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This paper describes a rather efficient algorithm that enumerates nonisomorphic geometrically planar, simply
connected polyhexes (hexagonal systems). It has been implemented in Modula-2 and used to determine
andc lass i f y thepe r t i nen tsys temsw i th l i  < lThexagons .  The resu l t f o rh :17 ,v i2 . ,  1151594643 ,  i snew.
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INTRODUCTION

A classical paper on the enumeration of polvhex h1'dro-
carbonsr dates back to 1968. But it was not befbre 1983
that the Diisseldorf-Zagreb group (Krop and Trinajsti6 with
collaborators), inspired by Balasubramanian et al.,r published
their results3 from compurerized enumerations of geo-
metrically planar, simply connected polyhexes to ir : 10,
where /z is the number of hexagons. The results for lr : 1 I
came from Novi Sad,a while the h : 12 data emerged from
a Chinese-Norwegian collaboration.t Gutman6 emphasized
the difficulties in computations of this kind fbr large ft values
and proposed therefore an empirical function, which was
supposed to reproduce approximate N(ft) numbers of the
polyhexes under consideration. However. his fbrmula, which
was based on exact N(ft) numbers for ft < 1 1, tailed to predict
N(12) with a sufficient accuracy. Therefore. in 1988, Aboav
and GutmanT refined the original formula and incorporated
the exact values known at that time. r.'i2.. those for h < 12.

Now it was time for the Diisseldori-Zagreb group to
regain the hegemony in the computations of the Nfft)
numbers of geometrically planar, simplv connecled polv-
hexes. They publishedE N(13) in 1989 and shonll thereafter
the numbers fore h:  14,  forr0 h:  15.  and i  for  h :  16.
Miiller et al.E deemed the prediction fbr N( l -1 t br Aboav
and GutmanT to be unsatisfactory. We hale come to a
different conclusion in this matter (see below t.

In the present work we achieved the computational results
for N(17). However, the breaking of record was not the onlr.
motivation of this work. On the other hand. this achievement
is a clear indication of the efficiency of the computer
algorithm which was developed, and the main purpose of
this work is just a presentation of this algorlthm. It exploits
several ideas: it generates polyhexes in a limited region of
hexagonal lattice called cage and it generates polyhexes by
generating the boundary line and counting the boundary
hexagons. The algorithm classifies the polyhex hydrocarbons
according to their perimeter length, which was not done in
the cases of h > I I in the works cited above. The present
alsorithm uses the results of the enumeration and classifica-
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t ion of polyhexes according to their various kinds of
s)'mmetr!'. These enumerations were perlormed by separate
programs and are scheduled for future publications.

It may' be argued that a ten-digit number l ike N(17) is of
no interest tbr chemists actually. However, exact numbers
of this kind har e proved to be very useful when it comes to
the classification of polyhexes in different directions. Then
they often break down to reasonably small numbers of
considerable interest. The classification into symmetry
groupsr2 is one aspect of this feature. Another aspect is the
enumeration of C,H, isomers, which is especially important
fiom a chemical point of view. Diasr3 is the pioneer on the
systematization of the chemical formulas (C,,H,) of polyhexes
and has also given significant contributions to thetr enumera-
tion. It has been notedra that a classification of polyhexes
according to the number of intemal verticesr rii, and according
to the perimeter lengthr ri.,, contain the information on C,,H,
isomers. In the present work. a contbined classification into
symmetr-v groups and C,,H. isomers is reported.

BASIC DEFINITIONS

Poll 'hexes. .\ polyhex (system) is a connected system of
congruent regular hexagons such that any two hexagons
either share exactly one edge or they are disjoint.erl
Presently we shall be interested only in the class of
geometrically planar, simply connected polyhexes. A poly-
hex is geometrically planar when it does not contain any
overlapping edges, and a simply connected polyhex has no
holes (see Figure l). In this way the helicenesr516 and
coronoidsrT (molecules with holesrs) are excluded.

The geometrically planar, simply connected polyhexes
have often been referred to as "benzenoids".le-2r These
systems may conveniently be defined in terms of a cycle on
a hexagonal lattice; the system is found in the interior of
this cycle, which represents the boundary (usually called the
"perimeter") of the system. With the aim of avoiding
confusion we have adopted the term "hexagonal system"
(HS)22 for a geometrically planar, simply connected polyhex.

