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The star and pancake networks were recently proposed as attractive alternatives to the hypercube
topology for interconnect ing processors in a paral lel  computer.  However,  few paral lel  algor i thms
are known for these networks. In this paper, we present several data communication schemes and
basic algor i thms for these two networks. These algori thms are then used to develop paral lel  solut ions
to var ious computat ional geometr ic problems on both networks. Computat ional geometry is just
one area where the algori thms proposed here can be appl ied. Indeed, we bel ieve that these algori thms
are interest ing and important in their  own r ight and are fundamental  to the design of solut ions on
the star and pancake networks to a host of other problems. o 1993 by John witey & Sons, /nc.

1. INTRODUCTION

Given a set of generators for a finite group 9, the Cayley
graph with respect to I is defined as follows: The verti-
ces of the graph correspond to the elements of the
group 9, and there is an edge (a, b) for a, b e I if and
only if there is a generator g such that ag : b lll.
We require that the set of generators be closed under
inversion so that the resulting graph can be viewed as
being undirected [l].

Let9n be a symmetric group on n symbols and V,
be the set of all n! permutations of symbols 1,2, . ,
n. A star interconnection network on n symbols, ,S, :
(V,, Es,), is a Cayley graph with generators g, = i23
.  .  .  ( t  -  l ) l ( t  +  1 ) .  .  .  n , 2 = i <  n .  E a c h v e r t e x i n
S, is connected to n - I vertices that can be obtained
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by interchanging the first symbol (leftmost symbol) of
the vertex with the itlr symbol, 2 < i < n. S, is also
called an r?-star. Figure 1(a) shows Sa.

A pancake interconnection network on n symbols,
P,: (Vn, ̂ E""), is a Cayley graph with generators ft, =
( t  -  l )  . . . 3 2 1 ( i  +  l x t  +  2 ) . . . n , 2 =  i = n .  E a c h
vertex in P, is connected to n - I vertices that can
be obtained by flipping the first i symbols, 2 = i < n.
Pn is also called an n-pancake. Figure l(b) shows Po.
Note that,Sn and Pnhave the same vertex set. Clearly,
hi :  gi  for i  < 3, and Sn: Pn for n = 3. In those
cases where the discussion and results apply to both
networks, we will use X, to denote either Sn or Pn,

Both the star and pancake interconnection networks
are attractive alternatives to the hypercube for inter-
connecting processors in a parallel computer and com-
pare favorably with it in several aspects [1, 2]. For
example, both the degree and diameter of Xnare O(n),
i.e., sublogarithmic in the number of vertices of Xn,
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Fig. 1. (a) A 4-star

whereas a hypercube with O(n!) vertices has a degree
and diameterof O(log nl) :  grnlogn),  i .e. , logari thmic
in the number of vertices. Other attractive properties
include their symmetry properties as well as many de-
sirable fault tolerance characteristics [3].

Definition l. Let X,-{i) be a subgraph of X, induced
by all the uertices with the same last symbol i, for some
l < i = n .

From this definition, X, can be decomposed into n
X,_is: X,_li), I s i < n. From the definitions of S,
and Pn, it can be seen that S,-,(i) is an (n - l)-star
and P,-,(i) is an (n - 1)-pancake, both of them defined
on symbols  {1 ,2 , .  .  .  ,n }  -  {4  t l ,21 .  Forexample ,  So
in Figure 1(a) contains four 3-stars, namely, 53(l), S3(2),
Sr(3),  and Sr(4),  by f ix ing the last symbol ar 1,2,3,
and 4, respectively.

We now present a processor ordering, first proposed
by Menn and Somani [2], which is quite appropriate
for the hierarchical structure of Xn.

Definition 2. In X^, let p denote the processor associ-
ated with the uertex araz . . . an and q denote the proc-
essor associated with the uertex brbz . . . b^. The order-
ing, <, on the processors is defined as follows: p < q
if there exists ani, | < i < n, suchthat a,: blfor j >
i, and a,1 b,. In other words, the processors are or-
dered in reuerse lexicographic order (i.e., lexico-
graphic order if we read from right to left). If p < q,
we say that p precedes q. The rank r(u) of a uertex u is
the number of uert ices u such that u < u, i .e. ,  r(u):
l{rl, < u, u e V,ll. Clearly, 0 < r(u) = nt. - l.

Throughout the paper, any vertex u: a1e2. . . an
will be referred to by ara, . . . an and/or r(z). It is
also assumed that in one step requiring unit time each
processor may send or receive a constant number of
data items to or from one of its neighbors. Henceforth,
we use uertex and processor interchangeably.

The star and pancake interconnection networks

have received much attention recently. A general re-
view of the properties of these two networks and their
associated algorithms is provided in U7l. It is worth
pointing out that most efforts to date have been directed
toward deriving properties of the two networks instead
of designing parallel algorithms for them. In this paper,
we present a number of results in connection with the
star and pancake networks. Several basic algorithms
are proposed that are then used to design parallel solu-
tions to various computational geometric problems on
both networks. In particular, we describe (i) an algo-
rithm for finding the convex hull of a set of n ! planar
points on a star or pancake network with n! vertices
in O(n3log n) time, a performance that matches that of
the best-known sorting algorithm on each of the two
networks, and (ii) algorithms for solving several other
geometric problems by the merging slopes technique.
Computational geometry is just one area where the
basic algorithms proposed here can be applied. Indeed,
we believe that these algorithms are interesting and
important in their own right and are fundamental to the
design of solutions on the star and pancake networks to
a host of other problems.

