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Abstract

Melter, R.A., I. Stojmenovii and J. Zuni6, A new characterization of digital lines by least square fits, Pattern Recognition Letters
14 (1993) 83 88.

In this paper we prove that digital line segments and their least square line fits are in one-to-one correspondence and give a
new simple representation (xr,n,bo,br) of a digital line segment, where x, and n are the x-coordinate of the left endpoint and
the number of digital points, respectively, while bo and b, are the coefficients of the least square line fit X=Do+Dr X for the given
digital line segment. An O(z log n) time algorithm for obtaining a digital line segment from its least square line fit is described.

1. Introduction

Consider a line u in the Euclidean plane with
equation y:ux+ B. The line u wil l be digit ized by
rounding. Its associated set of lattice points, called
a digital line, is defined by

L(u): {( j ,r(uj + frD I I  is an integer}.

Here r is the rounding function with r(n + 0.5): /?
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i f  n is an integer. For convenience, we use a
modified digitizing method, in which the first
points below a given line are taken instead of roun-
ding. Obviously it is equivalent to translating the
line by -0.5 in the vertical direction and rounding.
In general we wil l be dealing with finite subsets of
Z(u). In particular, a digital (straight) l ine segment
is obtained by digitizing a line segment by the
above method.

The concept of a digital straight l ine has been
formulated by Kim and Rosenfeld (1982). Given a
set of n points in the plane, they gave an O(n)

algorithm that determines whether or not the set is

a digital line segment. Digital straight lines in
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proved as Theorem I of Section 2. The following

corollary is a consequence of the result.

Corollary l. Any digitol line segment can be uni-
quely coded by four numbers (x1,tt,bs,b) where

x1 and n are the x-coordinate of the left endpoint
qnd the number of digital points, respectively,

while bs ond b1 are the coefficients of the least

square line fit Y:bo+b1X for the given digital

line segment.

The corollary matches digital line segments with

their least square line segments. The question that

arises is whether a digital line segment (and,

ultimately, the line segment which is digitized) can

be recovered efficiently if our new representation is

used. In Section 3 we give an efficient recovery
procedure. The time complexity of the procedure is

O(nlog n) .

Therefore we obtain a new representation of

digital line segments by four numbers. This repre-

sentation is an alternative to the known representa-

tion of digital lines by adjacent pairs given by

Lindenbaum and Koplowitz (1991) and to the one

suggested by Dorst and Smeulders (1984).

2. One-to-one correspondence between least

square line fits and digital lines

In this section we prove the following theorem.

Theo rem l .  Le t  L (p ) : { ( x i , y ) ,  i : 1 ,2 , . . . , n1  be  a
digital line segment (the digitization of a line seg-

higher dimensions were studied by Kim (1983) and

Stojmenovii and Tosic (1991).

A finite set of points in the plane is sometimes

called a scatter diagram. For convenience we

assume that the points have distinct abscissas. The

least square line for the scatter diagram is a line

which minimizes the sum of the squares of the ver-

tical distances to the data points. The formula for

such a line can be found in textbooks on statistics.

e.g., Burr (1974).

If the scatter diagram is given by l(xi,yi),
i :1 ,2, . . . ,n)  and the equat ion of  the least  square

line is I: bs+ brX, then

b r :

and

D s :  I  -  o 1 x ,

where

-  J t  *  " ' * l n

n

X r  * . . . * X -
a n d  x :  "

n

In the case of the least square line for a digital
l ine segment, we assume that 0<bl ( I (or, equiv-
alently, that the digital line segment maps one-to-
one to the x-coordinate), because the other cases
can be easily obtained by symmetry.

Melter and Rosenfeld (1989) reformulated the
concept of a digital line. They introduced the con-
cept of a noisy straight line segment, based on least
square line fitting and defined in terms of bounds
on correlation coefficients. and show that it is a
generalization of a digital straight line.

Melter and Rosenfeld (1989) posed the following
question:

Question 1. If a continuous line is digitized and
least squares is applied to the scatter diagram, can
the original line be recovered?

They gave only a partial answer, for some special

case. In this paper we answer the question positive-

ly for any line segment. More precisely, we prove

that the least square line fit uniquely determines

the digital line on a segment. This statement is
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y i + . . . +  y ; : y i + . . - +  y ' ;

or, equivalently,

0i - yi) + 0i- yD+ ... + 0L- y' i) : 0.