Free and Fixed Hexagonal Systems. Following Re-
delmeier2r we introduce the notion of free and fixed HSs.

1995 Arncr icarr  Chemieal  St le i r ' t t0095-2-r38/9-5/ l 635-01 8l $09.00/0 0



182 J.

Figure 1. A geometrically
thexagona l  sys tem)  w i th  f t  :

I 995

planar, simply connected polyhex
i l  hexagons (hatched).

ToSrc rr ,q,l

N(.G,h), where G indicates the symmetry group. Then

H(h): N(D6h,h) + 2N(c6h'h) + 2N(Dvh'h) +

4N(C3h,h) + 3N(Dzh'h) + 6N(C2h,h) + 6N(C2',,h) +

r2N(C.,h)

For the free HSs,

N(ft) : N(D6h,h') + N(C6t,h) + N(C6h,h) + N(4h,h) +

N(C 3h,h) + N(D" t,,h) + N(C 2h,h) + N(C ),,h) + N(C,,h)

Now, for a given ft, the numbet H(h) and the seven
numbers N(.G',h) are computed, where G' should run through
all the symmetry groups except C.. Next, the above two
equations are used to determine the two remaining unknowns,
N(C.,ft) and N(h).

Known results on the enumeration and classification of

HSs are surveyed elsewhere.25-27 These surveys include

classification according to HSs symmetries. In some cases

these results suffice for our pulpose, and in some other cases

we obtained necessary results. ofien for far greater number

of hexagons or perimeter than required, by separate programs

that wil l be reported elsewhere.

Cages. The easiest $'ay to handle a beast is to put it in a

cage. This is exactly what the present algorithm does. Cage
is a rather regular region of the hexagonal lattice in which

we try to catch all relevant hexagonal systems. This

algorithm uses a triangular cage, the triangle being equilat-
eral. Let cage(/) denote triangular cage with / hexagons

along each side. Figure 3 shows cage(9) and demonstrates
how a coordinate system can be introduced in cage(/).

It is almost obvious that each hexagonal system can be

placed in the cage in such a way that at least one of its

hexagons is on the x-axis of the cage, and at least one of its

hexagons is on 1-axis of the cage. We say that such HSs

are properly placed in the cage.

Let H be a free HS with ft hexagons and let Gn be its

symmetry group. It can easily be shown that H can be
properly placed in cage(ft) in exactly lGgl ways.

Thus we generate and enumerate all HSs that are properly

placed in the cage. Since we know how many times

symmetric HSs have appeared, we can determine easily the

number of all hexagonal systems as explained above. lt

suffices to determine the number of all nonisomorphic HSs

with a given numbers of hexagons, provided we have

enumerated all symmetric hexagonal systems. By doing this,

we avoid isomorphism tests which are considered to be the

most time-consuming parts of similar algorithms.

/tp
Yj

hexagonal systeFigure 2. Two distinct fixed
responding to one free HS

ms (HSs), cor-

Free HSs are considered distinct ifthey have different shapes
(i.e., they are not congruent in the sense of Euclidean
geometry). Their orientation and location in the plane is of
no impofiance. For example, the two systems shown in
Figure 2 represent the same liee HS. Different free HSs
are nonisomorphic. Fixed HSs are considered distinct if they
have different shapes or orientations. Thus the two systems
shown in Figure 2 are different fixed HSs. The key to the
difference between fixed and free HSs lies in the symmetries
of the HSs. Every free HS corresponds to I ,2,3, 4, 6, ot
12 fixed HSs, depending on its symmetry. A HS is said to
have a certain symmetry when it is invariant under the
transformation(s) associated with that symmetry. Thus the
HSs are classified into symmetry groups of which there are
eight possibilities'2021 Dr'n, Con, Dtn, Ctn, Dzn, Czn, Cr,., and
C,. The number of fixed HSs for each free HS under these
symmetry groups are specifically (in the same order) as
f o l l o w s :  1 , 2 , 2 . 4 ,  3 ,  6 .  6 .  a n d  1 2 .

