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ABSTRACT

An algorithm for generating and counting nonisomorphic
hexagonal systems of the given perimeter is presented which enables
us to determine the number of nonisomorphic hexagonal systems of the
perimeter n up to n = 46. We also determine the number of nonisomor-
phic hexagonal systems with h hexagons for h < 11,

1. DEFINITION AND CHARACTERIZATION

In (1] a characterization of hexagonal systems
is given using the words over the alphabet V = {0,1,2,3,4,5},
and a function f which maps the set of all the finite orien-
ted paths of the hexagonal grid H (Fig. 1) into the set

V*= U V" of all the words over the alphabet V. It is known
n>0
that the Euclidean plane can be tiled with the regular con-

gruent hexagons. In this way an infinite hexagons grid H is
obtdined (Fig. 1). This grid is a plane realization of an in-
finite planar cubic graph H with all faces bounded by exactly
six edges. Another plane realization of the grid H is given in
Fig. 2. A hexagonal system is defined as a part of the grid H
consisting of all vertices and edges belonging to some circuit
C or to its interior. It means that a hexagonal system is a
hex-mino in the sence of Lunnon ([4]) but without holes. The
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following theorem was proved which gives a sufficient and

necessary condition under which the equality
p = £(P)

concerning an arbitrary word p = xlxz...xn, € Vn, nze6,
and a closed oriented path P without repeated vertices in

the hexagonal tesselation H is valid:
THEOREM. The equation
p = £(P)

is satisgied if and only if each of the following three relationships
hotd:

({) ¥ k¥ € {1,2,...,n-1} X =Kt 1 (mod 6) where we operate
with the elements of the set V as with integers, n = 6.

(<4) %@=%@A%@=%@A%@=%@.

{iii)  For any nonemply subword r of p diferent grom p it holds
that:

L,c) * 23(r) v L @) o+ L) v I.Z(r) + L),

where .ej (p) 4is the number of appearances of the Letter j 4in the sirning
pevr= u V.
n20

PROOF. Here we give a new proof of the theorem,
difierent from that given in [1].
Necessity.
(1) Follows from the properties of the hexagonal grid.

(ii) In order to prove that Zo(p).= £3(p) we consider
the grid H” represented in Fig. 2, equivalent to the grid H
(The corresponding graphs are isomorphic). The statement fol-
lows from the fact that the sum of vectors lying on the orien-



Generating and counting hexagonal systems 191

£(P} = p = 34543234545450501050123232101212

Figure 1. Figure 2.
ted circuit (boundary of the considered hexagonal system)

equals 0, and that the same is true for the sum of their
ortogonal projections onto a line paralel to the vector 0.

Similarly,it can be proved that
tl(P) = £4(P) and Zz(p) = [5(}_)).

(iii) Follows from the fact that there is no repetition
of vertices in P.

Sufficiency.
Bearing in mind the properties of the grid H, we
conclude that for any word satisfying conditions (i), (ii)

and (iii), a path P can be constructed such that p = £(p).

2. ISOMORPHISM OF HEXAGONAL SYSTEMS

Using the theorem we can determine for any word p
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over the alphabet V = {0,1,2,3,4,5} whether it represents a
hexagonal system (in fact the boundary of a hexagonal system)
or not.

But, the same hexagonal system can be represented
by different words. Now, we shall define an equivalence rela-
tion P in the set Vf c V* of words satisfying conditions (i),
(ii), (iii) of the Theorem, in such a way that all the words
from the same equivalence class determine the same hexagonal
system up to isomorphism, while the elements from different
equivalence classes determine nonisomorphic hexagonal systems.

. We use the following notations and definitions:

S is the set of all hexagonal systems,

m is the congruence relation in the set S,

ar Br O vf > Vf are the following functions:

o(xlxz...,xn) = c(Xl) (X2)...c(xn),

where

g: V > V is an arbitrary element of the permutation
group generated by

AN
o w
[N
NS
~——

a(xlxz...xn) = x2x3...xnx1, B(xlxz...xn) = xnxnwl...xle.

p is the binary relation in the set Vf defined as
follows:

Vp.g €EVE ppaeaq= (a0 (p)va=(aFor) (p)

for some functior o and for some nonnegative integer k.

The function £ in the natural way induces the
bijections

F : S/v > Vi/p
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where S/m is the set of all nonisomorphic hexagonal systems,
and V;/p is the set of all nonequivalent words satisfying
conditions (i), (ii) and (iii).