The paper is organized as follows: Section 2 presents
basic algorithms on the two networks. We then use
these algorithms in Section 3 to develop efficient solu-
tions to the convex hull problem and other related
computational geometry problems that can be solved
by the merging slopes technique. Our concluding re-
marks are offered in Section 4.

2. BASIC ALGORITHMS

In what follows we describe a representation of S, and
Pn that greatly simplifies the exposition in the next
section. If we arrange all the vertices in X, into an
n x (n - l) ! array in row-major order (in terms of the
processor ordering), then row i becomes X"-{i) |21.
The vertices in Xaare given in Table I. From Definition
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TABLE l. Vertices of Xo

4321 3421 4231 2431 3241 2341

4312 3412 4132 t432 3142 1342

4213 2413 4123 1423 2143 1243

32r4 2314 3124 t324 2134 t234

2, we can see that all the vertices in the same column
of the n x (n - 1)!array (Table I) have the same rank
in their respective X"-r's. For example, vertices 243 l,
1432,1423, and 1324 are all ranked third in Xr(l), Xz(2),
Xr(3), and Xr(4), respectively. Now if we consider these
vertices as the vertices of Sn and apply generator g, to
every vertex, we get another n x (n - 1)! array (Table
II) in which, by the definition of S,, each column is
connected to form a simple path, i.e., a linear array of
processors [2]. This means that the contents of S,-,(i)
can be copied to the processors of S, ,(i + l), and
vice versa, in a bijective and order-preserving way
using three steps. For example, vertex 1432 of S3Q)
sends it content to 1423 of Sr(3) as follows: From 1432
(Table I) to 2431 (Table II) in one step; from 2431 to
3421 (both in a column of Table II) in a second step;
and from 3421 (Table II) to 1423 (Table I) in a third
step. This fact allows us to consider each column of
vertices of S, as "connected" to form a linear array
when these vertices are arranged as an n x (n - 1)!
array in row-major order.

To obtain the same property in P,, we need the
following routing algorithms: Let I: ir,i2, . . . ,i, and J:
i r , j z ,  .  .  . , j r b e t w o  s e q u e n c e s  f r o m  { 1 , 2 ,  .  . . , n }  s u c h
that no two elements of 1 are equal, no two elements
o f " /a re  equa l ,  and { i , , i2 ,  .  .  . ,4 }  n  { " r , , j2 ,  .  .  . , j }  :
A. It is desired to exchange the contents of X, 1Q),
X,_{ i) ,  .  .  .  ,X, , (r , )  with those of X,_l j ) ,X,_r( j ) ,
. . . ,  Xn- , (1 )  such tha t  the  conten ts  o f  X , - r ( i ^ )  a re
exchanged with those of X,_r(j^), for | = m - /. [By
sending the contents of X,_1(i) to X,_,(7), we mean
that the content of each processor in Xn_,(i) is routed
to a processor in X"_,(7) such that no two processors
in X,-,(i) send their contents to the same processor in
X"-{j). By exchanging the contents of X^-,(i) and
X,-r(j), we mean that the contents of X,_,(i) are sent
to the processors of X,-,(7) and the contents of X,-r(j)

TABLE ll. Rearranged vertices of Xo

t324 r423 r234 t432 t243 1342

23t4 2413 2134 2431 2143 2341

3214 3412 3124 3421 3t42 3241

4213 43t2 4r23 432r 4132 4231
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are sent to the processors of Xn-t(i).1 This task can
be achieved in constant time by procedure GROUP-
COPY [5]. Note that GROUP-COPY does not take
processor ordering into account.

Another routing scheme that uses GROUP-COPY
as a subroutine allows us to exchange in constant time
the contents of Pn-r(i) (row i) with the contents of
P,,{i + l) (row t + l) in an order-preseruing way,
i.e., the content of vertex a ranked r' ' in P,-,(i) is
exchanged with the content of a vertex u in P,-t(i +
l)  that is also ranked r 'h in P,- � r( i  + l )  [namely, n and
u are in the same column of the n x (n - l)! arrayl,
for all I < i < n - | [5]. Thus, this routing scheme
"simulates" a linear array. Therefore, the vertices of
each column in P, when arranged as an n x (n -

1)! array, in row-major order, can also be viewed as
connected to form a linear array.

The above discussion allows us to make the follow-
ing two assumptions in the remainder of this paper:

Assumption l. The uertices of an Xp,2 - k 3 n, are
always uiewed as a k x (k - l)l array where uertices
are listed in row-major order.

Assumption 2. In the arrangement of Assumption I,
the uertices in each column are connected directly into
a linear array of length k either in S, or in Pn.

Since S, and P, were originally proposed in 1986,
few algorithms have been developed for them. This is
especial ly t rue in the case of Pn.In what fol lows, we
will see that the routing schemes that allow us to make
the above assumptions about X,, as well as procedure
GROUP-COPY, enable us to view the two networks
as one and, consequently, to develop parallel algo-
rithms that work on both (while previous algorithms
work on either the star or pancake, but not both).
Because sorting is such a basic and important problem,
we include the sorting and merging algorithms in this
section.

