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Abstract. The �n; k; s�-perceptrons partition the input space V � Rn into s� 1 regions using s
parallel hyperplanes.Their learning abilities are examined in this research paper.The previously
studied homogeneous �n; k; kÿ 1�-perceptron learning algorithm is generalized to the per-
mutably homogeneous �n; k; s�-perceptron learning algorithm with guaranteed convergence
property. We also introduce a high capacity learning method that learns any permutably
homogeneously separable k-valued function given as input.
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1. Introduction

Let k be a ¢xed positive integer and letK � f0; . . . ; kÿ 1g. A k-valued logic function f
maps the Cartesian power Kn (of all ordered n-tuples of elements of K) into K .
Denote by Pn

k the set of all such functions f : Kn 7! K . Thus Pn
k consists of kk

n

multiple-valued logic functions. The set Pn
k is called the set of n-ary operations

on K in universal algebras and the set of n-ary functions of k-valued logic in
multiple-valued logic algebras. The set Pk de¢ned by Pk �

S
nX 1 P

n
k is the set of

all k-valued logic functions.
A discrete neuron is a processing unit whose transfer function outputs a discrete

value. An example of such transfer function is the linear threshold function. A dis-
crete n-input multiple-valued neuron has a discrete transfer function and realizes
a function of n variables ranging in the set S � R with values in K, that is computes
a function f : Sn 7! K (where S � R). For S � K we refer to the processing unit
as a multiple-valued logic neuron since it simulates a multiple-valued logic function
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f : Kn 7! K . Multiple-valued logic neural networks are thus neural networks com-
posed of multiple-valued logic neurons as processing units. The ¢rst model of
multiple-valued logic neural networks were introduced in [2] and since then various
other models have been described [2, 11, 21, 23].

The problem we address in this research paper is that of learning multiple-valued
logic functions by multiple-valued logic neurons. Our model of multiple-valued logic
neuron is a multiple-valued multiple-threshold element with learning capability.
Special cases of our neuron model, where the number of thresholds is ¢xed to
kÿ 1, were introduced in literature [11, 13, 15^17] and their learning power have
also been investigated in [12, 14]. Chan et al. [2] developed a model of three-valued
logic neuron that simulate Kleenean functions (these are special class of three-valued
logic functions) using the well known back-propagation learning algorithm as
learning method.

2. Multiple-Valued Multiple-Threshold Perceptrons

In this section we present a more formal de¢nition of multiple-valued multiple-
threshold neurons and address their learning problem. Other de¢nitions associated
with our model will also be given.

In the theory of multiple-valued logic functions there exists a very important class
of functions called multiple-valued multiple-threshold functions [1, 4^6]. Such
functions are used in the design of classes of multiple-valued logic circuits called
programmable logic arrays [18, 19].

A n-input k-valued s-threshold function of one variable [6] is de¢ned as

g~t;~ok;s�y� �
o0 if y < t1
oi if ti W y < ti�1 for 1W iW sÿ 1
os if ts W y

8<: �1�

where ~o � �o0; . . . ; os� 2 Ks�1 is an output vector, ~t � �t1; . . . ; ts� 2 Rs is a
threshold vector where ti W ti�1 �1W iW sÿ 1�, and s �1W sW kn ÿ 1� is the number
of threshold values.

Let ~x � �x1; . . . ; xn� 2 Kn. It is well known that any n-input k-valued logic function
f can be transformed into a k-valued s-threshold function g~t;~os (for some s), where
y � ~w~x �Pn

i�1 wixi is called the excitation and ~w � �w1; . . . ;wn� 2 Rn is a weight
vector associated with ~x [1, 5, 6].

A n-input k-valued s-threshold perceptron, abbreviated as �n; k; s�-perceptron,
computes a weighted n-input k-valued s-threshold function Fn

k;s�~w;~t; ~o� given by

Fn
k;s�~w;~t; ~o��~x� � g~t;~ok;s�~w~x� �

o0 if ~w~x < t1
oi if ti W ~w~x < ti�1 1W iW sÿ 1
os if ts W ~w~x

8><>: �2�

72 A. NGOM ET AL.



where the perceptron's transfer function is a k-valued s-threshold function
g~t;~ok;s : R 7! K .

A �n; k; s�-perceptron is monotone if ~o is monotone, that is o0 W � � � W os or
o0 X � � � X os, otherwise it is nonmonotone. The multiple-valued logic neuron
described in [11, 13] correspond to k-valued �kÿ 1�-threshold perceptrons, that
is the �n; k; kÿ 1�-perceptrons in our de¢nition. Also, the three-valued logic neurons
introduced in [2] are (n,3,2)-perceptrons with threshold vector ~t � �ÿd;�d�, d 2 R,
and output vector ~o � �1; 0; 2�. A �n; k; s�-perceptron is homogeneous if ~o is the ident-
ity permutation on K , that is oi � i for 0W iW s, otherwise it is heterogeneous.

A p-permutation (or permutation of p elements out) of P � fa0; . . . ; apÿ1g is an
arrangement of p > 0 elements into p positions. For example, a0a3a2a4a1 and
a3a0a1a4a2 are two different ¢ve-permutations. The order of the elements is
important. There are p! distinct p-permutations. A �e; p�-permutation (or
permutation of e elements out) of P is an arrangement of e distinct elements of
P, with eW p. For instance, a1a2a4 and a3a0a1 are two distinct (3, 5)-permutations.
The total number of �e; p�-permutations is p!

