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An r-valued set logic is the study of functions mapping n-tuples of subsets into subsets
over r values. Such functions are called set logic functions or set-valued functions.
Completeness and approximation properties for set logic functions are of great interest
to engineering research because of recent applications in the design of optical, biological
and electronical circuitry to create simpler and more economical circuits specially suit-
able for parallel computing. Their research on biological molecular computing sugges-
ted the interest of studying set logic functions and switching devices. Starting from the
needs of these designers the class of bio-algebras were introduced as a class of primal
algebras, that is capable of model computations done by bio-circuits. Functions imple-
mented by these circuits are defined on the sets of subsets of finite sets and range over
similar sets of subsets and, in general, are non-Boolean. The subsets of the set of
Boolean set logic functions are not complete, that is one cannot obtain all set logic
functions from such sets. On the other hand, Boolean set logic functions are very
important set logic functions, because they can be realized using binary standard elec-
tronic circuitry. It is shown that r-valued set logic is isomorphic to 2"-valued logic.

Keywords: Set-valued functions; completeness; approximation; bio-computing; Boolean
function; non-Boolean function; bio-algebras; biological computing

1. INTRODUCTION

The works on carrier computing suggested the study of set-valued
logic functions and the complexity of their implementation using
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Boolean and non Boolean switching devices. Set logic algebra (SLA) is
a special class of multiple-valued logic algebra. It was proposed first
as a new foundation of biological molecular computing in [1]. Intro-
ductory presentations of this new computing paradigm can be found
in [2,3]. More formal algebraic aspects of SLA have been studied in
[4-13]. As an ultra higher-valued logic system, a set logic system
offers a new solution to the interconnection problems that occur in
highly parallel VLSI systems. The fundamental concept inherent to a
set logic system is multiplex computing or logic values multiplexing:
this means the simultaneous transmission of logic values. This basic
concept enables the realization of superchips free from interconnection
problems. Parallel processing with multiplexable information carriers
makes it possible to construct large-scale highly parallel system with
reduced interconnections. Since the multiplexing of logic values in-
creases the information density, several binary functions can be
executed in parallel in a single module. Therefore a great reduction of
interconnections can be achieved using optimal multiplexing scheme
(see [14,15]). Possible approaches to the implementation of the set
logic system are based on frequencies multiplexing, waves multi-
plexing and molecules multiplexing, and are called carrier computing
systems. For a general perspective on the applications of multivalued
logic see [16].

Let U denote the set of all n-place (set logic) functions (n>1)
ranging over a set ¥ of k values and with all values in V. The set U is
called the set of n-ary operations on v and the set of n-place functions
of k-valued logic in the propositional calculus of k-valued logic. Con-
sider a subset F of U. The functions from F can be combined by
attaching values (outputs) of certain functions to variables (inputs) of
certain functions in an arbitrary way so that we obtain a single value
and no feedback is created. This single value defines a unique function
f of external variables to which no value of F functions is attached. We
say that fis a composition (in the ordinary sense) of functions from F.
The closure of F is the set of all compositions of functions in F and is
denoted by [F]. The set F is complete in U if [F] = U, or equivalently,
if each function from U is a composition of functions in F.

The closure of the Boolean set C = {\U, N,~, constants}, i.e. [C], is
referred to as the set of Boolean set logic functions with constants.
Consider any subset S of C and a subset F of non-Boolean functions
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from U. It is well known that S is not complete, that is [S]# U.
However, Boolean functions are convenient choices as building blocks
in the design of carrier computing circuits; they are considered to be
relatively cheap elements, that is, they are usually obtained with small-
cost considering the complexity of their implementation versus that of
non-Boolean functions. A variation of the definition of completeness is
then the concept of S-completeness, which assumes that for composi-
tion besides functions in F one can freely utilize functions in S. The
concept of S-completeness brings new interesting questions on the:
properties of S itself. For instance, given two distinct subsets of C,
they may lead exactly or approximately to the same S-completeness
criteria, and the subset with the smallest cardinality is probably the
most interesting for engineers who develop efficient carrier computing
chips or circuits.

1.1. The Concept of Set Logic

We consider the set R = {e,,...,e,_,} as a set of information carriers.
The carrier computing circuits operate on the power set of R, that is,
the set of all subsets of R, denoted by 2%. An element X e2® is called a
logic set. Thus, if R contains r carrier elements then 2% contains 2"
logic sets. The basic operations over 2R are the set-theoretic union U,
intersection M, and complement ~operations. It is well known that 2%
is a Boolean algebra (2%, #, R, U, M, ~) when equipped with these
three set-theoretic operations.

Mathematically, set logic algebra is based on the isomorphism be-
tween the Boolean algebras (B",0,1, +,-Yand 2%, 4, R, U, N, 7). B is
the Cartesian product of r 2-element Boolean algebras B={0,1}. A
carrier computing circuit can be described as a set logic function of n
variables, which is a mapping f: (2%)" - (2%) that maps n-tuples of sub-
sets of R into a subset of R. The set of all such functions is referred to
as r-valued set logic. The number of n-place set logic functions is quite
considerable: there are (2)%" such functions [1]. As the radix r in-
creases, this number becomes enormously large. For example, for
n=1 and r =2 there are 256 functions, while for n=1 and r=3 we
find 16,777,216 such one-place functions.

A small fraction of these functions are Boolean functions, that is
functions that can be constructed from constants and variables, using
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union, intersection and complementation. The number of n-place r-
valued Boolean functions of set logic is (2)¥. For instance, for r=2
and r = 3 we find 16 and 64 (respectively) one-place Boolean set logic
functions.

1.2. Set Logic Algebra as Multiple-Valued Logic Algebra

Another way of looking to set logic functions is considering them as
functions over a logic with 2" values which provides a rich collection
of functions over logic with very high radix. We shall see that there
are certain computational advantages in adopting this dual point of
view.

Consider the following situation arising in the synthesis of switching
circuits. We have certain basic elements called gates. Each gate has
one or several inputs and a single output. The gate receives signals on
the inputs and transforms them into the output signal. For simplicity
we assume that all signals belong to the same finite set denoted by
L,={0,...,k —1}, k = 1. The functioning of the gate can be described
by the assignment of the output value f(x) to every ordered n-tuple
x=(xy,...,x,) of input values. Thus the gate realizes a function f of n
variables ranging in the finite set L, with values in L,. In other words,
f maps the Cartesian power L} (of all ordered n-tuples of elements of
L) into L,. Denote by P,(n) the set of all such functions. Thus P (n)
consists of k*" functions. The set P,(n) is called the set of n-ary opera-
tions on L, in universal algebras and the set of n-ary functions of
k-valued logic in multiple-valued logic algebras. The set P, is defined
by P,=U {P(n)|n=1}.

As discussed in [11], every r-valued set logic function can be re-
garded as a k-valued logic function for k£ = 27, as follows. Without loss
of generality we may use characteristic binary vectors to represent the
elements of 2R as binary numbers. A subset Xe2® is represented as
binary number X, X, ...x,_,x,_, determined by x; =1 if and only if
e;eX for 0<i<r—1. Next, X is mapped into the natural number x
which has binary representation x,_; x,_, ... X; X, L&, x=2"1x,_,
+2772x,_,+ ... +2x; +x,. We also refer to x;, 0<i<r—1 as the
i-th coordinate of x.