2.1. Broadcasting

Suppose that a vertex in Xn-t(i) wishes to broadcast a
piece of information to all the processors in X,. This
problem has a lower bound of O(log(n !)) : Q(n log n)
[2], and in [1] and [2], two separate algorithms, both
requiring O(nlogn) time, are given for S, and P, . Here,
we show that broadcasting on S, and P,can be treated
as the same operation by applying the routing algorithm
GROUP-COPY. The new broadcast algorithm is sim-
ple and optimal and works on both networks.

First, the message is broadcast to all other proces-
sors in X,-(i) recursively so that each processor in
X,-�li) has the broadcast message as its content. Then,
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the contents of X,-r(i) are copied to the rest of the
X,-r's by using the constant time procedure GROUP-
COPY. In other words, the message is flrst broadcast
recursively to all the vertices in X,-,(i); the contents
of X,-r(i) are then copied to the vertices in
X^_r(i + l) in constant time, the contents of X,-t(i)
and X^-r(i + 1) are subsequently copied to the vertices
in X,_r(i + 2) and X,-li + 3), also in constant time.
After flog nl such stages, the message is broadcast to
all the vertices in X,. Let t(n) be the time complexity
of the broadcasting algorithm; then r(n) : t(n - l) +
O(loe n) : O(n log n).

Recently, Mendia and Sarkar found another broad-
casting algorithm on the star graph I l]. This algorithm
was then generalized by GowriSankaran to work on
all recursively decomposable Cayley graphs, which in-
clude the pancake graphs [9]. It is worth pointing out
that the objectives of [9] and [ 1] are to find broadcast-
ing algorithms that minimize the exact number of steps.
In [9], the exact number of steps for its broadcasting
algorithm is )f-J flog (k)l + @ - l). This number
has been improved to 2(2i?-2loe!k)) + pnla] in t8l.

2.2. Computing Prefix Sums

Given elements.f,6,-r1 , ,xry-, , stored in processors
As,A1, ,Arv-' in a network with processors or-
dered such thatA, < Aiif i <j, and an associative binary
operation O, the prefix sums problem with respect to
the processor ordering is to compute all the quantities
si : O,l-o x,, 0 s,t = N - l. At the end of the computa-
tion, we require that processor A, contain sr. In what
follows, we describe an algorithm that uses procedure
GROUP-COPY to compute all prefix sums of an input
sequence on X, with respect to the processor ordering
of Definition 2. Suppose that we have computed prefix
sums for two groups of substructures as follows:

G r o u p l : X , - r ( i )  .  .  .  . X n - r ( i  +  k )

Group2:  Xn, ( i  +  k  +  l ) .  .  .  X , - r ( i  +  2k  +  l )

and that each processor holds two variables s and /,
for storing the partial prefix sum computed so far and
the total sum of values in the group to which it belongs,
respectively. Let the total sum in group I be t, and the
total sum in group 2be tr. We first use GROUP-COPY
to send tr to every processor in group 2 and trto every
processor is group 1; then, the prefix sums in proces-
sors in group I remain the same, while the prefix sum
s in a processor in group 2 becomes s O tr. The total
sum for all the processors in both groups becomes
tt @ t2. All these steps can be accomplished in O(1)
time. This leads to a prefix sums algorithm that runs
in (n) : t(n - l) + o(log n): O(n log n) time onXn,

which is optimal. For example, to compute prefix sums
on X7, we first recursively compute prefix sums on
Xu(i), for I < i < 7, in parallel. Then, prefix sums are
computed using the aforementioned method for groups

{&(l), Xu(2)1, {XoQ), X6@)), {x6(5), Xo(6)}, and {Xu(7)},
in constant time. Using the same technique, we obtain
prefix sums for groups {Xa[), X6(2), X6(3), Xu(a)} and
{&(5), X6(6), X6Q)}, also in constant time. Finally, the
two groups are combined in constant time, using the
same method, to obtain all prefix sums on X7.

Direct applications of the broadcasting and prefix
sums algorithms include computing the ranks of certain
marked vertices and findine the maximum and
minimum.

2.3. Sorting and Merging

Given a sequence of numbers stored in a set of proces-
sors ordered by <, with each processor holding one
number, we say that the sequence is sorted inthefor-
ward direction if for any two numbers x and y held by
processors p andq, respect ively,p < q impl ies x=1.
The reuerse direction is defined similarly.

A sequence of n !numbers stored inX, is given, with
each processor holding one number. The O(n! log(n !))
lower bound on the number of steps required to sort
n ! numbers sequentially implies an O(log(n !)) : O(n
log n) lower bound to sort on Xn. Sorting on S, was
studied by Menn and Somani in [2], where an O(nr
log n) time algorithm is given. This algorithm sorts on
S, by repeatedly sorting on linear arrays of sizes 2,
3, , n, using odd-euen transposition sort [0] [re-
call that whenever we are considering a k-star, 2 <
k s n, we always think of it as being arranged in a k x
(k - l)! array in a row-major order and each column
can be considered as a connected linear arrayl. This
sorting algorithm implies that given two sorted se-
quences stored in two groups of S,-"s:

A :  S n _ r ( i ) , S , _ r ( i  +  1 ) , .  .  . , S , _ r U )

.B :S,  1$  +  l ) ,  Sn-  l j  +  2 ) , .  .  .  ,  S , - ' ( / )

(A and B do not necessarily contain the same number
of S, - ,'s), such that one of the two sequences is in the
forward direction and the other in the reverse direction,
they can be merged into a sorted sequence stored in

C : S n _ r ( i ) , S , _ r ( i +  l ) , . , S n  r 0 ) , S , _ r ( r +  l ) , .  .  . ,
S,-  r( / ) '

in either the forward or reverse direction in O(n2) time.
It is not hard to see that the sorting and merging

algorithms for Sn also apply to Pn with the same time
complexity since the vertices in columns of Pn when
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arranged in an n x (n - l) ! array can also be considered
as connected (Assumption 2 of Section 2) t16l.