�pÿe�!. When e � p we obtain
p-permutations. The permutations we consider here are permutations without
repetitions (i.e. without repeated elements). A �n; k; s�-perceptron is said to be per-
mutably homogeneous if its output vector is a �s� 1; k�-permutation. Thus for per-
mutably homogeneous �n; k; s�-perceptrons we necessarily have sW kÿ 1.

2.1. MULTILINEAR SEPARABILITY

The problem of computing (or simulating) a given function f 2 Pn
k, by a

�k; s�-perceptron for some s, is to determine a vector ~r � �~w;~t; ~o� 2 Rn�s � Ks�1 such
that Fn

k;s�~r��~x� � f �~x� (8~x 2 Kn), i.e. f � Fn
k;s�~r�. We will refer to ~r as a s-representation

of Fn
k;s for f . One interesting open question is to ¢nd minimal s-representation for

f 2 Pn
k. In other words, to obtain a s-representation ~r with the least possible number

of thresholds s such that Fn
k;s�~r� � f . We will refer to this problem as the

s-representation problem which is not equivalent to, for a ¢xed s, ¢nding a
s-representation ~r for f . The later problem is the focus of this paper.

Let V � f~x1; . . . ; ~xvg � Kn be a set of v vectors (vX 1). A k-valued logic function f
de¢ned over V and speci¢ed by the input^output pairs f�~x1; f �~x1��; . . . ; �~xv; f �~xv��g,
where ~xi 2 Kn, f �~xi� 2 K , is said to be s-separable if there exist vectors ~w 2 Rn,
~t 2 Rs and ~o 2 Ks�1 such that

f �~xi� �
o0 if ~w~xi < t1
oj if tj W ~w~xi < tj�1 for 1W jW sÿ 1
os if ts W ~w~xi

8><>: �3�

for 1W iW v. Equivalently, f is s-separable if and only if it has a s-representation
de¢ned by �~w;~t; ~o�. A k-valued logic function de¢ned over V is said to be
s-nonseparable if it is not s-separable.
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In other words, a �n; k; s�-perceptron partitions the space V � Kn into s� 1 dis-
tinct classesH �o0�0 ; . . . ;H �os�s , whereH �oi �i � f~x 2 V jf �~x� � oi and ti W ~w~x < ti�1g, using
s parallel hyperplanes. We assume that t0 � ÿ1 and ts�1 � �1). Each hyperplane
equation denoted by Hj (1W jW s) is of the form

Hj : ~w~x � tj �4�
A function implementable by a homogeneous �n; k; s�-perceptron is said to be
homogeneously separable (or homogeneous, for short). A function computable
by a �n; k; s�-perceptron with given output vector ~o is said to be ~o-separable. A func-
tion implementable by a �n; k; s�-perceptron whose output vector is monotone is said
to be monotoneously separable. A function computable by a permutably homo-
geneous �n; k; s�-perceptron is said to be permutably homogeneously separable
(or simply, permutably homogeneous). For instance, the functions f1, f2 and f3 shown
in Figure 1 are all 3-separable and, moreover, are respectively �0; 2; 1; 3�-separable,
�0; 1; 2; 3�-separable and �3; 2; 1; 3�-separable; f1 is nonmonotoneously separable
and permutably homogeneous; f2 is (permutably) homogeneous and monotoneoulsy
separable; f3 is non permutably homogeneous and nonmonotoneously separable.

Notice that since ~o 2 Ks�1 then every ~o-separable function (for some ~o) is also
s-separable. However the converse is not true, that is s-separability does not implies
~o-separability (for some ~o). The only case where s-separability is equivalent to
~o-separability is the two-valued one-threshold case, that is when k � 2, s � 1
and ~o � �0; 1� or �1; 0�. Every 1-separable two-valued logic function is
�0; 1�-separable, and also, every �0; 1�-separable two-valued logic function is
1-separable.

2.2. THE �n; k; s�-PERCEPTRON LEARNING PROBLEM

For a ¢xed s, a threshold vector ~̂t is canonical if for every k-valued logic function f ,
computable by a �k; s�-perceptron, there always exist vectors ~w and ~o such that
Fn
k;s�~w; ~̂t; ~o� � f . In other word, ~̂t is canonical if every computable function f has

Figure 1. Examples of three-separable two-input four-valued logic functions.
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a s-representation of the form �~w; ~̂t; ~o�, for some ~w and ~o. For instance, the vector
~̂t � �0� is canonical for a (n,2, 1)-perceptron and the vector ~̂t � �0; 1� is canonical
for a (n,3, 2)-perceptron. One of the results from [13] was that there is no canonical
set of thresholds for a �n; k; kÿ 1�-perceptron when kX 4. This result which also
applies to �n; k; s�-perceptrons in general indicates that learning algorithms which
modify only the weights do not necessarily converge and that the threshold vector
should be learned in addition to the weight vector.

Let f 2 Pn
k be a target function to learn. The �k; s�-perceptron learning problem is

the problem of determining a s-representation for f . That is, to search for vector
~r 2 Rn�s � Ks�1 such that Fn

k;s�~r� � f .
Obradovic̈ and Parberry [12, 14] proposed a learning algorithm for homogeneous
�n; k; kÿ 1�-perceptrons (we call it homogeneous �n; k; kÿ 1�-perceptron learning
algorithm). As a consequence of the (n,2, 1)-perceptron convergence theorem [3,
7, 8, 10], it is proven in [12] that the homogeneous �n; k; kÿ 1�-perceptron learning
algorithm converges if and only if there exists a �kÿ 1�-representation �~w;~t; ~o�
for f .