COMPUTER PROGRAMMING

Principles of Computation. Unfortunatell' there is no
general ibrmula for the number of nonisomorphic heragonal
systems with given number of hexagons. Therefore. one can

only enumerate and classify them by using a brute force
approach, fast computers, and algorithms. This paper
presents one such algorithm. It has been used to enumerate
nonisomorphic HSs with h < 17 hexagons and to classify
them according to their perimeter.

In the present computation the symmetry of the HSs was
exploited by adopting the method of Redelmeier.23 This
method was improved in some aspects by using a boundary
code'l'2'r for the HSs.

The exploitation of symmetry involves a separate enu-
meration of the fixed HSs on one hand and free HSs of
specific symmetries on the other.

Let H(h) be the number of fixed HSs with lz hexagons,
while N(ft) is used to denote the number of free (noniso-

morphic) HSs with h hexagons. Furthermore, let ,V(ft) be

split into the numbers for the different symmetries. say

Figure 3. A HS placed in cage(9)
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Irf;* 
O. The central veftex in this configuration is said to be

Reducing the Cage. Cage(ft) is supposed to catch all
properly placed HSs with < lu hexagons. However, it tumed
out that the beasts are not that wild. Almost all hexagonal
systems with ft hexagons appear in cage(ft - 1). This results
in significant speed up due to reduced search space. Those
HSs that cannot be placed properly in cage(lz - 1) can easily
be enumerated according to the following lemma (see also
Table l .

Lemma. The number of HSs with ft hexagons which
cannot be placed properly in cage(/z - l) is 1|f - h -l 412n-t.
Among them there are (h2 - 3h + 2)2t'-a pericondensed
(with exactly one intemal vertex) and (h2 + h + 6)2h I

catacondensed (i.e., with no internal vertex) HSs.
Proof. (a) Pericondensed HSs. Each vertex in the interior

of cage(ft) of the type male (see Figure 4) can be taken as
the only internal vertex of some pericondensed HS properll'
placed in cage(lz) but not in cage(/r - 1). The number of
such vertices is C(2,h - 1) : (S(ft - 1.2)) : F((ft - 1Xft -

2),2), and for each of them the number of HSs with ft
hexagons and with that vertex as the only inner vertex is
2h-3. Hence it follows that the perimeter of all such
pericondensed HSs is 4ft.

(b) Catacondensed HSs. (bl) Branched. Each of the (S(/u
- 2,2)) inner hexagons of cage(lz) can be chosen as the only
hexagon with three adjoint hexagons. For any of (S(h -

2,2)) choices of branching hexagon there are 2r' 3 catacon-
densed HSs with lz hexagons properly placed in cage(/z) but
not in cage(ft - 1). So, there are (S(ll - 2,D)2h-3 such HSs
in total.

(b2) Unbranched. It is easy to see that there are 3.2h-t -

3 unbranched catacondensed HSs containing the corner
hexagon of cage(/z) and 3(1.20 + 2.2t + 3.22 + ...+ (h -

3)2n-1 : 3(h - 4)2' 3 + 3 those without any comer
hexagon. So, there are 3h'2t' I unbranched catacondensed
HSs which can be properly placed in cage(ft) but not in cage-
(h - 1). In total, there are (h2 + h * 6)2r'-a such
catacondensed HSs, all of them having perimeter 2h + 2.

The lemma follows by summing the numbers of HSs in
both cases.

Therefore, we are allowed to use cage(/r - I ) when dealing
with hexagonal systems with ft hexagons.

Table 1 enumerates all occurrences of each HS, not only
occuffences of nonisomorphic HSs. For h : 3 there are
really l0 hexagons that are properly placed (i.e., have at least
one hexagon on the x-axis and at least one hexagon on the

-v-axis), but manage to escape fiom ca-ee(2) by at least one
hexagon.