Figure I shows the digital l ine segments Z'and
L'. The differences yi-yi correspond to the
number of digital points between L' and L" lying
between these two lines and having the x-coordinate
xi:i- l. The positive differences correspond to
digital points in angle I while negative differences
correspond to digital points in angle 2. Clearly
there exists an i such that yj - y; is positive for 7 ( I
and zero or negative forT>i. Thus

0 i -  v i )  +  ' . '+  0 i -  y )

: 0 i * r _ t , i + )  + . . . +  0 ' l _ h  ( l )

where all numbers in parentheses are nonnegative.
This means that the numbers of digital points
(points with integer coordinates) in angle I and
angle 2 (these angles are formed by L' and L") are
the same. If digital line segments corresponding to
L' and L" are different then each of the two ansles
contains some digital points.

From (l) we also have

0i - yi) + 2(yL - yD + . -. + i(yi - y )
( t ( (y i  -y [ )+" '+0 i - f i )

: i ( (y i * r -J i t t )  +  " '+  0 ' i , -y ) )

<( i  +  l ) ( / i+  r - t ! * )  + . . .+  n (y ' i , -y ' , ) .

The later inequality ( is clearly strictly <
whenever angle 2 (and hence angle l) contains at
least one digital point. Therefore if L' and L" are
different digital line segments then

0i -  y{)  + 2(y5- yD + -. '  + i (y i  -  y )

< ( i  +  l )O i * r -  I i * r )  +  . . .  +  n (y ' i , -  y ' , ) .  (2 )

Let a: -(n - l)/2. From bi : bi it follows that

0 i ,  . . . ,  y h ) @ ,  a  +  l ,  . . . ,  a  +  n  -  l )

:  0 i ,  . . . ,  y , i )@,  o  +  1 , . . . ,  a  +  n  -  l ) ,
i . e .

(s -  l ) (  y i  + . .  -  + y;)  + yi  + 2y2+ . . .  + ny' ,

= (o  -  l )Q i+  . . '  +  y ' ; )  +  y l+2y i+  . ' .  +  ny ' ; .

By  app ly ing  y i+ . . .+y i :y [+ . . .+y ' ;  to  the  las t

ment p), where we con assume that xi:x, ,+l
for l<i{n. Let R(p) be the least squsre line seg-
ment for the set L(p), i.e., R(P) ,s limited to the
interval lxyxnl. Then R(p):R(q) implies L(P):
L (O.

Proof. For digital lines we assume that x,: x, _, a 1,
l<i (r. For simplicity (and without loss of
general i ty),  let  (x1, . , . ,xn):(0, l ,  . . . ,n- l ) .  Then

(n- l)n(2n-l){  n (n - l )  3  ,
Ll " I  

t  t  t r  ^ i  -

t = l  z  i = l

Hence

.  |  ( n - l ) n ( 2 n - l )
, t : L  

U
n z ( n - l ) z f  I

4 n l

r  n  n _ l  g  lx l I x ,
|  -  ^  -  J r l

L r - l  z  i = t  I

_  t 2  f  + . . . .  n - r S . . . l: 
7- l,l,*' t'- z ,L, ' ' )

1 2
:  1  (Y t ,  ! 2 ,  " '  ,  ! n )n - - n

/  n - l  n - l  n - l r
' [  - - - - l - r -  

-  T l " " ' - - - ] - -  l r
1  2  2  2  / '

where the dot product of last two vectors is taken.
The above is an alternative expression for b1

which will be useful in the sequel. It is easy to find
an example to show that different non-parallel
digital lines may have the same coefficient D, in
their least square line fits. One such example con-
sists of the digital straight l ine segments I,:

{(0,0), (1,0), (2,0), (3,0), (4,0), (5, l), (6, l), (7, l)} and
Lz: {(0,0), (1,0), (2,0),(3, l), (4, l), (5, l), (6, 1), (7, l)}
for  which bt :5/28.

The coefficient bo can be calculated as follows:

l t * . . . t j n  n ( n - l ) .
D \ = ! - D 1 X :  

,  Z n  
O r .

Suppose that two digital line segments L' and L"
are both defined on the interval l0,n- ll and have
the same coefficients in their least square line fits,
i . e . ,  b l : b i  and  b6 :b6 .F rom b [ :b ( ;  i t  f o l l ows
that

v i+  " '+v ; n - l  v i + . . ' + v ' J  n - l-  
2  

b i =  
n  z  

o i '

Since bi :bi we obtain the following condition:
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equality one obtains

y i+2yz+  . ' .  +  ny | :  y i+2y i+  . . .+  ny ' ; ,
i . e . .

0\ - Y) + 2(Yz - YD + "' + n(Y', - Y';) :0. (3)

But (2) and (3) contradict each other. Thus

angles I and 2 do not contain any digital points,

and L' and L" represent the same digital line seg-
ment. This completes the proof.