For instance, for r=2 we have R={eye;} and the elements of
2!} are represented in the following way:
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Set X Binary Repr. x,x, Decimal Repr. x

0 00 0
{eo} 01 1
{e} 10 2
{eg.€1} 11 3
The operations M, U, are represented by the following tables:
v 0123 n 0123 -
0123 0 00O0O0 03
1 1133 10101 12
2 2323 2 0022 21
33333 3 0123 30

In general, x Uy =u and xNy = are determined by u; = max {x;, y;}
and v; =min{x, y;} for 0<i<r—1, while X=k—1—x. We refer to
these functions as union, intersection and complement functions in
P, k=72". For example, for r =3 (i.e. k = 8) we have 3U5=011U101
=111=7,3N5=011N101=001 =1, and 3 =011 =100 =4.

The symmetric difference over 2% will be denoted by @ and is
defined as X @ Y = (X — Y)U(Y— X). If the elements of 2% are repre-
sented as binary numbers, then x@® y =w is determined by w; =0 if
x;=y,and w;= 1 if x; # y;, for 0<i<r— L. This is simply the exclus-
ive or operation in P,, k =2". We have the following table for r = 2:

® 01 2 3
0 01 2 3
1 1 0 3 2
2 23 01
3 3210

1.3. Boolean Set Logic Functions

The set of all Boolean set logic functions is denoted by [C], that is, the
closure of the set C={uU, N, 7, ¢,....c,_;}, Where ¢; is the constant
function i. [B] is the set of Boolean functions obtained from the set
B={uU,N,”} (constants are not involved in their composition). Also,
let [C],(n) be the set of all n-place Boolean functions in P,. The
number of such functions is |[C], (n)| = k¥, where k = 2". For example,
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[[C14(1)] = 16, |[C14(2)] = 4096. [C]([B]) is also referred to as the set
of Boolean functions with constants (without constants, respectively). -

If X,Ye2® then X°=R, X'=X and XY=XNY. As it was ob-
served in [17], p. 37, a (set logic) function b is Boolean if and only if it
can be written as

(X, ...X) =) A?l_._ani‘---Xil,
(i;...1,)

for every X,,..., X,€2%, where A} , are constants in 2% while the sum
is extended over all binary numbers i,...i, (ie. i;,€{0,1} for 1 <j<n)
between 0 and 2" — 1. In the above formula, the sum represents the
extenston of @. For the case n=2, for example, the indices range
between 0 and 3 and we have

b(Xl,Xz):AéoX?Xg(-BASIX?X%@AfoXng@Ale}Xé
=A®AIX, DAIX, D AIX, X,

Almost all set logic functions are non-Boolean. That is, they are not
polynomials of the Boolean algebra of 2R, since they cannot be written
in the canonical polynomial form. Therefore, we cannot construct all
the set logic functions from any subset of C by composition, that is,
subsets of Boolean set logic functions are not complete. On the other
hand, Boolean set logic functions are very cheap functions. In switch-
ing circuits usually the Boolean functions are at our disposal at small
cost, that is, they can be realized using binary standard electronic
circuitry.

If x, yeL,, then we write xy = xM y. Therefore, a (set logic) function
b is Boolean if and only if it can be written as

(X, X)=a,® Y a , X;..%;,

where a, and a; , are constants in L, and the sum is extended over
all subsets {i,,...,i,} of m distinct indices from the set {1,...,n}. The
sum represents the extension of the operation @ over L,. The coeffi-
cients a, and @, , are uniquely determined by the function b. This
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canonical polynomial form is sometime called the Rudeanu formula
or the Zhegalkin polynomial.

2. FUNCTIONAL COMPLETENESS

Completeness properties are of great importance to designers of com-
binatorial logic circuits (which include carrier computing circuits) be-
cause they allow the reduction of the implementation complexity of
the carrier computing circuits.

Investigations of completeness and related topics, which are usually
called functional completeness problems, are directly related to logic
circuit design, and they have a wide area of applications in addition to
their mathematical importance.

The compositions of functions from a set F of (set logic) functions
are precisely the functions that can be realized by combinatorial
switching or logic circuits constructed from gates with transformation
functions from F. A gate is of type f (or realizes f) if it transforms any
input (X, X,,....Xx,)€L!, into a single output f(x;, X, ..., X,) depending
on Xy, X,,...,x, only. Thus the type of a gate is completely described
by a single function of n variables ranging over L, and with all values
in L,. Consider a collection of gates of type f;€ P,. These gates can be
combined into logic circuits by attaching outputs of certain gates to
inputs of certain gates in an arbitrary way so that the resulting circuit
has a single output and no feedback is created. This means that the
single output of such a circuit deﬁnes a function feP, of external
inputs to which no gate is connected. This function can be described
as the composition (or superposition) of the f/'s.

The compositions includes permuting variables in a function, iden-
tifying two variables, and replacing variables by functions from F. If
the functions from F are treated as circuits then the composition is the
creation of new circuits by using the output of some circuits as input
to other ones, where it is allowed to use multiple copies of same
output or to permute input wires. The closure of F, that is, [F],
contains all compositions of functions from F.

A subset F of P, is said to be closed if it contains all compositions
(or superpositions) of its members [18,19], that is, if the formation of
composition does not lead outside F, or equivalently, if [F]=F. It is
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well known that the set of all closed sets ordered by set inclusion is an
algebraic lattice.

For closed sets F such that F < P, (proper inclusion), F is a P,-
maximal set if there is no closed set G such that F< G < P, (ie., P,
covers F in the set of closed sets ordered by <). That is F cannot be
properly extended to a closed subset G of P,.

The first and most natural problem is the characterization of sub-
sets F of P, such that [F]=P,. Such sets are called (functionally)
complete in P,. The algebras (L, F) with F complete in P, are called
primal algebras. Thus F is complete if and only if any function of P,
can be realized by a circuit constructed exclusively from gates realiz-
ing functions from F. That is, a subset F of P, is complete in P, if P, is
the least closed set containing F (in other words, if the functions in F
can produce by composition any function in P)).

A complete set F in P, is called a base of P, if no proper subset of F
is complete in P,. The rank of a base is the number of its elements. The
unique function of a complete singleton set F = { f} is called a Sheffer
function for P; in other words, fis a Sheffer function if { f } is a base (of
rank 1).

A first general completeness criterion was given in [20] in 1921.
This criterion, which has been rediscovered many times since, is most
naturally expressed in terms of P,-maximal sets.

THEOREM 2.1 (Completeness criterion). 4 subset F < P, is complete
in Py, if and only if F is a subset of no P,-maximal set.

This is, in some sense, the most general completeness criterion because
it is defined in terms of F only and covers all cases. Thus the complete-
ness problem is solved by the determination of all P,-maximal sets.

To describe the P,-maximal sets, we need the following essential
concept of function preserving a relation (see [19]).

Let h> 1. An h-ary relation p on L, is a subset of L’ (ie., a set of
h-tuples over L,) whose elements are written as columns. Given h rows
n-vectors a; =(a;y,a;,,...,a,) (1<i<h) we write (a,,a,,...,a,) ep to
indicate that (alj,...,a,,j)Tep for all 1<j<n, where T denotes the
transpose (this means that the h x n matrix with rows a,,a,,...,a, has
all columns in p). We say that an n-place feP, preserves p if
(f(ay),f(ay),....f(a,)" €p whenever (a,,a,, -, a,)"ep. Then, the set of
functions preserving p is denoted by Pol p.
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It was observed in [21] that the P,-maximal sets can be best de-
scribed as set of functions preserving a relation see also [22,23]. All
P,-maximal sets are of the form Pol p for some relation p. Their full
description is given in [19,24]. They are grouped into six classes and
[19] formulated the following general completeness criterion.

THEOREM 2.2 (Rosenberg’s General Completeness Criterion). Each
P,-maximal set is of the form Pol p, where p is one of the six following
relations on L,;

R, Every partial order on L, with a least and a greatest element.

