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ABSTRACT

We present a cost-optimal parallel algorithm for generating n-ary reflected Gray codes, i.e.
variations of m elements out of {0,1,..., n-I} in a Gray code order. It uses a linear array of m
processors, each having constant size memory and each being responsible for producing one part
of a given variation. The algorithm is simple and uses a weaker model of computation than a
recently published algorithm. In addition, it can be made adaptive (i. to run on a linear array
with an arbitrary number of processors) and can be generalized to produce variations out of an
arbitrary set of elements.
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1. Introduction

A binary reflected Gray code of length m is an ordered sequence of 2™ binary
codewords such that any two adjacent codewords differ in a single position. It has been
studied in the literature [1,2] and corresponds to a Hamiltonian path on a hypercube. The
notion is generalized in [3]. An n-ary Gray code of length m is an ordered sequence of

n™ codewords for which adjacent codewords differ in exactly one digit and each digit may
have any value from 0, 1, ..., n-1. One special such order of codewords is called r-ary
reflected Gray code and is defined in [3). We will refer to these codewords as being
variations. A variation of m out of an n element set $={0,1,..., n-1} is a sequence
XJse-es Xy, Such that x; € §, forall i, 1<i<m. Note that repeated elements are allowed.

For example, 23221 and 21033 are both variations of 5 out of a 4-element set. The
number of variations of m elements out of n items is V(n,m)=n". Gray codes of
variations have application in analogue-to-digital conversion of data. Encoding and
decoding for n-ary Gray codes has been studied in the literature: [3] by circuit and [4] by
formulas. In [5] the n-ary reflected Gray codes are generated by converting each codeword
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from the corresponding numeral in the n-ary number systems. Two recursive sequential
algorithms for generating n-ary Gray codes were presented in [6].

There are few parallel algorithms [7,8,9] for generating variations in literature. We
begin by listing some desirable properties of parallel generation techniques.

Property 1. The objects (e.g. variations) are listed in minimal change order, i.e.
two consecutive objects differ as little as possible.

Property 2. The algorithm is cost-optimal, i.e. the number of processors it
uses multiplied by its running time matches - up to a constant factor - a lower bound on
the number of operations required to solve the problem. The time to output each object
in full is counted. Here, optimal sequential algorithms for generating variations run in
O(m * V(n,m)) time, since it takes O(m) time to produce an object.

Property 3. The time required by the algorithm between any two consecutive
objects it produces is constant. A constant time delay between outputs is particularly
important in applications where the output of one computation serves as input to
another. As usual in sequential computation, we assume that a processor requires
constant time to perform an elementary operation. Examples of such operations are
adding or comparing two numbers of log » bits each.

Property 4. The model of parallel computation should be as simple as possible.
Arguably, the simplest such model is a linear array of m processors, indexed / through
m, where each processor i (2 < i < m-1) is connected by bidirectional links to its
immediate left and right neighbors, i-/ and i+, and processors I and m are each
connected to one neighbor. This model is practical, as it is amenable to VLSI
implementation [10].

Property 5. Each processor needs as little memory as possible, preferably a
constant number of words, each of log n bits and hence capable of storing an integer no
larger than ». This implies that no processor can store an array of size », or a counter up
to V(n,m).

Algorithms exist that satisfy these criteria for generating subsets [8] and
permutations [11]. There are a number of known algorithm that satisfy criteria 2-5 but
generate combinatorial objects in lexicographic rather than a minimal change order
[8,12-17], and a number of parallel techniques for generating combinatorial objects that
do not satisfy some of listed properties.

The algorithm presented in [7] generates variations in the lexicographic order,
while satisfying all other properties 2-5. Another algorithm with the same properties is
given in [8] but it works correctly only for 2n>m. The algorithm described in [9]
satisfies all properties except property 4. Namely, [91 uses a linear array equipped with a
reconfigurable bus system. We will show in this paper that the reconfigurable bus
system is not needed to solve the problem at hand, and that the generation of n-ary
reflected Gray codes can be done with an algorithm which is no more sophisticated than
the algorithm [9]. The algorithm in this paper modifies the algorithm [7] to generate
variations in a minimal change rather than lexicographic order.

The algorithm presented in this paper satisfies all properties 1-5.
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2. Generating Variations in Parallel

The n-ary reflected Gray code of variations is defined formally in [3,4,6,9]. We
shall define the same sequence in a different manner (the definition is equivalent to a
theorem in [6]). Let x=x;x5...x,, and y=y;y,...y,, be two variations. Then x<y iff
there exist i, 0<i<m, such that x =Y for j<i and either x j +x5+...+x;_; is even and x; <
y; orxj+xp+ ... +x;_ 7 isoddand x; > y;.

