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l. Introduction

Graham [6] proposed an O(n log n) algorithm
for determining the convex hull of a finite set of
points in the plane. Variations of this method have
been described in [1-4,9-15]. However, five of
these references, though in refereed journals and
texts, contain errors in this rather simple al-
gorithm. Why should this be? The main culprit,
we believe, is the method used for developing and
describing the algorithm and its proof-typically
directly in terms of circular doublyJinked lists. In
this note, we present an alternative method, which,
we believe, allows for a more rigorous but simple
and understandable treatment. This continues
work in [5,7,8]on formulating methods for dealing
with linked lists and other similar data structures.

2. Graham's algorithm

The first step of Graham's algorithm for de-
termining the convex hull of a set S of n > 3
points is to construct a sequence P(0..n - 1) of the
points in polar coordinates ordered about an inter-
ior point in terms of increasing angle (see Fig. 1).
This step takes O(n log n) time, because of the
need to sort, while the rest of the algorithm-the
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part we are interested in-takes O(n) time. As-
sume the first step has been done.

In sequence P, call a point reflex if the interior
angle made by it and its adjacent points is ) n
(note that point Po is adjacent to P"_r). For
example, in Fig. 1, Po is the only reflex point.

A reflex point of P does not belong to the
convex hull of S. Conversely, if no point of P is
reflex, then P is the convex hull of S. Graham's
algorithm examines the points of P in counter-
clockwise order and deletes those that are reflex:
upon termination, only nonreflex points remain,
so P is the convex hull of S. Determining when the
counterclockwise examination of points can stop
seems to be the major difficulty, because deleting
a reflex point can change its neighbors from non-
reflex to reflex. For example, deleting reflex point

Fig. 1. The list of points S around the origin. < P4Po& > 180 "

< P.P1P2 <180o, and < PoPrP, >180".
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consisting of the elements of X followed by ele-
ment p followed by the elements of Y.

For X a sequence, the notation [X] denotes a
ring consisting of the elements of X. A ring is like
a sequence, except that rotating the elements one
(or more) position(s) in either direction does not
change the ring, while it does change the sequence.
We indicate this by giving the following (ad-
ditional) axiom for rings:

For any element x and sequence X,
[x X]:  [X x] .

Using the concept of a ring, we give algorithm (1)
below for Graham's scan; invariant P of the loop
is given in (0). The algorithm uses the construct
"with identifier satisfying predicate do statement",
which calls for executing the statement with iden-
tifier having a value that satisfies the predicate.

Po in Fig. 1 changes P, from nonreflex to reflex.
Koplowitz and Jouppi [9] have the wrong stopping
criterion; Preparata, Lee and Shamos [10,11] have
a correct stopping criterion but code it incorrectly
in their algorithms, which are written completely
in terms of circular doubly-linked lists.

3. Our description of the algorithm

We first develop an algorithm that operates on
a highJevel structure called a ring, instead of the
traditional circular doubly-linked list. We intro-
duce some notation. When dealing with sequences
of elements, capital letters denote sequences and
lower-case letters denote elements of sequences.
The symbol O denotes the empty sequence.
Catenation of sequences and elements is denoted
by juxtaposition, e.g., X p Y denotes the sequence

(0)

(1)

P: Ring [X Y] contains (only) points of S, in order of increasing angle;
All points of the convex hull of S are in [X Y];
The elements of X are not reflex.

X, Y,: O, "elements of S, in order of increasing angle";
d o  Y * O - - +

with p, Y satisfying V : p Y do_
if - reflex.P --+ X, Y ': X P, Y
I reflex.P -+
-  

i f Y + O  n  X + O _
--+ with X, r satisfying X: X r do

{tX Yl{x t_p Y1; delete p; r may then be reflex}
X . Y ' : X . r Y

p x: o - {X Yl: tp Y1; aetete p;
Y , :  Y

Y: O -- with e, X, r satisfying X: q X r do

{tX Yl{q X r pl; delete p: r' q may then be reflex}
X , Y ' : X , r q

od

Algorithm (1), written in terms of [X Y], is
easily seen to be correct: loop invariant P is
initially true; its truth is maintained by each itera-
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tion; since each iteration deletes a node or reduces
the length of Y, termination is assured; and, upon
termination, P together with Y: O implies that X
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is the convex hull of set S. Some of the arguments
concerning correctness rest on the fact that [X Y]
contains at least three elements.

Note that there is no worrying over a good
'stopping condition', something that most of the
papers have done. The stopping condition is sim-
ply Y: O, since that together with P implies that
X is the convex hull.