R, Every relation (x,s(x))| xeL, where s is a permutation of L, with
k/p cycles of the same length p(k = pr and p prime).

R, Every quaternary relation

{(ay, a, a3,a4)eLﬁlal +a, =a; +a,),

where (L,, +) is a p-elementary abelian group (k=p" and p prime).
R, Every non-trivial equivalence relation on L.
R, Every central relation on L,.
R, Every relation iy determined by an h-regular family T of equival-
ence relations on L, (also referred to as a predicate relation).

A set F < P, is complete if and only if for every relation p described
under R, R, above, there exists an fe F not preserving p.

Let R(k) denote the number of relations in the class R; for 1 <i <6,
and let (k) = X, _, ., R{(k) denote the total number of P,-maximal sets
(i.e., number of relations in P,). In [24] the reader can find a rather
complicated formula for z(k) obtained through a purely combinatorial
argument. The following table contains the number of various types of
maximal sets:

k R, R, R, R, R, R, n(k)

2 1 1 1 0 2 0 5
33 1 1 3 9 118

4 18 31 13 40 7 82

5 190 6 6 50 335 36 643

6 3285 35 0 201 11490 171 15182
7 88851 120 120 875 7758205 813 7848984
8 3640440 30 4138 549758283980
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As k grows, most of the relations belongs to the class R, and n(k)
increases very rapidly.

3. BOOLEAN COMPLETENESS IN SET LOGIC

Using only Boolean functions, one cannot achieve functional com-
pleteness in many-valued set logic (i.c., the case r = 2). The Boolean
algebra (2%, 9, R, U, M,”) is not functionally complete except for the
case r = 1. A variation on the definition of functional completeness is
then the concept of Boolean completeness in which we allow the use
of Boolean functions in the compositions of non Boolean functions
from a given subset F of P, — [C]. In the sequel, we let S(n) denote the
set of n-place functions of a given set S and assume k =2".

In [1, 25-29] the question of constructing all set logic functions
using Boolean functions is studied. Boolean functions are those com-
posed from the set {U, N, ,cq,¢y,...,¢,_,}, Where ¢; is the constant
function i. Since the set is not complete (except for k < 2), some func-
tions are added to the set of Boolean functions to form a complete set.
Boolean set logic functions (which are a small fraction of the collec-
tion of set logic functions) are very important set logic functions,
because they can be realized using binary standard electronic cir-
cuitry. In these considerations Boolean functions are considered cheap
elements in the design of set logic functions. Following these investiga-
tions, it is interesting to characterize all sets of functions which be-
come complete when Boolean functions are added to them.

Let S be a set of cheap functions. In set logic, since we are more
interested to determine the completeness criteria under some set of
Boolean functions, we assume S to be a non empty subset of C. A
maximal set F in P, is said to be S-maximal in P, if SC F. A subset F
of P,~[S] is said to be S-complete in P, if the set S\UF is complete in
P,. An S-compilete set F in P, is called a S-base of P, if no proper subset
of F is S-complete in P,. The rank of a S-base is the number of its
elements. A function feP, is S-Sheffer (or Sheffer with S functions) for
P, if {f}US is complete in P,, or equivalently, if {f} is an S-base (of
rank 1) of P,. For example, bio-output [1], conversion [30] and literal
[28] functions are respectively {\,”,—, constants}-Sheffer, {{,”, con-
stants}-Sheffer, and {U, M, constants}-Sheffer, respectively.
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In [6] the following general result is obtained.

THEOREM 3.1 (General S-Completeness Theorem). A subset F of
functions in P, is S-complete in Py if and only if it is contained in no
S-maximal set in P,.

We saw in the previous section that there is an exponential (in k)
number of P,-maximal sets divided into six classes R;—R,. We refer to
these classes also as partial order, self-dual, quasilinear, equivalence, cen-
tral and predicate classes of maximal sets, respectively. To determine
which of the (k) maximal sets are S-maximal sets, it is sufficient to check
for each of them whether it contains all S-functions. The general solution
to the S-completeness problem is then to find the S-maximal sets.

In the search of S-maximal sets, the following theorem is very use-
ful. Let a three-place majority function be any function f that satisfies
the following property: f(x, x, y) =f(x, y,x) = f(y, x, x) for any x and y.
One such function is

fxp2)=(xny)UxNz)UyNa)

The following result is obtained in [31].

THEOREM 3.2 If a closed set can be described as set of functions preserv-
ing an h-ary relation p and it contains a majority function, then h<2.

The next result (see [7]) follows from Theorem 3.2.

COROLLARY 33 If {U, N} S5, then there is no S-maximal set in the
quasilinear and predicate classes and no S-maximal set corresponding to
h-ary central relations for h > 3.

For S Boolean, two cases of S-completeness have been studied in
literature and known as the problem of C-completeness (§=C = {u,
M, =, CosCys...rCy_ 1)) and B-completeness (S=B= {u,N,7}). The
C-completeness, called weak completeness in [11] and Boolean com-
pleteness in [12] (with the same meaning), determines the complete-
ness criteria in set logic under compositions with C functions while the
B-completeness problem studied in [6] determines the completeness
criteria in set logic under compositions with B functions.

Note that, in general, S is not necessarily a Boolean set and also k is
not necessarily a power of 2. Earlier known S-completeness theorems
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cited in the survey paper of [19] are given in [32,39] for S containing
only constant k-valued logic functions (for any k). There are few re-
sults known in literature other than completeness with Boolean func-
tions. Nevertheless, these results are from a more general concept of
S-completeness called relative completeness.

3.1. Relative Completeness

Relative completeness (or R-completeness) is first mentioned and
studied in [40]. To describe R-completeness, we need the following
definitions. Define the i-th projection of arity n by #*(x,....,x,) = x, for
I <i<n. Let I, denote the set of all the projections over L,. F < P, is
a clone of operations on L, (or clone for short) iff IT, = F and F is
closed. All the clones on L, form a lattice. The clone generated by
F < P, 1s the closure [FU Pi,]. It is well known that F < P, is com-
plete if [F UII,] = P,. Let R be a clone and F < P, — R. F is complete
relative to R (or R-complete) iff the clone [F\U R] equals P,.

The definition of R-completeness is almost the same as that of
S-completeness; the only difference is that R is a clone. However,
R-completeness is a generalization of functional completeness, because
every functionally complete set F is IT,-complete. On the other hand,
an S-complete set F is a functionally complete set G = F\U S which in
turn is II,-complete. The concept of R-completeness is then much
more general than that of S-completeness.

Let R be a clone. A maximal set F in P, is R-maximal in P, if
R < F. R-maximal sets are also called maximal clones. A R-complete
set F in P, is an R-base of P, if it does not contain any complete
proper subset. The rank of an R-base is the number of its elements. A
function fe P, is R-Sheffer for P, if {f} is an R-base of P,.

The following theorem [40], analogous to the Post’s completeness
criterion, gives a necessary and sufficient condition for F to be R-
complete.

THEOREM 3.4 (R-completeness criteria). The set F < P, is R-com-
plete if and only if it is contained in no maximal clone in P,.

Therefore, the technique used to determine R-completeness criteria
is exactly the same as that of S-completeness; search for R-maximal
sets in the six Rosenberg classes of maximal sets. In [40] R-complete-
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ness criteria are obtained for R = {min(x,y}, X} and R={%,x**"},
where ¥ =x + 1(mod k) and, x**V=k—1 if x=k—1 and 0, other-
wise. We won’t cover all the known results in R-completeness as this
will be out of the scope of set logic algebra.