The Algorithm. The algorithm for enumerating HSs can
be, on the highest level, described as follows:

L initialize cage(h - l) and
2. generate and enumerate all hexagonal systems with ft

hexagons that are properly placed in the cage.
The rest of this section is devoted to accelerations and

optimizations of this idea.
Let p and q be the smallest -r- and y-coordinates (respec-

tively) of all hexagons of a HS when the HS is properly
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Table 1. Numbers of HSs with lz Hexagons Which Cannot Be
Properly Placed in Cage(lz*l) for /r < 18

pericondensed catacondensed total

I
2
3
4
5
6
1
8
9

l 0
l l
t 2
l 3
1 4
1 5
t o
t 1
l 8

0
0
I
o

1 /

80
240
o t t

1192
4608

l  1520
2 8 1 6 0
67581

159144
312736
860 I 60

1966080
4456448

I
3
9

L O
'72

192
496

1218
3012
'7424

t7664
41472
962s6

22tt84
503808

1 130496
255-5904
5701632

I
3

1 0
- )L

96
2'72
136

t920
4864

t2032
29184
69632

r 63840
380928
876544

I 990656
452t984

101-5 8080

placed in cage(h - l). Hexagons with coordinates (p,0) and
(0,q) (with respect to the coordinate system of the cage) shall
be of great importance to us. We shall name them key
hexagons. Therefore, key hexagon on the x-axis has
coordinate p, while key hexagon on the y-axis has coordinate
q. Let H(p,q) denote the set of all HSs with <h hexagons
satisfying the fbtlowing two conditions:

- it is properly placed in cage(ft - l)
- its key hexagons on the .r- and -r'-axes have coordinates

p and q, respectively.
Figure 3 shows one element of H(4,2).
The fami ly  {H(p,q) :  0  < p < h -  2,0 < q < h -  2}  is

a partition of the set of all hexagonal systems that are well
placed in cage(/r - l). Because of the overall beauty of
symmetry, it can be verified that lH(p,q)l : lH(q,p)1, for all
p, q € {0,1,..., h - 2}. Thus the job of enumeration of all
properly placed hexagons has reduced to determining

lH(p,q)l for all p > q. This gives the second iteration of the
algorithm. It is not exactly what we have done. but is very
close to it.

initialize Cage(ft-I);

total := 0;

for 4:= 0 to h-2 do

for p := q to h-2 do

determine H(p.q):

n  : =  H (p ,q ) ;

if p=q then total := total +nelse total := toml + 2n li

o d

o d

Given the numbers0 < p < q 3 h - 2 andcage(/r - l),
determining H(p,q) reduces to generating all hexagons fiom
H(p,ql. We do that by generating their boundary line. A
quick glance at Figure 3 reveals that the boundary line of a
hexagonal system can be divided into two parts: the left
part of the boundary (from the reader's point of view) which
starts on the 1-axis below the key hexagon and finishes at
the first junction with x-axis and the rest of the boundary
which we call the right part of the boundary.

We recursively generate the left part of the boundary line.
As soon as it reaches the.r-axis, we start generating the right
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part. All the time we take care of the length of the boundary
line as well as the area of the hexagonal system. The trick
which gives the area of the hexagonal system is simple:
hexagons are counted in each row separately, starting from

.r' axis, such that their number is determined by their
x-coordinate. Each time the boundary goes up (down), we
add (subtract, respectively) the corresponding .r-coordinate.
It is easy to see that, by following the contour of HS in
counterclockwise direction (i.e., in the direction of generating
HS, see Figure 3), there remain some hexagons out of HS
to the left of the vertical contour line which goes down, while
hexagons to the left of the vertical line which goes up belong
to the HS. The "zigzag" movements do not interfere the
area. Once the generating is over, the area of the HS gives
the number of hexagons circumscribed in this manner. We
have to do this because of useless hexagonal systems.
Namely, during the generation of systems with ft hexagons
that belong toH(p,q) systems with >/r hexagons also appear,
so we have to eliminate them.

Truly speaking, it would be a waste of time (and

computing power) to insist on generating elements of H(p,q)
strictly. This would require additional tests to decide whether
the left part of the boundary has reached x-axis precisely at
hexagon p or not. On the other hand, once we find out we
have reached hexagon, say, ft * 2, why should we ignore to
find H(p + 2,q)? This is why we are going to introduce
another partition of the set of all properly placed HSs.

