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ABSTRACT

An algor i thm for  generat ing and count ing nonisonorphic

hexagonal systens of the given perimeter is presented which enables

us to determine the nurber of nonisomorph'ic hexagonal systems of the

perimeter n up to n = 46. l.{e also detennine the number of nonisomor-

phic.hexagonal  systems wi th h hexagons for  h < 1, | .

1 .  DEFINITION AND CHARACTERIZATION

tn [l. l  a characterlzation of hexagonal systems
is  g i ven  us ing  the  wo rds  ove r  t he  a lphabe t  V  =  {0 , I , 2 ,3 ,4 ,5 } ,
and a functLon f which maps the set of all the flnite orien-

ted paths of the hexagonal grid H (r'tg. f) lnto the set
V*= U Vn of all the words over the alnhabet V. It ls known

n>0
that the Euclj-dean plane'can be tl led with the regular con-
gruent hexagons. In thls sray an infinl-te hexagons grid H is

obtd ined ( r tg.  f ) .  This  gr id  is  a p lane real lzat lon of  an in-
finite planar cubic Araph H wlth all faces bounded by exactly

six edges. Another plane reallzatlon of the grid H ls glven in

Flg. 2. A hexagonal system ls defined as a part of the grid H

consisting of all vertlces and edges belonging to some circuit

C or to lts interlor. ft means that a hexagonal system i.s a

hex-mino ln the sence of Lunnon ([4J) but without holes. The
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fol lowing theoren was proved which gives a suff j-cient and

necessary condit lon under which the equali ty

p  =  f  ( P )

concerning an arb i t rary wor i l  P = x lx2. . .xnr  € VD, n )  6,

and a closed oriented path P vrithout repeated vertices in

the hexagonal tesselation H is valid:

THE0RtM . The eqta't ion

p = f ( P )

i^t ro,LU(Lel. id and onLq i{ ench o( the (olhowLrE thnee ,Le-IoLLonalLLpA

hoN,
( i l  v  k  €  {L ,2 , . . . , n - r }  t r r  

=  
\ .  

I  l nod  6 l  whe tewe  opuLa le

wi,th the otanentt o( the aQl v 4a wi".th .iategeiA, n 2 6.

l i; l  2o(p) = {r(p) a 4r(p) = 4n(n) a Lr(P) = Zt(p).

tiiil Fon an4 nononptq uhnond r od F d'Ldene6 dnon p i,t. hod^

tlu.t:

ZoF) + 4r( r )  v  f r ( r )  + Lnt t ' )  v  L2$,  + Ls$) ,

whene .Lr(p) .U the runbest 06 appQtrtncet o( the l-e'tten I in ttp atnLng

p e  v * l  u  r f .
n>O

PR00F. Here we give a new proof of the theorem,

di f rerent  f rcnr  that  g iven ln [ r ] .

Necessl ty .
(i) Follows frqn the properties of the hexagonal grid-

(i i) In order to prove that 4O (p) = Zt (n) we conslder

the gr id I { -  represented ln FIg.2,  equivalent  to  the gr id H

(The correspondlng graphs are isomorphic) . The statement fol-

lovrs frqn the fact that the sum of vectors lying on the orien-
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i n i t i a l
tex

f (P) = p = 34543234545450501050L23232L0I212

Flgure I. Flgrure 2.

ted clrcuit (bcundary of tshe considered hexagonal system)

equals 0, and that the same is true for the sum of thelr

ortogonal projections onto a l ine paralel to the vector 0.

Similarly, lt can be proved that

Zr (p) = L4(pl  ad Lz@) = {5 (p) .

(li i) Follcms from the fact that there ls no repetition
of  ver t l ces  ln  P .

Sud{ ic iencq.

Bearing in mlnd the properties of the grld H, we
conclude that  for  any word sat ls fy ing condi t lons ( i ) ,  ( f i )

and ( i i l ) ,  a  path P can be constructed such.  that  p = f (P) .

2 .  I S O M O R P H I S M  O F  H E X A G O N A L  S Y S T E F I S

Uslng the theorem we can determlne for any word p
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o v e r  t h e  a l p h a b e t  v  =  { 0 , I , 2 , 3 , 4 , 5 }  w h e t h e r  l t  r e p r e s e n t s  a

hexagonal system (in fact the boundary of a hexagonal system)

or  no t .