The homogeneous �n; k; kÿ 1�-perceptron learning algorithm can only learn
functions in the class of homogeneous k-valued logic functions. This is the main
limitation of the algorithm since its learnable class of functions is a tiny portion
of the set of s-separable k-valued logic functions (for a ¢xed s). In the next section
we propose a �n; k; s�-perceptron learning algorithm that learn a larger class of
functions.

For a ¢xed number of thresholds s, the problem of learning a �k; s�-perceptron, in
general, still remains open. A more dif¢cult learning problem is the case where
the vector ~o is unknown and that therefore it should be found along with the vectors
~w and ~t. For instance, f1 cannot be computed (hence cannot be learned) by a homo-
geneous �4; 3�-perceptron. This function can be learned (hence computed) by a per-
mutably homogeneous �4; 3�-perceptron with g~t;~o��0;2;1;3�4;3 as nonmonotone
transfer function. A monotone �k; s�-perceptron cannot simulate a nonmono-
toneously separable k-valued logic function.

3. Permutably Homogeneous �n; k; s�-Perceptrons
In this section we propose a learning algorithm for permutably homogeneous
�k; s�-perceptrons. A �n; k; s�-perceptron is permutably homogeneous if its output
vector is a �s� 1; k�-permutation. To the best of our knowledge there are no known
learning algorithms for �n; k; s�-perceptrons in general. Our algorithms, when
applied to the special case s � kÿ 1, that is the �n; k; kÿ 1�-perceptrons, are more
powerful than the homogeneous �n; k; kÿ 1�-perceptron learning algorithm
described in [12, 14] in that they can learn a larger class of multiple-valued logic
functions.
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3.1. PERMUTABLY HOMOGENEOUS �n; k; s�-PERCEPTRON LEARNING ALGORITHM

A permutation does not need to contain all values of K . There are k-valued logic
functions whose set of output values is a subset S � K, that is functions of the form
f : Kn 7! S � K . Examples of such functions are, for instance, functions of the form
f : Kn 7! f0; 1g, that is functions with k-valued inputs and two-valued outputs.

Let ~o 2 Ks�1 be the output vector of a �n; k; s�-perceptron. When ~o is a
�s� 1; k�-permutation, that is there are no i and j (i 6� j) such that oi � oj , we propose
the permutably homogeneous �n; k; s�-perceptron learning algorithm (for a ¢xed
�s� 1; k�-permutation ~o) as shown in Figure 2.

In Figure 2, the constant 0 < ZW 1 is the learning rate. The initial weights can be
set to any (random) values. The initial thresholds can also be set to any (random)
values, however, empirical tests show that the algorithm converges faster when
the initial thresholds are set in such a way that ti�1 ÿ ti � c (e.g. c � kn) and that
tvÿ1 W tv W tv�1 each time we update tv or tv�1. We can also generate a new random
Z before each call to MultiPerceptronUpdate. Pos~o�z� is the position (or the index)
of z in ~o. For example, if ~o � �3; 0; 2; 1� then Pos~o�3� � 0, Pos~o�0� � 1,
Pos~o�2� � 2 and Pos~o�1� � 3.

In the algorithm, the weight and threshold vectors are always updated in opposite
directions using the error value d � Pos~o�f �~x�� ÿ Pos~o�v�. If Pos~o�f �~x�� < Pos~o�v� then

Figure 2. Permutably homogenous �n; k; s�-perceptron learning algorithm.
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d < 0 means that the weights are too large or tPos~o�v� is too small. Therefore we
decrease the weights and increase tPos~o�v�. If Pos~o�f �~x�� > Pos~o�v� then d > 0 means
that the weights are too small or tPos~o�v��1 is too large. Thus we increase the weights
and decrease tPos~o�v��1. When Pos~o�f �~x�� � Pos~o�v� no modi¢cation is done and the
algorithm goes to the next step. So, ~w and ~t are always updated in opposite directions
given by the position of f �~x� relative to that of v in ~o. Notice that ~o is known and given
as input to the algorithm.

Our algorithm can learn any ~o-separable logic function as long as ~o is a ¢xed
�s� 1; k�-permutation. In other words, the algorithm can learn any function whose
input vectors can be separated by a set of parallel hyperplanes (i.e. s-separable,
for some s) and whose classes ö separated by these hyperplanes ö have distinct
values (i.e. ~o-separable, for some �s� 1; k�-permutation ~o). In fact, the permutably
homogeneous algorithm generalizes the homogeneous algorithm in that ~o is any
permutation (such permutation does not need to be the identity permutation nor
a k-permutation).

When ~o is not a permutation, that is there are i and j (i 6� j) such that oi � oj, then it
becomes dif¢cult to obtain a learning algorithm with guaranteed convergence. This
problem is left open for further research.

3.2. PERMUTABLY HOMOGENEOUS �n; k; s�-PERCEPTRONS CONVERGENCE PROPERTIES

Given a �s� 1; k�-permutation ~o, experiments show that the permutably homo-
geneous �k; s�-perceptron learning algorithm always converges for ~o-separable
functions. That is, given the appropriate output vector any permutably homo-
geneous k-valued logic function will be learned. In this section we give a formal
proof of convergence of the algorithm given in Figure 2.