3. THE ALGORITHM AND COMPUTATIONAL RESULTS

From the given characterization, it follows that
all nonisomorphic hexagonal systems can be obtained by gene-
rating all the nonequivalent words which satisfy conditions
(i), (ii) and (iii).
We give an algorithm for determination of all non-
equivalent words with length m where m = 1,2,...,n. The ob-
tained nonequivalent words we divide into two classes: sym-
metric and nonsymmetric words. A given word p is symmetric
if p = (akoB)(p) for some o and k. Let S and §A denote the
number of nonequivalent symmetric and nonsymmetric words of
‘the length m respectively. From oplogl = oZ]obI and oﬁ =e

it follows that the element o of nmermutation group generated
bz °. gnd 9% is in the set G = {e,oa,og,og,cg,o:,cb,oacb,oicb,
oaq—b’ oagb} °

For each obtained nonequivalent word we may deter-
mine the number h of hexagons of the corresponding hexagonal
system. We consider coordinate system with unit vectors 0 and
2. Coordinates of elements 0,1,2,3,4,5 in this system are:

at =1, a' =1, at2) =0, a¥3) = -1,
al(ay = -1, a*(5) =0, a%(0) =0, a%1) =1,
a®(2) =1, a2(3) =0, a%(4) = -1, a%(s) = -1.

The number of hexagorsh for the word xlxz...xm we

may obtain by following procedure:

1 2
Step 1. Let h =0, uy =d (x,), v, =d(x)).

A

Step ¢. For each i, 2 i=x m-1, let u, =u

2!

174
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_ _ 1 _ 2
v SV, U, =u, d (xi), vy =V, t d (Xi)'

h =h + ulv2 - uzvl.

Step 3. Let h = |h/6}.

By S 3 (8 m, ;) we denote the number of nonequivalent
’
symmetric (nonsymmetrlc) words of the length m with i hexagons
of the corresponding hexagonal system.
By p, e denote the word XyKypye oKy 1< 3 < m.
iiow, we can describe the algorithm in the following way.

Step 1. Read n. Let 5,70, g, =
1 <4i,j<€n x, =0, x =1
m = 4,

Step 2. m=m+ 1, x_ =x_ .+ 1 (mod 6).

Step 3. If I,O(p3 o = 23(p. ) A2 (pJ o =

= 14(pj,m) A Lz(pjlm) = 5(p3,m) for some j > 1
then go to step 4. If this condition is satisfied
only for j = 1 then go to step 5. Otherwise, (i.e.
if this condition is not satisfied for each j,

1 <£3j<m if m> n then go to step 2 else (i.e.
if m = n) go to step 4.

Step 4. 1If Xp "Xy < 1 (mod 6) tien put x =

=X + 5 (mod 6) and go to step 3. In opposite

case, if m = 5 then write s,, 5,, &, , and S, .
i i i,‘ 1,3

for 1 £ i, £ n and finite the program. If m > 5
then put m = m - 1 and go to step 4 again.

Stexr 5. The word p = Xy XKoo X represents a
hexagonal system with perimeter m < n. Rut, sone
of obtained words are equivalent. All words, which

are equivalent to the considered word p, define
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the same class in Vf/p, For given word p, equiva-
lent words are: (ako)(p) and (akUB)(p), where
c €G, 0 £k £ m.

We consider only the equivalent words beginning by
0121 (because each class of equivalent words of the length
n > 6 contains a word with prefixlolzl) and sort them by using
the lexicographic order. We choose the first word p~in this
lexicographic order as a represent of this class. Hence, if
considered word p is equal to represent p~” of the correspon-
ding class of words then p represents a nonisomorphic hexago-
nal system. Therefore, we write p in this case and if p is

