
Parallel Computing 7 (1988) 249-251,
North-Holland

249

Short Communication

An optimalparallel algorithm for solving
the maximal elements problem
in the plane

Ivan STOJMENOVIC
Institute of Mathematics, Uniuersity of Noui Sad, 21000 Noui Sad, Yugoslauia

Masahiro MIYAKAWA
Electrotechnical Itboratory, l-l-4 Umezono, Tsukuba, Ibaraki 305, Japan

Received June 1987
Revised November 1987

Abstract. We describe an O(log(n)) time with O(n) processors optimal algorithm for finding the maximal

elements of a set. The model of parallel computation we consider is the CREW-PRAM, i.e. it is the synchronous

shared memory model where concurrent reads are allowed but no two processors can simultaneously attempt to
write in the same memory location (even if they are trying to write the same thing).
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Since they involve asking basic questions about sets of points, polygons, etc., geometric
problems arise in many applications [7] and often it is critical to have algorithms whose speeds
are close to real-time [1]. Using the CREW-PRAM model of parallel computation we are
interested in achieving the optimal algorithm for solving the maximal elements problem. Dehne

[4] gave a parallel solution to the problem for a different model of parallel computation and by
using another idea. In [3] it is claimed that the 2-dimensional maximal elements problem can
easily be solved in O(log(n )) time and O(r) space using the sorted network [2] and parallel
prefix [5]. However, no details are given. We present another optimal solution to the same
problem.

Given a point p, p.x and p.y d,enote the x- and y-coordinate of p, respectively.
Let S: {s(1),..., s(r)} be a set of n points in the Euclidean plane. A point 4 dominates a

point p, written p < q,iff p.x 4q.x and p.y < q.y. A point s e S is ca77ed maximal if there is

n o o t h e r s ' € s w i t h s < s ' .
We are interested in computing the maximal elements of S, called m-contour n (S). Our

algorithm is optimal with respect to both the time and number of processors, since the problem

has an Q(n,*log(n)) time sequential lower bound [7] and an obvious g(log(t?)) time lower

bound for the parallel machine considered in this paper.
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Fig. 1.

The following algorithm will compute m-contour m(S). The main idea is to divide the
problem into t[n subproblems of size t[n each, solve the subproblem recursively in parallel, and
combine the solutions of the subproblems quickly (that is, in O(log(n)) time) and with a linear
number of processors. It is well known that parallel sorting (initial step in the algorithm) can be
done in O(log(n)) steps with O(n) processors [2,6]

Algorithm.
Step1., Sort the n points by x-coordinate and partit ion S into sets R(1), R(2),...,R(,,|n),

each of size ,f n, divided by vertical cut-lines, such that R(i ) is left of R(j) it i < j.
Step 2. Recursively solve the problem for each R(i ). i < y'n in parallel. After these parallel

recursive call returns we wil l have m(R(i)) for each R(l). Let r(i,I),..., r(i, u(i)) (u(i)_< tln I
be the sequence of points in rz(R(l)) (see Fig. 1). In parallel for each i€ {1,2,...,,fn} use
t/n - i processors to find those points of m(R(i)) which belong to z(S) by doing the
following.

Step 2.1.  For  g iven j€t i+I , . . . , r /n)  f ind the maximal  index t : t ( i ,7)  such that
r(i, t). y >- r( j, \). y. If there is no such point, then let t(i, "l) ,: 0. This can be done by binary
search technique in log(n ) steps in parallel.

Step 2.2. In log(n) time by the,,ln_-i processors assigned to m(R(l)) one can find
l(t) ,: l( i, s) ' : min(t(1, i + 1),. .., t( i, , ln)). f i  t( i) : 0, then no point from R(i ) is an element
of n(S). Otherwise the next element of r(i, l( i )) in z(S) is r(s, 1).

The proof that the algorithm works correctly in optimal O(log(n)) time and with O(n)
processors is straightforward.
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