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Abstract. In this paper we solve several geometric and image problems using the BSR (broadcasting with se-
lective reduction) model of parallel computation. All of the solutions presented are constant time algorithms. The
computational geometry problems are based on city block distance metrics: all nearest neighbors and furthest pairs
of m points in a plane are computed on a two critetia BSR with m processors, the al! nearest foreign neighbors and
the all furthest foreign pairs of m points in the plane problems are solved on three criteria BSR w1th i Processors
while the area and perimeter of m isooriented rectangles are found on a one (,ntcnon BSR with m? processors. The
problems on an »# x # binary image which are solved here all use BSR with n? processors and include: histogram-
ming (one criterion), distance transform (one criterion), medial axis transform (three criteria) and discrete Voronai

diagram of labeled images (iwo criteria).
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1 Introduction

Models of computation typically provide a simple ab-
straction of a computing device and a set of primitive
operations which are assumed to be executed in unit
time. This allows great simplification in designing al-
gorithms and in their analysis. However, it does not
mean that these primitive operations really take unit
time when implemented. One most evident exampte is
Knuth’s famous assumption in the serial random ac-
cess machine (RAM) model that memory access takes
constant time, which is impossible to implement de-
spite very close practical realizations. In the parallel
random access machine (PRAM) models, memory ref-
erences are again assumed to take unit time, although
in the practical implementations this time Is non con-
stant, and in best cases is O (log n) where » is the num-
ber of processors. This may lead to algorithms that
are efficient on the model but inefficient in practice.
The scan model (cf. [9]) has for primitives some op-
erations that practically have performances similar to
memory reference, and are treated as unit {ime oper-
ations. It has lead to much sitnpler algorithms and/or
improving the time complexities of solutions to many
problems. The new set of primitives includes the scan
operation, also known as the parallel prefix or par-
tial sum operation. The other primitives in the scan

model are elementwise arithmetic and Jogical primi-
tive operations and arbitrary permutations. It is shown
in [9] that the scan model of paralle]l computation is
particularly suitable for sclving problems on binary
images.

Broadeasting with selective reduction (BSR) is a
model of parallel computation introduced by Akl
Guenther and Lindon. The model is more powerful
than any of the PRAM models, yet one and two cri-
teria BSR do not require more hardware to implement
than PRAM. Besides being powerful, the model allows
one to write very short solutions to a variety of prob-
lems. For many problems BSR offers constant time
solutions which were not possible on any PRAM, BSR
is also more powerful than the scan model of parallel
computation.

The BSR model is described in section 2. The first
solution presented here is for the histogramming prob-
lem (section 3). It is chosen because of the very simple
solution, containing merely one broadcasting instruc-
tion on a one criterion BSR. It serves as an illustra-
tion for the model and introduces other more complex
solutions.

The distance d{p,, p2) between two points p) =
{x1,¥1) and py = (x2, y2) can be defined in vari-
ous ways, although a family of L, metrics seem to
be most commonly used. It is defined by L,({x, »1),
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(x2, ¥2)) = {|x1—x2|?+|y1 —y2|P) /7. Special cases of
the L , metrics which are most often used are Euclidean
distance L; and the Manhattan metric (or city block dis-
tance) L. In this paper we adopt the L, metric, and
denote the city block distance d{p|, pz} between two
points £, and P; as follows:

d(pr, p2) =[xy —x2| + |3 — ¥l

We consider the computational geometry problems
that are based on city block distance. In these prob-
lems the input is a set of m points or rectangles in the
plane, and a BSR with m processors is used to achieve
constant time solutions. Section 4 presents solutions to
all nearest and furthest neighbor problems for planar
point sets. We consider three different output requests
(for each point), and for each give a solution on a two
criteria BSR:

(i) find the distance to the nearest/furthest point,
{(ii) find the index of the nearest/furthest point,
(ini) find the color (or label or any other type of infor-
mation) in the nearest/furthest point.

