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ABSTRACT

An external watchman route in the presence of a polygonal obstacle is a closed path such
that each point in the exterior of the polygon is visible to some point along the route.
We adapt the merging slopes technique of parallel computational geometry to develop
a paraliel algorithm for computing a shortest external watchman route in the presence
of a convex polygon of 1 sides. The algorithm runs in O(log n) time using O(logn)
processors in the CREW-PRAM computational model; this is optimal within a constant
factor. The algorithm can be easily adapted to compute a shortest waichman route in
O(log n) time on a hypercube with O(ﬂ) processors. We also discuss the computation
of a shortest external watchman route on star and pancake networks. Finally, a constant
time algorithm for solving the merging slopes problem on a BSR with n processors is
described. This leads to algorithms with the same time and processor count for solving
the external watchman route problem, for computing Minkowski sum, critical support
lines, and separability of two convex polygons, for finding the maximum distance between
two convex polygons, and for computing the smallest enclosing box, diameter, and width

of a convex polygon.

Keywords: Computational geometry, visibility, watchman problem.

1. Introduction

Computing collision-free paths having visibility properties is an important prob-
lem in computational geometry having applications in robotics, computer graphics,
and CAD/CAM [1,2]. The watchman route problem, first introduced in [3], asks
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for a route (i.e. closed path) such that each point in a given space is visible to some
point along the route. Note that two points in the exterior of a polygon are visible
if the straight line segment connecting them does not intersect the interior of the
polygon; similarly. two points inside a polygon are visible if the straight line segment
connecting them does not intersect the exterior of the polygon. Algorithms deal-
ing with watchman route problems can be found in [3-7]. An O(n) time algorithm
for computing the shortest watchman route inside a triangulated simple rectilinear
polygon is given in [3] and an O(n*) time algorithm for simple triangulated polygon
is reported in [4]. A linear time algorithm for computing the shortest watchman
route in the exterior of a convex polygon can be found in [6].

Developing parallel algorithms for solving convex hull, shortest paths, and visi-
bility problems has attracted the interest of many researchers in recent years [8-15].
In this paper we develop a parallel algorithm for computing the shortest watchman
route in the exterior of a convex polygon of n sides. The algorithm runs in O(logn)
time using ({n) operations in the CREW-PRAM computational model; this num-
ber of operations 1s optimal within a constant factor. (Note that the time complexity
of a sequential algorithm solving problem X is optimal if it can be proved that no
sequential algorithm can solve X faster, asymptotically;, and a parallel algorithm
solving X 1s optimal if the total number of operations it uses is asymptotically the
same as the time complexity of an optimal sequential algorithm solving X.) We
show how our approach can be used directly to compute shortest watchman routes
on BSR, hypercube, star, and pancake networks. A constant time algorithm for
solving the merging slopes problem on a BSR with n processors is deseribed. This
leads to algorithms with the same time and processor count for solving the exter-
nal watchman route problem, for computing Minkowski sum, critical support lines,
and separability of two convex polygons, for finding the maximum distance between
two convex polygons, and for computing the smallest enclosing box, diameter, and
width of a convex polygon. We show that the shortest external watchman route can
be computed in (O(logn) time on a hypercube using O(n) processors. For star and
pancake networks we prove that the shortest external watchman route for a convex
polygon with m! vertices can be computed in O(m®logm) time.

2. Algorithm on PRAM

Consider a convex polygon P whose vertices in counterclockwise order are pg, p1,
oy Pn—1- We denote the edge connecting p; to p;y1 by e; (the additions on indices
are done modulo n). A route such that each point in the exterior of P is visible {rom
some point along the route ts an external watchman route for 2. We are inter-
ested in developing a parallel algorithm for computing a shortest external watchman
route for P. We use the term wrapping routes to indicate the external watchman
routes that completely encircle the polygon. All other external watchman routes
are called 2-leg routes. Figure 1 shows examples of both types of routes.
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Lemma 1. [6] A shortest external watchman route for a convex polygon F
either follows the boundary of P or it is a 2-leg route with respect to some adjacent

edges of P.

(a) Wrapping Route (b): 2-Leg Route

Fig. 1. Two kinds of watchman routes.
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Fig. 2. Mlustrating legs and support vertices.
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It 15 straightforward to see that the shortest wrapping route i1s given by the
boundary of the polygon. Computing the shortest 2-leg route efficiently is more
involved. Let h; {respectively, h{) denote the half line obtained by extending the
edge ¢; = (p;, piy1) from p;y, towards p; (respectively, from p; towards p;y,). The
shortest line segment connecting P with h; which 1s perpendicular to A; and tangent
to P 1s called the left leg of ¢;. The vertex of P that belongs to the left leg of
e;, denoted by I{z), i1s called the left-support-vertex of ¢;. Similarly, the right
leg and right-support-vertex of ¢; are defined by considering the shortest line
segment tangent to P and perpendicular to h (Figure 2). We denote the right
support vertex of e; by r(i). The 2-leg route with respect to adjacent edges
e;—1 and e;, denoted by w(i), is the route that follows the left leg of e;_;, the
boundary of £ from /(¢ — 1) to r(?) in the clockwise direction, and the right leg of
e; as shown 1n Figure 1b.