Given h and cage(i - 1), put H*(4) : t)o-tj-o Hf,4), for
a l l  q  :  0 ,1, . . . ,h  -  2 .  I t is  obvious that  {H*(q) :  0  .  q .  h
- 2] is a partition of the set of all HSs with ft hexagons that
are properly placed in cage(/r - 1). Instead of having two
separate phases (generating H(p,q) and adding appropriate
number to total), we now have one phase in which generating
and counting are put together. All we have to take care of
is to prevent appearances of hexagonal systems from H(p,q)
with p < q. But this causes no overhead, because it can be
achieved by forbidding some left and some down tums in
the matrix representing the cage. On the contrary, introduc-
ing the forbidden turns accelerates the process of generating
the boundary line. Having all this in mind, the third iteration
of the algorithm can be formulated as follows.

As we can see, the algorithm is a school example of
backtracking, thus facing all classical problems of the
technique: even for small values of h the search tree
misbehaves so it is essential to cut it as much as possible.
One idea that cuts some edges of the tree is based on the
fact that for larger values of q there are some parts of the
cage that cannot be reached by hexagonal system with <ft

hexagons but can easily be reached by useless HSs that
emerge as side effect. That is why we can, knowing q, forbid
some regions of the cage.

The other idea that reduces the search tree is counting the
boundary hexagons. Boundary hexagon is a hexagon which
has at least one side in common with the boundary line and
which is in the interior of the hexagonal system we a"re
generating. It is obvious that boundary hexagons shall be
part of the HS, so we keep track on their number. We use
that number as a very good criterion for cutting off useless
edges in the search tree. The idea is simple: a further
expansion of left/right part of the boundary line is possible
if there are less than /r boundarv hexaqons the line has passed

by.

Tosrc L,T AL.

procedure ExpandRightPart(ActuaiPos);

beg in

if EndOfRightPan then

n:= NoOfllexagons0;

if n<ft then

determineP,'

if p=4 then

toal[n] := total[n] +1

e l se

total[n] := total[n] +2

f i

f i

e l se

FindPossible(ActualPos, FuturePos) ;

while RightPartCanBeExpanded ( ActuallPos, FuturePos) do

ExpandRi ghtPan( FuturePos);

CalcNewFuturePos (ActualPos, FuturePos);

o d

f i

end;

procedure ExpandLeftPan(ActualPos);

begin

if EndOf]-efrPan then

ExpandRi ghtPan (RightInitPos(q))

e l s e

FindPossible (ActualPos, FuturePos);

while LeftPanCanBeExpanded (ActualPos, FuturePos) do

ExpandlrftPan (FuturePos);

CalcNewFuturePos (ActualPos, FuturePos);

o d

f i

end ;

begin

initialize Cage(ft-1);

set total[1..fr] to 0;

for 4 :=0 to h-2 do

initialize y-axis key hexagon(q);

ExpandleftPan( LeftlnitPos(q))

o d

e n d .

The third idea that speeds up the algorithm is living on
credit. When we start generating the left part of the
boundary, we do not know where exactly is it going to finish

on the x-axis, but we know that it is going to finish on the

x-axis. In other words, knowing that there is one hexagon
on the x-axis that is going to become a part of the HS, we

can count it as a boundary hexagon in advance. It represents
a credit of the hexagonal bank which is very eagerly
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exploited. Thus, many useless HSs are discarded before the
left part of the boundary lands on the x-axis.

All these ideas collected in one place represent the core
of the algorithm.

procedure ExpandRightPan(ActualPos, BdrHexgns);

begin

if EndofRightPart then

n:= NoOfllexagons0;

if n_<l then

determinep;

if p=q then

total[n] := total[n] +1

e l se

totaUnl '= total[n] +2

f i

f i

e l s e

FindPossible(ActualPos, FuturePos):

while RightPar-rcanBeExpanded ( ActuallPos. FururePos)

and, BdrHexgns <h do

ExpandRightPan( FuturePos, update(B dr H e xg ns));

