5 pv , pv11 , ..., pu ,
both satisfying property (i). By Lemma 6.3, we can solve
the CONVEX ANN problem for both P1 and P2 separately
in O(log n) time. Furthermore, applying one more time
the technique of Lemma 6.3 allows one to correctly update
the nearest neighbor information for every point in P.
Therefore, we have the following result.

THEOREM 6.4. The CONVEX ANN problem for an n-
vertex polygon can be solved in O(log n) time on a mesh
with multiple broadcasting of size n 3 n. Furthermore, this
is time-optimal on this architecture.

7. CONCLUSIONS AND OPEN PROBLEMS

The mesh-connected computer architecture has
emerged as one of the most natural choices for solving a
large number of computational tasks in image processing,
pattern recognition, robotics, and computer vision. Its reg-
ular structure and simple interconnection topology makes
the mesh particularly well suited for VLSI implementation.
However, due to its large communication diameter, the
mesh tends to be slow when it comes to handling data
transfer operations over long distances. In an attempt to
overcome this problem, mesh-connected computers have
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been augumented by the addition of various types of bus
systems. Among these, the mesh with multiple broadcast-
ing is of a particular interest being commercially available.

In this paper we have presented a time-optimal algo-
rithm to solve the All-Nearest Neighbor (ANN) problem
for a set of n planar points on a mesh with multiple broad-
casting of size n 3 n as well as for n-vertex convex polygons.
Our ANN algorithm for a general collection of points in
the plane relies on a sampling technique similar to the one
described in [7]. In [7] the technique is used to solve a
number of visibility-related problems on enhanced meshes.
In this paper, we demonstrate that the same technique
can be used to solve proximity problems. The resulting
algorithm for the ANN problem is significantly simpler
than a recent ANN algorithm for the CREW-PRAM re-
ported in [16] since no cascading divide and conquer is
used.

Yet another recurring proximity problem, given a set S
of points in the plane, asks for computing a pair of points
in S that are closest together. The problem is known as
the Closest Pair problem (CP, for short). The CP problem
has been extensively studied in both sequential and parallel
[11, 13, 18, 39]. Clearly, our ANN algorithm can solve the
CP problem since we can compute the smallest interpoint
distance in O(log n) time once the solution to the ANN
problem is known. It is also easy to show that this solution
is time-optimal on meshes with multiple broadcasting.
However, intuitively, one would expect a much simpler
algorithm for the CP problem. No such algorithm is known.
The straightforward implementation of the classical se-
quential algorithm [35] runs in O(log2 n) time which is
suboptimal. It would be of interest to devise a simpler
time-optimal algorithm for the CP problem.

Recently, several authors [4, 6, 8, 14] have shown that
rectangular meshes sometimes yield faster algorithms than
square meshes. It would be interesting to see whether this
is also the case for the ANN problem. This promises to
be an interesting area for further investigation.
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