Section 5 deals with the distance transform problem
for n x n images. A one criterion BSR with »* pro-
cessors 18 used to answer, for each pixel, the following
queries in constant time (it is similar to the previous
case):

(1) find the distance of each {white) pixel to the near-
est black pixel,
(i1} find the row and column indices of the nearest
black pixel,
(iii} find the color (usually called the label, especially
in multiple compenent problems) or other infor-
mation for the nearest black pixel.

Section 6 gives a constant time solution on a three
criteria BSR with n° processors solution to the medial
axis transform problem.

Area and perimeter are studied in section 7. The
problem is trivial for binary images in the usual rep-
reseniation, but sometimes images are given via their
medial axis transforms (MATS). A constant time algo-
rithm using a one criterion BSR with m? processors is
given for the corresponding problern of computing the
area and perimeter of m isooriented rectangles.

Finally, section 8 gives a sclution to the problem
of constructing discrete Voronoi diagrams for labeled
images.

2 BSR

A mathematical notation is employed to describe the
multiple criteria BROADCAST instruction. Let us de-
tine the following symbols:

s : number of processors
pi tprocessor i, <{ <A
d; : datum broadcastby p;,{ <i < n
gy, : selection operation, I < h < £, taken from the
following set {<, <, =, >, >, #}
t(i, h) : tag broadcast by p; for criterion ay, { <
h<kl<i<n
I(j, k) : limit value broadcast by p; for criterion
o l<h<kl<j<n
R : binary associative reduction operation, where
RelY . [[. A, v.®. min. max) denoting sum,
product, AND, OR, XOR, maximum, and,
minimum respectively
x; : result of a multiple criteria BROADCAST

instruction, ! < j < n,

The & criteria BSR BROADCAST instruction is de-
noted by:

X; ®’ d;|

At
I=<i=n izh=

| HE o LG, R,

forl < j <n.

‘When the ranges of the variables are understood, this
can be abbreviated as:

x; o Ry | At{, B)ayl{j, h).

The above notation can be interpreted as follows.
If 1 (L, h) o4d(}, k) is satisfied for each h,! < h < k,
then 4; is “accepted” by location x ;. The set of all data
accepted by x; is reduced to a single value by means
of the binary associative operation R, and stored in
x;. If no data are accepted by 2 given memory lo-
cation x; then x; receives the value of the neutral
eiement for operation R. If only one datum is ac-
cepted, then x; is assigned the value of that datum.
The operation is performed for all j,{ < j < n, in
parallel.



3 Histogramming

Suppose that an n x n image is given by ifs gray level
values {;;. 0 < Iy < g, I £4L f=n. Thus each pixel
has one of g possible integer values, denoting its gray
Jevel. The histogram of an image is a list of all gray
values paired by their counts, i.e. the number of pixels
having such gray value.

In [16), Tanimoto describes an algorithm for his-
togram computation on a pyramid which involves one
O(logn) steps “pass” from bottom of the pyramid to
the top for each gray level value to be computed. {6]
presented an algorithm for the hypercube which com-
putes the complete histogram in log(n) time indepen-
dent of the range of gray leve values.

Assume that the image is stored one pixe) per pro-
cessor on a one criteria BSR with n? processors. We
will present a constant time algorithm for computing
the histogram on the model.

For simplicity, assume that pixel indices are in
the range from ! to n? {in rowmajor or other order}.
The number of pixels s; having the same gray value as
the pixel j is obtained by a single call to the broadcast-
ing instruction.

S,j-*"zl | g = g;-

If a Jist of all different gray level values with their
counts is wished then pixels can be soried by their
counts s, with repetitions eliminated.

4 All Nearest Neighbors and Furthest Pairs

Given a set of m points p; = (x;, y¢}, the all near-
est neighbors problem is to find the nearest point for
each point. We describe a constant time solution to the
problem on a BSR with m processors.