The sequential algorithm given in [6] makes use of Lemma 1 and computes
the shortest external watchman route as follows. It computes 2-leg routes with
respect to each pair of adjacent edges by walking around the polygon and selects
the one with the minimum length. It then compares the shortest 2-leg route with the
boundary route and outputs the one with the shorter length. To compute a shortest
2-leg route efficiently in parallel, we need to use the merging slopes technique
introduced in [14,15, 21] (see also {12]), which we describe next.

We start with a few definitions. The distance of a point p to an oriented edge
€ 1s the distance from p to the line containing e. If p lies to the left of e, then
the distance 1s defined to be positive. Similarly, the distance is negative if p les to
the right of e. The a-distance of p to e is its distance to the edge ¢ obtained by
rotating ¢ by angle o in the counterclockwise direction around a point (the results
of search queries discussed below do not depend on the choice of the rotation point;
hence any point can be taken as rotation point). Given two convex polygons P and
@, and an angle o, the extremal search problem denoted by ES(P, @, o) asks to
find for each edge ¢; € P, a vertex ¢; € ) with the smallest a-distance to e; among
vertices from . The vertex g is called the associated vertex of ¢; in direction a.
Extreme vertices of polygon ¢ with respect to an edge of P can be captured in term
of a-distance. For example, the solution obtained by invoking ES(P,Q, 5) gives
the easternmost vertices of @ for each edge of P. Similarly, the westernmost, the
southernmost, and the northernmost vertices of  for each edge of P are obtained
by invoking ES(P,Q, «), with a equal to 37”, 0, and =, respectively. In Figure 3,
.3, and ST" are q; (southernmost), q;
(northernmost), ¢; (easternmost), and gz (westernmost), respectively.

The use of the merging slope technique to identify the associated vertices of the
edges of P can be briefly described as follows. (Details and other applications of
merging slopes can be found in [12,14,15,21].)

the associated vertices of ¢; for a equal to 0, 7

Observation 1. The slopes of the of edges of a convex polygon are sorted in the
order of the occurence of these edges along the boundary. (Strictly speaking, the
list is the concatenation of two sorted list if the first element is not a maximum or
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minimum; but it can be converted to a sorted list by shifting in a straightforward
way. Hence we can assume that the list is sorted.} Consider rotating the edges
£;(0 < i< n—1)of P by angle a in the counterclockwise direction (the slopes of
the rotated edges are expressed in the interval [0,27)). Let s; denote the slope of
edge e; of P rotated by angle o, and let s; denote the slope of the i-th edge (g;, gi41)
of Q. Let ¢, be the associated vertex {in direction «) of edge ¢, € P. The crucial
observation here is that the slope s% is the minimum slope greater than the slope
s, among the slopes of the edges of . In other words, the slope s, lies between
the slopes of consecutive edges of . {In Figure 3, slope of ¢; plus a (o = 0) lies
between the slopes of edges (g1—1,4:) and (g;, gi41); the slope of ; plus o (o = F)
lies between the slopes of edges (¢;—1,¢;) and (¢;,gi+1).) Hence by merging the
slopes s; (0 < ¢ < n~ 1) and the slopes s (0 < i < m —1), the associated vertices
of each edges of P can be identified. This merging can be done in O(logn) time

using O(lozn) processors in the CREW PRAM model of computation [16,17].

45

Fig. 3. [llustrating extreme vertices of @ for an edge of FP.

Lemma 2. The right-support-vertices and the left-support-vertices of all edges
of P can be computed in O(logn) time using O(lozn) processors in the CREW
PRAM model of computation .

