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Given a set of n circular arcs, we provide an optimal parallel algorithm (on the CREW PRAM model of computation) for
finding a minimum number of circular arcs whose union covers the circle. The algorithm runs in O(log n) time with O(n)
processors and uses O(#) space. This is a significant improvement over the recent algorithm by Bertossi that runs in O(log )

time with O(n?) processors and uses O(n?) space.
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1. Introduction

Consider a set S of n circular arcs on a circle.
Let S={A,,..., A,} and let each (circular) arc 4,
be an ordered pair (x,, y;) where x; and y, denote
respectively the starting and ending points of the
arc with y, following x; in the clockwise direction.
The set S'C S of arcs whose union equals the
circle is called a cover. A cover with the smallest
number of arcs in it is called a minimum cover.
The problem that we are concerned with is to see
if a cover exists for any given set S of arcs and, if
it does, to find a minimum cover; this is referred
to as the minimum cover problem of n circular
arcs. The minimum circle cover problem has ap-
plications in surveillance systems (cf. [4]).

In [4] an O(n log n) sequential algorithm for
solving the minimum circle cover problem is pre-
sented and it is shown that the algorithm is opti-
mal under the linear decision computation model.
Bertossi [2] presented a parallel algorithm for solv-
ing the problem using the CREW PRAM model

of computation (synchronous shared memory
single instruction multiple data model in which
concurrent reads are allowed, but no two proces-
sors should attempt to write simultaneously in the
same memory location). His algorithm runs in
O(log n) time but requires O(n’/log n + gn)
processors (which is, in fact, O(n?) since in the
worst case g = 0(n)) and uses O(n?) space. We
improve the efficiency of the parallel algorithm by
presenting an Oflog n) time parallel algorithm
which uses only O(n) processors and O(n) space.
The solution is optimal since the time-processor
product O(n log n) matches the optimal sequen-
tial solution [4] and the space used in O(n). More-
over, conceptually, the new algorithm is even sim-
pler than that of Bertossi.

2. The algorithm

Without loss of generality we assume that no
arc is covering the whole circle. We also assume
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that all arcs are distinct, i.e., (x; # x;) and (y, # y;)
for i # j (this can be checked by a parallel sorting
procedure [3]).

A, is said to be contained in 4; if the endpoints
appear in (clockwise) order as x;, x,, y; and y,.
The first step in our algorithm is to remove those
arcs that are contained in other arcs, since they
are not essential. We perform this step by map-
ping the problem to a maximal elements problem,
which is defined as follows: Given a set
{py»..., P} of n points in a plane, a point p,
dominates another point p; iff x(p,) > x(p;) and
y(p;) = y(p;), where x(p) and y(p) denote coor-
dinates of a point p. The problem is to determine
points which are dominated by no other point.
These points are called maximal elements.

We assume an arbitrary origin O such that
0 < x;<2m, and x; <y, for each arc A4, = (x,, y,).
Thus y; > 2x if O is an interior point of A4,.

Let y be the maximum value of Vs and x the
minimum value of x; among all arcs 4; contain-
ing O as an interior point. These values can be
easily found in O(log n) time on a CREW PRAM
with O(n) processors. All arcs A; which do not
contain O as an interior point and satisfy y, <(y
—2m) or x, > x are contained inside another arc
(this can be checked in constant time on a CREW
PRAM). In this way all pairs of arcs such that one
contains O and the other does not are tested for
possible containment. The remaining arcs are di-
vided into two sets: one set consists of arcs having
origin O as an interior point and the other set
consists or arcs not having origin O as an interior
point. Each of these sets is considered separately.
Let A4; and A4; be two arcs from the same set.
Then A, is contained in 4; if x; <x; and y, <y,
or —x;< —x; and y, <y, Hence, 4, is contained
in A; if and only if (—x,, y,) is dominated by
(—x;, ;). Thus, if each arc 4; is represented as a
point (—x;, y;) in a plane, then arcs which are not
contained inside other arcs are exactly those corre-
sponding to the points which are maximal ele-
ments. The maximal element problem can be
solved in O(log n) time with O(n) processors on a
CREW PRAM [1,5]. Note that the maximal ele-
ment algorithm can be also applied in the sequen-
tial solution in [4] (no technique for removing arcs
contained in other arcs is given in [4]).
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From now on we assume that n arcs are given
such that no arc is contained inside another. Be-
cause of the noncontainment property, no two
arcs can have the same starting or ending points.
Thus, if starting points are ordered as x; < x, <

- < x,, then ending points of the arcs must also
be ordered in the same fashion, i.e. y, <y, < ---
<y,. The ordered set is obtained as output either
from the maximal element algorithm or from a
parallel sorting procedure.

We call A, the successor of A4;, denoted
SUCC(A,), if all of the following three conditions
are satisfied:

(1) the intersection of 4, and A; is nonempty,

(2) x;> x;, and

(3) there exists no starting point in the interior
of the arc defined by the intersection of A4; and
A;.