The latency (or delay) of a learning algorithm is the worst case running time
between the output of one set of assignments and the next. We will assume unit-cost
latency; that is we will assume that the algorithm is implemented on a digital com-
puter with word-size large enough that each elementary arithmetic and logic oper-
ation can be implemented in constant time. The mistake bound is the worst case
total number of distinct assignments outputs. The latency and the mistake bound
of the permutably homogeneous �n; k; s�-perceptron learning algorithm are,
respectively, O�n� and O�kn�.

Let ~p � �p�0�; . . . ; p�kÿ 1�� be a k-permutation. The identity permutation is
denoted by ~s. Thus a homogeneous �n; k; s�-perceptron is a neuron whose output
vector is ~s and whose s � kÿ 1. It has been proven in [12, 14] that the homogeneous
�n; k; kÿ 1�-perceptron learning algorithm always terminates in learning homo-
geneous k-valued logic functions.

Let f 2 Pn
k be a homogeneous function, then we will denote by fp 2 Pn

k the function
obtained by permuting the output values of f with respect to p. That is, we de¢ne the
homogeneous transformation fp�~x� � p�f �~x�� for all ~x 2 Kn. Clearly fs � f . The
function fp is a permutably homogeneous function. In fact, the set of all permutably
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homogeneous �kÿ 1�-separable functions can be constructed in this way from the set
of all homogeneous functions.

LEMMA 3.1. Let f be homogeneous and ~p be a k-permutation. Then ~rs � �~w; ~t; ~s� is a
�kÿ 1�-representation for f if and only if ~rp � �~w;~t; ~p� is a �kÿ 1�-representation for
fp.

Proof. )� If ~rs is a �kÿ 1�-representation for f then, for ~x 2 Kn, we
have fp�~x� � p�f �~x�� � p�Fn

k;kÿ1�~rs��~x�� � p�g~t;~sk;kÿ1�~w~x�� � p�s�i�� � p�i� � g~t;~pk;kÿ1�~w~x�
� Fn

k;kÿ1�~rp��~x� (if ti W ~w~xW ti�1 with t0 � ÿ1 and tk � �1). So ~rp is a
�kÿ 1�-representation for fp. (� Similar proof using the fact that, for z 2 K , we
have s�z� � pÿ1�p�z�� � z where the permutation pÿ1 is the inverse of p (pÿ1 is
guaranteed to exist and is unique since the set of all permutations on K forms a
group). &

Lemma 3.1. tells us that, given a �kÿ 1�-representation �~w;~t; ~s� for a homogeneous
function f , the homogeneous transformation of f into a permutably homogeneous
function fp leaves the weights and the thresholds invariant. Therefore, the positions
of the kÿ 1 separating parallel hyperplanes do not change after transformation
of f . Clearly, in Figure 1 the three hyperplanes remain invariant even after
transformation of f2 into f1 � f2�0;2;1;3� and vice versa.

THEOREM 3.1. Given the output vector ~p, the permutably homogeneous
�n; k; kÿ 1�-perceptron learning algorithm for learning a function f 2 Pn

k terminates
if and only if f is ~p-separable.

Proof.)� If the permutably homogeneous �n; k; kÿ 1�-perceptron algorithm with
output vector ~p terminates on learning f then a �kÿ 1�-representation �~w;~t; ~p� exists
for f . Therefore f is ~p-separable and thus permutably homogeneous. (� Let f be
~p-separable, we want to show that the algorithm terminates for f . The algorithm,
instead of learning f , learns fpÿ1 using the homogeneous �n; k; kÿ 1�-perceptron
learning algorithm with output vector ~pÿ1. Since f is permutably homogeneous
and ~p-separable then from the ( part of Lemma 3.1 we have that fpÿ1 is homo-
geneous and thus ~s-separable. Once fpÿ1 has been learned, f can be reconstructed
using the ) part of Lemma 3.1. The algorithm is guaranteed to terminate by
the homogeneous �n; k; kÿ 1�-perceptron convergence theorem of [12]. &

If in Figure 2 we replace ~o by ~p, then we clearly have that Pos~o � pÿ1 and therefore
the algorithm truly learns fpÿ1 and reconstruct f using the parameters found for fpÿ1 .

The results above concern output vectors which are k-permutations of K , i.e. full
permutations. Next, we consider the case of �s� 1; k�-permutations for ¢xed
sW kÿ 1. In the sequel we let ~n � �n�0�; . . . ; n�s�� be a �s� 1; k�-permutation and
~nc � �nc�0� � n�0�; . . . ; nc�s� � n�s�; nc�s� 1�; . . . ; nc�kÿ 1�� be the k-permutation (full
permutation) obtained by adding kÿ s coordinates to ~n.
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LEMMA 3.2. f is ~n-separable if and only if it is ~nc-separable.
Proof.Clearly, if ~r � �~w;~t � �t1; . . . ; ts�; ~n� is a s-representation for f , then it is easy

to see that ~rc � �~w;~tc � �tc1 � t1; . . . ; tcs � ts; tcs�1; . . . ; tckÿ1�; ~nc� is a �kÿ 1�-repre-
sentation for f and vice versa (where tcs�1 W � � � W tckÿ1 are arbitrary and their
corresponding hyperplanes contain no points between them). &