Given A, B, and C defined above, and each number
in C knows the rank of the vertex in which it was
originally before the merging, the problem of unmerg-
ing is to permute the list to return each number in C
to its original vertex in A or a. This operation is the
inverse of merging. This problem can be solved by
running the merging algorithm in reverse order, using
the given rank information [6]. It can also be solved
by applying the operations of Concentration and Trans-
lation to be described later (concentrate the numbers
of A, then those of B, then translate the numbers of
.B). Both approaches take O(n2) time.

Let A and B be two sorted lists stored in two groups
ofXn- 1's. The cousins of a e AinB are two consecutive
numbers bt and b2in B, such that a lies between b,
and b2 in the sorted list A U B resulting from merging
A and B (we assume that B has two dummy numbers,
-- and +o for obvious reasons). The cousins in B of
each number in A can be determined in O(n2) time by
merging and interval broadcasting (see Section 2.5).

2.4. Two Classes of Parallel Algorithms

Suppose that all the vertices us,u1t . . . ,unt-, in Xn
have been ordered such that ur I uj if k < i. Then, the
rankr(u1) of vertex upis r(u1):  k,0 -  k -  nl  -  l .
For each vertex u1,, let  x,belkl( i  -  l )U mod i ,  i  =
2 , 3 ,  .  . , n , i , e , , O  <  x ,  <  i  -  1 .  T h u s ,  e a c h v e r t e x u p ,
0 < k< nl  -  l , is associatedwith n -  I  uniquevalues
xi,2 < i < n. These values can be viewed asthe address
xzxt .  . .  xnofthevertex ul , .Wecal l . rr the i thcoordinate
of u1,. The coordinate x, of vertex z1 is simply the
number of X,-,'s preceding r.r1 within the X, in which
nl is found. From the two assumptions at the beginning
of this section, we can see that any i vertices with
coordinates xzxt . . , xi-1x;xia1 xn,xi =
0,1 ,2, .  . , i  -  1,  are "connected" in a l inear array
of length i in X^ (after a constant time routing), i =
2,3, .  .  ,  ,n, i .e. ,  these vert ices al l  have the same n -

i last symbols and they all belong to the same Xr. If
this X, is arranged as an i x (t - 1)! array, then they
are in the same column. This structure allows us to
generalize some algorithms on X, to the following two
classes of highly parallel algorithms: ASCEND and
DESCEND. Let OPER be any computation on i num-
bers on a linear array of length i.

Procedure ASCEND(&,)

f o r i = 2 t o n d o

O P E R  ( x 2 , , , , r ; - 1 0 . r i 1 t  .  .  .  x n , x z .  .  .  x i - 1 l x i * 1
. . . x n , . . . , . , , , x 2 , . . x i - ( i  -  l ) x i * r . . . x ) .  I

In the dual class DESCEND, the loop is changed to
run from i : n down to 2.

These two types of algorithms are similar to the
usual ASCEND/DESCEND algorithms for the hyper-
cube [5]. The sorting and merging algorithms of Sec-
tion 2.3 also belong to these two classes. Using the
ASCEND and/or DESCEND algorithms with appro-
priate OPERs, a number of useful basic algorithms
can be derived [6]. They are Translation, Reuersing,
Concentration, and Distribution These operations on
Xn are similar to the ones on the hypercube [l3]. In all
these algorithms, each vertex has a record that includes
a destination address. This record is to be permuted
to the destination. The permuting is done for all the
vertices with records and nonempty destinations. At
step i, if the ith coordinate of the destination address
of a record is not the same as the ith coordinate of the
current vertex in which this record is found; then, the
record is sent to the vertex with the correct ith coordi-
nate along an array of length i. By doing this, the desti-
nation address is matched coordinate by coordinate.
Each OPER can be done in O(n) time since the longest
linear array on which OPER works is n. Therefore, all
these data permutations can be done in O(nz)time.

Translat ion

Suppose that all the vertices trs,tr1, . . . ,ur,-1 in Xn
have been ordered such that ur 1 uj if k < 7. In the
operation translation, given some integer .t, vertex ar
has to send its datum to vertex rk+rlmod rn simultane-
ously for all k, 0 < k < nl - l. Translation is also
called cyclic shift.