&

symmetric word then put §_ = Sm + 1, Sm,h = SErh + 1 and in

8 + S = + 1.
the opposite case put Sm Sm 1 and Sm,h Sm,h 1. In

both of cases (p represents and p not represents a nonisomor-

na

phic hexagonal system) go to step 4 after checking in step 5.
) The presented algorithm is based on lexicographic
order of words X Xyee Xy (4 £m < n). We show the trace of
the program for n = 8. We not obtain any hexagonal system,

because the word 012345 representing a hexagonal system is

omitted. et
Step 1: 0121 Steps 3,4: 01212105
Step  2: 01212 Steps 3,h: 01212
Steps 3,2: 01213) Steps 3,4: 01210
Steps 3,2: 012134 Steps 3,2: 0121012
Steps 3,2: 0121345 Steps 3,2: 01210123
Steps 3,4: 01212343  Steps 3,4: 01210121
Steps 3,4: 0121232 Steps 3,h: 0121010
Steps 3,2: 01212323 Steps 3,2: 01210101
Steps 3,4: 01212321  Steps 3,4: 01210105
Steps 3,k: 012121 Steps 3,4: 012105
Steps 3,2: 0121212 Steps 3,2: 0121050
Steps 3,2: 01212123  Steps 3,2: 01210501
Steps 3,4: 01212121  Steps 3,4: 01210505
Steps 3,4: 0121210  Steps 3,4: 0121054
Steps 3,2: 01212101  Steps 3,2: 01210545
Steps 3,4: 01210543
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We denote by Sn (Sh) the number of nonisomorphic

hexagonal systems of the perimeter n (with h hexagons).The
number S. are obtained using the fact that n < 4h + 2. The

h

numerical results are given in Table 1 and Table 2. In the

Table 3 is the number Sn h of all nonisomorphic hexagonal

r

systems with perimeter n and h hexagons in their interior.

n Sn n Sn n Sn
IR 20 14 3k 18714
8 0 22 50 36 53793
1041 1 24 97 38 162565
12 1 26 312 40 482k16
1h 3 28 744 42 1467094
16 2 30 2291 L4 4436536
18112 32 | 6186 46 13594266
Table 1.
h } 1t 2 3 4 5 6 7 8 9 10 11
s. 11 1 3 7 22 81 331 1435 6505 30086 141229

Table 2.