4. C-COMPLETENESS AND B-COMPLETENESS IN SET
LOGIC

In [11] a full description of C-complete sets, C-bases and C-Sheffer
functions in P, is given. In [12] the general case of arbitrary r is
studied and it is proved that there are 2"—2 C-maximal sets in r-
valued set logic, all defined by some equivalence relations. In [5] the
classes of functions under compositions with C-functions are deter-
mined, and the C-bases and C-Sheffer functions for Py are enu-
merated. The reference [6] presents the B-completeness criteria and
proves that there are BI(r) + 2" — 3 B-maximal sets in r-valued set logic
(where BI(r) is a Bell number, that is, the number of set partitions of
the set R), defined by Bl(r) — 1 central relations and 2" — 2 equivalence
relations. These are all known results on C-completeness and B-com-
pleteness. The full description of B-complete sets, B-bases and B-Shef-
fer functions in P, and Pg is given in [7,41].

The following table constructed from results obtained in [6,12]
shows the Rosenberg classes containing B-maximal or C-maximal sets
(by entry 0) or not (by entry 1).

R, R, Ry R, Rs R,
B 11 10 0o 1
C | 1 10 1 1
Reference [12] [6,12] [12] [6,12] [12] [6,12]

In contrast to other classes of Rosenberg relations, some of the
equivalence relations are preserved by operation from [C] or [B].
Constant functions trivially satisfy any equivalence relation and thus
the analysis of C-maximal sets from [12] can be applied in the B-
completeness criteria, meaning that a maximal set from equivalence
relation is B-maximal if and only if it is C-maximal. So, B-maximal
sets from equivalence relations are equivalent to C-maximal sets.
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There are k—2 B-maximal sets and k —2 C-maximal sets in the
equivalence class R,.

For convenience, we denote the equivalence relations by e,
1<i<k—2, and the corresponding C-maximal (B-maximal) sets by
E; = Pol ¢, The relation ¢; is defined as follows. Each equivalence class
of ¢ is a set interval [x,x\Ui], where xNi=0 and < is the set
inclusion (a € b iff a,, <b,, for 0 <m <r—1). There are 2’ equivalence
classes of ¢;, each containing 2"~ elements (¢ is the number of 0s in the
binary representation of i). For example, for r = 3 the six equivalence
relations which are preserved by all [C] and [B] functions are the
following:

&1 ={(0,1), (2,3), 4,5), (6,7}
&, ={(0,2), (1,3), (4,6), (5,7)}
&3 ={(0,1,2,3), (4,5,6,7)}
&4 = {(0’ 4)’ (1’ 5)’ (29 6)a (3’ 7)}
es=1{(0,1,4,5), (2,3,6,7)}
g6 ={(0,2,4,6), (1,3,5,7)}

For r =2 we have 2 equivalence relations

e = {(0.1), 2,3))
&y, = {(0’ 2)9 (la 3)}

The c-th coordinate i, of i is called fixed (free) if i, =0(,=1). All
elements of an equivalence class have the same c-th coordinate when-
ever c is a fixed coordinate (i.e., if x and y are in the same equivalence
class of ¢; and i, =0 then x,=y).

If the elements of L, are drawn as edges of an r-dimensional hyper-
cube then the equivalence relations ¢; are all partitions of the hyper-
cube into equal size subcubes. The subdivision is uniquely determined
by the subcube containing 0, and the subcube containing 0 is uniquely
determined by its largest element (between 1 and k —2).

Only some unary central relations from R, are preserved by [B]
functions. The unary central relations are all non empty proper sub-
sets of L,. Let Bl(r) be a Bell number, that is, the number of set
partitions of a set R with r elements. Let y be a unary central relation.
The relation y is any subset of L, having the following properties: if
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aey then aey; if a,bey, then anbey. Each element of y is a subset of
R={eye;,....e,_}, where ¢; is 0 or 1. Thus, y corresponds to a subal-
gebra of Boolean algebra on R. Every set partition of R defines one
such subalgebra as follows. If e, and e, are in the same class of given
set partition then they either both are 0 or both are 1 in each element
of 7; y contains all such elements (therefore 0 and k —1 in all cases).
Every set partition (except the trivial one when all elements are in the
same set) defines one subset y corresponding to a B-maximal set.
There are Bl(r)— 1 B-maximal sets in the central class Rs.

We denote the unary central relations by y; for 0 <j <Bl(r) — 2, and
the corresponding B-maximal sets by C;=Pol y; The number of
elements in y; is 2™ where m is the number of equivalence classes in the
set partition, 1 <m<r—1. For convenience, we let y, = {0,k —1} de-
note the first unary central relation and also let C, = Pol y, be the
corresponding B-maximal set. For example, for r =3 there exists four
unary central relations which are preserved by all [ B] functions:

70 =107}
’YI = {05 1963 7}
'})2 = {09 2, 55 7}

’)’3 = {0, 37 4: 7}

For r = 2 we have only one central relation y, = {0,3}.
The next theorem was obtained in [6,12].

THEOREM 4.1 For k=2", P, has exactly Bl(r)+k—3 B-maximal
sets and k — 2 C-maximal sets.

In the search for S-maximal sets, one could use Theorem 3.4 as a
mean to reduce the search. This was done in [6] for B-maximal sets.

Applying the general S-completeness theorem we obtain now the
B-completeness and C-completeness criteria. A subset F < P, — [B]is
B-complete in P, if and only if F — C; #@ for 1 <i<Bl(r)+ k — 3 (see
[6]). A function f is B-Sheffer in P, if and only if f¢C; for
1<i<BI(r) +k—3. A subset F< P, —[C] is C-complete in P, if and
onlyif F—E;#0 for1<i<k—2(see[12]). A function f'is C-Sheffer
in P, if and only if f¢E; for 1 <i<k—2.

Once the completeness criteria are known, the intersection proper-
ties of S-maximal sets usually determine the S-complete sets, the S-
bases and the S-Sheffer functions.
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5. THE INTERSECTION PROPERTIES OF C-MAXIMAL SETS
AND B-MAXIMAL SETS IN SET LOGIC

We begin by discussing intersection properties of C-maximal sets. The
following theorem [5] enumerates the number of n-place r-valued set
logic functions in each C-maximal set.

THEOREM 5.1 We have |E(n)| = 2" 92" 4 12,

The equivalence relation ¢; is maximal {minimal) if the binary repre-
sentation of i has exactly one bit 0 (one bit 1, resp.). For example, for
r=3, &5 is maximal and ¢, is minimal. The intersection of all C-
maximal sets defined by maximal relations only (or minimal relations
only) gives the set of all [ C]-functions (see [ 5]). Furthermore, the most
interesting result from [5] is that the intersection of all k — 2 C-maxi-
mal sets is exactly the set of all Boolean functions. This determines the
place of the closed set of all Boolean set logic functions in the lattice of
all closed sets of P,.

Next we mention intersection properties of B-maximal sets. Proper-
ties given in [5] involve only equivalence relations; the maximal sets
are C-maximal sets. Since the C-maximal sets are B-maximal sets
defined by equivalence relation, then the intersection properties given
in [5] are also applicable to all such B-maximal sets. Some properties
involve B-maximal sets defined from unary central relations. In the
sequel, we let B, denote any B-maximal set for 1 <s<Bl(r)+k —3.
The following theorem (see [7, 41]) enumerates the number of n-place
r-valued set logic functions in each B-maximal set defined by a unary
central relation j.

THEOREM 5.2 We have |C(n)| = |y[""-(27)*" .