CalcNewFuturePos (ActualPos, Futurepos)l

o d

f i

end ;

procedure ExpandleftPart( ActualPos, BdrHexgns);

begin

if EndOfleftPan then

ExpandRightPan (RightlnitPos(q), updCredit(B drH exg ns))

e l se

FindPossible (ActualPos, FuturePos);

while LeftPanCanBeExpanded (ActualPos, Futurepos)

andBd rHexgnsS f t do

ExpandleftPan (FuturePos, tpdate(B drH exg ns));

CalcNewFuturePos (ActualPos, Futurepos);

o d

f i

end;

begin

initialize Cage(/r-1);

set total[ 1..]l to 0;

for 4 :=0 to h-2 do

initialize y-axis key hexagon(q);

ExpandlrftPart( lrftlnitPos (q), InitBdrHexgns(q1.1

o d

e n d .
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The Implementation. This paper describes only the main
ideas in the algorithm. Many purely technical things had to
be added in order to make a working computer program out
of it.

The present algorithm has been implemented for IBM PC
compatible computers in Modula-2. The program consists
of five modules and more than 1900 bruto program lines. It
has been used to determine the number of all properly placed
HSs with ft < l7 hexagons in cage(16).

Enumerating all properly placed hexagonal systems with
17 hexagons is a very lengthy process. Thus we had to
divide the task into several smaller tasks; as a matter of fact,
we had divided the enumeration process for h: 17 tnto 191
smaller tasks, which made it possible to run the program on
several sites, namely Novi Sad, Ottawa, and Trondheim.

The parallelization was performed manually, and according
to the natural criteria: the coordinate of the y-axis key
hexagon and. since this was too coarse, according to the
initial piece of the boundary. Instead of setting up the initial
configuration fbr the cage and iterating on all possible values
ol'q (which would yield a number of all hexagonal systems),
this version of the program reads a configuration file, sets
up the cage and other parameters according to information
obtained tiom the file. and then calls the procedure to
gencrate heragonal svstems. An example of a configuration
t i l e  i s  shoun  be low .

: : l e  a a l L e :  1 , 4  l \ .

c u t p u L  ' H 0 6 C i  .  I A T '
. ^ d 6  ^ r d ^ r :  1 t

base hexagon =  6
f o r b i d d e n  n o d e s :

4 , 2  /  5 , 2  /  4 , 3  /  6 , 3  /  5 , 4  /  6 , 4  /  5 , 5  /  6 , 5  /  s , 6
h e x  u s a g e :

3 , 2 : 4  /  4 , 3 : 2  /  5 , 4 : 7  /  5 , 5 : 3
g e n e r a t e  l e f t  p a t h :

s o u r c e  l e f t  :  6 , 2  /  c a m e  f r o m :  w e s t
s o u r c e  r i g h t  :  6 , 6  /  c a m e  f r o m :  w e s t

hexagons :  4
a r e a :  - 2 0

p e r i m e t e r : 1 0 .

RESULTS

The major achievement, which proves the great efficiency
of our program, is the number of nonisomorphic hexagonal
systems with h : l l , viz., N(17) : 1151594643. All the
HSs with h <lJ are classified according to their perimeter
lengths and their sy'mmetries. Thus the present computations
reproduced many nunibers u'hich were known;2s'26 a perfect
consistency was observed throughout. But also a large
amount of original results u'ere produced, in fact too many
to be l isted here. .\n extract is given in the following.

The numbers ir1 C,,H, isomers of HSs are known com-
pletelr lor / l < 1-1 according to a recent review.26 These
numbers had been classified in different ways, but most of
thenr noi according to symmetry. In Tables 2-4 we give
the data of C,,H, isomers for h: 15-11 , respectively. They
contain ori-uinal total numbers for different isomers and are
classified according to the symmetry groups. The numbers
for C, were omitted since they are readily obtainable as
differences.

The coetflcients (n, s) of the chemical formula (C,H.) are
given by the relations n : 4h - ni * 2 : 2h -l (n" /2) * |
and s : 2h - ni I 1: (.n" /2) + 3, where the last expression
is independent of ft. From Tables 2-4 it is apparent that
the perimeter length (n,, ) is found in a certain domain, which
depends on ft. In precise terms, one nas Zl t.l2h - 3)t't) .n"
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Table 2. Numbers of C,H, Isomers of HSs for ft : 15
Accordins to Svmmetrv

Table 4. Numbers of C,,H, Isomers of HSs for li :

According to Symmetry

1995

. Classified

ToSIc sr ,ct-.