THEOREM 3.2. (Permutably homogeneous perceptron convergence theorem)
Given the output vector ~n, the permutably homogeneous �n; k; s�-perceptron learning
algorithm for learning a function f 2 Pn

k terminates if and only if f is ~n-separable.
Proof.)� Same as in Theorem 3.1. (� The algorithm learns f using the output

vector ~nc instead of ~n. Since from Lemma 3.2 f is ~nc-separable, then by Theorem
3.1 the algorithm is guaranteed to terminate. &

3.3. DETERMINING THE OUTPUT VECTORS OF PERMUTABLY HOMOGENEOUS

�n; k; s�-PERCEPTRONS

A more dif¢cult learning problem is when the output vector ~o is not known and that
it should be determined along with ~w and ~t. In this section we let ~o be a
�s� 1; k�-permutation. An obvious solution to this problem is to generate each
�s� 1; k�-permutation ~p and apply the learning algorithm with ~o � ~p. This method
takes O�enkn k!

�kÿsÿ1�!� time complexity (where e is the number of learning epochs)
and thus is non realistic for even small values of k. A better method is, for a given
function f 2 Pn

k, to search for a partial order relation de¢ned over f 's values and,
if such order relation exists then we search for a good linear extension of the cor-
responding partially ordered set and use it as the output vector of a
�n; k; s�-perceptron. Before we describe the algorithm we need a few de¢nitions.

A partially ordered set �P; <P� or (poset) is a set P � fa0; . . . ; apÿ1g equipped with
an irre£exive, antisymmetric and transitive relation <P. A linear extension L of
P is a linear (or total) ordering <L of the elements of P such that ai <L aj whenever
ai <P aj. For example, L � f1 <L 0 <L 3 <L 2 <L 4g and L � f4 <L 1 <L 3 <L 0

Figure 3. Example of partially ordered set.
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<L 2g are two linear extensions of the poset shown in Figure 3. We also de¢ne a
covering relation �P between two elements of P: x �P y if and only if x <P y
and there is no z such that x <P z <P y.

Our extended permutably homogeneous �n; k; s�-perceptron learning algorithm,
for searching an output vector ~o 2 Ks�1 and then learning a given function f using
~o, is shown in Figure 4. For f 2 Pn

k, let Kf be its set of values. Denote by <d
Kf

an order relation over Kf with respect to the d-th variable, that is xd , where
1W dW n. We will refer to d as direction since, as we will see later, it selects
the dimension of the n-cube Kn along which we construct a poset.

The extended learning algorithm goes as follows. Using the partial order con-
struction algorithm of Figure 5 we attempt to construct a poset �Kf ; <

d
Kf
�with respect

to some variable xd . If such �Kf ; <
d
Kf
� exists and is a chain then ~o is the concatenation

of the unique linear extension of �Kf ; <
d
Kf
� and a �sÿ jKf j � 1; jK ÿ Kf j�-permutation

of K ÿ Kf and it will be used to learn f . If such �Kf ; <
d
Kf
� exists but is not a chain then

we attempt to obtain �Kf ; <
d�1
Kf
� and so on until either we construct a chain poset

�Kf ; <
d
Kf
� for some d, or there is some d such that a poset �Kf ; <

d
Kf
� cannot be

obtained, or d � n. When n non-chain posets �Kf ; <
1
Kf
�; . . . ; �Kf ; <

n
Kf
� are con-

structed then, using the partial orders combination algorithm of Figure 6, we attempt
to combine these n non-chain posets into a chain poset �Kf ; <Kf �.

The partial order construction algorithm goes as follows. For a given direction
1W dW n, we start with an antichain �Kf ; <

d
Kf
�. Then, for every ~x � �x1; . . . ; xn�,

we construct poset �Kf ; <
d
Kf
� by adding new comparable pairs f1 � f �x1; . . . ; xd ;

. . . ; . . . ; xn� <d
Kf

f �x1; . . . ; xd � 1; . . . ; xn� � f2 whenever f1 6W d
Kf
f2, and also, we

add new comparable pairs y <d
Kf

f2 whenever y <d
Kf

f1 and comparable pairs

Figure 4. Extended �n; k; s�-perception learning algorithm.
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f1 <d
Kf

ywhenever f2 <d
Kf

y, for some y. We exit the loops as soon as there is some new
comparable pair y <d

Kf
z (for some y and z) that cannot be added to �Kf ; <

d
Kf
�. That is

z <d
Kf

y is already in �Kf ; <
d
Kf
� and, therefore, adding its inverse leads to

inconsistency. In this case, the construction of �Kf ; <
d
Kf
� cannot be completed along

the direction d (meaning that �Kf ; <
d
Kf
� simply do not exist). In case �Kf ; <

d
Kf
� exists

ö its construction can be completed along d ö then it has a unique linear extension
if and only if it is a chain. In other words, �Kf ; <

d
Kf
� is always constructed in the

positive direction along the d-th dimension of the n-cubeKn, or equivalently, starting
from any point ~y in the hyperplane xd � 0 we move toward the hyperplane
xd � kÿ 1 by following the line segment orthogonal to both hyperplanes and whose

Figure 5. Partial order construction algorithm.
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Figure 6. Partial orders combination algorithm.

Figure 7. Extension algorithm.