If ¢ is a non-maximal equivalence relation and y;,= {jl0 =j<i}
U {jlicj<k —1} then Pol y, is B-maximal [41]. This result gives a
procedure to construct central relations (corresponding to B-maximal
sets) from equivalence relations. The equivalence classes {j|0<j<i}
and {ilicjck—1} are always in the non maximal relation ¢
(for convenience, we say that y, is defined from ¢;). There are r maxi-
mal equivalence relations and thus, in general for r=3, k—2—r
central relations corresponding to B-maximal sets are constructed in
such a way. For example in P, there are 14 central relations and
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10(= 16 — 2 — 4) among them are defined from 10 nonmaximal equi-
valence relations corresponding to B-maximal sets. (It is easy to see
that 7, contains 2"~'*! elements.)

Few properties in [41] involve only unary central relations. Such
results are summarized here: if Pol y and Pol y’ are B-maximal from
distinct central relations then Pol(yM+y’) is also B-maximal and,
Pol ynPol y” < Pol(y ny).

Let M By(n) be the intersection of all B-maximal sets. In [41] it is
shown that | Byn)|=2?" and thus the size of the intersection is
independent of r (or k). Moreover, for n =1 the four [B]-functions
preserving all relations are: the constant function f(x) = 0, the identity
function f(x)=x, the complement function f(x)=k — 1 —x, and the
constant function f(x)=k — 1. Furthermore, B,(n), the set of all n-
place [ B]-functions in P,, is contained in M B(n) and then the inter-
section of all B-maximal sets gives the upper bound for the number of
all Boolean functions without constants in P, (cf. [41]).

6. CLASSIFICATIONS AND ENUMERATIONS OF n-PLACE
SET LOGIC FUNCTIONS

Intersection properties are used as a theoretical mean to classify all set
logic functions according to the S-maximal sets they belong to. The
functions in P, may be classified by their membership in the S-maxi-
mal sets, leading to a natural classification of S-bases into equivalence
classes (called aggregates). [7] described algorithms for facilitating the
classification and enumeration of (éet logic) functions based on the
given completeness criteria.

Let M,,...,M,, be m S-maximal sets determined by the S-complete-
ness criteria. As mentioned previously, a subset F of P, is S-complete
in P, if and only if for each i, 1 <i<m, F — M;# 0 or in other words,
there is feF such that f¢ M,. Define the map ¢:P,— {0,1}" by setting
¢o(f)=d,---d,, whered,=0if fe M,and d,=1if f¢ M, We call ¢(f)
the characteristic vector of f. If ¢(f) = ¢(g), then we write f = g. Clear-
ly=is an equivalence relation on P, and so it partitions P, into
pairwise disjoint equivalence classes. Note that for f= g we have either
fr9eM;or f,g¢M; for all 1 <i<m. We write AB for AN B, A° for 4
and A' for A (where A,Bc P,). Clearly, each class is of the form
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M4 M, where d,....,d,&{0, 1). If a set F is S-complete, then replacing
a function f in F by any function in its equivalence class results in
another S-complete set. Therefore, the study of the characteristic vec-
tors provides information on the intersection properties of families of
S-maximal sets.

In general, the number of possible classes (characteristic vectors) of
(set logic) functions is 2", where m is the number of S-maximal sets in
P,. So, for large m (say, m > 8) it is better to use a computer program
to generate most classes and enumerate (or generate) the functions in
each class, in order to find the intersection properties in a fast way
and also to seek for complete sets (S-bases and S-Sheffer functions) (cf.
[41]). For such large m, classifying functions using only the intersec-
tion properties is truly tedious. Moreover, we must find the intersec-
tion properties of S-maximal sets first, which is not very easy for large
m. In the other hand, using computer programs we can obtain at the
same time the classes of functions and also those intersections proper-
ties which decide which classes are empty.

In [5,11] the set logic functions are classified according to the C-
maximal sets to which they belong to. In [5] specific results are ob-
tained for r =2, while in [11] similar results are obtained for r=3.
Computational results for both cases are included in [41], which agree
with the theoretical results in [5,11].

The following combinatorial result is presented in [5,41,11].

THEOREM 6.1 There exist 4 (29) classes of functions of 2-valued (3-
valued, resp.) set logic under compositions with C-functions.

Another combinatorial result included in [5,31] is

THEOREM 6.2 There exist 8 (200) classes of functions of 2-valued (3-
valued, resp.) set logic under compositions with B-functions.

7. CLASSIFICATIONS AND ENUMERATIONS OF S-BASES
AND S-SHEFFER (SET LOGIC) FUNCTIONS IN Py

Once we have all the nonempty classes of (set logic) functions, we can
discuss the S-completeness properties in Py in terms of these classes
instead of individual functions; if a set is S-complete, then by replacing
a function in the set by any function in the corresponding equivalence
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class yields another S-complete set. If fe F = P, and f =g, then clearly
F is S-complete in P, if and only if (F — {f}) U {g} is S-complete in P,.
In other words, it suffices to study the S-completeness in P, up to the
equivalence =. It is easy to see that F < P, is S-complete in P, if and
only if s=X{¢(f)|feF} (bitwise or operation) has all coordinates equal
to 1 (i, in decimal, s =2"— 1, where m is the number of S-maximal
sets in P,). Once we know all the characteristic vectors, we can find all
S-complete sets in P, and all S-bases by a direct combinatorial check. If
we associate A4 = {ils;=1} to s,...5,€{0,1}" and if A,,..., A, are the
subsets of {1,...,m} corresponding to the characteristic vectors, the S-
completeness problem is reduced to the listing of subsets of 4,,..., 4,
covering {1,...,m} and the basis problem to the listing of such coverings
which are irredundant (no proper subset covers {1,...,m}).

Let m be the number of S-maximal sets in P,. A set of (set logic)
functions F={f,,....f,} is called nonredundant in P,, if for each
i, 1 <i<s, there exists an S-maximal set M, in P, I<j<m which
does not contain f; while all the other functions f; (1<t <s, t#1) are
clements of S;. In other words, F is nonredundant if and only if for
each geF the sum s =X {¢(f) |feF — {g} (bitwise or operation) has at
least one 0 coordinate (nonredundancy condition). We call nonredun-
dant incomplete sets simply addable. The rank of a addable set is the
number of its elements. A class of S-bases, also called an aggregate is
the set of all S-bases having the same set of characteristic vectors. For
an S-base, its class of S-bases is the set of classes of functions for
functions belonging to the S-base.

Conditions of S-completeness and nonredundancy of a set F can be
conveniently expressed by using characteristic vectors of set logic
functions belonging to F. From the definitions of S-completeness,
nonredundancy and S-bases, it follows that there are two conditions
for F< P, to be an S-base: S-completeness and nonredundancy. An
S-base corresponds to a minimal cover of (,...,1) (unit vector), and an
nonredundant set corresponds to a minimal cover of some non-unit
vector in which some 0’s may occur (except null vector). Using the
bitwise or operation V for characteristic vectors

(@greresy) V (brsosbp)=(ay V bys..vay V by,

criteria for the S-completeness and irredundancy of a set {c,, ...,c,} of
characteristic vectors are respectively the following (cf. [42]):
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¢, V...V ¢ =(1,...,1) S-completeness

o V..Ve#e V..V Ve, V.. .c irredundancy

-1

If we have a complete list of characteristic vectors for non empty
classes of (set logic) functions of a set, we can enumerate all its aggre-
gates. As an example, assume a set M contains 4 S-maximal sets
M, M, M5, M, and 6 classes of (set logic) functions:

0011 0100 1000 0010 0001 0000

For instance, the first class is the set M, M, M,M,, where
M;=M — M, M has exactly two aggregates {1,2,3} and {2,3,4,5}.
Bitwise or operation for the set {1,2,3} results in 1111 ((S-) complete-
ness). Bitwise or operation for the set {1,2} results in 0111, for the set
{1,3} results in 1011 and for the set {2,3} results in 1100 (nonredun-
dancy). The set {1,3,4} is redundant, because applying the bitwise or
operation to the sets {1,3,4} and {1, 3} give equal results (1011).

