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abstract

The symmetric functions of m-valued logic have a
sum-product (i.e.maz-min) representation whose terms
are sums of fundamental symmetric functions (FSFs).
These sums may be simplified if they contain adjacent
SFSs. This naturally leads to the combinatorial problem
of determining the mazimum size M(m,n) of adjacent-
free sets of n-variable SFSs. In 1990 Muzio related
M(m,n) to a special graph F(m,n). Continuing in this
direction we give a simple closed formula for M(m,n)
and then deduce that for large m or large n the largest
non-simplifiable set of n-variable SFSs consists of ap-
prozimately one half of all possible FSFs proving thus
also all the conjectures from Muzio’s 1990 paper.

1 Introduction

Let m be an integer, m > 2 and E,, := {0,1, ..., m —
1}. For a positive integer n an n-ary m-valued (logic)
function is a map f: E? — E,, assigning a value from
E,, to every n-tuple (z1,...,z,) over E,,. We denote
such a function by f(z1,...,z,), f(2) or just f. The
function f is symmetric in the variables z; and z; if

f(z;,...,z;,...,:cj,...,:c,,)=f(1:1,.,.,:cj,...

holds for all z,,...,z, € E,,. A function is symmetric
(also called totally symmetric by some authors) if it is
symmetric in each pair of its variables. The base string
(a-vector by some authors) associated to (z1,...,2,) €
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E% is ap...am-1, with o; := |[{j : z; = i} for all
0<i<m-—1 (Cleatlyas+a14+...+ am-1 =n.)

Every symmetric function f is clearly determined by a
map f' from the set V,,, of base strings into E,,. For
example, if m = 3 and n = 2 the value f(1,2) = f(2,1)
is determined by the value associated to the base string
011. A function is decisive if it assumes only the two
values 0 (the least value) and m—1 (the greatest value).

In this paper we are interested in the following special
symmetric functions. A fundamental symmetric func-
tion (FSF) is a decisive symmetric function fo,.. q,._,
which assumes m — 1 only for the unique base string
3 and n = 2

®p...am-;. For example, if m
fgu(zl,zg) =2if x 1,1.‘2 = 2or zy = 2,(02 = 1,

and fo11(21,22) = O for the other values of z; and

z9. Clearly any decisive symmetric function can be ex-
pressed as a sum (disjunction) of FSFs.

The importance of the FSF’s is that they can be easily
used in the realization of an arbitrary symmetric func-
tion as described in [1, 4]. We explain this briefly.

Any symmetric function can be expressed by a normal

form as
f(2) = g1(2) + 292(2) + ... + (m — L)gm-1(=),

where each g;(2) is a decisive symmetric function, z +
y = max(z,y) (sum, disjunction) and zy = min(z, y)
(product, conjunction). Each of these decisive functions
can be realized as a sum of FSF’s. A detailed discussion
of an algorithm to choose an appropriate realization for
an arbitrary symmetric function can be found in [4].



Usually each FSF is realized using some building blocks.
To explain the building blocks we need a few notations.
Define simple symmetric functions by

n = o1+e2+...+2a,
Ty = T2+ 13+ ...+ Tn-1Za,
Ta = 2122...2,.

Further define the characteristic functions by
Y m=1 ifz=i
a(@)=9 o ifz#i

for i = 0,1,...,m — 1. Finally put Cj; := ¢;(r;). Now
the n-variable functions C;; are the primary building
blocks to realize FSFs. It is known [1] that each FSF can
be expressed as a product of C;;s. For example, faos2 =
Co6Ca5C23Cas. A disjunction of FSF’s can be simplified
whenever there are two adjacent (cf the definition in the
next section) FSF’s in the disjunction. For example,
fao22 + fai22 + f2032 = Co6C24C23Cs2 instead of the
disjunction of the three terms. It is also known that
no two non-adjacent FSF’s in the disjunction can be
combined to make a simpler term [3].