Note that the ending point of A; may coincide
with the starting point of 4.

In order to determine SUCC(4,) for each arc
A;, we merge two sorted sets x;,...,x, and
Yi».-.» ¥, into one sorted set z;,...,2,,. Let y, =
z,. Then the difference j=i"—i is equal to the
number of elements from the set x,,..., x, that
are no greater than y, i.e,, j is the index of the
element x; such that x; <y, <x;,,. It does not
give a correct answer only for arcs A; for which
y; = 2 (i.e. containing O as an interior point) and
(¥, — 2m) > x, is satisfied. These arcs are processed
separately, by merging x,,...,x, with y, —
2m,..., y,— 27, and finding j such that x; <y, —
27 < x;,;. The merging of two sorted sets (each
having O(n) elements) into one sorted set can be
done in O(log n) time with O(n) processors on a
CREW PRAM by the mergesort algorithm of {3],
or even faster, in O(log log n) time (cf. [1]).

It is clear that an arc has no successor, (which
is recognized by SUCC(A;) = A, for some i in the
former algorithm) if and only if there is no solu-
tion to the circle cover problem (i.e., input arcs do
not cover the circle). This can be easily checked in
O(log n) time with O(n) processors. Thus, from
now on we assume that all arcs have successors
(and hence, a circle cover exists).

In [4], a greedy algorithm is proposed for find-
ing the minimal circle cover: starting with A4;
proceed in the clockwise direction by forming an



Volume 32, Number 1

array SUCC,(4,), 0 <i < m;, where

SUCC,(4;) = 4;,
SUCC,(4;) = SUCC(SUCC;_,(4;)),

i=1,2,....m
until the circle is covered (i.e., SUCC,, (A ) is the
first element in the array which has posmve index
and contains the starting point x; of 4; as an
interior point). By C;(4;) we denote the (contigu-
ous) part of the circle covered by arcs SUCC,(4,)
for all /, 0 < /<. It is clear that

C/(4,)=C1(4;) uSUCC,(4;)

where U is used for set union of two arcs. From
the definition it follows that the length of C,, (4,)
is 2m, while for i < m; the length of C;(4;) i is less
than 2n. Thus, m; 15 the size of the minimum
circle cover sta:ting with arc 4.

Our parallel algorithm is based on the follow-
ing fact which is proved in [4]: If we recognize m,
(the size of a minimum cover starting with A4,),
then the size of an optimal solution is either m, or
m,; — 1. We will proceed in two steps. In the first
step all » processors will “help” to find m, in
O(log n) time and with O(n) space. In the second
step each processor i will check whether the size
of the minimum cover starting with 4,*happened”
to be m; — 1, since this is the only possible im-
provement in the size of optimal solution.

The first step is executed in two phases:

for each processor j=1,...,
begin
[;:=0; SF(A;)=A;; CF(4;)=A
SP(A;):=SUCC(4;); CP(A4;)=A4,;V
SUCC(4;);
while CP(A4;) does not contain x, do
begin
L=1+1
SF(A;):=SP(A,);
CF(A4;)=CP(4,),
SP(A;)=SF(SF(A)));
/% SP(A;)=SUCCy,(A,) */
CP(A;)=CF(A;)U CF(SF(4;));
/* CP(A;)=Cy(A;) */
end
end.

n do in parallel
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The while loop terminates when x; becomes an
interior point or endpoint of the arc CP(4;).
However, processor 1 has the additional restric-
tion /, > 0.

In the presented first phase each processor j
finds the smallest nonnegative index /; such that
Cy,(4;) contains x, (the starting point of 4,).

Now processor 1 finds m, in the second phase:

my=2;
j=1
while /; # 0 do
begin
myi=m, +24"1;
J=k where A, = SF(A;)
/* = SUCCGy-1(4;) */;
end.

The second step starts by representing m, — 2
as a binary number b.b,_,... b5, with b =1,
be{0,1} for0<i<s—1,ie,

=2 +2°"b_,+ -+ +2b, + by.

Each processor j checks whether there is a cover
of size my — 1 starting at 4, by “jumping” for 2’
whenever b, = 1:
for each processor j=1,..., rn do in parallel
begin
SP(A;)=SUCC(A;); CP(A4;)=A
ST(A;)=A;; CT(A))=4;;
for /=0to s do
begin
if =1
then CT(A4;) = CT(A;) U CP(SP(4)))
CP(A;)=CP(A;) U CP(SP(4,));
/% CP(4,)=Cy(4)) */
SP(A;)=SP(SP(A,)));
/* SP(A;)=SUCCy(4;) */
end
end.

Each processor will check whether the length of
CT(4;) is equal to 27 (ie., covers the whole
circle). If there is one that covers the whole circle,
it is a better and an optimal solution; otherwise
the already found solution starting with A4, is
indeed an optimal solution.
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