On the basis of a backtrack procedure for lexicographic enumeration
of all subsets of a set of n elements, algorithms using the S-completeness
and irredundancy conditions are described in [7,42]. These algorithms
determine all S-bases consisting of n-place functions from a given S-
complete set in P, and enumerate all classes of S-bases in P,. The lexi-
cographic algorithm enumerates classes of S-bases for every rank at the
same time. Moreover the maximal ranks of S-bases are automatically
given as a result. They are applied in the determination of C-bases and
B-bases of P, and Pg (cf. [7]); some computational results thus obtained
for the case S = C coincide with some theoretical results given in (5, 11).

Classification and enumeration of (classes of) S-bases can be
achieved also by a purely theoretical way. However as for classifica-
tion and enumeration of functions, it is much more difficult for large m
particularly when enumerating S-Sheffer functions for P, by applying
the principle of inclusion and exclusion. This is also true in finding
theoreticaly the maximum rank of a S-base given large m. However,
from Theorem 3.1 it follows that the maximum rank of any S-base in
P, is less than or equal to m. The rank of any C-base of P, (P,) is
between 1 and 2 (1 and 4, resp.), cf. [5,11] (in [7] these results are
verified using a computer program). Also from [7], the rank of any
B-base of P, (Py) is between 1 and 3 (1 and 7, respectively).



SET-VALUED LOGIC ALGEBRA 203

Suppose we have m S-maximal sets M,,...,M,, then an n-place
function f is S-Sheffer for P, if and only if f¢ M, for 1 <i<m, that is,
iff feP(n)—(M,(n)v...0 M, (n). The number of n-place S-Sheffer
functions is |P,(n)—(M (n) U...U M, (n)|. If m is small (m < 7) and the
cardinality of the M’s is known, the number of S-Sheffer functions for
P, can be usually calculated using the principle of inclusion and exclu-
sion and the known knowledges on the intersection properties of these
S-maximal sets. For large m (say m = 8) it may be hard to use this
principle because of the large number of intersections to consider. In
that case, it may be sufficient to estimate the number of S-Sheffer
functions, that is, find a lower bound and an upper bound on that
number.

In [11] the following result is obtained.

THEOREM 7.1 The number of C-bases of rank two containing n-place
Sunctions in P is

222n+1+2n+1_ 222n+2n+1+2n+] + 22n+:

The number of n-place C-Sheffer functions in P is
221"”__ 222"+2"+1 + 2+1

In [5] a similar result is obtained for Pg.

THEOREM 7.2 The number of n-place C-Sheffer functions in Py is:
8% — 3.2% 4% — 34 2% 4 627 2% 4 34427 — 624277 4 287

It is easy to see that the ratio of n-place C-Sheffer functions over all
n-place set logic functions approaches ! as n grows. Therefore almost
all set logic functions in P, and Py are C-Sheffer functions.

In general, the number of S-bases of P, consisting of n-place (set
logic) functions in an aggregate can be calculated as product of the
numbers of n-place functions in the classes of functions determined by
the characteristic vectors. Summing these numbers for all aggregates
for a rank we obtain corresponding data for the S-bases of the rank
and finally the number of all S-bases consisting of n-place set logic
functions. In [7] the following tables for r =2 and r = 3, respectively,
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are constructed; they show the number of C-bases of P, and P con-
taining one-place functions for a given rank.

Rank 1 2

Number of C-bases 144 2304
Rank 1 2 3 4
Number of C-bases in Py 15894144 2020225024 458900576 889192448

In [7,41] the following result concerning B-Sheffer functions is ob-
tained.

THEOREM 7.3 The number of n-place B-Sheffer functions for P, is
45 _ QFHY L 92" 42" + 22"+1 + 24"+1 7

In Py it becomes hard to apply the principle of inclusion and exclu-
sion to find the number of 3-valued B-Sheffer functions. This is due to
the large number of intersections of B-maximal sets: there are ten
B-maximal sets in Py and then 1013 intersections. However, in [7,41]
an estimation the number of B-Sheffer functions by an interval is
given, that is, a lower bound and an upper bound are found. To
compute the upper bound and the lower bound they obtain the num-
ber of functions which are in no B-maximal sets defined from central
relations on Lg. Next, they consider the number of functions which
are in no B-maximal sets defined from equivalence relations on Lg;
this number is given in [5] as the number of n-place C-Sheffer func-
tions of 3-valued set logic (as we have explained, a C-maximal set
from [5] is also a B-maximal set). The upper bound and the lower
bound can then be determined using these two quantities. Let C(n)
denote the set of n-place functions preserving unary central relations
on Lg (i, U Cyn),j=0, 1, 2, 4) and let E(n) denote the set of n-place
functions preserving equivalence relations on Lg (e, U E;(n)i=1, 2,
3,4, 5, 6). Also we let C(n) (E(n)) be the set of set logic functions not
preserving any unary central relations (equivalence relations, respect-
ively). E(n) is simply the number of n-place C-Sheffer functions for Py.

THEOREM 74 (in [7, 41]). The number of n-place 3-valued set logic
functions which are in no B-maximal sets defined from unary central
relations on Lg is

[C(n)] = Py(n) — C(n) = 8% — 2285~ 2" _ 34488~ #' | 30244~ 288"~ 4"
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In the same references the following result is shown:

LEMMA 7.5 Let Sh(n) denote the set of n-place B-Sheffer functions in
Pg. We have

[C)] — |E(n)| < ISh(n)] <IC(n)] <[EMm)L.

The ratio of all n-place B-Sheffer functions for P, over |P,| and the
ratios

[CI—|Em)] __; 1C)]
|Pg(n) |Pg(n)|

approach 1 when n— oo and therefore, almost all 2-valued and 3-
valued set logic functions are B-Sheffer functions.

In [7] the following tables for r = 2 and r = 3 are given, respectively.
The first table shows the number of B-bases of P, containing one
place functions for a given rank. The second one shows the number of
aggregates for a given rank in Pg.

Rank 1 2 3
Number of B-bases 108 5184 1728

Rank 1 2 3 4 5 6 7
Number of aggregates 1 4301 150973 230632 40166 1496 9

8. APPROXIMATION PROPERTIES IN SET LOGIC

Boolean set logic functions are important because they can be realized
using binary standard electronic circuitry. Therefore, we need to be
able to decide whether a set logic function is Boolean and, in the
negative case, which is the most likely situation, to be able to approxi-
mate portions of the graph of non Boolean functions by graphs of
Boolean functions. This offers the possibility of building hybrid cir-
cuits, that is, circuits that use binary electronic components and non-
binary optical or biological components which correspond to Boolean
and non-Boolean functions, respectively.
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8.1. The Equivalence of a Set Logic Function

Results concerning Boolean approximation of set logic functions in
[9] seek to identify partitions of the graphs of set logic functions such
that the blocks of the partitions give the maximal interpolation do-
mains of these functions by Boolean set logic functions. The authors
determined an upper bound on the complexity of bio-circuits that
realize set logic functions. This bound is based on an equivalence
attached to a set logic function such that the classes of the quotient set
of the definition domain with respect to such an equivalence coincide
with the sets on which they can evaluate the function by computing a
value of a Boolean function. The reference [9] contains a list of one-
place set logic functions based on the number of maximal interpola-
tion classes. It might be possible to obtain S-completeness criteria of
sets of set logic functions based on parameters of the attached
Boolean interpolation sets. That is, if a given set F contains non-
Boolean functions, we can first replace (i.e., approximate) all or some
of them by Boolean functions (from corresponding interpolation sets)
and then determine the S-completeness criteria of the new set F’ which
contains the Boolean approximations of functions from F. The prob-
lem here is that if we decide to approximate all non-Boolean functions
of F, the new set F’ may not be complete as it contains only Boolean
functions. The interesting question is how to achieve functional com-
pleteness or S-completeness for such sets.