Muzio investigated the question of the maximum pos-
sible size k of a disjunction f; + fo + ...+ fi of FSFs
non-amenable to simplification. He estimated the size
for the three and four valued cases and presented con-
jectures for the general m-valued case [3].

Inspired by [3] we investigate the maximum cardinality
M(m,n) of a set of n-variable mutually non-adjacent
FSFs. We present a closed formula for M(m,n) and
prove all the conjectures from [3] including that the
maximum size rapidly approaches one half of the total
number of FSF’s when n or m becomes large.

We approach this problem through bipartite graphs in
the subsequent sections.

2 Preliminaries

For a given positive integer m > 0 and an integer n > 0
the set of base strings (cf Introduction) is

Voo = {ag ... am 1] a; > 0forall 0 <i<mand

ao+...+am_1=n}.
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Forn = 0 Vo = {(0...0)} (a singleton). It is well
known that

m+n-1 m+n-—1
Ivmnlz( +n )=( m-—1 )

and so the number P(m,n) of FSF’s in m values and n
variables is given by:

Lemma 1. (3, 5]

m+n-—1
P(m,n) = < me 1 )
Call two base strings agp...am-1 and fy...0m-1 ad-
jacent if |a; — Bi] = laigt — Big1| = 1 for some
0 < i < m—1 while aj = B; otherwise. For exam-
ple, the two strings 13022 and 12122 are adjacent since

wm=PFnar=pi+l,a2=0—1, a3 =f3 4= P4

Define the adjacency graph F(m,n) Vp,, in the follow-
ing way [3]). The vertex set is Vi, Two vertices are
adjacent if they are adjacent base strings. Fig. 1 (taken
from {3]) shows the graphs F(m,n) for small values of
m and n.

Lemma 2. The only pendent vertices (i.e. vertices of
degree one) of F(m,n) are0...0n and n0...0

Proof. Obviously the two vertices are only vertices that
have only one adjacent base string. O

The independence number v(Q) of a graph G is the car-
dinality of the largest set of mutually non-adjacent ver-
tices in G. Clearly

M(m,n) = v(F(m,n)).

3 Properties of the adjacency graph
F(m,n)

The m — 1-dimensional grid P,',",'_‘l1 is the graph with

the set of vertices Ep' = {0,1,...,n}™"! in which

two vertices (21,%2,...,%m—-1) and (¥1,¥2,---,¥m-1)

are adjacent if and only if 17 e —w| = 1. It is

well known that P,:'rl‘ is a connected bipartite. First

we show that F(m, n) is isomorphic to a part of the grid
m-1
n+l




010 001 020 010 002 030 021 012 003 040 031 022 013 004
100| 110 101 120 11 102 130 121112 |103
200 210 201 220 211]202
300 310 301
400
F@3.1) F(3,2) F(3,3) F(3.4)
0100 0010 0001 0020 0011 0002
1000 0110 0101
1010 1001
0200
1100
2000
F(4,1) F(4,2)
0030 0021 0012 0003 0040 0031 0022 0013 0004
0120 0111|0120 0130 0121 0112 0103
1020 1011 1002 1630 1021 1012 \ 1003
0210 0201 0220 o211] | 0202
1110 1101 1120 11 1]02
2010 2001 0
2011 2002
0300 0310 Joso
\ 1210 N 120
1200 2110 2101
2100
3000 3010 3001
0400 \
1300 \
2200
3100
4000
F(4,3) F(4,4)

Figure 1: Adjacency graphs, m = 3,4.
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Lemma 3. The graph F(m,n) is a connected bipartite
graph.