17. Classified

ni formula Dzr C* Dzn Czn C:' ni fbrmula D:r, C:l C'r,total

t2 994
0 0
0 1386
0 0

13 994
0 0
8 457
0 0
5 t94
0 0
4 8 6
0 0
A l l

0 0
3 5
0 0
t 2
0 0

62
60
58
56
54
52
50
48
46
44

40
38
36
-1+

32
30
28

f t :  15 ( tota l )

5 5  1 3
0 0
0 5

3 5 0
0 2 6
0 0

1 6  1 3
0 0
0 7
1 0
0 ' 7
0 0
4 5
0 0
0 0
t 0
0 2
0 0
0 2
0 0

0 Co:Hu
I CorHrr
2 CeoH-r:
3 CseHrr
4 CsrHro
5 CsrH:q
6 CsoH:s
7 CssH:r
8 Cs+H:o
9 CsrH:s

l0 Cs:Hz.r
l l  C s r H : r
12 CsoH:r
13 CrqH:r
l4 CrsH:o
l5  Cr rHrq
l6  C4oHrs
l7  C+sHrr

2860 4'79920s
653 11642030

4219 r6124t24
1083 t5273424
3107 1 1432430
828 1215440

1542 40715'1'�7
418 2063017
'706 947291
178 395860
35 I l  55656
82 55857

123 18396
3 l  56 t2
3 1  1 5 7 0
5 341

1 2  7 0
1 4

16290 
'74201910

70
68
66
64
62
60
5 8
56
f4

52
50
48
46
44
i a

40
38
36
31
32
30

ft : 17 (lotal)

0 CroH.s
1 CoeHv
2 CosHro
-l CorHrs
,l CcoHr,r
5 CosH:r
6 Cs+H::
7 Co.rHl
8 Co:Hur
9 CarH:q

l0 CeoH:s
I I CsrH:,
l2 CssH:n
I I CsrH::
l : l  CsuH,.
l-5 CssH:r
l6 Cs+H::
17  CsrH: '
l8  Cs :H:o
l 9  C s r H r q
20 Cs, rHr i

3912  10656
0 2;100

6122 17863
0 ,1401

5 129 l  5208
0 3925

2748 862 I
0 2248

1218 4251
0 l0u7

586 2t52
0  - 5 1 I

229 915
0 208

68 -100
0 6rl

20 102
0 t 7
6 3 6
0 6
0 2

20098 74980

74695032
20800 l 048
32668 I 998
353437'153
299508694
212160087
1 3 2 8 3  l - s  l 6
748 l  |  337
38397592
I 801361.1
79 I  0833
3235904
I  236839
.1'+0491
1,18430
16t66
l32 i t6
1 4 l 4
163
1 t 7

9

I 75 I 5946,13

0 0
0 3 5
0 0
0 0
1 3 0
0 0
0 0
o 2 l
0 0
0 0
l 5
0 0
0 0
0 3
0 0
0 0
l l
0 0

3 9 5 50 4145

l 4
0

l t
t)

t 9
0

1 3
U

l 0
0
'7

U
l l
t,
3
t)
2
t)
3
U
I

94Table 3. Numbers of C,,H, Isomers of HSs for h: 16. Classified
According to Symmetry

ni fbrmula l)ri Ctn D:r Czn C:" Table 5.  Numbers of  HSs Belonging to Di l lerent  Symmetry

Groups

Dun Con D.,r Cl, C:r, C:,

66
64
62
60
58
56
54
J1,

-50
48
46
11
/ 1

,10
3 8
36

) L

30
28

ft:  16 (total)