~

197

Generating and counting hexagonal systems

—_—— -

T ®TdRL
992¥6SEL 9ESIEVY v60L9%1 . 9Iv2BY G95291 €6LES ViL81 3819 V622 vl 24€ (6 05 ¥1 21 z ¢ [ L)
t 0 0 -0 0 0. 0 .0 0 0 0 0 0 O0C 0 0 0 0 00
[ 0 0 0 0 0 v 0 0O 0 0 0 0 0 0 0 0 0 0 0
91 0 0 0 0 0 9 0 0 6 0 0000 00 0 0 0
LS 0 0 0 0 0 ¢ [ 0 0 0 0 0 0 0 0 0 0 0 0
981 { 0 Q 0 0 9 0 6 0 0 0 0 00 0 O0 0 0 00
§2§ ¥ 1] 9 0 0 a 0 6 0 0 0 00 00 O0 0 O0 0O
el 0e 0 Y 0 0 0 0 ¢ 0 0 0 0 0 0 0 O0 0 0 00
6162 2L 3 0 0 0 0 0 0 0 0 0 0 0 0 0O 0 0 0 00
§§19 82¢ € Q 0 0 0 0 0 0 0 00 00 0 O0 0 O0 00O
61411 919 6 0 0 0 ¢ 0 0 0 0 0 0 0 C 0 O0C C 0 00O
11802 191 6€ 0 0 0 0 0 0 0 0 000 0 O0O0O0 OO OQ0O
6ELVE 621¢€ X1 | 0 0 0 0 0 0 0 00 00 O0O0 0 0 00
5123 2v09 e 4 0 0 0 0 ¢ 0 0 0 00 0 O0 0 00 00
£02v8 98801 528 U2 0 0 0 0 0 0 0 00 0 0 0 0 00 00
06L€21 86181 66L1 89 I 0 0 0 0 0 0 0 0 00 0 0 0 0 00
€09v L1 62062  95v¢ 102 4 0 0 [ 0 0 0 000 0 0 OC 0 0 00
i . 8icOvZ  £€8EY  $iZ9 63§ 9l 0 0 0 6 0 0 0 0 0 0 0 0 0 0 00
” 85¢61€  ZELEY  EIE0L SOL €5 | 0 0 0 0 0 00 0 0 0 0 00 00
i SO0tvly 88268 bi19} ovle 3§51 1 0 0 ¢ 0 0 00 0 0 0 0 0O OO i
i . 812228 $25021 8livZ  SELE (445 €l 9 0 06 0 0 ¢ 0 0 0 0 0 0 0 00
; i 668E¥9  686LS1 H2EPE  ¥219 68¢ €Y | 0 ¢ 0 0 9 ¢ 0 0 0 0 00 06O
; 190140 G9S002 [91Lv 6vE6  8vYl 921 14 ¢ 0 0 0 0 0 0 0 O0 O0C 0 0 00
i i SLve06  686LWZ L2029  299EL  L9%hC 062 9! 0 6 0 0 0 0 0 0 0 O0 O0OC OO0
; ; 1¢56201 520962 <2.iv6L 9/88l 8EBE  [8S Ly | 0 0 0 © 00 0 C 0 0 O0 00
W 625011 PEBSYE [09L6 08052 925 6001 621 v 6 0 0 0 0 0 0 0 0 0 0 00
; 056£221 08188¢ 8v9911 Zv02E 688! b9l 952 8 | 0 0 0 0 0 0 0 0 0 0 00O
i evyz9cl 62vbly ELLEEL EviIBE  [BSOL LEVZ M4y €5 € 0O O 0 O O 0 0 O O O 0O
6£89€21 I6v0Vy OEv8hi 2919%p 982l YIPE €94 L1 6 O 0 0 0 0 0 O 0 0 O OO |
: Cv9ZELL B8699E¥ HEPISI 1691G PECIL I0SY l2ll €22 OE L O O O O O O O O O OO0 |
162Lv6  098S6€ 969561 (G8SS 98€81 2195 0451 L¥E 0L v+ @ O O 0 0 0 O0 O0 O 0O |
€E6169  26G82E B892I¥) ¥2155 12602 ¥659 1002 €€S 02490 f O O O 6 O O 0 O 0O '
G8(80v  [£892Z 92t¥il SOP0S 61102 €52, 6Sv¢ 80L 8L SE ¥ O O 0 O O O O O 0O W
81€891 6livet SB6¥. LILBE 90€8l SLEL €142 8(8B 6219 €Y I O O O O O O O 0O |
Sz S88S¢E 6019t  020vZ SivEl SOv9 1182 800L €€ 001 92 2 0 0 0O O 0 0 0 00
0 0 2455 S6E8 2597 8lsy OvEZ 8i0L 9lv £20 20 6 | O O O 0.0 0 0O
] 0 0 0 0 [1:3 9961 1091 S28 96€ ¥S1 SS SL ¥ O O O 0 0 O 0O
| 0 0 0 s} 0 0 lip  ESY 62 WL L9 126 | O O 0 O 0 0O
. 0 0 0 0 0 0 0 0 8l1 901 89 S20LE L O 0 0 O 0O
! 0 0 0 0 3} 0 0 0 0 0 9¢ ¥2¥l v € 0 0 0 0 00O
0 0 0 0 0 0 [t} 0 0 0 0 0 219 € L 0 0 0 00
0 0 0 0 0 0 0 0 ¢ 0 0 00 0 S t 1 0 0 060
0 0 0 0 0 0 0 0 06 0 0 0 00 0 02 | 0 00
0 0 0 0 o 0 0 0 6 0 0 0 0 0 0 0 0 0 } 00
0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 01
9t 124 44 oy 8¢ 9¢ vE ¢€  Of 82 92 ¢ 22028l 9L vl 2L OLBIYU

CemnmatnOonOOOe N



LN

198

1. Stojfmenovié, R. Toié and R. Dornoslovadki

REFERENCES

(1]

[2]

(3]

[4]

[5]

[6]

Doroslovacki R, To$i€ R., Characterization of Hexagonal Systems,
Reuiew 04 Research Faculty of Science Mathematics, Series
14, No. 27 (1982), 201 - 209, University of Novi Sad.

Golomb, S.W., Pofyominoes , Charles Scribnen” s, New York, 1965.

Lunnon, W.F., Counting Polyominoes, in: Computers in Number Theory,
Academic Press, London, 1971, 347 - 372,

Lunnon, W.F., Counting hexagonal and tiangular polyominces, Graph
Theory and Computing, New York - London, 1972, 87 - 100.

Redelmeier, D.H., Counting polyominoes: yet anothern attack, Dic-
cretes Mathematics, Vol. 36, No. 2, Septembern 1981.

Knop, J.V., Szymanski, K., Trinajsti¢, N., Computer enumeration
of substituted polyhexes, Computer & Chemistry (GB), Vol. §,
No. 2, (1984), p. 107 - 115,