It is a fairly straightforward matter to translate
this algorithm into one that uses a circular
doublyJinked list. However, rather than translate
this particular algorithm, we first look at a modifi-
cation that reduces the execution time in some
cases; this modification will then be translated
into an algorithm that uses a circular doubly-lin-
ked list.

4. An improvement

Several modifications of Graham's algorithm
have been proposed, all having to do with the
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following, which is discussed in terms of the nota-
tion of algorithm (1). If the first point in X is
guaranteed to be on the convex hull, then it is
never reflex and need never be placed in Y. Sklan-
sky [12] used this idea, but his change was incor-
rect, as discussed in [14]. He amended it [13], but
the amendment was again incorrect [15]. Pre-
parala, Lee and Shamos [10,11] used the rightmost
smallest-ordinate point as the first point in X, but
their algorithm is incorrectly coded. Anderson [3]
proposed using the bottom-most point as the first
point in X. Andrew [4] and Akl and Toussaint

[1,2] also made improvements.
Let us modify our algorithm to use a point on

the convex hull as the first element of X. We
strengthen the invariant with an additional con-
junct:

P1: X is not empty and the first element of X is
on the convex hull.

With this change, we write the algorithm as fol-
lows (#X denotes the length of X):

(2) X ': "any point on the convex hull";
Y':"sequence consisting of the rest of S, in suitable order";

{inuariant: P n P1}
d o  Y * O - - +

with p. V satisfying V : p Y do_
iI - reflex.P -+ X, Y': X P, Y

I 
reflex.p ->

i f  #X:1 -_ {delef p}
Y ' :  Y

| 
#X I I --+ {delete p; last point of L*uy be reflex}

with X, r satisfying X: X r do X, Y': X, r Y
fi

fi
od

5. Translating the algorithm from ring to linked list

We now turn to an implementation of ring

[X Y] as a circular doubly-linked list. Each ele-
ment (indexed by i, say) of the list has fields szcc.i
and pred.i that contain the indices of the succes-

sor and predecessor of i, respectively-as well as
other fields that describe the position of the corre-
sponding point in the plane, etc. (see Fig. 2). We
assume that operation delete(h) deletes the ele-
ment indexed by h from the list, changing all
necessary pred and szcc fields accordingly.
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Fig. 2. A circular list for ring [X Y] of Fig. l.

We introduce 'concrete' variables h and k and Table 1 gives concrete operations correspond-
give the following coupling inuariant between ab- ing to the abstract ones of algorithm (2). That is,
stract ring [X Y] and the concrete variables: executing both the abstract operation (acting on X

and Y) and the concrete operation (acting on the
circular list, h, and k) maintains coupling in-

(3) Each element of ring [X Y] has a corre- variant (3).
sponding element in the circular list, and The algorithm can then be translated into the
if x is followed by y in the ring and i and foilowing. In it, note that all references to ele-
j are the indices of their elements in the ments in the list are through h; k was chosen to be
list, then succ.i: j and predj:i; the index of an element that is guaranteed to

k is the index of the first element of X; always exist-the first element of X-so that de-
pred.h is the index of the last element of X letion of an element referenced using h would not

also delete the element whose index is k.

pred succ

Pg a P 1 :l_ P2 , l P3 P4

(4) k ':"index in circular list of a point on convex hull",
h ' :  sacc.k;
d o  h + k - >

if -reflex.h --+ h;:5114s.h
n reflex.h -- if k : pred.h --+ l:: succ.h; delete(pred.h)
LI

I 
k + pred.h --+ 11 z: pred.h; delete(succ.h)

fi
fi

od

Table I

Abstract operation Concrete operation

X ': "any point on the convex hull"; k ,: " index in circular list of a point on convex hull";
Y,="sequenceconsist ingof therest -.-" h' :succ.k

Y + O  h + k

{ Y * O }  # X : 1 ,  # X  > 1  Y :  p r e d . h , k *  p r e d . h

{ Y + o } p  h

{Y: p Y} X, Y,: X p, Y h ,:  succ.h

{Y:pYa#X:1}Y, :Y  h , :succ .h ;  de le te (pred .h)

{ Y : p Y n * X > 1 n X : X r )
X, Y ,: X, r Y 5,: pred.hi delete(succ.h)
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Suppose that S contains n points and that the
convex hull contains m points. Algorithm (4) tests
n - 1 points at least once for reflexivity and, for
each of the n - m points deleted, it may test its
predecessor again. Hence, it tests at most 2n - m
- 1 points. The minimum number of points tested
i s n - 1 .
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