Proof. We apply the merging slopes technique to identify left-support and right-
support vertices of all edges of P as follows. Let A denote the ordered list of the
slopes of the edges of . Let A, denote the list obtained by adding o (modulo
27) to the elements of A. In the merged list A U A,, an edge e; of P appears
between the edges of @) incident on the associated vertex of ¢;. Hence the right
support vertices can be identified by merging A and Az (invoking ES(P, P, 3)).
Similarly, left-support-vertices can be identified by merging A and Azz (invoking

ES(P, P, 37“)) Since parallel merging can be done in O(logn) time using O(5)

logn
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processors In the CREW PRAM model, all left-support and right-support vertices
can be computed within the stated time and number of processors. a

After determining right-support-vertices and left-support-vertices of all edges
the lengths of all 2-leg routes are computed in parallel by using parallel-prefix
techniques and the shortest 2-leg route 1s determined. The length of the shortest
external watchman route is the smallest of the shortest 2-leg route and the convex
hull route. A formal description of the algorithm is given helow.

Algorithm Shorlest Watchman Route

Step 1: Compute 5; = |eo| + |e1]| + |ea] + ...+ |es| for i = 0,1, ...,m— 1. The length of
the perimeter of P is C' = S,,_;.

Step 2: Compute left-support-vertices I{¢) and right-support-vertices r(Z) for all edges
using the merging slopes technique and compute the lengths L(i) and R(7) of
the left and the right legs of all edges.

Step 3: { Computation of shortest 2-leg route }

a. Let B(i) denote the length of the 2-leg route with respect to adjacent
edges ¢;..; and e;. Let I(i) = py and r(i — 1) = pum;

b. Compute B(#)'s as follows:
If £ < m then B(i) = 2+ (L{i} + R(i — 1) + S(m) — S(k))
Else B(i) = 2* (L(i) + R(i — 1} + S(m) — S(k) + C)

¢. Find the shortest 2-leg route D by examining B(z)'s.

Step 4: Report the smallest of € and D as the shortest watchman route.

Theorem 1. The shortest external watchman route for a convex polygon can
be computed in O(log n) time using O(1555) processors in the CREW-PRAM com-
putational model.

Proof. Step 1 can be done in O(logn) time by using O logn) processors using
the parallel prefix technique [8]. Step 2 can be done in Olog n) time with O(loz =)
processor by using the parallel merging slopes technique (Lemma 2). Within the
same parallel time and the same number of processors Step 3 can be done by unsing
parallel minima finding methods [8,13]. Step 4 takes O(1) time, and hence the total

time and the total number of processors add up to O(log n) and O(@), respec-

tively. a

3. Algorithm on the BSR and Other Models

Recently Akl et al [18,19] introduced a new model of parallel computation, called
the BSR (broadcasting with selective reduction) and showed that it is more powerful
than any CRCW PRAM and yet requires no more resources for implementation
than even EREW PRAM. The model allows constant time solutions to sorting,
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parallel prefix and several other problems. Traditional PRAM (parallel random
access machine) model assumes that during the execution of an algorithm several
processors may read from, or write to, the same memory location simultaneously,
such that each processor gains access to at most one location. An additional type
of memory access is permitted in BSR, namely a broadcast instruction, by means of
which all processors may gain access to all memory locations at the same time for the
purpose of writing. At each memory location, a subset of the incoming broadcast
data is selected and reduced to one value (using an appropriate reduction operator,
taken from the set {X 1I,A,v,&,N, U} denoting sum, product, AND, OR, XOR,
max, and min, respectively); this value is finally stored in the memory location.

The selection process is carried out as follows. Along with each datum d; a tag
¢; is also broadeast, while each memory location z; is associated with a limit J;. A
selection rule o (taken from the following set {<, <, =.>,>,# }) is used to test the
condition ¢;ol;: if the latter is true then d; is selected for reduction, otherwise, d;
is rejected. This is done simultaneously for all broadcast data d;,1 <i < n, and all
memory locations z;,1 < 7 <m.

The BSR broadcast instruction is denoted by:

x; = Rd;|tol;.

The above notation can be interpreted as follows. If {;ol; is satisfied then d;
is “accepted” by location x;. The set of all data accepted by x; is reduced to a
single value by means of the binary associative operation R, and stored in x;. If no
data are accepted by a given memory location z; then z; receives the value of the
neutral element for operation R. If only one datum is accepted, then z; 1s assigned
the value of that datum. The operation is performed for all j,1 < j < n, in parallel.

For example, the prefix sum problem is to compute p; 1= z; + &2 + ... + z; for
j=1,2,..,n. It can be done by the following broadcast operation [18]:

pj = Yali <

Another example is concurrent read. Processor j reads datum dp, from processor
p; as follows [20].

£ o= Edg|i = b

We now describe an algorithm to solve the extremal search problem on BSR. As
noted earlier in Observation 1, the associated vertex of e; of P is the vertex ¢ of
@ such that the slope s, is the minimum possible slope which 1s greater than s;. If
no such slope is found then the result is the vertex go. The algorithm can thus be
coded elegantly as follows.