Vertex no with rank r(u) = k and address x2x3 . . . xn
is to be shifted to a vertex with rank (r(u) + s) mod
n!. The address !z!t . .. yn for the new vertex can
be computed accordingly. Using the new address, a
translation can be accomplished by running the
ASCEND or DESCEND algorithms, where OPER is
sorting in the forward direction and the numbers to
be sorted are coordinates of r(up) * s. If we run the
DESCEND algorithm, the odd-even transposition sort
will be performed on linear arrays of length, n,/t -

1, ,2, and the values in the comparisons will be
!n,!n_r 1,2, for i terat ions i  = n, .  .  .  ,3,2,In fact,
the algorithm performs a cyclic shift on a linear array
o f  s i z e  i ,  i  :  n ,  n  -  l ,  .  .  . , 2 . O n t h e  o t h e r h a n d ,  i f
the ASCEND algorithm is run, then the values used
in the comparisons arey2,y3r . , , t!n, respectively, for
i terat ions i  = 2,3, .  .  . ,n,

We now give a correctness proof for the algorithm
for the ASCEND case (the proof for the DESCEND
case is similar). We use induction on n. For n : 2, the
algorithm clearly works on X2, which is a linear array
of two nodes. Suppose that the ASCEND translation
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algorithm works correctly on X" for any s in O(n2) time.
For a translation of s arbitrary positions on Xn*t, by
the algorithm and the induction hypothesis, after n
steps, the algorithm correctly cyclically shifts s mod
n! positions for each X,(i), | < i < n * L In other
words, each node with addresS .f,2.{3 . xnxnal Trrd
dest inat ion address lz l t  .  .  . ! ,1,+, is now in the node
with address 1,zlr . . . !nxn+1. Since in a translation all
records are moved the same distance, it follows that
at step n + | a cyclic shift is performed on a linear
array of length n -l I with all the nodes on a column
having the same irlz coordinates, 2 < i < n. Hence, no
two records will be moved to the same vertex. Since
the algorithm works on arrays of length 2 = k = n on
Xn, the time complexity is O(2i=z k) : O(nz).

In the algorithm for translation, what is done is that
at iteration i the ilh coordinates , xi of u1,, and y, of the
vertex r(ur) + s, are matched. Therefore, for some J
such that the destination address and the original ad-
dress for all data differ in only few positions, translation
can be done in less time. For example, when s is a
multiple of (n - 1)1, translation can be done in O(n)
time since we need onlv to do a cvclic shift on a linear
array of length n.

Reversing

In Xn, the record in vertex a ranked r(u),0 = r(u) -

nl - l, needs to go to the vertex ranked nl - | - r(u).
Let yry, .ln be the address of the vertex ranked
n! -  |  -  r(u),  i .e. ,  the new address after reversing.
Reversing is needed when two sorted sequences in the
same direction are to be merged; one of them is re-
versed first, then the regular merging is carried out.

The reversing can also be done by running the
ASCEND or DESCEND algorithms, where at iteration
i the OPER is the sorting algorithm in the forward
direction and the values (keys) used in the sorting algo-
r i thm are ) i 's,  i  :  2,3, .  .  ,n, for ASCEND, and y, 's,
i : n, . ,3,2, for DESCEND. The correctness of the
algorithm can be shown in the same way as that for
the translation.

Concentrat ion and Distr ibut ion

Some vertices ofX, are marked as actiue. The rank r(rz)
of an active vertex rz is the number of active vertices
preceding n (note the difference from Definition 2). The
records in these active vertices are to be compressed
(concentrated) so that they are stored in vertices
0,1,2, .. , such that the record originally in active
vertex a is now in vertex r(u).

Consider the following problem first: Given a linear
array of length i, with vertices 0,1,2, . ,i - 1, some
of the vertices are marked as "active." Each active
vertex has a record with an integer key k, 0 - k = i -

1, and no two keys contained in two different active
vertices are the same. The task is to route the record
in an active vertex having key ft to the kth vertex in
the linear array for all the active vertices. This problem
can be solved as follows: We first sort the records
by their keys in the forward direction (assuming that
inactive vertices have keys valued at *6), i.e., vertex
0 has the smallest key, vertex I has the second smallest
key, etc. Now the problem becomes a distribution
problem (see below for definition) on the linear array
that can be solved easily in O(i) time.

A concentration can be done in O(nz) time by running
the ASCEND algorithm. Let an active vertex a have
address xzxt . . . .rn, and let the address of the vertex
r(u) to which the record of a is to be moved be
lzlt . . . y, [computed from r(n)]. During iteration i,
2 = i < n, the OPER is the same as described in the
previous paragraph with keys being y,'s. The proof of
correctness is parallel to that for the hypercube [14]:
Suppose that at iteration i a conflict occurs, i.e., two
records are moved to the same vertex. Consider a pair
of records originating from vertices a and u. Without
loss of generality, assume that u > u. The rankings
are such that u - u > r(u) - r(u). Let the address
coordinates of r(u)belzy: .  lnandtheaddresscoor-
dinates of r(u) be y'ry't . . . y;. Since at iteration i two
records from a and u are moved to the same vertex, this
implies that r(u) and r(u) have the same coordinates:

t*: tifor 2 < k s i. Thus, r(u) - r(u) > i! since there
exists a j, j > i, such that the jtlz coordinate of r(u)
is not equal to that of r(u). On the other hand, u - u
< i!. Therefore, u - u < r(u) - r(u), leading to a
contradiction.

A distribution is simply the inverse of a concentra-
tion and can be done by applying the concentration
operation in reverse order, i.e., running the DESCEND
algorithm with the same OPER.