The definition of BSR does not allow the use of abso-
lute value functions. Without the function, the distance
of p; from p; depends on whether p; is above or be-
low, to the left or right of p;. Therefore there are four
different definitions of the distance depending of the
mutual positions of two points. A BSR operation with
two criteria can be applied for each of these positions,
and the minimum nn; of obtained values is then se-
lected. The distance of a point p; which is above and
to the right of p; isd{p;, p;) = x;+y;—x;—y;. Thus
the closest point in the quadrant is at distance ar; —s;
where 5; = x; + y; and ar; is the minimal of values
s; = x; + v for points in the guadrant. The closest
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pixels in other quadrants are found in similar way. The
algorithm can be written as follows.

Sj <_xj+}‘_.f

L€ Xj =)
ar; < mins; | X; = X; A¥e > ¥
bl; < maxs; | X S X;A¥ <Y
al; <« maxt; | x <x; AYi = ¥y
brj <~ ming; | x; > X; Ay Z¥;
nn; < min(s; — bl;, t; — 1, —t; + bry, —s; +arj).

The algorithm finds the distance of the nearest neigh-
bor point {problem (i} in the introduction). The mdex
in; of the nearest neighbor point for point p; can be
found by using additional two criteria BSR instructions
(if there are several points at the same nearest neigh-
bor distance, only one of them is selected). The points
are assumed 1o be sorted by their x-coordinates in the
increasing order (this can be done in constant time on
a one criteria BSR with n processors [2]).

far; < maxi|y; > ¥; As; =ar;
ibl; <~ mini | y: <y; A = bi;
ial; <~ mini | y; = y; A& = al;
ibrj <~ maxi |y S ¥; Al = br;
iftnn;, = —s; +ar;thenin; < iar;
ifnn; = 5; —bl; thenin; < ibi;
ifﬂﬂj = I —a!l,- then I'.PIJ: “« ia!j
ifnn; = —t; +br; then in; <« ibr;

In the above solution we note that one criterion, com-
parison along x-coordinates, is omitted. This is possi-
ble because if a nearest neighbor is in a given quadrant
then the choice of max ot min guaranties that a point
from the quadrant is selected (not from the another
one corresponding to the failure of comparison along
x-coordinates).

Finally, if the information co; contained in the near-
est neighbor point i for point j is desired (problem (i)
in the introduction) then the foliowing simple broad-
casting instruction can be used to obtain it (obviously
min can be replaced with max or sum, since there 18
exactly one successful candidate).

inf; < minco; | i = in;.

The all furthest pairs problem is to find the furthest
point for each point in a given set. It can be obtained in
a similar way as the nearest neighbor, More precisely,
it suffices to interchange all references to min and max.

Closest pair of points is defined by two points having
the minimal possible distance. It can be obtained by
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minimizing all nearest neighbor distances. Similarly
the diameter is the distance between two furthest points,
and 1s derived by maximizing all furthest pair distances.

In [10] the following modifications of the closest
point and all nearest neighber problems is considered.
Let § be a set of m colored points. In the closest foreign
pair problem one has to find a closest fereign pair, i.e.
a bichromatic pair of points which are closest. In the
all nearest foreign neighbers problem cne has to find
for each point in the configuration S a nearest neigh-
bor with different color. [10] presented plane sweep
algorithms for solving the closest foreign pair and all
nearest foreign neighbor problems in L, and L. met-
rics in optimal O (n log #) sequential time.

Using the city block metric, we may solve both prob-
lems on a BSR with m processors in constant time. The
solution is obtained by a modification to the closest pair
and all nearest neighbor algorithms (which are special
cases of the problems with all points colored in dif-
ferent colors) by adding one more criterion to all BSR
instructions so that points with the same color are ig-
nored. For example, the instruction

r;

pemins; fx; Zx; AN >y

becomes
ar; < MinS; | X 2 X; A Y > YA G £ €

where ¢; is the color of pixel i.