Algorithm Extremal_Search_On_BSR
for each processor j,1 < j < m do in parallel
s; .= slope(e; ) + o mod 27
wi 1= USHS:- > 8
wy 1= Ng;|st = w;
if all slopes are rejected then w; := g

After the execution of the algorithm, the associated vertex of edge e; will be
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one of w;, wjy); a constant time additional check will select the proper associated
vertex. Clearly, the broadcasting operation can be repeated to obtain, one by one,
all necessary data about the associated vertex (the index, r and y coordinates, etc.).
The algorithm runs in constant time on a BSR with n processors.

We have thus shown that all procedures needed to solve the shortest exter-
nal watchman route problem (parallel prefix, concurrent read, and extremal search)
can be computed in constant time on BSR and hence we have the following theorem.

Theorem 2. The shortest external watchman route for a convex polygon can
be computed in constant time on BSR.

Our approach can be used to develop efficient parallel algorithms for comput-
ing the shortest external watchman routes on other models of parallel computers
as well. In recent years, there has been a growth of research interest in develop-
ing parallel algorithms for solving computational geometry problems on hypercube,
star, and pancake networks {12 14]. By using the data communication techniques
and merging slopes techniques reported in [14], our algorithm can be modified in a
straightforward way to compute the shortest external watchman route for a convex
polygon on hypercube, star, and pancake networks. This is stated in the following
theorem.

Theorem 3. The shortest external watchman route for a convex polygon can
be computed in O(logn) time on a hypercube with O(n) processors. Similarly,
the shortest external watchman route for a convex polygon of m! vertices can be
computed in O(m3 logm) time on a star or pancake network with m! processors.

Proof. All techniques needed to solve the problem on given interconnection
networks have the running times as indicated in the theorem. Step 1 requires par-
allel prefix, which is done in [21] for hypercube (generalized ranking algorithm from
[22}) and in [14] for star and pancake models. Step 2 requires the merging slopes
technique, solved in [21] (hypercube) and [14] (star and pancake). Step 3 is a con-
current read (to learn S(m) and S(k)), followed by straightforward computations
inside processors. Note that all processors which are supposed to read the same data
S(m) or S(k) form a continuous interval (it follows as a consequence of applying
the merging slopes technique). This kind of concurrent read is implemented as fol-
lows. The first processor in any such interval is recognized (it reads from a different.
processor than its neighbor with a smaller index), then reads S(mn) or 5(k) using
exclusive read. This exclusive read can be implemented by two calls to distribution
operation, in which the source address increases whenever the destination address
increases. The distribution operation is described in [22] for hypercubes and in [14]
for stars and pancakes. After the first processor in every interval learned S(m)
or S(k), interval broadcasting (spreading data from each leader to its followers) is
apphed. For star and pancake networks, distribution and interval broadcasting are
described in [14] while for hypercubes it is given in [22]. Each of these operations
run in O(n) time on a n-dimensional hypercube, and in O(m?) time on a star or a
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pancake network with m! processors. o

4. Discussion

The merging slopes technique can be applied to solve some other problems,
as discussed in [15] for CREW PRAM and mesh-connected computers, in [21] for
hypercubes, and in [14] for the star and pancake models. Without giving details
or definitions, we note here that the BSR solution to the merging slopes technique
leads to constant time solutions with a number of processors equal to the input
size for the following problems: for computing Minkowski (or vector) sum, critical
support lines, and separability of two convex polygons, for finding the maximum
distance between two convex polygons, and for computing the smallest enclosing
box, diameter, and width of a convex polygon. Akl and Guenther [18] presents a
constant time convex hull algorithm for n points in plane which uses n? processors
on a BSR. The same result applies to some other applications of the merging slopes
technique, namely diameter, width and smallest enclosing box of a set of points.
It 1s an outstanding open problem to solve the convex hull problem with fewer
ProCessors.

We established that the shortest watchman route in the exterior of a convex
polygon can be computed in O(logn) time using O(n) operations, this number of
operations 1s optimal within a constant factor. We also presented efficient algo-
rithm to compute a shorest watchman route on other model of parallel computer,
namely, the hypercube, the star, the pancake, and the BSR. The next step in this
direction would be to develop an optimal parallel algorithm to compute the shortest
watchman route inside a simple orthogonal polygon. A variation of the approach
used in [L11], together with the unfolding techniques used in [3], might be helpful
in this direction. Also, it would be interesting to develop parallel algorithms for
computing the shortest watchman route inside a simple polygon (not necessarily
orthogonal). Since the best sequential algorithm to solve this problem known to
date takes O(n*) time [4], it may be necessary to develop a faster sequential version
before attempting to obtain an efficient parallel algorithm.
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