Figure 8. Cutting algorithm.
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origin is ~y. Figure 9 shows examples of constructed posets. For illustration purpose,
we have also shown the graphs obtained from function g�x; y� (Figure 9b) when
attempting to complete the construction with possible contradictory pairs. As
one can see, such graph cannot be embedded into a poset. So posets �Kg; <

1
Kg
�

and �Kg; <
2
Kg
� do not exist.

For given permutably homogeneous and s-separable function f 2 Pn
k, not any lin-

ear extension ~e of a non-chain �Kf ; <
d
Kf
� is good for learning. The �n; k; s�-perceptron

Figure 9. Constructed partial orders for some f 2 P2
4:
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learning algorithm may not terminate when ~e is used. For instance, from Figure 9c
the linear extension �3; 0; 1; 2� of �Kh; <

1
Kh
� is not good for learning h since h is

�2; 0; 1; 3�-separable (assuming s � 3). Some directions may give more information
on order than others. For example, f �x1; x2� � �x1 � 1�mod k is irrelevant on x2
(or direction 2) and so �Kf ; <

2
Kf
� is an antichain whereas �Kf ; <

1
Kf
� is a chain. In

general, given a direction d there are two possibilities for failure. Either
�Kf ; <

d
Kf
� cannot be constructed, or �Kf ; <

d
Kf
� exists but is a non-chain poset such

that a selected linear extension (among its many linear extensions) does not yield
a convergence of the �n; k; s�-perceptron learning algorithm (but some other will
do so). Because of this fact, when a non-chain poset �Kf ; <

d
Kf
� is obtained for

any direction 1W dW n, we must combine these n posets in some way in order
to obtain a unique linear extension. Next we describe how to combine them.

The partial orders combination algorithm goes as follows. Let �Kf ; <Kf � be a com-
bination poset of d consistent non-chains posets �Kf ; <

1
Kf
�, . . ., �Kf ; <

d
Kf
�. Initially

�Kf ; <Kf � is set to �Kf ; <
1
Kf
� and is constructed according to some binary string

c � �c1 . . . cd � 2 f0; 1gd , where 1W dW n. When ci � 1 then the inverse of
�Kf ; <

i
Kf
�, that is poset �Kf ; >

i
Kf
�, is in �Kf ; <Kf �, otherwise �Kf ; <

i
Kf
� itself is in

�Kf ; <Kf � (obviously, �Kf ; <
i
Kf
� and �Kf ; >

i
Kf
� cannot both be in �Kf ; <Kf � at the same

time). The combination poset �Kf ; <Kf � is constructed using an algorithm for gen-
erating binary strings of lengths W n in lexicographic order. For example, for
n � 4, the lexicographic generation of binary strings of lengths W 4 goes in the
following manner:

0 00 000 0000
0001

001 0010
0011

01 010 0100
0101

011 0110
0111

1 . . .
..
.

The algorithm is in ExtendPoset phase when it goes from left to right staying in a
row. It is in CutPoset phase when the algorithm shifts to some row (possibly far)
below. The algorithm is used to construct poset �Kf ; <Kf � as follows. If with the
string �c1 . . . cd � poset �Kf ; <Kf � exists but is a non-chain for d < n then we extend
to next string �c1 . . . cdcd�1 � 0� in the row and add poset �Kf ; <

d�1
Kf
� into

�Kf ; <Kf �. If with the string �c1 . . . cd � poset �Kf ; <Kf � cannot be constructed then
we do not need to extend since poset �Kf ; <Kf � simply do not exist and that we cannot
add a poset to an unde¢ned poset. Hence, in this case we can bypass the lexicographic
generation of binary strings to an appropriate point: we say that the algorithm is in
CutPoset phase. We cut in the following manner. Starting from position d of c
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we search for the ¢rst position rW d such that cr � 0. We remove posets �Kf ; <
r
Kf
�

and �Kf ; >
r<iW d
Kf

� from �Kf ; <Kf � and add poset �Kf ; >
r
Kf
� into �Kf ; <Kf �, then ¢nally,

we set d to r and cd to 1.
To summarize, with a given string �c1 . . . cd � we have three possibilities. We gen-

erate the next string whenever d < n and �Kf ; <Kf � is a non-chain poset (the extension
phase) and update �Kf ; <Kf � accordingly. We bypass the lexicographic generation to
some row below whenever �Kf ; <Kf � cannot be constructed (the cutting phase) and
compute �Kf ; <Kf � appropriately. We exit the algorithm as soon as �Kf ; <Kf � is a
chain or c1 � 1 or, �Kf ; <Kf � is a non-chain and d � n. In the ¢rst case we learn
f using the unique linear extension of �Kf ; <Kf �. In the second case, when no chain
poset �Kf ; <Kf � is found, we may either randomly select one poset �Kf ; <

i
Kf
� and

look for a good linear extension of it to learn f , or we select among all posets con-
structed so far the one which has the smallest width (since it will have the smallest
number of linear extensions to search); the selection can be done by computing
the width of the currently constructed consistent poset and keeping track of the
smallest width (and storing the associated poset). The width of a poset is the size
of its longest antichain.

Also we do not need to continue generating new binary strings when c1 becomes 1.
Because they are symmetric to (i.e. complement of) those generated already (the
poset constructed according to a string c is dual to the poset constructed according
to the complement of c, and hence both posets behave exactly the same way).
See Figure 10 for examples of combination posets. Next we explain how to add into
or remove from a combination poset �Kf ; <Kf �.