Table III i l lustrates an execution of the algorithm.
Initially, in Xo , the data are stored in vertices l, 7 , 13,
14, 18, 21 , and 23 (a vertex is in the range from 0 to
23 in X), and their addresses xrxrxo's are 100, 101,
102, 012, 003, 1 1 3, and 123. They are to be compressed
t o  v e r t i c e s  r ( 1 )  :  0 ,  r ( 7 ) :  I ,  r ( 1 3 )  =  2 ,  r ( 1 4 ) : 3 ,
r( I 8) : 4, r(21) : 5, and r(23) : 6 with yr yryo addresses
equa l  to  000,  100,010,  110,020,  120,001.

2.5. Interval Broadcasting

In X^, certain k vertices are marked as leaders
I 1 , l 2 ,  . , l r , , w i t h / r <  4 i f t < 7 , a n d  k <  n l  -  1 ; t h e y
possess data that they must share with all the higher
numbered vertices (in terms of the processor ordering
defined before) up to but not including the next leader,
i.e., each marked vertex /r has to broadcast its message
to the interval of vertices between /, and /,*t. lnterval
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(a) the original configuration.

TABLE lll. Concentration on Xn

(b) after iteration i : 2.

A B C D E F

G

(d) after iteration i : 4.

broadcasting can be done in O(nlog r) time by running
the prefix sums algorithm once, where each leader
holds an index (processor rank) as well as its message
and each nonleader has initially an index of - I and a
dummy message. Given two messages and their associ-
ated indices, the result of applying the binary associa-
tive operation of the prefix sums algorithm is as follows:
The processor with the smaller index is assigned the
larger of the two indices and the message associated
with that index.

The interval broadcasting algorithm can be used to
accomplish a translation by * I position. We can do
so by applying the interval broadcasting algorithm
twice. For the case.r = *1, we first let leaders be
even numbered vertices 0,2,4, . . . ,nl - 2, then do
the interval broadcasting so that their data are shifted
to vert ices 1,3,5, .  .  .  ,nt  -  l ; in the second t ime, the
leaders are 1,3,5, ,nt - 3, and after the interval
broadcasting, their data are in 2,4,6, ,n! - 2;
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and, flnally, the content ofvertex nl - | can be routed
to vertex 0 in O(n) time, so the total time for the transla-
tion is still O(n log n). For the case r : - I , the transla-
tion can be done in a similar way except that the order-
ing of the vertices is reversed, i.e., vertex i becomes
vertex nl - | - i. This idea can be used to do transla-
tions by I c positions in O(n log n) time for any constant
positive integer c.

2.6. Set Difference

The set difference operation is defined as follows:
Given two sorted arrays of numbers A and B, find the
set difference A - B (B is not necessarily a subset of
A), where A and B are stored in two groups of X, ,'s.
This operation can be performed in O(n2) time as fol-
lows: By merging A and B, each number from A finds
its cousins in B and checks whether or not it is equal
to one of them; those that are not equal to any of their
cousins are then compressed to give the final result. If
there are repeated numbers in A, by compressing those
numbers of A that are not equal to their right neighbor,
repetitions are avoided.

2.7. Discussaon

In this section, we have developed a number of general
algorithms that are basic to designing parallel algo-
rithms on the star and pancake networks. It should be
noted that all the algorithms of this section apply not
only to X,, but also to any group of consecutively
numbered X, r's. For algorithms such as broadcasting
and prefix sums that use procedure GROUP-COPY
directly, it is not difficult to see this property. For the
other algorithms, i.e., those in the classes ASCEND/
DESCEND, the property holds because when a group
of x consecutively numbered Xn.�1's are arranged as an
x by (n - l)! array in row-major order, 1 ': x < n,
the columns of the array also form linear arrays (of
length x).

It is also worth pointing out that procedure GROUP-
COPY makes the star and pancake networks as power-
ful as the hypercube when solving a certain class of
problems. By this we mean that algorithms for a hyper-
cube of O(N) vertices and a star or pancake of O(N)
vertices will have the same time complexity for this
class. The latter is characterized by the fact that all
of its members can be solved on a hypercube using
algorithms of type ASCEND or DESCEND [15]. Two
typical such problems are broadcasting and computing
prefix sums. Other examples are given in [5].

In the following section, we use these basic algo-
rithms to develop several algorithms for solving com-
putational geometric problems.

A

B

C D

E * F G

A *

B

C D

G E F

(c) after iteration i : 3.
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3. PARALLEL COMPUTATIONAL
GEOMETRY ALGORITHMS

Computational geometry is the branch of computer
science concerned with designing efficient algorithms
for solving geometric problems, such as problems of
inclusion (e.g., locating a point in a planar subdivision),
intersection (e.g., determining all the points, if any,
where two polygons intersect), proximity (e.g., finding
the closest pair among a given set of planar points),
and construction (e.g., computing the convex hull of
a set of points). Over the last 10 years, a considerable
amount of work has been done in developing parallel
algorithms for solving computational geometric prob-
lems [4]. In this section, we use computational geome-
try as a vehicle for illustrating how the basic algorithms
developed in the previous section can be used. Specifi-
cally, we present parallel algorithms for the star and
pancake networks that solve the convex hull problem
as well as other related computational geometric prob-
lems. The problem of computing the Voronoi diagram,
another important problem in computational geometry,
on the star and pancake networks, is addressed in [7].