Proof. Connectedness is easy to verify. Now we show
that F(m,n) is isomorphic to a subgraph of the grid

P”‘+'1‘. For any base string o

n ag...0p-1, define

the partial sum string g(a) := s152... 8,1 by setting
81 ‘=g, 83 = ap+Q1,...,8,-1 ‘= apta1+...0p2.
Clearly 0 < 83 £ ... < 8,,—1 < nandso g maps F(m,n)

into PJi7'. Put Spn = g(Vinn) and denote G(m,n)
the subgraph of P,'.';_'ll induced by S,,,,. It is easy to

check that map g is an isomorphism between the graphs
F(m,n) and G(m,n). Since P!

my1 18 bipartite, F(m,n)
is also a bipartite. O

Note 4. S(m,n) is the set of integer solutions of the

inequalities 0 < z; < ... € zp-1 < n. In other
words it is the set of the grid or lattice points in the
polytope determined by the following m hyperplanes:
z)=0,2m-1 =10, 21 = 22,...,Zm-2 = Zpm—1. Fig. 2

indicates G(3,n) and G(4, n).

The vertices of a bipartite graph can be colored by two
colors, say black and white, so that adjacent vertices
have different colors. We can choose the colors so that
the set of Bp,,, of all black vertices and the set W,,,, of
all white vertices of the graph F(m,n) satisfy |Wp,,| >
|Bmnl-

The distance between two vertices u and v is the length
(the number of edges) of the shortest path between
them. Clearly, the vertices u and v of a bipartite graph
are of the same color if and only if the distance between
them is even. In the sequel we are interested in the
independence number of F(m,n). The case of F(m,1)
(one dimensional grid) suggests that we separate cases
according whether m and n are even or odd.

Lemma 5. The selfmap ¢ : Vi — Vin, defined by
setting ¢(ag,...,0m_1) '= @p_1...ap 8 an automor-
phism of F(m,n).

Proof. Obvious. O

Note that since Vi, is a bipartite an automorphism ¢
maps either both W,,,, and B,,, onto themselves or each
onto the other.
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Lemma 6. If m is even and n odd then

1

m+n-—1
|an|= |Wmn]=§< )

n

Proof. The only pendent vertices of F(m,n) aren0...0
and 0...0n. The distance between these two vertices is
(m—1)n, soit is odd and the two vertices are of different
colors. The automorphism ¢ of F(m,n) from Lemma 5
satisfies ¢(n0...0) = 0...0n. Hence ¢(Bmn) = Winn,
ie. |Bmn| = |Wmn| = (1/2)|Vaal. O

For the independence number we need matchings. A
matching of a graph G is a set of mutually disjoint edges
of G. A mazimal matching of G is a matching with the
largest possible number of edges. A perfect matching of
a graph G is a matching which covers all the vertices of
G. In other words, it is a subset G’ of its edges such that
each vertex of G belongs exactly to one edge from G'.
Hence, if an p-vertex graph G has a perfect matching
M then p is even and M contains p/2 edges. Obviously,
each perfect matching of G is a maximal matching of G.

Lemma 7. If m is even and n odd then F(m,n) has a
perfect maiching.

Proof. By induction on m + n. The statement can be
easily verified for F(2,n) and F(m,1). Suppose that
it is true for F(m — 2,n) and F(m,n ~ 2), m even n
odd. Partition the set V,,; of all vertices of F(m,n)
into three subsets:

A= {ag...0m—1 € Vpyn ap = ay = 0},
B= {ag...am-1 € Viun ag=0<a; or ag =1},
C= ag...0m-1 € Viun ag > 1}.

Consider the subgraphs F4, Fp and F¢ of F(m,n) in-
duced by the subsets A, B and C, respectively. It is easy
to see that F4 is isomorphic to F(m — 2,n), and Fc is
isomorphic to F(m,n —2). By the induction hypothesis
both F4 and Fp have perfect matchings. On the other
hand, the graph Fp also has a perfect matching consist-
ing of the edges {0a;...am-1,1(a; — Dag...am_1}.
Hence F(m,n) has a perfect matching. O

Lemma 8. Let G be a bipartite graph with color classes
B and W such that |B| < |W|. If G has a marimal
matching of cardinality | B| then v(G) = |W|.




(On)

(0,0.n)

S

X2
(0,0,0)

-
~

Figure 2: The polytopes for G(3,n) and G(4,n).