Given �Kf ; <
d
Kf
� to be added to �Kf ; <Kf � the addition �Kf ; <Kf � � �Kf ; <

d
Kf
� is

de¢ned by �Kf ; <Kf � � �Kf ; <
d
Kf
� � �Kf ; <Kf [g�<d

Kf
��, where g�<d

Kf
� is the transitive

closure of every comparable pair of relation <d
Kf

in relation <Kf . That is
O�jKf j2� comparabilities from �Kf ; <

d
Kf
� are added to �Kf ; <Kf � during addition. Also,

for every such comparability from �Kf ; <
d
Kf
� its transitive closure in �Kf ; <Kf � is also

added, that is O�jKf j�more comparabilities. In sum, operation� takeO�jKf j3� steps.
Given a poset �Kf ; <

d
Kf
� to be removed from poset �Kf ; <Kf �, the substraction

�Kf ; <Kf � 	 �Kf ; <
d
Kf
� is de¢ned by �Kf ; <Kf � 	 �Kf ; <

d
Kf
� � S�c1...ci ...cdÿ1��Kf ; <

i
Kf
�

(where �Kf ; <
i
Kf
� is reversed when necessary). That is, to remove �Kf ; <

d
Kf
� from

�Kf ; <Kf � is equivalent to restore �Kf ; <Kf � in the state it was before �Kf ; <
d
Kf
�

was added to it. To achieve ef¢ciency, substraction operation is done in the following
way. Whenever we add a poset �Kf ; <

d
Kf
� in �Kf ; <Kf � we store into a separate data

structure Rd all comparabilities of �Kf ; <
d
Kf
� that are not in �Kf ; <Kf �. So that when

we later remove �Kf ; <
d
Kf
� from �Kf ; <Kf � we will eliminate only comparabilities

of Rd from �Kf ; <Kf �. The � operation modi¢ed in this way still operates in
O�jKf j3�. O�jKf j2� comparabilities of Rd are removed from �Kf ; <Kf �. Therefore
substraction takes O�jKf j2� steps hence faster than addition. Inconsistency and
unicity can be tested, respectively, in O�1� and O�jKf j� during addition.

In Figure 9 we show examples of constructed posets �Kf ; <
1
Kf
� and �Kf ; <

2
Kf
� for

some f 2 P2
4. Suppose s � 3. Poset �Kf ; <

1
Kf
� and �Kf ; <

2
Kf
� are chains (Figure 9a),
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so they have unique linear extensions and thus f is permutably homogeneous and
3-separable and can be learned. In an attempt to construct �Kg; <

1
Kg
� and

�Kg; <
2
Kg
� we obtain graphs (Figure 9b) that cannot be embedded into posets because

of inconsistencies, so g is not permutably homogeneous and 3-separable and thus g
cannot be learned. Poset �Kh; <

1
Kh
� and �Kh; <

2
Kh
� are both non-chains (Figure 9c),

so they have many linear extensions and h is permutably homogeneous and
3-separable; however we do not know which linear extensions are good for learning
f , so we must combine �Kh; <

1
Kh
� and �Kh; <

2
Kh
� to search for a unique linear

extension. In Figure 10 we show two combination posets �Kh; <Kh � according to
binary strings 00 and 01. As we can see, with string 00 poset �Kh; <Kh � cannot
be obtained because of inconsistencies whereas with string 01 it is a chain.

A thick s-separable function is a function f 2 Pn
k for which the distance between

any two neighboring separating hyperplanes, in any direction, is strictly greater than
one.

THEOREM 3.3. If a permutably homogeneous function f 2 Pn
k is thick s-separable

then �Kf ; <
d
Kf
� is a chain for any 1W dW n.

Proof. Let a and b be two neighboring distinct values connected by an edge. There
is at least one separating hyperplane between them. However, there is at most one
separating hyperplane since otherwise two such separating hyperplanes will be at
distance strictly less than one along the dimension of that edge. Thus a �d

Kf
b or

Figure 10. Examples of combinations posets for Figure 9c.
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b �d
Kf

a, that is a and b are neighbors in the poset. All such neighboring pairs
are detected in at least one dimension. Therefore �Kf ; <

d
Kf
� has a unique linear

extension. &
For some non-thick s-separable functions, all combination posets �Kf ; <Kf � may

have many linear extensions and the last repeat loop of the algorithm in Figure
6 can be modi¢ed as follows to make it more ef¢cient. In parallel using several
processors, we generate each linear extension of �Kf ; <

d
Kf
� and test it for learning,

until one processor succeeds. This can be simulated on one processor by time
sharing, that is, generate linear extensions and test each of them for the same time
in succession, until one successfully terminates. Next we discuss the time complexity
of the extended learning algorithm.