3.1.  Convex Hul l  Algor i thms on the Star and
Pancake Networks

A set S = {,!1 ,J2, ,rnr} of points in the plane is
given, where each point is represented by its Cartesian
coordinates [i.e., s, : (rr,y,)]. It is required to find
the convex hull of S, denoted F(S), i.e., the smallest
convex polygon that includes all the points of S. The
corners of I/(S) are points of S such that every point
of S is either a corner of H(.1) or lies inside I{S). Figure
2 shows a set S of points and the convex hull of S.

Divide-and-conquer is a common strategy to find
fI(S). Given n! planar points stored in X,, we first sort
the points by their r-coordinates. Then, in procedure
CONVEX-HULL below, n disjoint convex hulls of
(n - 1)! points each are found recursively in parallel
in X,-(i), I < i < n. These convex hulls are then
merged repeatedly until a final convex hull is obtained.

(a) (b)

Fig. 2. (a) A set of points S; (b) the convex hull H(S) of S.

Procedure CONVEX.HULL (X ")

o 1. do in parallel for I = i = n:
CONVEX-HULL (X,_ r(r)

o 2 .  I o r j : l t o f l o g n l d o
1. Starting with row l, arrange all rows (X,-r's)

into groups of 2r consecutively numbered
rows (the last group may not have all 2r rows)'

2. For all the groups do in parallel: merge two
convex hulls within the grouP. I

For example, when computing the convex hull on
X1 ,y,/?first recursively compute convex hulls for points
stored in &(r), for I < i = 7, in parallel (Step I of
Procedure CONVEX-HULL). After Step 2.1, there
are four groups: {&(l), X,QD, {&(3), Xo(4)}, t&(5)'
XeG)|, and {&(7)}. Two convex hulls in each group
are merged in Step 2.2, yielding two groups: {&(l),
X6(2), X6Q), Xo(4)), and {&(5), X66), X6Q)}. Two con-
vex hulls in each group are merged again and finally
one group is left: {x6( I ), x 6(2) , X6Q), X6@) , X6(65) , x 6rc) ,
XoQ]i:}}i;. Once again, two convex hulls in this group are
merged to obtain the final result.

We now describe the merge procedure to which we
refer henceforth as the merging slopes technique. Let
H(P) and H(Q) be two disjoint convex hulls of two sets
of points P and Q. H(P) and H(Q) are stored in two
groups of X,-,'s; they are merged to form H(P U Q)
by computing two tangents common to H(P) and H(Q).
ln what follows, all angles are measured with respect
to the x-axis.

Definition 3. The distance of a point to an oriented
edge p is the distance from the point to a line containing
p; if the point is to the left (alternatiuely, right) of p'

then the distance is said to be positiue (alternatiuely,

negatiue). The a-distance of a point to p is its distance
to the edge p' obtained by rotating p by the angle a
in counterclockwise direction around a point (the re'
sults of queries discussed below do not depend on the
choice of this point).

Let A and B be two convex polygons in the plane,
each containing O(k(n - l)!) edges stored in groups

of  kX^- , ' s ,  1=  k=n -  l ,g iven incounterc lockwise
order. Given an angle a, consider the following prob-

lem [we call it the extremal search problem ES(A, B,
a) l :  Foreachedge pe  A,  f indavetex  uoe B w i th the
smallest a-distance to p among vertices from B (uo is
called an associated point of p in direction a). It is
easy to see that for a : 0 (a : r) uris the vertex with
the smallest (greatest) distance from p among vertices
of B. For a: rrl2 (et : 3rrl2), uo is the easternmost
(westernmost) point with respect to p.
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Let s(e) denote the angle of an edge e. We use the
following property of associated points: The associated
point uo e B (in direction a) of an edge p € A belongs
to an edge p' e B such that ls(p) + a - s(t)l is mini-
mized on .B for t : p' .In other words, the associated
point of p belongs to an edge that is a cousin of p in
^8. We now describe the procedure E,S(A, B, a). We
first increase the angles ofedges ofA by a. The edges
with minimal angles in A and B are recognized and by
some translations they are moved to the first vertices
of the corresponding groups of Xn-1's. Since angles
of edges of both convex polygons are then given in
increasing order, the sets A and B can be merged by
their angles in O(nz) time, Now sets A, B, and A U B
are sorted and each edge e ofA can find its cousins in
B by interval broadcasting (the last leader broadcasts
its data to all the vertices preceding the first leader).
We use the unmerging technique to return all edges to
their initial positions.

In order to merge H(P) and H(Q), we decide for
each of their edges whether it is external or internal
edge, i.e., if it is a convex hull edge of H(P U 0) as
well. To judge if an edge is external, we need to test
it H(P) and H(Q) are in the same half-plane bounded
by the edge. However, instead of testing all the vertices
of H(Q) with an edge e of H(P), we only test two
representatives (associated points ofe) such that ifthey
are in the same half-plane bounded by e as f/(P), then
so is every point in I(Q). These two representa-
tives of e in H(P) [e in H(Q)] are the nearest and fur-
therest extreme points from H(Q) lH(P)l and are ob-
tained by calling procedures ES(H(P), H(Q),0),
ES(H(P),H(Q),Ir), ES(H(Q), H(P),0), and ES(H(Q),
H(P), rr). Now each edge can decide in constant time
if it is external or not. Then, each extreme point of
H(P) or H(Q) can learn if it is an extreme point of H(S)
(translation by I can be used to find the necessary
data). Two extreme points in both H(P) and ̂F/(0) share
an external and an internal edge. These four points
determine two common tangents of I(P) and H(Q),
Then, the computation of the circular edge list of ̂ F/(.S)
can be done in O(nz) time by some translations.