Similarly one can define the all furthest foreign pair
and the foreign diameter problems and appropriate
solutions,

5 Distance Transform

A binary image is usually represented by a n X n ma-
trix / such that I;; = 0 if the pixel in i-th row and
J-th column is white and /;; = 1 if the pixel is black,
I =i, j < n. Thedistance transform problem is to {ind
the nearest black pixel for each white pixel in the image.
The distance transform is introduced by Rosenfeld and
Pfaltz [14]. Important applications of distance trans-
forms arc expanding and shrinking objects (by thresh-
olding the transform), constructing shortest paths and
computing shape factors, reconstructing objects from
parts of the boundary, and skeletization (cf. [15]).
Various metrics were used in literature to find the
distance transforms, mostly belenging to the family of
L, metrics, The distance transform for the L., metric
can be found sequentially in Q(n?) time. In [15] it is

shown that distance transform cannot be computed on
a pyramid in polylogarithmic time for any L metric.
For the mesh of trees model, [15] gave an O{logn)
time algorithm for computing the distance transform
under the L, metric.

Since the image has n” pixels, we assume a BSR
model with n? processors, one per pixel. The problem
can be solved by modifying the algorithm for finding all
nearest neighbors (see previous section), where white
pixels set the values of 5; and #; at infinity (positive
or negative, chosen such that they are ignored in the
computation). However, such a solution requires a two
criteria BSR modei, which needs more hardware than
a one criterion BSR,

We now give an alternate solution to the distance
transform problem, which requires a one criterion BSR.
The algorithm for finding the distances to the nearest
black pixels is based on the following simple property
of binary images. Suppose that ' is the closest black
pixel toa white pixela’. Let u be the pixel that lies in the
same row as ¢’ and same column as b°. Then obviously
b' 1s the closest black pixel to 4 among black pixels from
the same column to which u belongs. This property
follows from the monetonicity of distance functions
with respect to absolute values of differences in x- or
y-coordinates of two pixels.

This property suggest a simple algorithm for finding
the distance transform. Let processors be numbered
by their row and column indices {corresponding to the
pixel indices}, from 1 to 5. The algorithm consists of a
columnwise scan tollowed by a rowwise one.

In the columnwise scan, for each pixel (j, k) {(black
or white} find the distance r j; to the closest black pixel
from the same columm as (j, k), if exists. Each proces-
sor (Z, k) carrying a white pixel writes O (n 4 1, respec-
tively) to a designated location ;. Processor (£, k}
carrying a black pixel writes their row index b;;, = i.
Each pixel (j, k) finds the closest black pixel above
(below, respectively) itselt {in the same column}, if it
exists, chooses the closer one, and stores the distance to
it in location r j of corresponding processor. The clos-
est black pixel (£, k) to pixel (J, &) is at distance } — jf|.
For each column & ({ < k& < n) a one criterion BSR
model with 7 processors is applied to compute r;; as
follows. Indices j and i are used as in the BSR defini-
tion, white & is considered a constant for given columa.

by < i if Iy = 1(i.e. (i, k) is a black pixel),
otherwise b, < n+ 1
rj,-k —minby |i>=j
if iy =0then by, «— 0



rhoemaxby |1 < j

T <= 3n
ifr‘}k <n+ 1thenrj « r}k_j
ifri,>0and j — rifp<rjthenry < j— i

The index in ;; of the selected black pixel which is at
distance r ;; from pixel (j, k) is determined as exther j+
rigor j —ri, depending on whether the selected pixel
is above or below (j, k), respectively. The information
contained in the selected black pixet (like a label) can
be broadcasted as shown in the previous section for the
all nearest neighbor problem,

In the rowwise scan, each pixel (k, j) finds the min-
imum value |i — j| 4+ ry; which is the distance to its
closest black pixel. For each row & {({ <k <n)aone
criterion BSR with n processors is used.

Cy; < r + ¢ for each pixel (k, £)
! - ! 4 -
Sy € Mine, [i = f
cy; < —i + 7y for each pixel (. 1)
" = M . .
Sy e mincg | <]

. ; . "
Si; <= munisy = J. j + 85

In order to find the index iny; of the pixel that "sup-
plied” indirectly the nearest black pixel, two candidates
are found by the following broadcasting operations:

- - ! !
ring; < maxi | oy =8
ling < mini | cf; = 8

and one of them, corresponding to the choice for si;, is
taken to become iny;. The information from the near-
est black pixel (its indices or component label) is then
available via processor (k, j) (we have described how
to read information from a particular processor), since
it can be collected in the previous columnwise step.