The worst case scenario, in terms of time complexity, for the partial order con-
struction algorithm is when there is no contradiction for a given direction d. So
the while loop associated with the selected variable xd will be iterated kÿ 1 times
and the nÿ 1 remaining for loops associated with non-selected variables will be
iterated each k times. Also, each of the two inner for loops will be iterated jKf j times
and it takes O�jKf j� steps to test whether �Kf ; <

d
Kf
� is a chain. Therefore the partial

order construction algorithm has a time complexity of O�knjKf j�.
The worst case scenario for the partial orders combination algorithm is when there

is no contradiction for d < n but always contradiction for d � n. So 2n ÿ 2 combi-
nation posets are constructed each either by extension or by cutting and then
O�jKf j!� linear extensions are checked for learning f . Extension and cutting involve
� operations and tests for unicity and inconsistency. Cutting is slower than extension
since it also involves 	 operations and a search for the ¢rst bit equals to 0 (starting
from the end of the current string). Therefore extension and cutting take respectively
O�jKf j3� and O�njKf j2� steps. The �n; k; s�-perceptron learning algorithm takes
O�enkn� steps (e is the number of learning epochs) and thus the partial orders com-
bination algorithm has O�2nnjKf j2 � �s� enkn�jKf j!� time complexity. Since in prac-
tice e is large and that 2n W kn and jKf j2 W jKf j! then the complexity becomes
O�enknjKf j!�.

The worst case scenario for the extended learning algorithm is when poset
�Kf ; <

d
Kf
� is a non-chain for any direction d. So n posets are constructed and com-

bined. Consequently, the extended learning algorithm has O�nknjKf j � enknjKf j!�,
that is O�enknjKf j!� time complexity.

Recall the ¢rst method: generate each �s� 1; k�-permutation ~p and apply the
�k; s�-perceptron learning algorithm with output vector ~o � ~p for learning f until
the learning terminates for some permutation ~p. This method takes
O�enkn k!

�kÿsÿ1�!� time complexity. Let us refer to it as the permutation generating
learning algorithm. Next we compare the extended algorithm to the permutation
algorithm.

First, note that the time complexity of the permutation generating algorithm is
always the same for any function. That is not true for the extended algorithm.
For instance, for any non permutably homogeneous function f 2 Pn

k the extended
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algorithm takes O�nknjKf j� steps; the algorithm takes O�enkn� steps for any per-
mutably homogeneous thick s-separable function. The worst time complexity is
achieved only for permutably homogeneous non-thick s-separable functions f whose
any combination poset �Kf ; <Kf � is a non-chain or cannot be constructed. We believe
that the probability to obtain such function f is very close to zero (if not equal to
zero), so that in practice, the extended learning algorithm runs in O�enkn� for per-
mutably homogeneous s-separable functions. This proves its superiority over the
permutation generating learning algorithm.

4. Experiments

We tested our extended learning algorithm on non-permutably homogeneous
functions and on permutably homogeneous thick or non-thick functions. We could
not obtain, however, non-thick functions whose combination posets are all
non-chains. This suggests that such function are very rare if not inexistent. The
non-thick functions we used have at least one chain combination poset. In our test
we set the learning rate Z to 0.5 and the maximum number of learning epochs e
to 5000. We experimented with different values of n and k. Also, the number of
threshold s was not given to the learning algorithm, it was to be found by the algo-
rithm itself. The initial weigth vector is set to ~0 and the initial threshold vector
is set to �kn; 2kn; . . . ; skn� after s was found.

For non-permutably homogeneous functions, the algorithm behaved as expected,
that is no learning is effected on these functions. For permutably homogeneous
(thick or non-thick) functions the algorithm always terminated after learning the
function with its unique linear extensions.

Next we discuss an example of non-thick function which we have used in our
experiment for k � 4 and n � 3. Consider the two-place function h shown in Figure
10. To obtain a three-place function f we project the values h (which will correspond
to points in plane x3 � 0) in the three planes x3 � 1; x3 � 2; x3 � 3. So, f is also a
non-thick function as h. Now, to make it more dif¢cult to ¢nd one of its good linear
extensions we replace the value 3 that lies in plane x3 � 0 by value 1, and also change
the value 2 that lies in plane x3 � 3 to 0. Here the function f has no unique linear
extension at all in any direction and thus the extended learning algorithm must com-
bine the three constructed posets to search for a good linear extension. The algorithm
did indeed, as we expected, ¢nd a chain poset which has the unique linear extension
�2; 0; 1; 3�. The function has been learned successfully in 61 learning epochs. We also
obtain same results when extending f to a �nX 3�-place functions.

Examples of permutably homogeneous thick functions are given by the following
formula:

f �~x� � b�
Xn
i�1

1aixi� � ncmod k
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where ai � 2i � 1. For example, we tested with the 4-place 4-valued logic function
f �~x� � bx13 � x2

5 � x3
7 � x4

9 � 4cmod 4. Clearly, such function is permutably homo-
geneous since it de¢nes itself its separating hyperplanes and their number. It is easy
to see that the function has three possible values, namely 0, 1 and 2 and thus there
must be 2 separating hyperplanes, also, the three classes of input are separated
in the order �0; 1; 2�. So we expect that our extended learning algorithm will ¢nd
2 separating hyperplanes and the output vector �0; 1; 2�. Indeed, the function
was learned successfully in 946 learning epochs after the algorithm has found
the output vector.

5. Conclusion

In this paper we have discussed an extended learning algorithm for learning the class
of permutably homogeneous multiple-valued logic functions. The algorithm extends
previous results from literature and achieves a better capacity than those. When the
number of thresholds is not ¢xed, the algorithm will always ¢nd the minimal
one to be used for learning a separable function. For further research we are working
on the case of learning a function when the output vector is a �s� 1; k�-permutation
with possible repetitions of its distinct elements. Another interesting research prob-
lem is to develop learning algorithm for multilayer neural networks whose
processing units are �n; k; s�-perceptrons. Such network would have the ability to
learn any k-valued logic function.
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