Brt,  the same hexagonal system can be represented

by dif ferent words. Novr, we shal l  defi-ne an equivalence rela-

t lon  p  in  the  se t  V f  c  V*  o f  words  sa t is fy ing  condLt ions  ( i ) ,

( i i ) ,  ( i i l )  o f  the  Theorem,  in  such a  $ tay  tha t  a l l  the  words

from the same equlvalence class determine the same hexagonal

system up to isomorphism, while the elements from dif ferent

equivalence classes determine noni-somorphic hexagonal systems.
' .  .we use the fol lowing notat lons and defl-nit ions:

S is the set of al l  hexagonal systems,

n is the congruence relat, ion in the set S,

d t  g t  o t  V i  +  V l  a re  the  fo l low ing  func t ions :

o ( x l x 2 . . . , x r r )  =  o ( * t )  ( x r ) . . . o ( x r r ) ,

where

o: V + v ls an arbitrary element of the pernutation

group generated by

o - =
4

4 5 \
5  O ) '  o b  =

o ( * r * 2 . . . * r r )  =  * 2 * 3 . . . * r r * 1 ,  B ( x r x r . . . * r r )  =  x n x r r _ . r . . . * 2 * l  .

p ls the binary relation in the set vi deflned as

f <-rl lows:

v  p , q  €  v f  p  p  q . r  q  =  ( q k a )  ( p ) v q = ( a k o 8 )  ( p )

( o r 2 3 4 s \
\ 3 2 1 0 5 4 )

( 0 r 2 3
\ r  2  3  4

for some function o and

The function

b i jec t lons

for some nonnegatlve integer k.

f in the natural way induces the

F : S , / n * V i / p
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where S/n ls the set of all nonisomorphic hexagonal systems,
and Vf/O ls the set of all noneguivalent words satisfying
c o n d i t i o n s  ( 1 ) ,  ( i l )  a n d  ( i l i ) .

3 .  T H E  A L G O R I T H I I  A N D  C O M P U T A T I O N A L  R E S U L T S

Frqn the given characterization, it follows that
all nonlsomorphlc hexagonal systemg can be obtalned by gene-
rating all the nonequLvalent words whlch satlsfy condltions
( i ) ,  ( i l )  a n d  ( 1 1 1 )  .

We glve an algorithrn for determinatlon of all non-
equ i va len t  wo rds  w i th  l eng th  m  where  m =  1 r2 , . . . r n .  The  ob -
tained noneErJ.valent words we divide tnto two classes: sym-
metric and nonsynunetrlc words. A given word p is slarunetric

L
i f  p = (a"oB) (p) for some o and k. Let S. and 5* denote the
number of nonequlvalent synunetrlc a_nd nonslzmfiEtrlc words of
the length m respect ivety.  Fron o6lou1 = o l lop l  anA of  = e
it follows that the element o of oermutatlon group generated

{e ,  oa,  o 'u ,  o | ,o j ,  o l ,o5,  ouoo,o loo,

For each obtained nonequlval_ent word we nny deter-
mine the number h of hexagons of the correspondlng hexagonal
system- we conslder coordlnate system wLth unlt vectors 0 and
2.  Coordlnates of  e lemenls OrI r?r3r4,5 in  th ls  system are:

a r ( o )  =  r ,  d l ( r )  =  t ,  d l ( 2 )  =  o ,  d l ( 3 )  =  - t ,

a l ( a )  -  - r ,  a r ( s )  =  o ,  d 2 ( o )  =  o ,  d 2 ( r )  =  r ,

a 2 e )  =  r ,  d 2 ( 3 )  =  o ,  d 2 ( a )  -  - 1 ,  a 2 ( s )  =  - 1 .

The number of hexagonsh for the word *I*2...xm we
may obtain by follorlng procedure:

oI o. 
i"u, 

oo Is ln the set G =

o ^ 1 . b , o a 9 , b j .

S t e p  l .

S tep  2 .

L e t  h  -  0 ,  u 2  =  d r ( x r ) ,  t 2  = d 2 ( * r ) .

Fo r  each  L ,  2  <  1S  rn - l ,  l e t  u l  - -  u2 ,

,v
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Y ,  =  Y2 r t2  =  t 2  +  d r { x r ) ,  u2=  v ,  +  dz l x ) ,

h = h + o l t , - . 2 t 1 .

S t e p  3 .  L e t  h  =  l h l 6 1 .

W S*,i  (Sr, i)  we denote the number of noneguivalent

symmetric (nonsyrnrnetr ic) words of the length m with i  hexagons

of the corresponding hexagonal system.

B y  p .  - ,  w e  d e n o t e  t h e  w o r d  x , x - , , . . . X - '  I  <  j  5  m .'  ' j r m  I  J + r  m -
i iow, 'de can describe the algori thm in the fol lowing way.

S t e p  1 .  R e a d  n .  L e t  S . = 0 , S r = 0 , S i , j = 0 r B i r j = 0 ,  f o r

1  <  i r j  S  n ,  * l -  =  0 ,  * 2 =  1 ,  x 3  =  2 ,  x 4 =  1  a n C

m = 4 .

St .ep 2.  m = m + 1,  Xm = xm_l  + 1 (mod 6) .

S tep  3 .  r f  LO(n j , o . ,  =  Za  (e r , r )  , r  t 1  (p3 , rn )  =

=  L a ( p ) , ^ ,  n  L 2 , n j , n ' ,  =  
s ( P j , * )  f o r  s o m e  j  >  r

then go to s tep 4.  I f  th ls  condi t ton is  sat is f ied

only for  j  =  1 then go to s tep 5.  otherwJ-se,  (1.e.

if this condition is not satlsfLed for each j,

I  <  j  <  m)  l f  m  >  n  t hen  go  to  s tep  2  e l se  ( i . e .

i f  m  =  n )  go  to  s tep  4 .