3. Digital line segment construction from least

square line fit

In this section we describe an efficient recovery
procedure for digital line segments if they are
represented by their endpoints (without loss of
generality, we may assume the endpoints are 0 and
r- l) and the coefficients b6 and bl of the cor-
responding least square line fits.

First we describe a procedure l ine (r,a,A,L)

which, for a given interval [On - l], slope a and
sum .4 finds a straight line I with slope a such that
A : l r+  " -  +yn ,  whe rey l ,  . . . , yna re  t hey -coo rd in -
ates of the digital line obtained by digitizing Z.

Procedure line(n, a, A, L)
Input. Interval l0,n-l l, slope a, and sum.4.

Output. Straight line Z having slope a and the sum
,4 of the y-coordinates of the digital line cor-
responding to Z on the interval [0, n - l].

Step 1. Draw a line segment p with slope a such
that p contains (0,0).

Step 2. Find the number of digital points s(p)

bounded by the triangle determined by p, the x-
ax i s  and  ve r t i ca l  l i ne  x :  n - l  ( s (p ) : y r * . . . * ! ,

for the l ine p).

Step 3. Translate p bv L@-s(p))/n) in the ver-

tical direction (upward if A - s(p)> 0 and down-
ward otherwise) to a new position p'. Obviously
s(p') :s(p) + nlln - s1p11 /n ) and ls(p') - s(p) | <
n. If s(p) - s(p') > 0 then p' should be translated
upwards by at most 1; otherwise it should be

translated downwards by at most l.

Step 4. Let (i - I,yi) be a digital point of p'. Find

the distances d; from (i-l,yt+ l) if the transla-

tion goes upwards, and to (i - I, yi- 1)

otherwise.
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Step 5. Find the (s(p)-s(p'))th smallest distance

among the distances d;. Any algorithm that

finds the kth median of a set can be used (for ex-

ample, Blum et al. (1973) which is a l inear time

algorithm).
Step 6. Translate p' to its final position Z by the

(s(p)-s(p'))th smallest distance, in the ap-
propriate vertical direction.

The above procedure clearly runs in linear time.

Theorem 2. A digitol line segment can be recovered

from its given code (xbn,bs,b) in time O(n log n).

Proof. Suppose, for simplicity, that xt:Q, xn:tt-l
and  x r : i  -  I  f o r  I  < i<n .  F rom

,  l t +  . - .  *  J n  ,  x r  *  ' . . *  x n
o o : - - o t -

n n

it follows that

! r * . . .  * ! n :  n ( b g + n ( n - l ) b r / 2 ) : A .  ( 4 )

In other words, the sum of the ordinates of all

digital points on the required digital line segment
is fixed.

From
t 2

br  :  7  (Yv  Yz ,  . . . ,  Jn )
n ' - n

/  n - l  n - l  n - l \
' {  - - ' - - - - * 1 , " ' , -  I

1  2 '  2  2  /

we obtain

b{n_1 
-- 

n) = _*o,+ ...+ yn)
1 2 2

+  y t + 2 y 2 +  . - . +  n y n ,

i .e .

I t + 2 l z + ' . ' +  n y n

b ( n 3 - n )  n + l  / ,  n ( n - l ) b l- - +  r a ^ + - \ = 8 .
1 2  2  \ "  2  /

(5)

Therefore, the sum yt+2y2+ "'* n!, is also fix-
ed (:B). The fixed sums (4) and (5) form the basis
of our algorithm.

The algorithm consists of several iterations. In
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each iteration we construct a straight line Z with
slope a such that (4) is satisfied. This is done by the
procedure line(n, a, A, L) where,4 : n(bo+ n(n - l)
b/2). Once Z is constructed, find sum(Z):yt +
2yz+...+nyn for the digital line segment defined
by Z and compare it with the right side of (5), i.e.,
with B.

Consider Figure l. Let L' and L" be lines (cor-
responding to two different digital line segments)
obtained by calling line(n,a',A,L') and line(n,d",
A,L"), respectively. The numbers of digital points
in angle I and angle 2 are the same because the sums
!r*. . -+yn arc the same for both L'and 2".  Now
compare the sums yt+2y2+ .'. * nln for L' and L".
Inequality (2) yields

sum(Z') :y i+ . . .  + ny,<yi+.. .  + nyi :sy 11"1,

which implies that if a,'<a," then sum(I')<
sum(2") (when Z' and L" represent different digital
line segments; otherwise sum(Z') = sum(2")). This
property permits a binary search over slopes a to
find a line Z with slope a for which sum(Z) is equal
to B.