0 CoeHro
I CosHrs
2 CorH:+
3 CorH.l
4 Co:Hr:
5  Co rH l
6 CooH:o
7 CsqH:q
8 CsilH:s
9 CsrH:r

l0 CsoH:o
1 I CssH:s

12 Cs+H:.r
l3 C: . rH:r
1.1 Cs:H::
1 5  C s r H : r
l6 CsoH:o
l7  C rsHrq
l8  C+Hrs
l 9  C r :H r .

3750 4670
0 0

s441 7036
0 106

4517 5918
0 .163

2.616 3575
0 358

1357 1872
0 230

58 I  829
0  1 3 7

215 323
0 5 8

80 r2l
0 2 8

7 0  3 l
0 9
3 . 1
0 l

r8616 26069

1 889698 l
19231423
7276701r
73855.r04
58932 I 9 I
39460860
2350 l0  I  7
t257 5727
6 l  22180
1721 t09
t132612
.+36698
15643.1
5 1 6 9 1
t6231
4-s0t
1 1 2 1
223
30

I

359863778

1
0
0
0
0
0
5
0
U

U

0
0
I
0
0
l

I

0

l l

9.+
1 5 6
1 8 9
3 1 0
365
6 1 5
748

1231

1 7 0 0 0
l 8  0  0  6
1 9 1 2 1 9
2 0 0 0 0
2 1  0  0  l 0
22 0 0 , l l
2 3 0 0 t )
2 1  0  0  1 6

.1ri
5.+3

0
l 921
2-507

0
8869

20098 74980
9026-s 120676
9791 3 341356' l

"1.10230 -563503
419367 1635 175

2t57916 2652145
23-57 108 7129807

10621852 t2574028

Table 6. Exact and Approxinrate Numbers of HSs

N,nn',,* (h) ditference (error 7c )

i
2
3
1
5
6
1
8
9

l 0
l t
t 2
1 3
t 1
l 5
l 6
t '7
1 8

5
22
84

I
I
3
1

22
8 l

1 1 8  8 0

< 4h + 2, where lx I denotes the smallest integer >x. The
corresponding upper and lower bound for rl; has been
reported several times.Ie 21 26

The overall distributions into symmetry groups for HSs
are 25 known completely for /r <16 according to another
recent review. Table 5 contains supplements to these data.
For h > 17. the numbers for C, are, of course, not known.

CONCLUSION

Tuming back to the predictions of Aboav and GutmanT
(see above), we are now able to subject their formula, viz.,
Norr,,,,(h + 1) : 4.98N(h)(1 - 5.77h-2), to a severe test'
Notice approx that the formula predicts with confidence only
one number N(h + 1) when N(ft) is known exactly.
Otherwise the errors accumulate too rapidly. The exact and
predicted numbers in question are shown in Table 6 together
with the errors defined in the same way as in the original
paper.T The predictionfor h: 13 is seen to be very good

when judging from the percentage error. This conclusion
is in variance with Miiller et a1..8 who apparently made a

superficial judgment only. The percentage error increases

when passing to h : 74 (cf. Table 6), but then it drops down

again. The empirical observationr that the N(/r) numbers

behave differently for odd or even lr values is not confirmed.

The prediction for ft: 17 is seen to be excellent. On the

basis of all this experience we are predicting with good

confidence the N(18) number of nonisomorphic HSs (with

/ r  :  18)  to be (8549 f  4)  x  l0 ' .

So, are we going to start a computer calculation of N(18)?

Definitely not. The above prediction does certainly not

wirrrant such an endeavor, which at the end only would lead

to one new predicted number. It seems to us that the present

3 3 1
1.135
6505

30086
111229
669584

3 I 98256
t5361 51 7
71207910

359863778
1151594643

unknown

339
t151
6502

30087
l 4 l  1 8 3
669'782

32009 l 6
l  5383524
t 1217 568

3600783.+9
l  75  r  728873
85.1878.+3l8

+2 (29)
0  (0 )
l  ( 3 . 7 )

-t t  (2.: l)
- 1 9 ( 1 . 3 )
+3 (0 .05)
-  l  (0 .03)

+,16 (0.03)
-  198 (0 .01)
-266 (0 .01)
l  59.17 (0. lo)
696-s8 (0.09)

-214s71 (0 .06)
l14230 (0 .01  )
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work will be the last word in the overall enumerations of
HSs. But the future is unforseeable. It may happen that
some quite new principles come up for an efficient algorithm,
which it would be worthwhile to test against computations
of higher N(fr) numbers.
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