The algorithm for distance transform can be adapted
in straightforward way to calculate the furthest black
pixel for each pixel in the image.

In this solution we used columnwise and rowwise
scans and considered each column or row to be a sepa-
rate BSR model with n processors, However, we as-
sumed merely that we have a unique BSR with n?
processors, such that a broadcasting operation selects
data from all processors in ordet to extract a datum fora
particular processor. There are two ways to resolve the
problem. One is to add additional criteria, requesting
data from a particular row or column only (where row
and/or column indices are given for purpose of selec-
tion); this solution increases the number of needed cri-
teria which is not a desirable property. A better selution
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is to sort all data in either column major or row major
order (depending on the type of scan) and modify the al-
gorithm accordingly. For example, in the columnwise
scan for the distance transform algorithm, pixels are
assigned indices from 1 to #* and each pixel finds the
nearest black pixel with a greater and a smaller index;
if the obtained indices exceed the appropriate bounds
for a given column the corresponding result is ignored
and information that no pixel is found is recorded. For
the rowwise scan we can introduce one more “'trick™
since all meaningful distances after the first step are
between 1 and #, it is possible to increase all 7,; values
by kn ( <k < n). Inthis way there is a considerable
gap between neighboring rows which does not allow
one to select data from a pixel in a different row. Sim-
ilar modifications can be made for other algorithms on
binary images presented in this paper.

6 Medial Axis Transform

The medial axis transform (MAT) is an image represen-
tation scheme proposed by Blum [5], The essentialidea
in the MAT is to find 2 minimal set of upright squares
whose union corresponds exactly to the regions in [
that have value 1 (i.e. cover black pixels). In passing,
we note that the problem of finding the minimum num-
ber of rectangles that cover the 1's in a binary image is
n-p hard [111.

Sequential O(n?) algorithms for this problem are
given in [12, 71. In [7], an O{n) time n processor
CREW PRAM algorithm for the MAT is obtained while
in [ 12] two PRAM algorithms were developed, both us-
ing O{n?) processors and having a run time O (logn).
Also, [12] gave a O(log? n) time complexity solution
on a hypercube with #° processors.

We follow the sequential solution i [7, 12] to de-
velop a constant time algorithm using n? processors for
a three criteria BSR. Assume that the top left corner of
the top left pixel is indexed (1, 1}, and the bottom right
corner of bottom right pixel is indexed (n + 1,1 + 1).
Let M[i, j] be the height of the largest square with top
left corner [i, 71, all of whose image values are 1. Ob-
viously M[n + 1, jl=M|j.n + 1}]=0.1=<j =n.
In fact, to simplify we assume that additional white
pixels (n + 1, j) and (j, n + |} are added, [ < j = »n.
The top left corners of the squares in the MAT are
marked by value T[¢, j] = true while other pixels have
Tli, j1 = false; and T[i, j] = true iff max(Mi, j —
1, ME— 1,41, Mli = L, j — 1) < MIi, j1. This
assumes that M0, j1 = M[j, 0] = 0,/ = j = n.
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The sequential and parallel algonthms in [7, 12] have
more definitions and computations which we do not
need to introduce for solving the MAT problem on a
BSR meodel. Thus we have two steps in our algorithm:

Step 1. Compute M[{, j1.
Step 2. Cempute T[{, §].

Here we use a different approach to compute M[:, ]
on a three criteria BSR model. We use the L., met-
ric, defined as Lo{(x(, y1), (x2, y2}) = max(|x; —
X3l [¥1 — y2l). Let us observe that all pixels which
are to the right and below pixel {¢, j} and are at I,
distance <M[i, j] must be black (atherwise the square
of size MTi, ] with top left corner {i, j) contains a
white pixel, contrary to the definition of M|i, j]). Our
algorithm on BSR is based on finding the white pixel
to the right and below that is closest to the pixel (i, j),
and its distance to {f, j} will determine M|}, /].