The slopes are initially within the interval [0,l].
Binary search for the desired slope will, in each
iteration, reduce the size of the remaining interval
to half of the original size. If an accuracy of, say,
l0-( (for the slope of the digital line) is desired
then the number of iterations m that is necessary to
achieve this is given by 2-^<10-K which is
satisfied for m>Klog2l0. In other words, M=
O(K) iterations suffice to find the line with a given
accuracy in its slope. Since each iteration requires
linear time, the algorithm requires O(nK) time
overall, which is linear if the number r( of output
bits of accuracy is a constant (which is an usual
assumption). For example, if we desire accuracy of
l0-3 in the slope of the line segment that generates
the digital line segment then we require the first
K : 4 accurate digits of the slope (between 0 and l).
However, the digital line obtained is not necessarily
the desired solut ion; the sum y+2lz+.. .+nyn
for this line does not need to be equal to B, i.e., the
least square fit line for the solution obtained may
not coincide with the given least square fit line.

Therefore we perform a binary search until the
line obtained satisfies the second criterion y1 +
2yz+ "'* txln= B, which is sufficient to ensure a

line with the given least square line fit. How many
iterations are necessary?

It is well known that the minimal difference be-
tween the slopes of two different lines, each pass-

ing through two integer points of a grid of size
nxn, is at least l/nz (these slopes are rational
numbers, say a/b+c/d and

l s  c l  l a d - b c l  I  l t
l ; -  . 1 :  l  -  l )  - 2  , 1 .
l b  d l  I  b d  l ' b d -  n " /

For the desired digital line segment there exists a
corresponding interval containing all possible

slopes of lines which share the same digital line seg-
ment. This interval has length 2l/n2.

Our binary search procedure starts with the in-
terval [0, l] and will certainly terminate when the
interval remaining to be searched is ( l/nz. The
number of iterations needed to obtain an interval
that is n2 times smaller than the original one is
log n2 :2log n. This is the maximal possible

number of iterations that may be needed. There-
fore the time complexity is O(nlogn). tr

This algorithm is sumarized as follows:

Algorithm decode(be, bp n, L)
Input. bs and b1, coefficients of the least square

fit line Y: bo+ b1X and n, the size of interval.

Output. A straight line Z for which the cor-
responding digital line segment on the interval

[On- l ]  has least  square f i t  l ine Y:bo+brX.

Choose a s lope a f rom [0,n- l ] .

A : :  n(bo+ n(n -  l )by/2) ;

b , h 3 - n \  n + l  /  n f u - l ) b , \
B : :  

"  '  
n l b " +  l :

t 2  2  \ "  2  / '

l ine(n,  a,A,L) ;
whi le  sum(Z)+B do

{choose the next a by using a binary search

strategy; l ine(n, a, A, L);l

Conclusions

We have shown that digital line segments and

their least square line fits are in one-to-one cor-
respondence. A new simple representation by four
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numbers is given; the numbers are the endpoints of
the digital line and coefficients of its least square
fit line. An O(n log n) time procedure to find a
digital line from its least square line fit is described.
In practice, since slopes are represented with a cer-
tain accuracy, the algorithm is linear (more
precisely, O(nK), where slopes are represented
with K digits of accuracy).

Several open problems remain for further
research. One could apply similar representations
to other types of digital curves (circles, ellipses
etc.) It would also be of interest to investigate
representations by other types of line fits (for ex-
ample, by the line that minimizes the total sum of
distances to it).

Another problem is to find an exact linear time
'decoding' algorithm (rather than O(n log n)). It is
clearly possible if the least square fit line is parallel

to one of the coordinate axes, or at least is suffi-
ciently 'close' to the interval of possible slopes of

the generators of the corresponding digital line seg-
ment. It is not known whether any of these conjec-
tures, which seem to be intuitively correct, holds
for an arbitrary digital line.

It would be also interesting to apply the new
representation to real-world images. For example,
suppose we wish to represent a part of such a real-
world image by a line segment (call this segment of
the image a 'scatter l ine'). A possible prescription

for representation of this line would be:
(l) compute a continuous approximation to the

scatter line by least squares;
(2) compute a digital line by rounding;
(3) do a least squares to this digital line to find

the 4-parameter representation.

PATTERN RECOGNITION LETTERS February 1993

Then the digital line (but, of course, not the
'scatter line') can be reconstructed from the
4-parameter representation. The slope,/intersect
parameters of the second least squares fit are
generally different from those of the first, and it
would be of some interest to estimate the masnitude
of these errors.

A related question is to investigate the range of
the 4-number parameter vectors, since an arbitrary
vector cannot be expected to represent some digital
l ine.
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