The merging procedure takes O(n2) time and is re-
peated O(loe n) times. Let t(n) be the time to find the
convex hull of n! planar points on Xn; then, t(n) =
t(n - l) + O(nzlog n) : O(n3logn). This performance
matches that of the currently fastest known sorting
algorithms on Sn and Pn.

3.2. Solvlng Geometrlc Problems by the
Merglng Slopes Technlque

Using the merging slopes technique, several other geo-
metric problems can also be solved. In what follows,
the size of every problem is N = O(n!). In this section,

we present only the algorithms for finding the smallest
enclosing box of a set of points and for finding critical
support lines of two convex polygons. Other problems
that can be solved on X" using the merging slopes tech-
nique are computing the diameter, width, and minimax
linear fit of a set of points; computing the maximum
distance between two convex polygons; and computing
the vector sum of two convex polygons. Algorithms
for these problems are given in [6] whose running time
is either O(nz) or O(n3 log n) , depending on the problem.

3.2.1.  Smal lest  Enclosing Box

For certain packing and layout problems, it is useful
to find a minimum-area rectangle (smallest box) that
encloses a set S of N points. This problem has a lower
bound of O(N log M on the number of sequential steps
required to solve it, Any enclosing rectangle must
clearly enclose H(S). A smallest enclosing box of S
must have one side collinear with an edge of I1(S) and
each of the other three sides must pass through an
extreme point of S tl8l.

We determine for each edge e of F(S) the minimum
area enclosing rectangle that contains a side collinear
with e. The smallest enclosing box of ̂ S is the minimal
over all the obtained enclosing rectangles. To deter-
mine the minimum area rectangle for each edge e of
I/(S), each processor containing an edge e needs to
know three additional extreme points of I(,S): N, W,
and E which are the northernmost, westernmost, and
easternmost points (respectively) with respect to the
edge e. First, we find the convex hull F(S) of S. Then,
the points W, N, and E are obtained by calling the
procedures ES(^F(S), H(S), - r12), ES(H(S), f/(S), zr),
and ES(^F(S), F(S), rl2), respectively. It is clear that
the parallel running time is bounded by the time needed
for merging and computing convex hulls and minima
of some data. Thus, our algorithm runs in O(n3log n)
time on X,for the set S of size O(n!).

3.2.2.  Cr i t ical  Support  L ines of  Two Convex
Polygons

Given two disjoint convex polygons P and Q, a critical
support line is a line L(p(i), q0)) such that it is a line
of support for P and Q at p(i) and q(fl, respectively,
and such that P and Q lie on opposite sides of L(p(i),
q(./)). Critical support lines have applications in a vari-
ety of problems such as visibility and collision avoid-
ance [9]. The algorithm to find critical support lines
of two convex polygons P and p is similar to that for
merging two convex hulls and, thus, runs in O(n2) time.
We find associated points for each edge from P (respec-
tively, Q) as described in the previous section. Then,
each edge of P (respectively, Q) can decide whether
the polygon Q (respectively, P) lies completely on one
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side of a straight line passing through that edge and P
(respectively, Q) on the other side. Nowp(i) is deter-
mined as the point common to two edges of P, one
satisfying the latter property, and the second not satis-
fying it. Point q(y) is obtained in Q similarly. This de-
fines l(p(i), q(j)). Two other points, one in P and one
in Q, obtained in the same fashion, define a second
critical support line.

4 .  CONCLUSION

In this paper, we have presented several basic algo-
rithms on the star and pancake interconnection net-
works. We also introduced the concept of a coordinate
system for the vertices of the two networks, in a man-
ner similar to the use of binary strings for the vertices of
a hypercube. In addition, two classes of highly parallel
algorithms were presented that capture the essence of
several data permutations and the general structure of
the star and pancake networks. These basic algorithms
can be used to obtain efficient solutions to many prob-
lems on these two networks. We demonstrate this here
by presenting several algorithms for problems in the
area of computational geometry. One of these is an
algorithm that computes the convex hull of n! planar
points on star and pancake networks with n! vertices
in O(n3 log n ) time. This time matches that of the best-
known sorting algorithms on these networks. The
merging slopes technique, on which the convex hull
algorithm is based, together with the basic algorithms,
are then applied to obtain solutions to a number of
other geometric problems.

With few exceptions, all of the basic and computa-
tional geometric algorithms on the star and pancake
networks presented in this paper are, to the best ofour
knowledge, the first such algorithms to appear in the
literature. Furthermore, the routing schemes devel-
oped here enable us to view the star and the pancake
networks as one network. lt is these routings that unify
the two networks and, consequently, enable us to de-
sign algorithms that work on both.

The authors would like to thank the anonymous referees
for their comments which improved the presentation of
this paper.
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