Proof. Suppose that the largest independent set of ver-
ticesof Gis C = RUT, where RC B, T C W. If we
replace each vertex r € R by the vertex t € T which is
paired to r in the maximal matching, we obtain the in-
dependent set of the same cardinality which is a subset
of W. On the other hand, W is obviously an indepen-

dent set. O

Combining Lemmas 6-8 we have a part of our main
result (the case of m even n odd) given as Theorem 12
in the next section. So in the sequel we consider the
remaining cases, i.e. either m is odd or n is even.

Lemma 9. If either m is odd or n is even then (i)
[Wmnl > |Bmn| and the two pending vertices belong
to Winp, and (ii) |Wpa| = [Wimni1l| + |Winoi1,0| and
|Bmn| = |Bm,n-1] + [Bm-1,n-

Proof. By induction on m + n. The statement can

be verified directly for F'(3,n) and F(m,0) (notice that
F(m,0) is the trivial graph without edges).

Put A := {a0...am-1 € Vipn|ag = 0} and B := V. \
A. The subgraph F4 of F(m,n) induced by the set
A ig isomorphic to F(m — 1,n), while the subgraph Fp
induced by the set B is isomorphic to F(m,n—1). There

are three cases.

(i) Let both m and n be even. Then by the induction

1)

and the two pending vertices0...0n and On0...0 of Fg
belong to the larger color class Wy_1,n. According to

hypothesis
IBm—-l,nl < IW —l,nl

Lemma 6 we have

IBm,n-—ll = ‘IWm,n-ll (2)

in Fp. There is a path 0n0...0, 1(n — 1)0...0, ...,
n0...0 of length n connecting 0r0...0 and n0...0 in
F(m,n). Since we assume n even, both 0n0...0 and
n0...0 are in the same color class of F(m,n). Both
F4 and Fp are connected subgraphs of F(m,n) and so
their color classes are included in the two color classes
of F(m,n). Together we obtain that both n0...0 and
0n0...0 are in the same color class of F(m, n) which is

Wpnn due to (1). So we have
Wm,n—l uw, -1,n alld
Bm,n-l U Bm—l,n-

Wan =

Bpun =
Hence we have
|Wm,n-—l | + le—l,nI and (3)
|Bm,n—ll + le-l.nl- (4)

|Wm"l
|Bmal

Therefore |Wmn| > | Bma| from (1) and (2).

(ii) The proof is quite similar if both m and n are odd.
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(iii) Let m be odd and n even. Then by the induction
hypothesis we have (1) and

IBm,n—ll < le,ﬂ—ll' (5)

The pending vertex 0...0n is also a pending vertex of
F4. Since Fs 2 F(m — 1,n) by the induction hypoth-
esis it belongs to the larger color class Wy, _1n of Fa.
Similarly, the vertex n0...0 belongs to the larger color
class Wi, n_1 of Fp. The distance between the two ver-
tices (in F(m,n)) is (m — 1)n. Since it is even, the two
vertices belong to the same color class of F(m,n). This
class is Wyh_1,n U Wy, o1 and hence the larger color
class of F(m,n). So we conclude (3) and (4), and so
|Wimn| > |Bma] from (1) and (5). O

Theorem 10.
maiching of cardinality |Bpny|.

The graph F(m,n) has a mazimal

Proof. For m even and n odd, the statement follows
from Lemma 6 and Theorem 12. Thus let either m be
odd or n even. The proof will be by induction on m+n.

The statement can be easily verified for F(m,1). Let A
and B be as in the proof of previous lemma and consider
the induced subgraphs F4 isomorphic to F(m — 1,n)
and Fp isomorphic to F(m,n — 1). By the induction
hypothesis, each of these two subgraphs has a maximal
matching of cardinality |By 14| and |Bm,n-1}, respec-
tively. Since either m is odd or n is even, from Lemma
9(ii) it follows that

Ianl = IBm—l,nl + |Bm,n—ll|
and the union of these maximal matchings of F4 and
Fp is a maximal matching of F(m,n) with cardinality
|Bmal D

Corollary 11. If either m is odd or n is even then

M(m,n) = |Wp,|.