S tep  + .  I f  xm
= x m _ t + 5 ( n o d

c a s e r  l f m = 5

f o r l ( i , j < n

t h e n p u t m = m

Ste;: 5. Tl.e word p =

hexagonal system ri th

of obtai-ned words are

are equivalent to the

- xm-l = r (nod 6) t ren Put x* =

6)  and go to s tep 3.  In  opposl te

t h e n  w r i t e  S i ,  E i ,  . i ,  
i  

" t d  s i , j

and finite lhe prograrn. If m ) 5
-  i  and go tG step 4 aEain.

* l *2 . . . xm rep resen ts  a

perimeter m 3 n" Ett, sonie

equivalent .  A l l  words,  which

considered word p, define
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the same class in Vf/O " For gJ-ven wgrd p, eguiva-

lent  words are:  tokJ l  tp l  and (oksB) (p) ,  where
o € G r 0 3 k S m .

We consider only the equivalen! words beginning by
0f2f (because each class of eguivalent words of the length
n > 6 contains a word wlth prefix 012f) and sort them by uslng
the lexicographic order. Ide choose the flrst word p-ln this
lexJ.cographic order as a represent of thls class. Hence, if
considered word p ls equal to represent p'of the correspon-
ding class of words then p represents a nonisomorphlc hexago-
na1 system. Therefore, $re write p in this case and if p is
synunetrJ.c word then put S. = S* * l, Srrh = S*,h + I and in
the opposLte case put S* = S, * 1 and S^rn = 

%rn 
* l. f n

both of cases (p represents and p not represents a nonlsomor-
phic hexagonal system) go to step 4 after checking in step 5.

The presented algorithm ls based on lexicographic
order  of  words *L*2. . .x ,  (4 < m < n)  .  IC show the t race of
the program for n = 8. We not obtaln any hexagonal system,
because the word 012345 representing a hexagonal system is
omitted. t

1 t  ' - C ;  r  g

S t e p s  3 , \ z

S t e p s  3 , \ .
S t e p s  3 , 4 ,
S t e p s  3 , 2 :
S t e p  s  3 , 2 .
S t e p s  3 , 4 i

S t e p s  3 , 4 2
S t e p  s  3 , 2 :
S t e p  s  3 , \  |

S t e p  s  3 , 4 :
S t e p  s  3 , 2 :
S t e p  s  3 , 2 .
S t e p s  3 , 4 :
S t e p  s  3  , \ :
S t e p s  3 , 2 :

S t e p s  3 , \ :

S  t e p

S  t e p

S t e p s

S t e p  s

S t e p  s

S t e p  s

S t e p  s

S t e p  s

S t e p  s

S t e p  s

S t e p  s

S t e p  s

S t e p  s

S t e p  s

S t e p  s

0 1 2 1

01  212
a\

01 2ll3_,1

0 r  2 1  3 4
0 t  2 t  3 \ 5
0 r  21  23 \3

0 1  2 1  2 3 2

0 r  21  2323

01 21 2321

0 1  2 1  2 1

0 1 2 1 2 1 2

0 r  2 1  2 1  2 3

0 l  2 1  2 1  2 1

0 l 2 1 2 1 0

0 t  2 1  2 1  0 1

0 1 2 1 2 1 0 5

01 212

0 l  2 l  c l

0 1 2 1 0 1 2

0 t  2 t  0 t  2 3

0 1  2 1  0 l  2 1

0 t 2 1  0 l  0

0 l  21  0 l  01

0 r  21  0 r  05

0 l  21  05

0 1 2 1 0 5 0

0 r 2 1 0 5 0 1

0 l 2 r  0 5 0 5

0 t  2 t  054

0 r  2 r  0 5 4 5

0 l  2 l  05113
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I^re denote bY sr, (sn) the number of nonisomorphic

hexagona l  sys tens  o f  tJ -ne  per j -meter  n  (w i th  h  hexagons) .The

number  S .  a re  ob ta ined us ing  the  fac t  tha t  n  <  4h  +  2 .  The
n

numer ica l  resu l ts  a re  g iven in  Tab le  1  and Tab le  2 .  In  the

Tab le  3  i s  the  number  t r r ,h  o f  a l l  non j -somorph ic  hexagona l

systems with perimeter n and h hexagons in their interior '

s

a

1 0

I L

1 4

r 6
1 8

1

0

1

I

L

t 2

1 4

5 0
9 7

5 t  L

7 \ \

3 \
, o

5 O

4 0

4 2

4 4

4 6

2 2  9 1

6 1  8 5

1 8 7 1 4
q ? 7 q ?

r b r > b )

1 t8241  6

1  \ 6 7  0 9 \

\ \ 3 6 5 3 6
1 35  94266

T a b l e  1 .

T a b l e  2 .

L V

2 2

2 4

L O

2 8
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