We will now prove that the order is a minimal change order (i.e. satisfied property
1). Let x and y be two consecutive variations in given order, x<y, and let x =Y forj<i
and x;#y;. There are two cases. If x;<y; then X ;=x;+x+...+x; ; is even and y;=x;+ 1.
Thus X;, ; and Y, ; have different parity, since Y;, ;=X;, ;+1. It means that either
Xi4 14170 or x; 1=y; y=n-1 (the (i+I)-th element in x is the maximum at that
position while the (i+1)-th element in y is the minimum at given position, and they are
the same because of different parity checks). Similarly we conclude Y j=Xj+I and X;=y;
for all j>i+1. The case x; > y; can be analyzed in analogous way, leading to the same

conclusion.
As an example, 3-ary reflected Gray code order of variations out of {0,1,2} is as
follows (the variations are ordered columnwise):

000 122 200
001 121 201
002 120 202
012 110 212
011 111 211
010 112 210
020 102 220
021 101 221
022 100 222

Our parallel generation algorithm runs on a linear array of m processors, as
shown in Fig. 1. Processors work synchronously, in SIMD (single instruction multiple
data) fashion.

Figure 1. Linear array of processors

Each processor i is in charge of producing element x; of the m-variation, /<i<m,
0<x;<n-1. By a block of processor i we mean the output of the processor when

x],...,x; are fixed. One block of processor i consists of element x; repeated n™ times.
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It is easy to check that each block of processor i has the same size ™Mt In
lexicographic order, blocks producing 0 (n™ times) , 1 (n™* times), ..., n-1 (n™!
times) follow each other in a cyclic manner. This order of blocks will be referred to as
the increasing order. In a reflected Gray code order, if X;=x;+xp+...+x;_; is even then

blocks are listed in increasing order, since, according to the definition, x jx5.. X Ix’i ..

< xpxp..x; gx"; ... iff x'l- < x";. On the other hand, if Xj=xp+x0+..+%; 1 is odd then

blocks are listed in decreasing (reverse) order: n-1 (™% times) , n-2 ("% times), ..., 0
(n™ times), since, according to the definition, x jxy...x; jx'; ... < xyxg..x; x"; ... iff

x’; > x";. Each series of blocks in increasing order is followed by a series of the same

blocks in the reverse (decreasing) order, and vice versa. This follows from the change of
parity of the sum X; which, for the next block of processor i-/, becomes X ;*1.

Moreover, the output of processor i can be described as being independent from the data
in other processors. Such a behavior can be used to write down a simple parallel
algorithm for generating variations. It is derived from the algorithm [7] by generating
variations x;x,...x,, in lexicographic order, and producing as output the sequence

¥1Y2---Yy Where y;=x; or y-=n-I-x; depending on whether the blocks are currently

generated in the increasing or reverse order, respectively. The algorithm [7] will be
reviewed first, and then we will show how to modify it to generate variations in a
minimal change rather than lexicographic order.

Let s= m- /_lognml Processor s has a special role in the algorithm. For i>s we

have nM i< pMm-S= nflognm [ nlognm 25 = mnf < mn (for some ¢, 0<e<I).
Therefore the number of repetitions of x; in each block of processor i, for i2s, is less
than mn, and the processors may use local counters of size O(log mn) to produce such

blocks. Because m=0(n®), the amount of space required per processor for this purpose is
O(log n), thus satisfying property 5. In this way the generation problem is solved for
Pprocessors i>s.

By contrast, processors i, where i<s do not use local counters for repetitions.
Instead, they continually produce the same element unless they are informed to change
their output. A message for a major update in processors i, i<s, is initiated by processor
s whenever it produces the value n-1 for the first time. Processor s then begins a block

with n""S repetitions of n-1. The message is forwarded toward processors s-1, s-2, ...,
1, advancing one step per variation. Processors i receiving the message will forward it if
x;=n-1, and stop forwarding if x;<n-I. This satisfies the property that the variation

which follows v n-1 n-I ... n-1 in lexicographic order is v+1 0 0 ... 0, for v<n-1. The
message will leave the new value in each processor, as well as the waiting time, i.e.

information about when the major update becomes effective. Because n 5=

nﬁognm L nl”gn’" oE =mn€ 2m > s, there is enough time for the message to visit

all processors i<s before the end of current block of processor s.

What remains is to show how to terminate the algorithm simultaneously in all
processors, immediately after the last variation is produced. A termination flag is
initiated by processor 1 when it produces the value n-1 for the first time. Each processor
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i, i>1, will “accept” the termination flag when it also produces the value -1 for the first
time. This way the termination flag is spread over all processors, and they will
terminate simultaneously when they are supposed to produce O for the first time after
producing n-1. Note that the termination flag has enough time to reach all processors

since n™M-1
algorithm.

The algorithm (7] uses the following variables. The variation which is generated

>m. The termination procedure will remain unchanged in our modified

is denoted x=x;x,...x,,. Counter for repetitions, from 0 to n™M-L, s denoted r;. The
future value of x; and the waiting time for it are named f; and w;, respectively. The
termination flag is denoted ¢;. This algorithm introduces new variables p; and fp;.
Variable p; indicates whether the current blocks of processor i are produced in increasing
(0.1,....n-1, p;= true) or decreasing (n-1, n-2, ..., 0, p;=false) order. Variablefp; denotes
the future value of p;.

This algorithm, modified to generate variations in a minimal change rather than
lexicographic order, can be formally written as follows. Each processor i, from 1 to m,
runs the following program.