Proof. Follows from Lemma 8 and Theorem 10. O

4 The maximal size of a disjunction of
FSFs

In [3] Muzio gave a constructive method to define an ap-
propriate set FSFs that appears to be maximal, though
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this is not formally proved. On the basis of it, he esti-
mated the respective formulas for M(m,n) for m = 3
and m = 4. In the same paper he also stated three
conjectures concerning M(m,n) for arbitrary m (two
recursive formulas and a closed formula for M (m, n) for
m even and n odd). Here we shall prove all his con-
jectures. Besides we shall present some other results
including an exact formula for M(m,n) for arbitrary
nonnegative integers m and n.

Having in mind that M(m,n) is equal to the inde-
pendence number »(F(m,n)) of the adjacency graph
F(m,n), the following five statements follow immedi-
ately from the previous lemmas.

Theorem 12. If m is even and n odd then
l n+m-—1
2 n )

Lemma 13. If m is even and n odd then

M(m,n) = %P(m,n) =

M(m,n) = P(m,n— 1)+ M(m—1,n)— M(m,n—1)
=P(m-1,n)+ M(m,n—1) - M(m—1,n).
Proof. From Corollary 11 M(m — 1,n) = |Wp_y1,4]
and M(m,n — 1) = |Wp, ,_1| and so P(m,n — 1) —
M(m,n—1) = |Bm n-1| and P(m—1,n)—M(m-1,n) =

|Bm-1,n|- Then the lemma follows from Lemma 6 and
Theorem 12. O

Lemma 14. If either m is odd or n even then

M(m,n)=M(m-1,n)+ M(m,n—1).
Proof. From Corollary 11. O
Lemma 15. If either m is odd or n even then
M(m,n) > %P(m,n).
Proof. From Lemma 9(i) and Corollary 11. O

Corollary 16.

n+m—1)

n

m(mm 2 3(



Now we show two more recursive formulas.

Lemma 17. M(2k - 1,n) = Y0, M(2k — 2,7).

Proof. The proof is by induction on n. The statement
is true for n = 0. According to Lemma 14

M(2k —1,n) = M(2k — 2,n) + M(2k — 1,n - 1).

On the other hand, by the induction hypothesis

M(2k—1,n—1)=§M(2k—2,i)

i=0

and the statement follows. O

Similarly, we have the following lemma.
Lemma 18. M(m,2k) = Y2 M(m - 1,i).

Proof. The proof is by induction on k and taking into
account from Lemma 14 that
M(m,2k) = M(m — 1,2k) + M(m, 2k — 1)
= M(m - 1,2k) + M(m — 1,2k — 1) + M(m, 2k — 2).
[w]

The values for M (m, n) for small values of m and n are
given in Table 1 taken from [3] which may be verified
from Theorem 12 and Lemma 14 (we use M(m,0) = 1
and M(1,n) = 1). If we compare this table with Table
2 for the numbers P(m, n) we can see that the following
Hypothesis 4 of [3] is quite reasonable:

%é'%f} — 0.5 as m become large.

Now we derive an exact formula for M (m, n) from which
the above conjecture follows immediately.

Theorem 19. If either m is odd or n is even then

M(m,n)
=%< ntm-1 ) +%( In/2] +L7[l(/rgj— 1)/2) )
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Table 1: M(m,n) [3]: the maximal numbers of non-
adjacent fundamental symmetric functions.

number of values (m)
njl 2 3 4 5 6 7 8 9
0 1 1 1 1 1 1 1 1
111 1 2 2 3 3 4 4 5
2|11 2 4 6 9 12 16 20 25
311 2 6 10 19 28 44 60 85
4|1 3 9 19 38 66 110 170 255
5|11 3 12 28 66 126 236 396 651
6|1 4 16 44 110 236 472 868 1519
711 4 20 60 170 396 868 1716 3235
8|1 5 25 85 255 651 1519 3235 6470

Table 2: P(m,n) [3]: the numbers of fundamental sym-
metric functions.