Suppose that a white pixel (k, /) is the closest pixel
tothepixel (i, f) among pixels to the right of and below
pixel (/. /). Then k& > i (to the right), ! > j (below)
and the distance is M[7, /] = max(k —i,{ — j). The
latter distance isk —iifk—i >!—jie k—!>i—j,
and ] — j otherwise (see the figure). On three criteria
BSR M{i, j] and T[i, j] can be found as follows (the
ranges of £ and { are between | and n 4+ 1):

if Ly =0then &' — & ' < Lkl « k—{}else
' —«n+ 1, «—n+1;kl « 3n)
ij=i—j

¢ mink’ |k >inlz jAkl>ij

¢y eminl |k=iAl>jAK<ij
MIi, j] < min(ej; —i,¢f; — ) — 1

Ti, j1 « true if and only if max(MT[i, j — 1],
MIi— 1 j] Ml -1, j — 1D = ML, j).

7 Area and Perimeter of Isooriented Rectangles

The area and perimeter of a binary image can easily be
calculated (using no criteria BSR, which more or less
correspond to the scan model of computation [9]) from
the matrix [;; in the following way:

area < ) I

biy < Liff I;; = 1 and at least one neighbor of
pixet (7, j) is a white pixel; otherwise b;; < 0
perimeter < ) b;

Note that all pixels receive the area and perimeter
information by the above instructions,

It is more difficult to compute the area and perime-
ter from MAT representation of the image. Known
algorithms compute, in fact, the area and perime-
ter of the union of m upright {or isooriented) rect-
angles, O(mlogm) serial algorithms were given in
[18]. In [L9] O (m) time algorithms for both CREW
PRAM and mesh-connected computers to compute the
area, perimeter and contour of a set of n upright rect-
angles were developed. Their PRAM algorithm uses
O{m) processors, whereas their mesh-connected com-
puter algorithms use 0 (m?) processors. |8] obtained

(1,1)

()

M(i j}=3

(k)

k-1 i-j

k-2 [i-j

(n+1,n+1)




O (log m) time CREW PRAM algorithms for the arca
and perimeter of m rectangles, using m processors.
[13] develop an O(/m) parallel algerithm that com-
putes the area and perimeter of m rectangles on an m
processor mesh-connected computer. This algorithm
is easily modified to run on an m processor hyper-
cube in O (log? m) time. It can be further modified to
compute the perimeter in the same time and processor
bounds. In |12] O(logm) time algorithms to compute
the area and perimeter on an s> processor hypercube
are presented. [21] describes an O(log m log log m)
time with O (m/ log log m) processors CREW PRAM
algorithm.

Here we present the first constant time algorithms for
computing the area and perimeter of m isooriented rect-
angles. We use a one criterion BSR with m? processors.

We use the concept of slabs as in [13, 8, 12]. The
plane is subdivided into approximately 2m horizontal
slabs by extending horizontal sides of each rectangle.
By sarting the y-coordinates of horizontal sides the
slabs receive their borders. The computation proceeds
separately for each slab, and an n processor one crite-
rion BSR is assigned to each stab. In each slab, it is
first checked whether each of rectangles intersects the
slab or not. Each rectangle either has empty intersec-
tion (which can be detected by having both horizontal
sides of the rectangle either above or below the slab
borders) or the intersection is a rectangle with vertical
sides determined by x-coordinates of the rectangle and
filing the slab vertically completely. Therefore, each
slab contains up to m intervals, and the area in the slab
is determined by the product of the width of the slab
and the measure of the union of intervals determined by
the rectangies. The later can be computed in constant
time on an m processor one criterion BSR [4]. Thus the
area of m upright rectangles can be determined in con-
stant time with > processors on a one criterion BSR
(by summing areas in each slab).