{ calculate s;
x;¢0;1;¢-0; w; «0; fie—n; 1;<-0; p;etrue;

if i>s then calculate n'™¢;

repeat

0. if p;=0 then print out x; else print out n-I-x; ;
1. if i2s then {r;e—r;+1; if r;=/"% then

{x;¢=x;+1 mod n;

if x; =0then p; « not p; ; r;«-0}};
2. if i<s andf;=n andf; j<n andx;, ;=n-1

then {f;¢—x;+1 mod n;

if ;>0 then fp; « p; else fp; <~ notp; ; w;ew; 1};

3. if i=s and x;=n-1 andf;=n

then {f;-0; fp; « not p; ; wi<-nm'i+1};
if i=1 and x;=n-I then {;¢-1;
if w;=l then {x;«f}; p; « fp;; w;«=0; fy<—n};
if i>1 and t; ;=1 and x;=n-1 then t;e-1;

Non e

if w;>1 then wi<—wi-1;
until ti=1 andxl=0}

In the above algorithm if statements numbered 1-7 correspond to updating values
in processors i>s, forwarding the message, initiating the message, initiating the
termination flag ¢; by processor 1, setting the new value for x; (major update),
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“accepting” the termination flag, and decreasing the waiting time, respectively. These
statements correspond to statements from algorithm in [7].

The modifications to algorithm in [7] are the following. If statement numbered O
is introduced which determines whether to print x; or n-I-x;, which depends on whether

the current blocks of processor i are generated in increasing (p;=true) or decreasing
(p;=false) order, respectively. The instruction if x; =0 then p; « not p; is added to if

statement numbered 1 to determine, for processors i>s, when the blocks change their
“orientation”, i.c. become decreasing after being increasing and vice versa (it occurs
whenever, in lexicographic order, the value of x; changes from -1 to 0).

The instruction if f;>0 then fp; « p; else fp; « not p; is added to if
statement numbered 2. It determines the future value of p;; the value changes only when
f; becomes 0. Similarly, the instruction fp; « not p; is added to if statement
numbered 3. In addition to the new value for x;, the new value of p; is also due (p; «
fpp) in if statement numbered 5. If statements 4, 6 and 7 and the termination criteria
from [7] remain unchanged.

3. Adaptive Algorithm

The variation generation algorithm can be made adaptive, i.e. to run on a linear
array consisting of an arbitrary number k of processors, in a similar way as other
algorithms for generating combinatorial objects in parallel (e.g. [8,12-17]). If k<m then
each processor will do the job of m/k processors in the original algorithm (all numbers
here are rounded, with some details left out). Otherwise, for k>m, the processors are
divided into r=k/m groups of m processors each, such that each group produces an
interval of consecutive variations. The first and the last variation in each group can be
determined in a preprocessing step by applying known unranking functions (i.e

functions mapping integers 1, 2, ..., ”’" to variations). After determining the initial
variations, the preprocessing should include finding the values of all variables at the
time of generating the initial variation for the group. We omit the details since they are
straightforward. However, the obvious unranking function involves very large integers.
A scheme that does not deal with large integers and yet divides the job evenly among
groups is described for variations in lexicographic orders in [18]. Here we describe
analogous procedure for variations in reflected n-ary Gray code order.

The group j, 1<j<r, will produce objects numbered from [(j-1)V(n,m)/rJ+1 to
LjV(n,m)ir | Thus we need to find the variation indexed [ gV(n,m)_+1 for g=jir, 0sj<r, to
find the beginning and the end of each group. Let g=0.9;%,...a,,a,, , ;... be the number

g written in the number system with the base n, i.e. 0<aj<n-I for 1<i<m. Then the
variation indexed [gV(n,m)J+I is coded as b;b,...b,, where by=aj, b;=a; if
aj+ap+...+a;_; is even and b;=n-I-a; otherwise (2<i<m).

4. Generating Variations from an Arbitrary Set

As a further generalization of our algorithm, we propose the problem of
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generating variations of m elements out of n items of any kind (the solution presented
here runs on the set {0,1,...,n-1} only) such that properties 1-5 are preserved. In [19]
such an extension is described for the case of variations in lexicographic order. The same
extension can be applied for the case of variations in the reflected Gray code order. The
extension is as follows [19].

To generate variations out of an arbitrary setS = {sp, 5y, ..., 5,,_7}, we assume that

processor m stores the whole set S and supplies other processors with the elements that
they should produce. Processor m sends all data from S to processors m-1, m-2, ..., 1 in
a cyclic manner. At each step (that corresponds to producing a variation) processor m

sends the datum from § whose index is one greater than in the previous step (modulo
n). Processor i, for i<m, will read at each step the element from processor i+1. This
process enables the circulation of elements from §, with period 2. The number of
variations in a given block of processor i is at least n for i<m (more precisely, it is

nm'i). Thus there is enough time for each processor to receive the element it is
supposed to produce after its current block is completed. The algorithm is omitted, since

the extension does not differ from the extension presented in [19].
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