Proof. Consider three cases.
(i) m=2k+1, n=2l. By Lemma 14

M(2k +1,21) = M(2k + 1,21 — 1) + M(2k, 21)
= M(2k + 1,21 — 2) + M(2k, 20 — 1) + M(2k, 2l — 1)
+M(2k - 1,20)
= 2M(2k, 2l — 1) + M(2k + 1,21 — 2) + M(2k — 1,21)

We continue this process of developing each term
M(m,n) if and only if either m is odd or n is even.
We stop at the moment when each summand in that
development is one of the forms M(m,0), M(1,n),
M(2k, 21 - 1). Note that M(m,0) = M(1,n) = 1 for
any m and n.

Now, the question is how many times M(m,0) appears

in that development. It is easy to see that M(m,0)
does not appear at all if m is even. On the other hand,

number of values (m)
n|l 2 3 5 6 7 8 9
01 1 1 1 1 1 1 1 1
111 2 3 4 5 6 7 8 9
2|11 3 6 10 15 21 28 36 45
3|11 4 10 20 35 56 84 120 165
411 5 15 35 70 126 210 330 495
5|1 6 21 56 126 252 462 792 1287
611 7 28 84 210 462 924 1716 3003
711 8 36 120 330 792 1716 3432 6435
8|1 9 45 165 495 1287 3003 6435 12870



M(2r + 1,0) appears (*77#/7!) times for all 1 < r <

k. Thus the total number of summands of the form
M(m,0) is (**;77), since (*}17) + (*17°) +... (1) =
4.

Similarly, we can see that the summand M(1, n) appears
if and only if n is even and that M(1,2t), 1 <t <!
appears (*7/t!=1) times. Hence the total number of
summands of the form M(1,n) is (l‘:'i'lz) + (":’_’_‘ls) +
4G = =G

Denote A the sum of all terms of the form M(m, n) for
m even and n odd in the above development, each sum-
mand being taken as many times as it appears. Then
M(2k+1,20) = A+ (1Y) + (1Y), de

M(2k+1,20) = 4+ (“'). (6)

l

If we apply the same development for the number
P(2k + 1,21), according to Theorem 12, it follows that

P(2k+1,2) = 24 + (k’H).

) )

From (6) and (7) it follows that 2M (2k+1,21)— P(2k +

1,21) = (*}'). Hence
2k + 21 1/k+1
("a7)+3(7) @

(if)y m=2k + 1, n =2+ 1. From Lemma 14 it follows
that M(2k + 1,21+ 1) = M(2k, 21+ 1) + M(2k + 1,210),
and now, according to Theorem 12 and (8) we obtain

M(2k +1,21) =

(SRR

M(2k+1,21+1)

_ (24241 (k41
T2\ 2+1 2\ k )’
(iii) m = 2k, n = 2l. Similarly from Lemma 14, Theo-
rem 12 and (8), we obtain

()

M(2k,21)
_1f2%+20-1\ 1(k+i-1
"2( 2l )”"2( I ) (10)

Equations (8), (9) and (10) give the formula given in
the theorem. O

Now from Lemmas 1, 6 and Theorem 19 we obtain
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Corollary 20.

. M(m,n) 1

(a) n}-l-rgo P(m,n) T2 and
. M(m,n) 1

P A =
(b) nll-ngo P(m, n) 2

Lastly, by Note 4 we have:

Note 21. The independence number for the adjacent
graph of the grid points of the m — 1-dimensional poly-

tope given by the m equations z; 0, 2.1 = 1,
L) = Tg,...,Tm-2 = Ty,_1 is also given by M(m,n)

in Theorem 19.
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