If f is a one-place Boolean (set logic) function then, for any X, Ye 2%
have f(X)®f(Y) < X @ Y. This property of Boolean function was ob-
tained in [43] and generalized in [17].

A function Fe P,(1) generates an equivalence ~, on 28 Namely,
whenever F(X)@ F(W)= X @ W if and only if F(Y)® F(W)< Y@ W
for every We 2%, then X ~, Y. The equivalence class of X with respect
to ~, will be denoted by [X 1 Let F, Ge P, (1). F and G are equival-
ent if the one-place set logic function h given by h(X ) (X)® G(X)is
a Boolean function. We denote this by F=G and also denote the
equivalence class of F by [F]_.

The role of the equivalence classes of sets is clarified by the next
result from [9].

THEOREM 8.1 Let F:28 2R For every set Xe2® there exists a
Boolean function by : 2% — 2R such that F(Y) = by(Y) for every Ye[X],.
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Further, if F =G then [X], = [X] for every X e2X.

The equivalence classes [ X], of the quotient set 2%/~ , constitute
the sets on which we can approximate any function F of P (1) by
Boolean functions. The set of equivalence classes [F]_ determines a
partition of P,(1) where each class [F]_ of functions gives in fact the
maximal interpolation domain of these functions (from [F]_) by
Boolean functions.

Consider a set logic function F and its corresponding carrier com-
puting circuit C. The results in [9] allow the design of hybrid set logic
circuits (biological and digital, for instance) equivalent to C, in which
the Boolean components of F are implemented with binary circuits
while we retain carrier computing switching devices (e.g., bio-devices)
for computing the non-Boolean components of F. This enables the
reduction of the implementation complexity of F.

Using an algorithm, the authors give a complete catalog of all 256
functions of P,(1) grouped according to their common equivalence
relations. Consider, for instance, the function F given by F(0)=3,
F(1)=2, F(2)=1 and F(3)=2. Applying the definition of ~, the
classes of the equivalence relation 2lene}/ ~ o are then 0, 1, 2, 3.

8.2. Characterization of Boolean Collections

Boolean collections of sets are collections of subsets of a given set
whose characteristic function is a Boolean set logic function. These
collections are introduced and studied in [13], where combinatorial
aspects of these collections are also explored. Boolean collections ap-
pear to play a role in the approximation of non-Boolean set logic
functions by Boolean functions and, therefore, are relevant in the
study of carrier computing circuits, where set logic functions are used.
These results are useful for characterizing certain testing conditions
involving set logic functions.

Formally, a nonempty collection of sets ¢ = (2%)" is a Boolean col-
lection if there exists a n-place Boolean set logic function f such that
% =%,, where %, = {X e 2% f(X) = 0},

Any singleton set {L} is a Boolean collection, since {L} =%, where
f(X)=X@L for X 2% The set (2%)" is a Boolean collection defined
by the Boolean set logic function f(X,,...,X,)=0 for X,,...,X,e2%
Note that for any set He 2R and any Boolean set logic function f the
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collection € ={Xe(2®)|f(X)=H} is Boolean since we can write
% ={Xe(2®| g(X)=0}, where g is a set logic function given by
g(X)=f(X)® H for all Xe(2®)y".

The set of Boolean collections on (2%)" is closed with respect to
intersection. Indeed, if f and g are two Boolean set logic functions, it is
easy to verify that €,n€,=%,,, where (fuUg)(X)=f(X)ng(X) for
every X e(2%)". This allows for the consideration of the least Boolean
collections that contains an arbitrary collection of sets. Also, note that
if f, g are two Boolean set logic functions, then their equalizing collec-
tion €,_, = {Xe(2®)" | f(X)=g(X)} is also a Boolean collection since
€, -y = €p, Where (f®g)(X)=f(X)Dg(X) for X e(2Fy".

A collection of sets € =2 is Boolean if and only if it is a set
interval [P, Q] = {X €2%|P = X = Q}, where P, Qe 2R,

There exists a bijection between Boolean collections on 2R and pairs
of sets (4, B) such that A = B. Therefore, there are 3" distinct Boolean
collections in 2&.

General Boolean collections are characterized by Theorem 8.2.

THEOREM 8.2 Let f:2% - 2% be a Boolean function given by
FX o X) = Y {AL L X XEI () € (0.1,
The collection C is non-empty if and only if
A U{AN1<ig2"—1}
and it consists of all tuples X =(X 1, ..., X,} that satisfy

Ap—Ap— - — Ay ,CSX,
S (AT AT) — (AT @ AT) — - — (AT, DA%,

Jor 1 <m<n, where
_ +1 +1
A:"_A'an ®Ar2"i+1Xm+1

forl<m<n-—1.

COROLLARY 8.3 There are exactly (2" —1)" non-empty Boolean col-
lections. For each such collection €, the Boolean function f:(2R)"—2R
such that € = {(X,, .., X )If(X,,...X,) =0} is uniquely determined.
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Consider a collection of sets € = (2%)". Let F be an n-place set logic
function. It is interesting to examine the collections of sets Cr , = 2Ry
for which a Boolean function f:(2%)"— 2R can be found such that
F(X)=f(X) for every X €%. In other words, the problem is to deter-
mine the portions of (28)" where the computation of the function F
can be replaced by the computation of a Boolean function f. Consider
the graph G(F) of F defined as G(F)={(X,,....X,, X, €%
F(X,...X,)=X,.,) Then, G(F) is a Boolean collection determined
by the Boolean function h given by h(X,, .., X, X, )=
f(X,,..,X)®X,,,, where f(X,...X,)=F(X,,...,X,). Tt is clear
that Cy , is a fragment of G(F).

The maximal Boolean collections contained in the graph of non
Boolean functions give the maximal sets on which we can approxi-
mate these non Boolean functions by Boolean ones. Therefore, S-com-
pleteness properties of non Boolean set logic functions based on the
maximal Boolean collections contained by these graphs present a
great interest for implementation of hybrid circuits (biological and
digital, for example).

9. BIO-ALGEBRAS

A class of algebras called bio-algebras were introduced in [10].
They represent, in a certain sense, an extension of Boolean rings.
The operations of these algebras are inspired by the works on
biological computing. The authors defined and axiomatized the
bio-algebra and prove that the finite algebras that satisfy the sys-
tem of proposed axioms are functionally complete and incorporate
the expected properties of the bio-pass and the bio-output. Thus,
bio-algebras are primal algebras that are capable of model compu-
tation done by bio-circuits: bio-pass (BP), bio-output (BO) and
bio-complement (BC).