The perimeter can be similarly computed, with some
modifications. The endpoints in each interval in a slab
(recall intervals are intersections of the slab with rect-
angles) and for each endpoint it is determined whether
it is the border point of the union of the intervals (this is

T oa part of the measure of the union algorithmin [4]). The

aumber of such endpoints is multiplied by the width of
the slab to find the contribution of the slab toward the
perimeter of the union of rectangles.

Often, the area and perimeter is computed for each
object in an image. The algorithms presented above
consider only the case that the image contains only
one object. However, it is not difficult to design BSR
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algorithms to compute each object’s area and perimeter.
It suffices to add one more condition to each of above
algorithms, which will separate computation for each
object, The details are omitted.

8 Discrete Voronoi Diagram for Labeled Images

Image processing often requires separating an image
into components, which are defined as components of
a graph that is composed of edges joining neighboring
black pixels. An image where each (black) pixel 1s
assigned a label such that two black pixels have the
same label if and only if they are in the same component
is referred to as a labeled image.

Labeling an image is a foundamental problem in im-
age processing, and it is studied extensively on various
madels of parallel computation. The best PRAM solu-
tion is in O(logn) time with n? processors, and is ob-
tained basically by the method of recursive doubling.
The method easily applies on a one criterion BSR. It
is an open problem to find a constant time algorithm
for labeling an image on a BSR with any number of
criteria and processors.

Often in the literature the image is assumed to be
already labeled, and then various questions about the
image are asked. We consider here one such question
as an example. We will give aconstruction of a discrete
Voronoi diagram in constant time on a two criteria BSR
with n? processors.

Assuming that the black pixels of a picture F are
divided into p connected components Cp, Cy, ..., Cp,
a set of pixels which are strictly closer to C, than to any
other component is called the tile 7, of the connected
component C,. More precisely, 7, contains black pix-
els from C, and exactly those white pixels x for which
dix,C,) < d{x, C;)fori # r, whered(x, C;) denotes
the minimal distance from pixel x to a pixel from C;.
The set of all tiles is called the discrete Dirichlet tessel-
lation T{F). The discrete Voronoi diagram is defined
as the set of all pixels which are located on borders
of tiles {i.e. have neighbors that do not belong to the
same tile) and all pixels which belong to no tile (or
pixels which have more than one closest component to
them). The definitions are taken from [17] where some
other neighboring relations among figures are studied.

The first task is to compute, for each white pixel, the
closest and second closest components. The closest
component is found by applying the discrete transform
operation, which finds the closest black pixel for each
white pixel (if a pixel is black then it is at distance
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0 to the closest compenent, which is the component
containing the pixel).

The second closest component for each white pixel
can be found by medifying the distance transform op-
eration. Inthe columnwise scan, each pixel (7, &) disre-
gards the pixels which have the same component label
as the pixel selected in the columnwise scan of dis-
tance transform algorithm, by adding one more criteria
on BSR broadcasting operations. Therefore each pixel
has selected two closest black pixels from the same
column, belonging to two different components.

The rowwise scan has more modifications. The cor-
responding steps in the distance transform operation are
performed twice: once with the closest and once with
the second closest black pixels from the columnwise
scan. Each time one more criterion is added, asking
for pixel candidates to be from different components
than the component selected in the regular distance
transform algorithm. The repetition of steps is needed
because some candidates come from the already se-
lected compenent while their appropriate alternatives
may come from second closest component. The better
candidate from the two obtained candidates is selected.

The discrete Voronei diagram is now easily con-
structed from its definition. Each white pixel may
compare distances to its two closest components. If
it is the same, or it has a neighber which belongs to
a different tile then the pixel belongs to the discrete
Voronoi diagram,

9  Open Problems

There are a number of other problems in digital ge-
ometry or in computational geometry using city block
distance metrics which can be investigated. For exam-
ple, eccentricity and moment of inertia | 7]. It appeats
that the Voronoi diagram of a set of points in plane
based on the L, metric can be constructed in constant
time using a three criteria BSR with n processors using
the algorithm [20] (the algorithm is omitted to avoid
tedious repetitions from [20]).

It is open problem to check whether the area of m
rectangles can be computed in constant time on a BSR
with less than m? processors.
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