If R={0,...,r—1} is the set of fundamental values of an r-valued
set logic, then every j, 0 <j<r—1 represents a pair substratum-en-
zyme (assuming that we deal with r distinct enzymes). The bio-circuits
mentioned above operate on the power set 2%. The bio-pass is a
two-place function defined by BP(X,Y)=X — Y, that is, by the set
difference. The bio-complement is a unary function given by
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BC(X) =R — X. The bio-output is a two-place function given by

X if vy=0

BOW, 1= {0 otherwise

The bio-pass and bio-complement functions are Boolean set logic
functions while the bio-output is non Boolean. In order to obtain a
natural algebra for this type of operations, in [10] a Boolean ring
2 =(1,0,1,+,) is introduced, that is a unitary, associative ring that
consists of idempotent elements. Such a ring is commutative and of
characteristic 2. In other words we have x + x=0 and x:y = y-x for
every x,yel. The functions bc, bo and bp are defined by:

bp(x,y)=x +xy (1)
x if y=0,

bolx.y)= {0 otherwise @

be(x) =1+ x 3)

These functions are refered to as the bio-pass, the bio-output and
the bio-complement functions on the Boolean ring R, respectively. It
is not difficult to see that the bio-output over a Boolean ring is not a
polynomial of the ring.

In [10] the definition of a bio-algebra is introduced. A bio-algebra is
an algebra 4 =(I,0, 1, bp, bo), where I is the carrier of the algebra, 0, 1
are two zero-ary operations and bp, bo are two binary operations
linked by the following axioms:

BPi) bp(x,x)=0,
BPii) bp(x,0)=x,
BPiii) bp(x,bp(L,y))=bp(y,bp(l,x)),
BPiv) bp(x,bp(y,z))=
bp(1, bp(bp(1, bp(x, y)),
bp(x, bp(1, 2)))),
BPv) bp(bp(x, y),z) = bp(bp(x, 2), ),
BOi) bo(x,0)=x,
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BOii) if y#0 then bo(l, y)=0,
BPOi) bo(x,y)=bp(x,bp(l,bo(l, y)),

for every x,y,zel.

The finite algebras that satisfy this system of axioms are function-
ally complete and incorporate the expected properties of the bio-pass
and the bio-output (cf. [10]). They can be regarded as Boolean alge-
bras equipped with the supplementary operation bo.

10. POWER ALGEBRAS

The reference [4] deals with the question of how much structure 2F
inherits from E, and how. The three kinds of structure he considered
are algebraic, relational and topological. In each case, a specific power
construction is applied in order to obtain the power algebra, power
structure and power space, defined over the power set. The construc-
tions work by defining for every function a corresponding power func-
tion over 2%, for any relation, a power relation, and for any topology a
power topology. (There is also an important intermediate case, which
defines for any relation a power function.)

Algebraic structure is given by functions over the clements of E. An
algebra <E, F) is just a set E endowed with some n-place functions from
a set F. A relational structure is given by relations between the elements
of E. A relational structure <E, R, often just called a structure, is defined
just like an algebra, except that each R element is a n-ary relation. Since
any n-place function is a (n+ 1)-ary relation, the concept of structure
subsumes that of algebra. More generally, a structure may have both
functions and relations. A topological structure is given by a topology,
which is a subset of 2 (containing at least the empty set ¢ and E itself)
constrained to be closed under finite intersections and arbitrary unions.
The elements of the topology are called open subsets of E. Note that
whereas algebraic and relational structure is given between elements,
topological structure is already given in terms of subsets of E.

Each of the power construction in [4] succeeds in lifting significant
part (i.e., properties) of the structure of E to 2*.

A power algebra, as it is conceived, is simply a set logic algebra.
Call the algebra (R, F) a base algebra and let its power algebra be
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(2R 2F% where 27 is the set of power functions defined over the power
set 2R, In [4] certain natural constructions are defined. For example, if
we can multiply any elements x and y of R, then we can also multiply
any elements X and Y of 2% as:

X-Y={xy|xeX,yeY}.

In fact, we can in this way lift any function f over R to a power
function 2/ over 2% This example suggests the following definitions:

1. a) For any set R and any function f: R"— R(n = 1), the power func-
tion 2/:(28)" - 2R is defined by:

(X, X)={f(x)...x,)|x;€ X, for 1 <i<n},

for any X,,...,X, <R

2. For any set R and any constant function f:R%— R, the power
constant function 27: (28)° - 2R is defined by: 2/(@)= {f(©)}.

3. For any algebra (R, F ={f,....f;} >, its power algebra is defined by
QR2F = (21 25,

Note that any power algebra, being based on a power set, is auto-
matically a Boolean algebra under the usual set-theoretic operations.
An alternative notion of power algebras incorporates this feature into
the definition: for any base algebra (R, F), its power algebra is
Q2R {u,m, T}u2F. A study of power algebras defined in this way
would then involve interactions between the power functions and the
set-theoretic functions. Power algebras, therefore can also be viewed
as Boolean algebras with operators, a concept introduced and studied
in [44,45]. ‘

From the definition of a power function we can say that a power
algebra is same as a set logic algebra. However the method of con-
struction of a power algebra (which is not unique) may provide an
answer to the following question: how to construct set logic functions
of an S-complete set? This question can be stated in another way: if a
set F is complete, is 2F S-complete (or, how can we construct 2F such
that it is S-complete, given S<{u,n,”})? Such questions are not
studied in previous papers on set logic algebra.
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11. OPEN PROBLEMS AND FURTHER STUDIES IN SET
LOGIC ALGEBRA

1. Let B,(n) be the set of all n-place [ B]-functions in P,. Determine
|B,(n), i.e., the exact number of such functions in P,. In [7,41]
only an upper bound was obtained.

2. An interesting question is to determine all clones in set logic
containing all Boolean functions (In [6, 11] only maximal clones
are found).

3. There are a number of remaining questions concerning S-com-
pleteness criteria in set logic if certain functions are considered
cheap. Assuming first that S is an arbitrary, nonempty subset of
{u,n, 7, constants}, we are going to determine the S-complete-
ness criteria in set logic for subsets S other than C and B, the
most interesting cases being S ={uU,n}, S$={", constants}, and
S ={"}. Second, S-completeness criteria in set logic for any given
set S, not necessarily Boolean, is left as an open problem.

4. Listing all classes of functions and classification and enumeration
of C-bases and B-bases, C-Sheffer and B-Sheffer functions for
r-valued set logic when r > 4 remains also an open problem for
further study.

5. Recent developments in universal algebra (see [4]) have
stimulated an interest in power structures (power algebras, in
particular), that is, in structures defined on power domains where
operations result by extending the usual operations on the base
domain. It is interesting to explore the possibility of transferring
S-completeness results from operations on sets to similar opera-
tions on power domains. Results from this area should be of
interest for engineers who use functions defined on power sets to
model properties of carrier computing systems.

6. There are open problems on approximation theory in set logic.
In order to design the most economical hybrid circuits (that is
circuits that combine set logic biological or optical components
—carrier computing devices — with standard binary electronic
components) it is necessary to extend the previous classification
of one-place set logic functions based on the number of maximal
interpolation classes (see [9]) to n-place functions, and to characterize
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almost — Boolean set logic switching functions, that is, functions
that have a small number of Boolean interpolation classes. It is
interesting to investigate the metric properties of collections
(classes) of set logic functions, that is, properties that can be
expressed by using suitable metrics. Special attention should be
paid to the possibility of metric characterizations of maximal
clones of S-complete sets of set logic functions.

7. It is also important to design fast (parallel) algorithms for the
search of S-maximal sets in P,, for the classification and enume-
ration of functions and S-bases of set logic, and for cataloging set
logic functions based on their Boolean interpolation properties.
Such algorithms are particularly necessary for r >4 or n = 2.

8. The study of the complexity of set logic functions asks the ques-
tion of how to construct them. The complexity of a function is
defined as the least number of non Boolean components needed
by a set logic circuit that computes the function. The problem is
then to find an S-complete set such that the set logic circuit of the
function have a minimum number of non Boolean components.
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